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Nature and Role of Ionizing Potential Space Waves in Glow-to-Arc Transitions* 


RussELL GEORGE WESTBERG 
Department of Physics, University of California, Berkeley, California 
(Received July 7, 1958) 


The transition from a glow discharge to a transient arc induced 
in Al cathode tubes 145 cm long by shorting of a series resistor 
has been studied for a variety of gases by observing currents at 
the electrodes, the potentials at various points in the tube using 
probes, and the movement of luminous pulses using photomulti- 
plier tubes and fast oscilloscopes. By applying a dc power supply 
with up to 2600 volts and a large capacity parallel to the discharge 
tube, and with due regard to proper impedance matching, rela- 
tively pure gases No, A, He, Os, and mixtures of Ne and Os, were 
studied from 50 microns Hg up to several hundred microns. In 
addition, shorter tubes with Cu, Ni, Pt, Hg, W cathodes and 
filled with He, or No, at intermediate pressures up to 7.2 mm Hg, 
were briefly studied. The decrease of the series resistance increased 
the very low current in the normal glow mode to higher values 
up to 50 ma usually in the abnormal mode. With slightly oxidized 
cathodes, there followed, after times varying from 10~* second to 
many seconds, catastrophic breakdowns to a transient power arc 
of the order of 10-20 or more amperes. The transition was initiated 
by a burst of electrons from the cathode yielding a cathode 
current increase to several amperes in ~(2 to 10)X10~ second. 
This burst sends a luminous pip or pulse to the anode at velocities 


varying from 5X10® to 8X 10° cm/sec, depending on pressure, 
voltage, and gas. On arrival at the anode, a luminous return arc 
plasma front moves towards the cathode with speeds from 10° to 
10° cm/sec or more. When it arrives at the cathode, the conduc- 
tivity is sufficiently homogenized along the column so that the 
current and luminosity increase along the whole column until the 
drain on the capacity lowers the supply voltage. The luminous 
pip, and to a less clearly defined degree the return plasma front, 
are accompanied by potential space waves which can be estab- 
lished by cross-plots yielding luminosity and potential distribu- 
tions across the tube at various times. The transition appears to 
be initiated by a sudden breakdown of the oxide layer on the 
cathode as it thins by ion bombardment, causing a small fraction 
of the oxide molecules to be ionized within millimicroseconds, 
thus yielding the initial current burst. These electrons, accelerated 
by nearly the full potential drop across the dark space, move as 
ionizing potential fronts, accompanied by luminosity, with 
velocities in most cases dictated by the cathode fall potential. 
In Oo, when pressures permit effective photoionization within the 
tube length, the velocities of the front are increased up to 8X 10° 
cm/sec. 





INTRODUCTION 


HE transition of the glow discharge to an arc 

has previously been studied largely by consider- 

ing the relationship of the cathode metal and its surface 

conditions to the problem of whether or not the transi- 

tion occurs and not as to the detailed processes occur- 

ring in the transition. Such observations have been 

concerned with the effects of oxide layers, salts, powders, 

other impurities, vapor clouds, temperatures, and 
whether or not the metal was refractory.' 

Hofert? studied transitions of glow discharges to 
arcs for short gaps of about 5 millimeters and at 
pressures in hydrogen, argon, nitrogen, and mercury 
between 200 microns and 2 millimeters Hg, for cathodes 

* This study has been supported by grants from the Office of 
Naval Research and from the Research Corporation. 

1J. M. Meek and J. D. Craggs, Electrical Breakdown of Gases 


(Clarendon Press, Oxford, 1953), Chap. 12. 
2H. J. Hofert, Ann. Physik 35, 547 (1939). 


1 


of copper, mercury, and tungsten at less than 1000°C. 
He found that all of the nonthermal transitions, if the 
elapsed time needed for the potential difference across 
the gap to decrease to that characteristic of the arc is 
used as a measure, took place in times shorter, in fact, 
than 50 millimicroseconds. This appears to be the only 
work performed where upper time limits to the transi- 
tion period have been measured and here the electrode 
separation was very small. 

Froome’s* work on further growth of the arc current 
after it has already reached a minimum value of one 
ampere, seems to be the most complete as to current 
changes during the transitions. Apparently no studies 
have been made concerning potential or luminosity 
changes within the gaseous plasmas during the transi- 
tions. 

Some pertinent work in areas allied to this study has 


~ 3K. D. Froome, Proc. Phys. Soc. (London) 60, 424 (1948). 
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been performed. Very early studies of Wheatstone* and 
of Thomson‘ concerned the luminous pulses produced 
by sudden impulse voltages placed across low-pressure 
tubes. Beginning in the late 1920’s, Beams, Snoddy, 
and their collaborators® made studies not only of the 
luminosity changes, but of the potential changes within 
15-meter long, low-pressure tubes when positive and 
negative impulse voltages up to 180 kilovolts were 
impressed upon one of the electrodes. For air and 
hydrogen at pressures between 34 microns and 20 
millimeters Hg, it was discovered that a potential wave 
with a magnitude of the order of the impressed voltage 
and extending over a distance of about one to three 
meters traveled through the tube to the second electrode 
with a velocity between 0.9X 10° and 5.0X 10° cm/sec 
regardless of the sign of the impulse voltage impressed 
on the first electrode. If 
grounded, then there was a return potential wave 
traveling in the opposite direction at velocities between 
0.910" and 1.2310" cm/sec, but no such return 
wave existed if the second electrode was insulated from 
ground. Luminosity studies indicated that the luminous 
front traveled at approximately the same velocities as 
the corresponding potential waves. 

Luminosity studies of lightning discharges by 
Schonland,°® and studies of spark breakdown by Loeb, 
Raether, Flegler, Allibone and Meek, Holzer, Hudson’ 
as well as many others, have indicated, by the large 
velocities of the luminosity fronts measured, that 
potential waves must be present during these phe- 
nomena. 

The present study of the glow-to-arc transitions grew 
out of an attempt of the writer to study moving 
striation phenomena in glow discharges by suddenly 
increasing the voltage across the tube. Although this 
work proved unfruitful, inadvertently the apparatus 
and circuitry had been so constructed that transitions 


the second electrode was 


of the glow discharges to arcs became probable under 


‘J. J. Thompson, Recent Researches in Electricity and Magnetism 
(Clarendon Press, Oxford, 1893), p. 115. 

5 J. W. Beams, Phys. Rev. 36, 997 (1930); Snoddy, Dieterich, 
and Beams, Phys. Rev. 50, 739 (1937); F. H. Mitchell and L. B. 
Snoddy, Phys. Rev. 72, 1202 (1947). 

®B. F. J. Schonland and H. Collens, Proc. Roy. Soc. (London) 
A143, 654 (1934); Schonland, Malan, and Collens, Proc. Roy. 
Soc. (London) A152, 595 (1935); D. J. Malan and H. Collens, 
Proc. Roy. Soc. (London) A162, 455 (1938); B. F. J. Schonland, 
Proc. Roy. Soc. (London) A164, 132 (1938); Schonland, Hodges, 
and Collens, Proc. Roy. Soc. (London) A166, 56 (1938); D. J. 
Malan and B. F. J. Schonland, Proc. Roy. Soc. (London) A191, 
485 (1947). 

7™W. Holzer, Z. Physik 77, 677 (1932); E. Flegler and H. 
Raether, Z. tech. Phys. 16, 435 (1935); 99, 635 (1936); 103, 315 
(1936); H. Raether, Z. Physik 37, 560 (1936); 94, 507 (1935); 
107, 91 (1937); Z. tech. Phys. 18, 564 (1937); Z. Physik 112, 464 
(1937); Arch. Electrotech. 34, 99 (1940). T. E. Allibone and a. 
M. Meek, Proc. Roy. Soc. (London) A166, 97 (1938); G. Hudson, 
thesis, University of California, 1957 (to be published); A. M. 
Cravath and L. B. Loeb, Phys. Rev. 47, 259 (1935); Physics 6, 
125 (1935). L. B. Loeb and W. Leigh, Phys. Rev. 51, 149 (1936) ; 
J. M. Meek, Phys. Rev. 57, 722 (1940); L. B. Loeb and A. Kip, 
J. Appl. Phys. 19, 142 (1948); L. B. Loeb and R. A. Wijsman, 
J. Appl. Phys. 19, 797 (1948); L. B. Loeb, Phys. Rev. 74, 210 
(1948). 
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the right conditions. Preliminary studies indicated that 
the long glow tubes, the recording photomultipliers, 
the oscilloscopes, and other measuring apparatus that 
were available for use with the striation problem, were 
also admirably suited for the study of the glow-to-arc 
transition. 

It was determined that the nonthermal, glow-to-arc 
transition at low pressures begins with the extremely 
fast passage of a pulse of light from the cathode to the 
anode, with a second fast luminous front then returning 
back to the cathode. Behind the second front, the 
luminosity continues to build up in intensity, until, at 
some later time, a maximum of intensity is reached 
throughout the entire tube. The power supply and 
series impedance will determine whether the arc thus 
formed can be sustained. Coincident with the departure 
of the initial light pulse from the cathode is a rapid 
increase in the cathode emission current, while within 
the gas, a potential wave travels rapidly through the 
tube to the anode, in company with the initial light 
pulse. Further potential changes can be seen accom- 
panying the return of the second front to the cathode 
and during the further buildup of the light intensity 
throughout the tube. 

Studies of these high-velocity light pulses and of the 
accompanying potential changes as well as the increase 
in the current emission from the cathode were instituted 
in order to clarify the manner of the glow-to-arc 
transition as well as to attempt to perceive differences 
that might exist between individual gases and, to a 
lesser extent, cathode metals. 


APPARATUS AND PROCEDURE 


The glow discharge tube, its accompanying circuitry, 
and the photomultiplier measurement apparatus are 
shown schematically on Fig. 1. The several Pyrex 
discharge tubes used in most measurements were 40 
mm in diameter and about 145 cm long, with the 
aluminum cathodes (to be discussed further) and 
tungsten anodes separated by about 135 to 145 cm. 
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Fic. 1. Diagram of discharge tube circuit and measuring apparatus. 
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Five tungsten probe wires were inserted into each 
discharge tube along its length to enable measurements 
of the plasma potentials. Use of coaxial cables and a 
shield can about the discharge tube served two purposes : 
(1) to make, as far as possible, the impedance in series 
with the discharge tube purely resistive, and (2) to 
shield further the photomultipliers and associated 
oscilloscopes against electrical pickup. The coaxial 
cables at the cathode and anode not only were termi- 
nated with their characteristic impedance but, in 
addition, were 20 to 35 meters long to minimize and 
delay any possible reflection effects. 

The double cable connection at the cathode allowed 
the use of one cable to trigger a Tektronix 517 oscillo- 
scope upon the sudden pulse of cathode current that 
appears with the initiation of the glow-to-arc transition, 
while the other cable could feed the cathode voltage 
signal either to the oscilloscope’s amplifier input or 
directly onto the deflection plates of the cathode ray 
tube whose trace could be recorded with a Leica camera. 
Here the parallel cathode cable connection proved most 
satisfactory, passing signals with rise times as fast as 
2X10~* sec without distortion compared to the mini- 
mum distortionless rise time of 5X10~ sec for the T 
cathode connection. 

When both photomultipliers were used, one was 
operated as the alternate trigger source for the oscillo- 
scope, starting the sweep, with the initial pulse of light 
appearing at the cathode, at the same relative instant 
for every glow-to-arc transition. The second photo- 
multiplier fed its output to the vertical amplifier 
system of the oscilloscope. Since the second signal 
photomultiplier could be moved parallel to the length 
of the discharge tube, light intensities throughout the 
tube could be obtained as a function of the time and 
position after the initiation of the transition. 

Voltage changes at the plasma probes inserted along 
the length of the tube were measured by using the 
cathode follower probe of the 517 Tektronix. The 
minimum rise time for the distributed amplifier system 
of the Tektonix 517, with or without the cathode 
follower probe, is 7X10~° sec, although signals with 
rise times of 2X10~° sec are accurately reproduced if 
they can be fed directly to the deflection plates of the 
cathode-ray tube. 

Tn operation, a low-current glow discharge is initiated 
in the discharge tube by utilizing a 100-kilohm resist- 
ance in the anode cable circuit. At the appropriate 
moment, when all measuring apparatus is ready, this 
resistance is shorted out by using a coaxially shielded 
mercury relay tube® leaving only 75 or 100 ohms 
(depending on cathede cable connection) in the series 
circuit. The glow discharge current then increases to 
the value consistent with the regulated power supply 
voltage (up to 2600 v, with ripple less than 5 mv at 
50 ma) and the small series resistance. This glow dis- 


8 R. L. Garwin, Rev. Sci. Instr. 21, 903 (1950). 


charge will spontaneously break down to an arc should 
the conditions be right. The delay after the application 
of the shorting out of 100-kilohm resistance ranges from 
a few microseconds to several seconds, depending upon 
various factors which will be discussed later. 

The condensers across the output of the power supply 
are sufficiently drained by the momentary arc current 
in a time of the order of several hundred microseconds, 
so that the arc extinguishes. Other circuitry within the 
power supply, triggered on the initiation of the arc, 
turns off the supply to prevent a subsequent recharging 
of the condensers and then another transition. 

Before glow-to-arc measurements in each separate 
gas were made, the discharge tube was always baked 
out at at least 350°C for more than 12 hours under 
high-vacuum conditions. By manipulation of the inlet 
and outlet Alpert valves, the gas under study then was 
allowed to flow through the tube at a slow rate, main- 
taining the desired pressure. This constant flow method 
was believed to aid in removal of impurities freed from 
occlusion in the electrodes during the discharges as 
well as those possibly created in the gases (especially 
in the No and Oy mixtures). It should be noted that 
spectroscopic measurements did not detect any mercury 
within the discharge tubes which were subjected to 
this bakeout process. 

While the baking out of the tube and the flushing 
through of the gases undoubtedly aided in maintaining 
the original purity of the gases used, it must be empha- 
sized that the cathodes of the longer tubes, by design, 
were aluminum, and it was impossible and undesirable 
to outgas these beyond 350-400°C. Thus the cathode 
was and of necessity remained contaminated with an 
oxide coating during the bakeouts and was therefore a 
source of minor contamination. Gas-free metals could 
not be used since the glow-to-arc transitions appear to 
depend on the presence of this oxide layer and its 
transient breakdown. As each gas was examined, with 
the repeated and prolonged firing of the tube in the 
course of the measurements, the oxide coating tended 
to disappear by ion bombardment or chemical action. 
Hydrogen proved most active in this cleaning-up 
process while oxygen, of was an apparent 
exception. 

Although most of the measurements were made with 
13-meter long aluminum cathode tubes, for the purpose 
of studying the initial cathode current pulse for several 
different metals, shorter tubes, 30 cm long and 1 cm in 
diameter, were utilized. The auxiliary electrical cir- 
cuitry remained unchanged. 

The gases used were of standard Airco grade, 99.98% 


course, 


pure, except for oxygen which was manufactured from 
KMnQ, and should have been of a comparable purity.’ 
Actually, the mixtures studied showed that the phe- 
nomena were not critically dependent upon gas purity. 
Changes in characteristics required on the order of 1% 


9N. E. Bradbury, Phys. Rev. 40, 508 (1932). 
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Fic. 2. Light intensities at various points within an Al-cathode 
discharge tube during glow-to-arc transition in Nz at 190 microns 
and 1700 volts with 500 mysec/cm sweep. Time moves from left 
to right in a tube 146.6 cm long. The bottom trace shows both 
the initial short pulse, the “pip,” and the beginning of the light 
of the main arc, the “return arc plasma front.” These two light 
fronts appear on each of the other traces, merging together only 
at the¥anode. Each trace is a separate arc transition with light 

traces from near the anode having been more highly amplified. 


or more of impurities to be detected. Along this line 
it was observed that when mercury was allowed to 
contaminate the system, through removal of the liquid 
nitrogen on the cold trap of the vacuum system, there 
was no noticeable difference in the glow-to-arc transition 


characteristics. 
RESULTS 


The luminous aspects of the low-pressure, aluminum 
cathode, glow-to-arc transition proved similar for the 
several gases studied over the ranges of pressures and 
total voltages that were used. Oscilloscope traces show- 
ing light intensity changes, for nitrogen at 190 microns 
and with 1700 volts supplying the tube and its 75-ohm 
series resistance, will serve as guides to the general 
aspects of the low-pressure transitions. At this rela- 
tively low total voltage, the glow-to-arc transition in 
N>» is a comparatively slow process and oscillograms are 
easy to interpret. Figure 2 shows a series of oscillograms 
of light intensities at various positions within the tube 
starting with the bottom trace showing the output from 
the region just in front of the cathode and progressing 
upwards so that the top trace depicts the light 1.1 
centimeters in front of the anode. The oscilloscope 
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sweep and thus time moved from left to right. In order 
to bring out the initial detail, the oscilloscope amplifiers 
were so adjusted that large signals overloaded them, 
as the several top traces with a higher amplification 
show most plainly. 

An examination of the first (lowest) trace, showing 
the light intensity at the front surface of the cathode, 
discloses two features: (1) a short intense upward 
increase of light intensity, hereafter designated as the 
“pip,” with an initial duration of about a tenth of a 
microsecond, but diminishing in intensity and spreading 
while moving from cathode to anode, and (2) a second 
pulse of light intensity, lasting several hundred micro- 
seconds, with a slower rate of increase. The second 
increase in intensity, which will be designated as the 
“return arc plasma” (RAP) front, is a wave of ioniza- 
tion and excitation that started at 1.2 usec in the 
region of the anode on the arrival of the pip and 
traveled towards the cathode arriving there at 3 usec, 
at which time the arc current began its increase. 

It will be noted that the pip appears to travel along 


Fic. 3. Light intensities at Al cathode (a) and at front of the 
first stria (b) 18 cm from cathode during transition in argon at 
128 microns and 1700 volts with 10 mysec/cm sweep speed. Each 
trace represents a separate transition. Traces partially retouched 
because of photographic faintness. Light pip appears at the first 
stria an average of 8 musec after it appears at the cathode surface, 
indicating a velocity of 2.2 10° cm/sec. 
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the whole tube, diminishing in intensity through the 
Faraday dark space and increasing again in intensity 
when it reaches the positive column. For the first 30 
cm or so, as shown on these traces with the medium 
fast sweep speed of 500 myusec/cm here used, this light 
pip appears at all points almost simultaneously, indi- 
cating that it moves at an extremely high velocity. As 
the traces of light intensity further away from the 
cathode are examined, one notes that there is a delay 
in the beginning of the “pip,” in addition to the 
diminishing of its intensity (increased amplification was 
required when the signal photomultiplier was placed 
70.1 cm from the cathode), and the lengthening of its 
duration to microseconds. The average cathode-to- 
anode velocity of the pip front is 1.210% cm/sec in 
this particular case. The measurement of pip movement 
near the cathode at fast sweep is shown in Fig. 3, where 
the speed reaches 10° cm/sec. 

The RAP front of Fig. 2, starting from the anode at 
1.2 usec after the pip appeared at the cathode, returns 
quickly through the region of the former positive 
column at about 2X 10° cm/sec before it slows down to 
approximately 10’ cm/sec in crossing the final 17.6 cm 
to the cathode. Neither the pip nor the RAP front are 
of a filamentary or constricted nature. Rather, as 
determined by observation with the photomultipliers 
of light at various positions away from the axis of the 
tube, they are diffuse and pass through the entire 
volume of the preceding glow-discharge plasma. 

Figure 4 shows instantaneous spatial distributions of 
light intensity throughout the tube during a glow-to-arc 
transition. These distributions are constructed as cross- 
plots from the data taken under conditions nearly 
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Fic. 4. Relative light intensities throughout the Al-cathode 
discharge tube from 50 musec to 4 usec after the initiation of the 
transition in Nz at 184 microns, 1740 volts. 
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Fic. 5. Relative light intensities with an Al cathode during 
transition for various times from 12 to 900 musec after initiation. 
The Hz pressure is 184 microns with 2600 volts across a tube 
137 cm long. 


identical to those of Fig. 2. Here, for nitrogen at 184 
microns and 1740 volts, are plotted relative light 
intensities along the length of the tube at increasing 
times following the initial appearance of the light pip 
at the cathode. The light from the preceding glow 
discharge was relatively so faint that it does not appear 
on such a plot. The high velocity of the pip during the 
first 50 cm and the slower progress for the remaining 
90 cm or so may be noted. The RAP front is plainly 
evident from 1400 musec on, with this front reaching 
the cathode between 3 and 4 usec after the beginning 
of the transition. 

Figure 5 shows instantaneous space cross-plots of 
light intensity for a hydrogen discharge at 184 microns 
and 2600 volts during the first 900 mysec. The velocities 
of the fronts are much higher than for the transition 
depicted in Fig. 4, the pip reaching the anode in 50-70 
musec. The RAP front has come back to the cathode 
by 112 musec after the initial appearance of the pip at 
the cathode surface. Thereafter the entire gaseous 
plasma increases in light intensity during the next 
800 mysec, reaching a maximum in light intensity for 
the particular set of conditions, some 900 mysec after 
the transition was initiated. By that time, the dis- 
charging of the power supply capacity has significantly 
lowered its potential and light emission then begins to 
diminish. The arc extinguishes within a few hundred 
microseconds when the condensers supplying the cur- 
rent have been sufficiently exhausted. 

The cross-plots of Figs. 4 and 5 are derived from 
traces of light intensity such as shown in Fig. 6. Here, 
from traces of light intensity at several positions along 
the positive column during the first half-microsecond 
of the transition, one can infer the motion both of the 
pip and of the RAP front. For a distance of 39.0 cm 
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Fic. 6. Light intensities within positive column during transition 
with Al cathode in H2 at 97 microns and 1850 volts, with sweep 
speed 50 mysec/cm and tube 137 cm long. In the positive column 
the pip moves with a velocity of 6.2 10° cm/sec and the RAP 
at a velocity of 9.3X 108 cm/sec. 


from the cathode in the first stria of the positive 
column, there are shown two traces of two separate 
transitions, while at the remaining distances from the 
cathode, traces for four separate transitions are shown 
in each picture. At this voltage of 1850 volts across the 
tube, which is filled with hydrogen at 97 microns, the 
light pip travels through the 93 centimeters of the 
positive column in about 150 musec which corresponds 
to an average velocity of 6.210% cm/sec. The RAP 
front takes about 100 mysec to go the same distance 
giving an average velocity of 9.3 108 cm/sec. 

To the naked eye, the transition appears as a very 
bright, momentary flash, filling the entire tube, includ- 
ing the former Faraday dark space. Whenever the glow- 
to-arc transition occurs, there appears initially some- 
where at the surface of the cathode a small, very 
brilliant cone of light, perhaps one or two millimeters 
in height and across its base. The point of the cone 
originates on the cathode. By examination with the 
photomultipliers, it was determined that the initial pip 
of light comes from this small region at the cathode 
surface, although what the observer sees is probably 


GEORGE 


WESTBERG 


mainly light from the cathode spot of the momentary 
arc when it is fully established. 

The 350°C, 12-hour bakeout in vacuum. which 
preceded measurements in each of the various gases 
could not be expected to clean up the aluminum cathode 
surface, and observations tended to support the beliefs 
of other investigators’ that either oxide layers, 
impurities, scratches, or other possible imperfections on 
the cathode surface are responsible for the initiation of 
the glow-to-arc transition. In all of the gases excepting 
oxygen, with continued repetition of measurements, 
clean-up of the cathode seemed to progress as measure- 
ments proceeded. Arcs were observed to (fend to start 


froin the boundary areas between the “soiled”? and the 


“cleaned-up” sections. Continued work in hydrogen 
led ito the “clean-up” of the entire cathode surface and 
no further glow-to-arc transitions would take place, 
at least under the limitation of a maximum of 2600 
volts imposed by the power supply. Discharges in 
nitrogen and argon also cleaned up the cathode although 
there was a tendency for it to become soiled again if 
measurements and discharges ceased for any length of 
time. Probably either impurities or oxygen freed from 
occlusion during the discharges found their way, during 
the “off” time, back to the cathode surface. Relevant 
to this tendency of the transition to be initiated at 
edges between “soiled” and “cleaned” areas on the 
aluminum cathode surface is the problem of measure- 
ments of the minimum glow currents for the transitions 
in the various gases. In hydrogen, at pressures of 60-80 
microns, transitions would occur at glow currents as 
low as 50 microamperes. At this pressure and current, 
the “enhanced” glow discharge covered only a central 
portion of the front face of the cathode, with the 
cathode spot of the arc forming at the edge of this area 
only after the “enhanced” glow discharge had been 
running several seconds. This was, of course, before 
the intensive series of measurements had ‘cleaned up” 
the surface as mentioned. There is probably no signifi- 
cance to the lower limit of 50 microamperes which was 
measured as the minimum transition glow current at 
this pressure and with 2600 volts. It would seem to 
have been merely the glow current under those condi- 
tions at which the glow discharge cathode glow touched 


Fic. 7. Al cathode voltages at 
initiation of transition in N» at 130 
microns and 2600 volts. Sweep 
speeds of 20 and 50 musec/cm are 
shown with traces partially re- 
touched, with cathode resistance 
25 ohms. 


bs00m— 


10 Price, Ganbling, and Edels, Nature 176, 28 (1955). 
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Fic. 8. W wire cathode voltage wave forms for transitions in 
Ne at 2600 volts with pressures of 700 and 1140 microns and 2.5 
mm in a discharge tube 24 cm long at sweep speeds 10 and 20 
mysec/cm. Traces are partially retouched. 
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the edge of the still “soiled” area of the cathode and it 
would appear that had an “‘all-soiled” cathode been 
used, transitions in hydrogen at even lower currents 
could have been possible. Minimum transition glow 
discharge currents for the aluminum cathode tubes are 
reported for the various gases in Table I. The obser- 
vation in hydrogen as to the limited meaning of this 
measured transition glow current holds for the other 
gases also, even though the values for nitrogen tend to 
agree with those listed by Plesse.™ 

For the long aluminum-cathode tube at the low 
pressures of the order of a hundred to five hundred 
microns Hg, the glow-to-arc transitions began not only 
with a sudden “pip” of light which appeared at the 
cathode surface, but also with a sudden pulse of current 
emitted from the cathode. Figure 7 shows the cathode 
voltage in an aluminum-cathode tube filled with Ne to 
130 microns Hg pressure. The glow current of 20-30 
milliamperes, which causes a drop of less than a volt 
across the 25-ohm cathode resistor, suddenly becomes 
six amperes and 150 volts in less than 10 musec. The 
duration of this sharp current pulse is about 20 musec, 
after which the current remains at a value of about 
two amperes for approximately 150 mysec. Then a 
more gradual increase sets in. There is no corresponding 
change in the current to the anode as measured across 
a resistor until the pip arrives, at which time a gradual 
increase begins. 

Measurements of nonthermal transitions in nitrogen 
for a tungsten cathode discharge at pressures up to 


“11H Plesse, Ann. Physik 22, 473 (1935). 
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2.5 mm Hg also show the voltage and current pip as 
well as the light pip. Figure 8 showing the cathode 
voltage for pressures of nitrogen between 700 microns 
Hg and 2.5 mm Hg makes evident a decline in the 
amplitude of voltage pip at the higher pressure. The 
second smaller pulse upon the bottom trace is due to a 
burned out terminating resistance in the trigger cable 
circuit, showing that use of long cables in the cathode 
circuit of the glow tube can isolate and delay such 
reflections to prevent their interfering with the signal 
or distorting it. Light intensity patterns within the 
tungsten-cathode tubes indicate that the nonthermal 
tungsten transitions follow a luminosity pattern similar 
to that for the aluminum-cathode tubes, i.e., a light 
pip traveling to the anode and a RAP front returning 
back to the cathode. At a pressure of 2.7 mm Hg with 
2600 volts in a 24-cm long tube filled with nitrogen, 
the light pip was measured as traveling to the anode at 
an average velocity of 1.7X10* cm/sec. The “return 
arc plasma” front seen to travel back to the 
cathode in 25 millimicroseconds corresponding to a 
velocity of 9.6X 10° cm/sec. 

Figures 9 and 10 show cathode voltages for 20-cm 
long helium-filled tubes, with copper and nickel cath- 
odes, respectively. The original negatives for these 
oscillograms had to be retouched for reproduction 
purposes, since, otherwise, the traces are too faint. The 
transitions in both cases occurred with 2600 volts across 
the tubes. In the copper-cathode tube, as has been also 
reported by previous investigators,! the cathode eventu- 
ally “cleaned up” after a period of use and transitions 
to arcs could no longer be initiated. Nickel did not 
“clean up” during the measurements although there 
did appear to be such a tendency. These oscillograms 
show, with helium pressures of 3 mm Hg and 6.2 mm Hg 
in the copper-cathode tube and for 3.55 mm Hg in the 
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nickel tube, that increases from glow currents of the 
order of one ampere to the arc currents of the order of 
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Fic. 9. Cu disk cathode voltage wave forms for transition in 
He at 3.0 and 6.2 mm Hg with 2600 volts in tube 20 cm long 
Sweep speeds are 10 musec/cm. Traces partially retouched. At 
6.2 mm Hg, the glow current of 1.5 amp increases to 9 amp in 
less than 3 musec. At 3 mm Hg the glow current of 800 ma in 
creases to 10 amp in approximately 6 mysec and continues to 
increase at such a rate that it disappears off the face of the 
oscilloscope. Note the absence of any current pip at these higher 
pressures, 
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Fic. 10. Ni disk voltage wave forms for transitions in He at 
3.55 mm and 2600 volts in tube 20 cm long with sweep speeds 
10 mysec/cm and 20 ysec/cm. Fast traces partially retouched. 
On slow sweep of 20 usec per cm, the increase of the glow current 
to 1.2 amp in some 20-30 usec is followed by the 300 or more usec 
arc, with a maximum current of well over 15 amp. The initial 
detail may be seen on the fast 10 musec/div per cm sweep. Here an 
arc initiation begins at a glow current of 800 ma, the current in- 
creasing to 6 amp in less than 8 mysec/div followed by a further 
slower rate of increase. Note the absence of any initial current 
pip at this higher pressure. 


ten amperes take place in less than 10 mysec. At the 
6.2 mm Hg pressure, the current transition takes place 
in less than 3 mysec. It is to be noted that no voltage 
or current pip appears at these higher pressures. At 
7.0 mm Hg in the nickel-cathode tube, the current 
increase, from a glow discharge level which varied 
between one and eight amperes to arc currents only 
known to be greater than 15 amperes, was so rapid 
that the trace could not be photographed, indicating 
that the increase took place in less than 3 musec. 

Studies were made of glow-to-arc transitions in 
mercury-cathode and mercury vapor-gas-filled tubes, 
with the electrodes separated by some 10 cm, and at 
pressures of 112 and 275 microns Hg as determined by 
temperatures of a water bath. With a supply voltage 
of 2000 volts placed across the discharge tube circuit, 
small initiating current pips of the order of one ampere 
were observed. These occurred as the glow discharge, 
which was limited to only a few milliamperes by a 100- 
kilohm series anode resistance, broke down to 200-mysec 
duration transient arcs. These arcs were made possible 
by the 60-meter length of cable separating the anode of 
the discharge tube from the 100-kilohm anode resist- 
ance. This cable length was such that the anode 
resistance appeared to be only 50 ohms for twice the 
delay time of the cable whenever transient currents 
appeared in the discharge tube. Some 10 mysec after 
the appearance of the pip, the main increase in the arc 
current began indicating that the sequence of light pip 
to anode and RAP front to cathode which occurred in 
the aluminum-cathode and nonthermal tungsten- 
cathode transitions is also observed. No special effort 
was made to clean the mercury beyond the initial 
distillation so that the surface of the liquid cathode 
could easily have had small arc-initiating contaminants 
floating upon its surface. 

Oscillograms of the changes in potential distribution 
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taking place within the gases during transitions in the 
1}-meter long aluminum-cathode tubes are shown in 
Fig. 11. Here, for a hydrogen-filled tube at 184 microns 
Hg pressure and 2600 volts, are shown the various 
voltage wave forms on a microsecond full-scale sweep. 
The voltage at each electrode and at each of the plasma 
probes within the tube are shown and the gradual 
change of voltage at the anode should be noted. This 
is emphasized in Fig. 12 showing the same changes at 
a faster sweep of 200 musec full scale. The time delay 
in the appearance of the voltage pip the further the 
probe is from the cathode is noticeable (the probes are 
somewhat unevenly spaced along the length of the 
tube as seen in Fig. 15). 


Cathode 
full amp. 


Probe No. 1 
med. amp. 


No. 2 
med. amp. 


No. 3 


med. amp. 


No. 4 
full amp. 


No. 5 
full amp. 


Anode 
full amp. 


Fic. 11. Voltage wave forms of cathode, anode, and plasma 
probes during first microsecond of transition with Al cathode in 
Hz at 184 microns and 2600 volts/cm in tube 137 cm long. 


Using oscillograms such as those of Figs. 11, 12 and 
correlating them with data pertaining to the initial 
glow discharge potentials makes it possible to cross-plot 
the instantaneous potential distributions within the 
long tubes during the transitions. The potential distri- 
bution during the first 160 mysec of a transition for 
argon at 97 microns Hg pressure, with 1700 volts and 
75 ohms in series with the 146-cm long tube, is shown 
in Fig. 13. Figure 14 shows the instantaneous distri- 
butions of the values of field E and the ratio of E to 
pressure p, E/p, during the first 80 musec throughout 
the length of the tube. It is obvious that the motion 
of the light pip from the cathode to anode coincides 
with the motion of the high-field region. Less obvious 
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from the instantaneous potential distributions of Fig. 
13 is the relationship of the progress of the RAP front 
to the increasing linearity of the potential distribution. 
Figure 15, showing cross-plots for nitrogen at 280 
microns Hg and 2600 volts in a 137-cm long tube, 
shows both the movement of the pip potential wave to 
the anode and the subsequent straightening of the 
potential distribution. This later action results in a 
nearly linear fall of potential from the cathode fall 
region to the anode fall region of the arc 1.8 usec after 
the transition began. The correlation of the initial 
straightening of the potential distribution, following 
the arrival of the pip at the anode, with the RAP 
front, is again not too evident. It is suggested by the 


Probe No. 1 
med. amp. 


No. 2 
med. amp. 


No. 3 
full amp. 


No. 4 
full amp. 


No. 5 
full amp. 


Anode 
full amp. 


-— o 0 mys————.| 


Fic. 12. Voltage wave forms at anode and plasma probes 
during first 200 mysec of transition with Al cathode in He at 184 
microns and 2600 volts in tubes 137 cm long. 


continuous rearrangement of the distribution curves. 
Figure 16 shows fields and values of E/p for the 
potential distributions of Fig. 15 during the first 200 
musec of the transition. 

Oxygen, at a pressure below an apparently critical 
value lying between 128 microns Hg and 184 microns 
Hg, is similar to argon, hydrogen, and nitrogen—the 
velocities of the pip are measured at or below approxi- 
mately (2 to 3) 10° cm/sec. Above that critical value, 
to at least 470 microns Hg pressure, extremely high 
light-pip velocities have been measured beginning with 
a velocity of 4.6X10° cm/sec at 184 microns Hg 
pressure and increasing with pressure to 8.110? 
cm/sec at 460 microns Hg. 
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Fic. 13. Potential distribution plots for A at 97 microns and 
1700 volts during first 160 mysec of transition with Al cathode 
in tube 146 cm long. Asterisks indicate zero time which is the 
instant the potential begins to change at the first plasma probe. 


This increase in velocity of the light pip is accom- 
panied by an increase in the velocity of the voltage pip. 
Figure 17 shows, at 460 microns and 2600 volts, how 
the potential distribution across the oxygen filled tube 
is rapidly altered in the first 25 musec after the transi- 
tion is initiated. Under these conditions, the light pip 
was observed to have reached the anode within 16 
musec. 

Tables I and II present a summary in tabular form 
of data concerning glow-to-arc transitions taking place 
in the long tubes for the various gases. In general, the 
time interval and average velocity data for measure- 
ments over the entire tube length, in contrast to those 
dealing with the initial pip velocity, are considered 
accurate to within 10%. This 10% spread is due to 
real variations connected with differences in the initial 
glow discharge currents and in the related effects of 
ionization density and cathode fall potential difference. 
Fields and field-to-pressure ratios are believed accurate 
to within 20%. Values of the initial pip velocities are 
of varying accuracy: 10% at 110° cm/sec, 20% at 
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Fic. 14. Electrical field and field-to pressure ratio distributions 
during the first 100 musec after initiation of transition in argon 
at 917 microns and 1700 volts with Al cathode for tube 146 cm 
long. These curves are derived from plots of Fig. 13. 





RUSSELL GEORGE 





+ NITROGEN-280 MICRONS 
|. VOLTAGE - 2600 v 
37 SOmus 80 











a | 
100 137 


ie) 
cathode anode 


Fic. 15. Potential distribution plots for Nz at 280 microns 
and 2600 volts during first 1.8 usec of transition with Al cathode 
and tube 137 cm long. 


210° cm/sec, and 333% at 310° cm/sec. This 
variation, which is partially due to the reciprocal 
nature of time in velocity calculations, also is addi- 
tionally caused by jitter of the sweep starting time of 
the oscilloscope and difficulty in finding the exact toe 
of the pip on the oscillogram traces. 

Tables I and II contain information on oxygen- 
nitrogen mixtures, not mentioned previously. All of 
these mixtures and the nitrogen at pressures of 97, 128, 
and 184 microns Hg were possibly mercury-contami- 
nated, in contrast to the situation in the other measure- 
ments. There was no indication that such a mercury 
contamination made any difference. 

The following information can be garnered from 


Tables I and II: 
(1) In all gases, velocities increase with higher 
voltages across the tube. 
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Fic. 16. Electrical field and field-to-pressure ratio distribution 
for No at 280 microns and 2600 volts during the first 200 mysec 
of the transition, with Al cathode in tube 137 cm long. These 
curves are derived from plots of Fig. 15. 
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(2) In hydrogen, velocities increase with higher 
pressures between 97 and 184 microns Hg. 

(3) In argon, velocities decrease with higher pressures 
between 97 and 128 microns. 

(4) In nitrogen, velocities decrease with higher 
pressure between 97 and 280 microns. There are large 
increases in pip velocity at any total pressure when 
the nitrogen is diluted with oxygen. 

(5) In oxygen, there is a sharp increase in the 
velocity of the pip as the pressure increases between 
128 and 184 microns Hg. The velocity is exceptionally 
high at the higher pressure. 

(6) Within the tube, the maximum £/p values, 
except for regions very near the cathode, lie between 
100 and 500 volts/cm mm Hg during the transition for 
all gases but oxygen at 184 microns Hg and above. 
Oxygen at 470 microns Hg has E/p values at most not 
much above 50 volts/cm mm Hg so that the oxygen 
pip velocity increases even with the decrease of E/p. 
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Fic. 17. Potential distribution plots for O2 at 470 microns and 
2600 volts during the first 25 musec after the initiation of the 
transition with Al cathode and tube 137 cm long. 


(7) Except for oxygen at pressures of 184 microns Hg 
and above, there is fair agreement between the initial 
cathode fall voltage and the electron volt energies 
equivalent to the initial pip velocities. (Differences in 
the two measured values can be accounted for most of 
the time by the experimental errors connected with 
each measurement.) 


Rates of current increase in tubes with several 
different cathode materials are shown in Table III. 
Here are summarized the maximum rates of current 
increase of the initial pip, or for the sudden current 
increase if no pip occurs, as, for instance, can be seen 
to be the case with the copper cathode in Fig. 9. 
Maximum values of the pip current, or, if “‘pipless,” of 
the initial current rise, as well as the elapsed time, are 
also listed. In addition, there are tabulated the maxi- 
mum rates of increase of the arc currents at times well 
removed from the appearance of the initial pip or of 
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TABLE I. Glow discharge currents at glow-to-arc transition, elapsed time, and average velocities of light “pip” and “RAP,” initial 
velocities of the light “pip” along with the equivalent electron-volt energy, and the measured glow-discharge cathode fall voltage, 
for various gases at different pressures and voltages. In all cases the series resistance was 75 ohms. 


Average 
vel, 
“pip,” 
cathode 
“RAP” time to 
anode to anode vel. “RAP” 
cathode (10° pos. col. 
(10° sec) cm/sec) (10%cm/sec) cm/sec) 


Average 
trans. 
glow 
current 
(milli- 
amperes) 


Light 

“pip” 

time, 
cathode 
to anode 
(10°% sec) 


Initial 

Average vel. Initial Initial 

i “pip” vel. cathode 
(equiv. elec. fall 

volts) (volts) 


Total 
volts 


Pressure 
Gas (microns) 
He (137-cm tube) 85 182 100 0.75 
75 141 60 0.97 
105 Lo 
162 0.84 
139 0.99 
89 is 
145 : 0.94 
120 
90 
A (146-cm tube) 7 116 
161 
237 
Oz (137-cm tube) 112 
ie 99 
92 
87 
95 
35 
23 


640 
820 
920 
640 
820 
2200 
1170 
1170 
1370 
1250 
920 
1170 


Co Stin Co tain 


1200 


— 
—_ 


1900 
1400 


Com th 


NUL 
= 
° 


COON NME NN ENE 
PRWCONINNOCWRR eS 


a 
S 
ee a 


a3 1480 1700 
6-8 (10-20) x 108 1650 


ANI ONDAUEPwWDAdONN 


ONDAD PRR RB eK OO R 


8-10 (20-30) X 108 


eee eee 800 
Ne (137-cm tube) : see 0.2 oes 
ied 340 0.4 

180 30.8 2.0 1170 1700 
200 vee 180 0.8 

240 2 ree 200 0.3--0.6 . tee 

280 2 ree | 340 0.4 1.8 920 

Ne@ (146-cm tube) 97 20-25 300 250 0.4 0.8 2.0 1170 

128 7 20-25 450 350 0.3 0.6 0.8 180 

184 7 20-25 700 2.5 usec 0.2 0.16 0.5 70 

N2+1% O24 97 8-10° 260 550 0.6 0.8 tee vee 

(146-cm tube) 20-25* 200 600 0.70 0.6 3 2500 

128 7 20-25 230 900 0.59 0.54 1 300 

184 7 20-25 220 3.5 usec 0.65 0.24 0.9 230 

N2+20% O24 97 8-10 240 . 0.6 wee 5 7000 

(146-cm tube) 20-25 170 0.84 0.8 + vee 

128 7 20-25 180 0.78 0.7 vee 

184 7 20-25 220 0.65 0.2 2.0 














1350 


600 
1 usec ne 
5 psec 1170 


«® RAP appeared at cathode before appearing at head of positive column, giving smaller RAP velocity in positive column. 
b Transition too fast; glow current could not be measured. 

¢ No measurements made. 

4 Possible mercury contamination. 

¢ Two glow current modes possible. 


sometimes amperes) to several amperes, take place in 
less than 10~® second. Under some conditions this 
increase takes place in 3 or 4 mysec. Rates of increase 


the initial pipless increase. Times listed show the time 
interval following the initiation of the transition before 
this maximum rate of arc current increase is reached. 


The studies with a tungsten wire cathode showed 
transitions that all took place in times of the order of 
10-* sec and therefore cannot be considered to be 
thermal transitions. Platinum cathodes and mercury 
cathodes were also briefly studied with results shown 
in the table. The mercury cathode was even frozen 
without any discernible difference. 

Information that might be garnered from Table III 
is as follows: 

(1) The changes of emission of the cathode currents 
at the beginning of the arcs, from milliamperes (or 


of the pip current up to (3 or 4)X10° amperes per 
second are possible. The rate of increase and the 
maximum current in the pip are probably determined 
by several factors including the initial cathode fall 
potential difference, how effectively it is neutralized, 
the pressure, and the mechanism of emission. There is 
no particular rule observable in the rates of emission 
of the maximum pip current. 

(2) The rates of current increase of the main arc 
current become less with the higher pressures. As both 
the tungsten-nitrogen and the mercury-helium transi- 
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TaBLE II. Maximum electrical fields and field-to-pressure ratios during passage of the voltage “pip” from cathode to anode during 


Gas 


Hz (137-cm tube) 
A (146-cm tube) 
O; (137-cm tube) 


Nz (137-cm tube) 


Pressure 
(microns) 


184 


97 

97 
184 
470 
174 
280 
128 


Total 


volts 


1900 
2600 
1700 
2600 
2600 
2600 
2600 
2600 
1700 


Average 
trans, 
glow 

current 
(milli- 


amperes) 


5-6 
10 
8-10 


Max 
field 
30 cm 
from 
cathode 
(volts/ 
cm) 


60 


55 


Max 
field 
60 cm 
from 
cathode 
(volts/ 
cm) 


70-80 
35 
45 

oo 8 
50-55 
55-60 
23 


Max 
field 
90 cm 
from 
cathode 
(volts/ 
cm) 


45 
60 
25 
35 
30 
30 


the glow-to-arc transition in various gases at different pressures and voltages. In all cases the series resistance was 75 ohms. 








Max 
field 
120 cm 
from 
cathode 
(volts/ 
cm) 


40 
45 
20" 
25 
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Max 
E/p 
30 cm 
from 
cathode 
(volts/ 
cm— 
mm Hg) 


Max 
E/p 
60 cm 
from 
cathode 
(volts/ 
cm— 
mm Hg) 


Max 

E/p 

90 cm 120 cm 

from from 
cathode cathode 
(volts/  (volts/ 

cm— cm— 
mm Hg) mm Hg) 





375 
435-500 
470 
500 
220 
57 
575 
250 


300 

380-400 
350 
450 
290-315 
195-215 
180 


245 
325 
250 
350 


220 


a 
oe et 
170 
110 
125 


N:+20% O24 
(146-cm tube) 


* “Pip” field is still increasing when the ““RAP"’ reaches same position. 
> Transition too fast, glow current could not be measured. 

¢ No measurements made. | 

4 Possible mercury contamination. 


tions show, this rate can be nearly 10° amperes/sec at 
pressures in the hundreds of microns, but it decreases 
to 10° amperes/sec and lower as pressures exceed one 
or two mm Hg. The rates of main arc current increase 
are also, as would be expected, higher for the short 
tubes than for the long tubes, the total voltages being 
the same in both cases. 


DISCUSSION 


The study of the glow-to-arc transition can be 
divided into two main sections: (1) cathode processes, 
and (2) processes within the gases. It is proper to 
discuss the cathode processes first, since the conditions 
at the cathode concern the initiation of the transition 
and define whether or not it will take place as well as 
how it will take place. 


Cathode Processes 


The glow-to-arc transition here described can owe its 
manifestation to only one circumstance. This is the 
sudden creation of an exceedingly high emissivity at 
the cathode in the form of a burst of electrons of such 
magnitude and on such a time scale that it launches an 
ionizing potential space wave instead of increasing 
conductivity by the normal diffusive ionization proc- 
esses. This fact is borne out by direct observation of the 
brilliant flash of light at the cathode surface, which 
estimate places as 1 mm diameter though it could be 
too large by a factor of 10, the current increase of from 
(1 to 50)X10-* amp to 1 to 10 amp in 5X10 sec, 
and the importance of the oxide film at the cathode in 
triggering this phenomenon. The influence of the nature 
of the gas filling, the nature of the oxide film, as well 
as the predilection for the breakdown occurring near 
the clearing edge of the layer together with the changes 
of current and the elapsed time in producing the 
phenomena permit some conclusions to be drawn. The 








creation of a current pip of 1 to 10 amperes in 5X 10-9 
sec corresponds to the liberation of (2.5 to 25)10~® 
coulomb of electrons in that time interval. This corre- 
sponds to roughly (1.6 to 16)10" electrons from a 
layer of area of 0.01 cm? or less of surface in 5X10-° 
sec. Had these electrons been created by some cumu- 
lative ionizing process in the gas by electrons equivalent 
to the initial existing current of 1 to 50 ma with a 
density over the assumed 1 mm? of 10° electrons in 
10-* sec per mm?, this would have taken some 10 to 
12 successive ionizing generation of events. At the 
electron free paths and collision frequencies possible in 
the cathode fall, the time consumption, even assuming 
an ionizing probability of unity, would have been 
many times that observed and the volume involved, 
owing to the high energies and diffusion, would probably 
have corresponded to the whole volume of the dark 
space and a large section of the negative glow. This 
does not agree with observations. 

In consequence, it is clear that the triggering event 
requires that the electrons be emitted from the solid 
and in this instance, by the thinning oxide layer. With 
this in mind, two possibilities exist: The first is that 
when a layer of insulating oxide of the right thickness 
becomes heavily charged by positive ions and/or by 
secondary electron emission accompanying positive-ion 
bombardment, so that the field across the oxide reaches 
very high values, the metal cathode surface liberates 
an equivalent field emission current density of the order 
of at least 100 amperes/cm?. The second is that in 
consequence of the high fields across the oxide layer, 
an actual breakdown of the thin oxide layer takes place. 
Since a layer of AlO. 10-* cm thick and 10-? cm? in 
area contains of the order of 2.4X10'* molecules, 
ionization of such a layer by collision could readily 
furnish the (1.6 to 16) 10" electrons with only one in 
(1.6 to 16) 105 of the oxide molecules ionized. 

The exact process by which this ionization occurs is 
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TABLE III. Peak cathode currents and maximum rates of cathode current increase during the initial processes in the first several 
millimicroseconds of the glow-to-arc transitions for various cathode metals, gas pressures, and tube lengths. Parentheses about listed 
currents and times, usually for gases at higher pressures, indicate transitions where the initial cathode current increase was not followed 
by a subsequent, though temporary, decrease. The final column lists maximum rates of arc current increase at indicated times well 
removed from the initial cathode current increase. This rate of increase is associated with the plasma ionization density increase in 
contrast to the initial increase due to the arc initiation process and influenced in part by the large glow discharge cathode fall. In all 
cases the series resistance was 75 ohms. 








Cath. 


Pressure in 
microns 


Peak “‘pip’” Time to 
current in “pip’’ max 
amperes in milli- 
(or init. microseconds 
rise if (or to end of 
no “pip”) _ init. rise) 


Max rate of 


“pip” current 


increase 
(amp/sec) 


If no “pip,” 


init. max 
rate of 
current 
increase 

(amp/sec) 


Apparent max rate of arc 
current increase (amp/sec) 
(Time of measurement) 





Short tubes*® 
W (24-cm tube) 


Cu (20-cm tubes) 
Ni (30-cm tube) 
Pt (20-cm tube) 
Hg (10-cm tube) 


Hg (frozen) 
(10-cm tube) 


Hg (10-cm tube) 


Long tubes* 
Al (137-cm tube) 


Al (137-cm tube) 


280 


620 
640° 


700 
780 
1140 
2.5 mm 
3.0 mm 
6.2 mm 
3.55 mm 
7.0 mm 
3.3 mm 
6.2 mm 
1.5 mm 
1.8 mm 
1.8 mm 
3.4 mm 
3.6 mm 
112 
275 


130 
228 
300 

97 
184 
470 


Sapeeteacs 
wn 


~“$QDAwW 
~;3 
. nn 

wm 


5 
a 
10 
10 


1.3 10° 
2.5X 10° 
4.0X 10° 
2X 10° 

2.5X 10° 
4.5X 10° 
3.5X 10° 


1X 10° 


1X 10° 


10° 
10° 


3X 10° 
7.5X 108 
1X 10° 
2X 108 
5X 108 
8X 108 


3.2 10° 
4.5X 10° 
1.2X10° 
2X 10° 


8X 108 

1.2 10° 
1.2 10° 
1.2 10° 


8X 108 (40 mysec) 


4X 108 (40 musec) 
3X 108 (40 mysec) 


2.5108 (40 mysec) 
1X 10° (40 musec) 
2.7108 (40 musec) 
8.5 10° (120 musec) 


1108 (40 musec) 
1.2108 (40 musec) 


8X 108 (20 musec) 
6X 108 (20 mysec) 
8X 108 (20 musec) 
6X 108 (20 musec) 
4X 108 (20 musec) 
1X 10° (20 mysec) 
1X 10° (20 musec) 


30X 10® (200 musec) 
15-20X 10® (100 mysec) 





3-5 10° (50 musec—1 usec) 








® All work done with 2600 volts across the tubes except the Hg cathode-Hg vapor work where the voltage was about 2000 volts. 
b There were two humps to the “‘pip,”’ so rates of rise of each hump are calculated here. 
¢ The tungsten “high-temperature transition.’ Cathode became red hot but transitions still nonthermal. 


at present not known. Malter” and Koller and Johnson" 
have observed that when layers of Al,O; (in the former 
case coated with Cs) were bombarded with energetic 
electrons, the surfaces charged sufficiently positively 
by secondary emission to yield a discharge from the 
surface characterized by minute brilliant local flashes 
of light, i.e., scintillations. The potential differences 
across the oxide layer in Koller and Johnson’s work 
equalled 50 volts across 10~* cm or less. The electrons 
were emitted at various points and had energies up to 
the full voltage of 50 volts across the layer. The appear- 
ance of the flashes in Malter’s work coincided with a 
clean-up of the surface. Haworth" suggests that Koller 
and Johnson’s scintillations may have represented 
minute arcs as the surface was pitted after the scintil- 
lation took place. Studies of Dobischeck, Jacobs, 
Freely, and Brand'® indicated secondary emission of a 


21. Malter, Phys. Rev. 49, 879 (1936); 50, 48 (1936). 

13L. R. Koller and R. P. Johnson, Phys. Rev. 52, 519 (1937). 

44 F, E, Haworth, Phys. Rev. 80, 223 (1950). 

18 Dobischek, Jacobs, and Freely, Phys. Rev. 91, 804 (1953); 
Jacobs, Freely, and Brand, Phys. Rev. 88, 492 (1952). 


high order from thin films of MgO laid down on metal 
surfaces. They used bombardment by energetic elec- 
trons to create the positive charge on the outer MgO 
surface and the secondary emission currents from the 
oxide layer and metal backing exceeded by many times 
the bombarding electron current. Their rather complete 
study ruled out field emission from the metal as the 
primary source of the currents. This is certainly true 
also in the observations of the glow-to-arc transitions, 
as the fields required to give bursts of the order of 
100 amp/cm? or more are not to be achieved. However, 
field emission, according to Jacobs et al., may play a 
role in starting the processes they envisage. They 
assume that relatively weak field-emitted electron 
currents from the metal create much excitation and 
ionization of the oxide in the pores or channels. These 
excited states produce high-energy photons that liberate 
further electrons from the metal which escape through 
the pores in the layer and give a heavy low-energy 
electron current, electron energies being less than the 
potential drop across the oxide. That the pores in the 
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oxide layer are of influence was evident from the fact 
that nonporous MgO layers were not efficient. This 
type of action is in keeping with the observation in 
glow-to-arc transitions that it is the portion of the 
oxide layer that is being cleaned up that appears to 
cause the effect. Since in the transition high-energy 
positive ions of up to 1000 volts charge the outer layer, 
the high fields produced may cause the field-emitted 
electrons and such photoelectrons to cumulatively 
ionize the oxide and thus cause a complete breakdown 
of the layer and perhaps a localized power arc. In 
Jacobs’ studies with lower surface charges on the oxide, 
cumulative ionization appears not to have occurred. 
The mechanisms of the transition and of Jacobs are 
not related to the arcing process occurring on closing 
metallic contacts at higher gas pressures of from 50 mm 
up, the theory of which has been developed by Kisliuk’® 
and Boyle and Haworth,'’ for the pressures in the 
transition are too low as is also the case in the vacuum 
studies of Jacobs and Malter, cited. 

Enough has been said to indicate that a thinning 
insulating oxide layer charged on the outside by 
positive ions from the dark space having the order of 
10° volts energy, the layer being of the order of 10~° cm 
thick and thus having fields across it which could reach 
108 volts/cm, will suffer through field-emission currents 
from the metal a partial or complete breakdown of the 
oxide layer with 7X (10 to 10~)% ionization of the 
atoms within the layer in times as short as (2 to 10) 
<10~* sec. Thus flash breakdown, yielding of the order 
of (1.6 to 16) 10" electrons over an area of the order 
of 10~* cm’ or less in a high-field region of low pressure, 
will project the electrons as a beam in the cathode fall 
region. This beam, by further ionization amplifying and 
expanding the localized surface discharge, then leads 
to the relatively brilliant and rapidly moving luminous 
displays characterizing the transition. By chance it 
happened that in setting up the techniques presented 
for another purpose, conditions proved suitable for 
precipitating the glow-to-arc transition under conditions 
such that the sequence of phenomena could appropri- 
ately be studied to establish their relation to the 


ionizing potential space waves to be considered and of 
which they are the cause. 


Processes within the Gases 


The sudden transition of the cathode mechanism 
from a secondary emission process, needing a large 
cathode fall voltage, to a transient intense cathode arc 
emission process, results in the large and short-range 
cathode fall of the glow discharge suddenly becoming 
the connection between a relatively large-current and 
high-ionization-density arc plasma at the cathode and 
the low-current, low-ionization-density glow discharge 
plasma of the column. 

16W. S. Boyle and P. Kisliuk, Phys. Rev. 97, 255 (1955); 


Boyle, Kisliuk, and Germer, J. Appl. Phys. 26, 720 (1955). 
17 W. S. Boyle and F. E. Haworth, Phys. Rev. 101, 935 (1956). 
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In consequence of this catastrophic field distortion, 
the observations indicate that there are created rapidly 
moving transient high fields called ionizing potential 
space waves, with correspondingly high E/p values 
moving through the gas. These fields are observed to 
extend over distances up to several tens of centimeters 
and are far higher than those encountered in striations 
of glow discharges such as those measured by Warren,'® 
Watanabe and Oleson,"” and others. 

An important clue as to the origins of the high 
velocities of the potential waves observed comes from 
the reasonably good agreement (except in the case of 
higher pressures of oxygen) between the measured 
initial pip velocity and the equivalent velocity that an 
electron would have in free fall through a voltage equal 
to the cathode fall of the glow discharge. That electrons 
can and do gain such energies in the cathode fall has 
been shown in the studies of Brewer and Westhaver.” 

In view of these conclusions and the experimental 
data, the following mechanism of the low-pressure 
nonthermal glow-to-arc transition is suggested : 


A. Motion of the Pip to the Anode 


(1) There is a sudden, greatly increased emission of 
electrons from the cathode, from milliamperes to 
amperes of current in millimicroseconds. This emission 
initially can become very large since the large cathode 
field of the glow discharge does not instantaneously 
disappear and the current is not space-charge limited. 

(2) The first electrons of this initial burst gain nearly 
the full energy of the cathode fall and then begin to 
dissipate that energy in ionizing collisions in the 
low-field region. 

(3) Some of these first additional electrons which are 
stopped by the collisions will begin to neutralize the 
excess positive-ion space charge of the dark space and 
the cathode fall voltage will begin to decrease. At the 
same time, the field in the negative glow will increase 
rapidly owing to advance of the cathode-emitted 
electron cloud marking the propagation of the cathode 
fall potential difference. Most of the initial electrons 
will pass into the negative glow and dissipate their 
energies along its length. As the cathode fall potential 
is propagated, electrons emitted slightly later will pass 
the first electrons, since the later electrons have been 
in a high-field region over a longer distance, without 
a significant difference of energy loss in that high-field 
region. 

(4) The approach to more complete neutralization 
of the positive-ion space charge of the dark space, 
which takes place in a time A&~10~° sec, with the 
production of an overwhelming number of new positive 
ions and electrons, reduces the field and the cathode 
arc current to a low value as it becomes space-charge 

18 R. W. Warren, Phys. Rev. 98, 1650 (1955) ; 98, 1658 (1955). 

19S. Watanabe and N. L. Oleson, Phys. Rev. 99, 1701 (1955). 
1937) K. Brewer and J. W. Westhaver, J. Appl. Phys. 8, 779 
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limited. The very short time interval of 10-8 sec, owing 
to the rapid movement of the potential wave, limits 
the amount of ionization that the initial burst of 
electrons can produce in any cross-sectional volume, 
so that the ionization density created, while large 
compared to the glow discharge density, is just enough 
to support a low-current arc. 

(5) With the disappearance of the large glow- 
discharge cathode fall, the tube now consists of an arc 
plasma, extending one or two centimeters from the 
cathode, and a_ glow-discharge plasma _ beginning 
approximately vA/ centimeters from the cathode, 2 
being given by 5.94X 107(V)! cm/sec. In the zone between 
these plasmas is a very-high-field region containing 
many very fast electrons, mainly at the front tip of 
the high field, as well as many slow electrons, mostly 
created by ionizing collisions. 

(6) Owing to their high velocity and the low pressure, 
significant loss of energy for any electron takes place 
over distances of the order of centimeters.??:?! 

(7) The velocity of the potential wave can be 
explained if one takes into consideration the velocities 
of a group of electrons at the front tip of the moving 
field region. This group originally consisted of the first 
electrons of the additional emission burst. If individual 
electrons in the group move faster than the potential 
wave, they will lose their energy in the low field ahead 
of it. At the same time, the ionizing collisions made by 
all of these additional electrons will increase the conduc- 
tivity in the plasma and advance the region of the high 
potential gradient into the gas. This increased conduc- 
tivity has a velocity equal to the velocity of the very 
fast electrons which are creating it. Within the high- 
field region, new electrons will be accelerated to the 
front of the potential wave to replace some of those 
lost, and some of the electrons which slow down in the 
region ahead of the potential wave will regain their 
energy in the high field when it catches up, and move 
ahead again. However, as the front advances, it is 
continually losing energy to ionization and gradients 
are reduced by diffusion so that the ionizing zone 
widens, declines in luminous density, and gradually 
decreases in velocity. 

(8) Losses of electrons from the fast group to the 
walls and in ionizing and exciting collisions may be 
partially compensated by the addition of others created 
and accelerated in the high-field region, but since close 
analysis of data shows that pip velocities decrease as 
the pips move from cathode to anode, it appears that 
the compensation is never complete. How much influ- 
ence the walls exert in the processes described is not 
known. Owing to the very short time intervals involved, 
the usual diffusive influence does not have time to 


develop. The observations of Snoddy,*® however, indi- 


cate that in similar waves the influence of wall diameter 
is minor. 


21 A, von Engel, Jonized Gases (Clarendon Press, Oxford, 1935). 
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(9) At and behind the high-energy group at the head 
of the moving field are many lower-energy electrons 
which continue the ionization process in the still-high- 
field region, so that eventually the ionization density 
will be as great as in the low-current arc plasma which 
extends from the cathode and the potential at the 
point in question will have changed from the glow 
discharge level to the low-current arc plasma level 
which “anchors” the cathode end of the pip potential 
wave. 

The possibility of photoionization within the gas 
during the transition, as most certainly occurs in oxygen, 
can lead to propagation of the potential waves through 
the tube with extremely high velocities. When the 
pressure is too low, the photoionization will occur too 
far and too weakly in advance of the potential field 
and its high gradient to be efficiently exploited. If the 
pressure is too high, then the short-range photons will 
be active in increasing local ionization, thus speeding 
the buildup of the plasma column from the cathode but 
otherwise not advancing the front. However, between 
these extremes, at just the right pressures, velocities of 
propagation may be materially increased. 

The rate of ionization at time / at a distance r from 
a source at x, y, 2, neglecting loss factors, of strength 
N photons per second per unit volume is given by 


dI r 1 
(—) =n(s, 7, 8,t— -)av(- )uspe IPT 
dt/ Cc 4rr? 


where yu; is the absorption coefficient at 1 mm Hg 
pressure, and # is the pressure in mm. Hg. To get the 
total rate of change of ionization density, (d//dt), 
would have to be integrated over the entire tube and 
since the strength of each volume source element 
N(x, y,2,t—r/c)dV is itself the result of time and 
volume integrations, to say nothing of the loss factors 
neglected, a solution is of extreme difficulty. 

An intuitive assumption, that can be sustained only 
weakly by loose arguments, would be that the condition 
e-“Pr=e defines the minimum limiting value of pL 
at which photoionization is an important process during 
the transition, Z here being of the order of the dimen- 
sions of the tube. If we substitute L=137 cm, the 
length of the long tube, and p=150 microns, the 
medium between 128 microns Hg and 184 microns Hg 
where the extreme change in pip velocity in oxygen 
became apparent, we get “760 mm=36 cm™ or V=1.4 
xX 10-8 cm?. If instead we use L=4 cm, the diameter 
of the discharge tube, we get 4760 mm=1250 cm™ or 
O=49X 107!8 cm?. 

Photoionization absorption data for oxygen have 
been measured by Wainfan, Walker, and Weissler,” 
and Lee.” Other studies are summarized in an article 
by Weissler,* Wainfan, Walker, and Weissler found 

2 Wainfan, Walker, and Weissler, Phys. Rev. 99, 542 (1955). 

% Po Lee, J. Opt. Soc. Am. 45, 703 (1955). 

4G. L. Weissler, in Handbuch der Physik (Springer-Verlag, 
Berlin, 1956), Vol. 21, p. 304. 
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ionizing cross sections for O. between 473 A and 1100 A 
of between 5 and 30X 10~'§ cm’. Lee made an extensive 
study of the absorption coefficients of oxygen between 
1300 A and 200A, finding three weak dissociation 
continua above 1040 A, and between 1040 A and 740 A 
diffuse absorption bands with a maximum coefficient 
of 100 cm. The main ionization continuum begins at 
683 A, reaching a maximuM 760 mm=590 cm™ at 510 A. 
Very recent findings of Przybylski and Raether,”> using 
radiation in Oz from the high-field region of a coaxial 
cylindrical corona discharge, find ionization for a 
wavelength less than 1022 A (the ionization potential 
of O.) with 4~=38 cm at 760 mm Hg in fortuitously 
good agreement with the calculation above. Further 
ionization takes place for a more highly absorbed radi- 
ation. This probably corresponds to the over-all photo- 
ionization absorption coefficient critical in streamer 
and burst-pulse corona due to the shorter wavelength 
part of the band beginning at 1040 A, which is of the 
order of 100 cm as determined by Loeb’ from corona 
studies and indicated by Weissler in a private communi- 
cation to Loeb. 

The two values calculated above straddle the esti- 
mates of Przybylski and Raether and Weissler, the 
second larger value utilizing the diameter of the tube 
as a critical dimension probably being not too important 
since the work of Snoddy, Dietrich, Beams, and 
Mitchell’ has shown that potential waves are little 
affected by the tube diameters. 


B. Motion of the “Return Arc Plasma” (RAP) 
Wave Front to the Cathode 


(1) The “return arc plasma” wave front moves from 
the anode to the cathode with velocities comparable to 
and often even greater than those of the oppositely 
moving pip. Nevertheless, measurements of the po- 
tentials show an adjustment in the potential space- 
wave pattern of such a gradual character compared to 
those associated with the pip that further consideration 
is needed. 

(2) With the final movement of the pip potential 
wave to the anode, the potential distribution profile is 
a simple curve with gradient increasing in value 
towards the anode. The increased rate of ionization in 
the high fields near the anode very quickly results in 
higher ionization density and rate of ionization in that 
region. The higher ionization densities tend to decrease 
the gradient and thus “lift” and “straighten” the 
potential profile in the region where they occur. As long 
as the anode end of the profile is “anchored” to a fixed 
potential by a high capacity and small series resistance, 
the “lifting” and “straightening” of the profile will 
tend to increase the field closer and closer to the 
cathode. The “return arc plasma” light front is just 
this region of intensified field moving toward the 
cathode. 


25 A. Przyblski and H. Raether, Z. Naturforsch. 13a, 234 (1958). 
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(3) While the fields and field-to-pressure ratios in the 
RAP wave are far lower than during the pip motion to 
the anode, the light output of the “return arc plasma” 
front is soon comparable to that of the pip. By the 
time that the RAP field has begun to increase at any 
point, the ionization density at that point is far higher 
than it was in the preceding glow column and corre- 
sponds to that of a low-current arc. Thus even with far 
lower fields, the total rate of excitation and ionization is 
soon comparable with that of the pip potential wave 
since the rate is proportional to and then greater than 
the pre-existing ionization densities as well as field 
strengths. This increased rate of ionization despite the 
lower E/p ratio also results in a more rapid advance of 
the RAP point which is sometimes observed. Here, 
however, the nature of the gas is paramount and may 
involve secondary photoionization processes in the 
highly excited plasmas of some gases. 

(4) Once the “return arc plasma” front has reached 
the cathode, the ionization density throughout the tube 
is relatively uniform as is evidenced by the near 
linearity of the potential profiles. The field within the 
positive column of the arc is still so large that the 
ionization density multiplication continues, and the 
current will continue to increase quite rapidly. The 
rates of increase of arc current at pressures of 2 to 7 
mm Hg, as recorded in Table III, are in general of the 
same order of magnitude as those measured by Froome® 
with comparable fields and E/p ratios in the same 
pressure range. 

(5) It is obvious that the second potential wave, 
moving from the anode to the cathode, represents the 
beginning of the light emission of the main arc at any 
point within the tube. It increases the ionization left 
by the pip and neutralizes the excess negative charge 
left in the gas so that when it reaches the cathode, the 
arc current can begin to build up by conventional 
processes since the gradients existing along the plasma 
are still high. Thus on moving back to the cathode it 
creates the arc plasma conditions necessary for higher 
arc current. It is for this reason that it has been desig- 
nated the “return arc plasma” front. Once the RAP 
front has reached the cathode, the discharge currents 
begin rising to the order of tens of amperes, continually 
increasing as the arc column homogenizes and becomes 
more conducting. This increased current and higher 
conductivity, in connection with the 7R drop in the 
external series resistance and the draining of the 
condenser, progressively lowers the still high gradient 
acting across the arc column. The increase in the po- 
tential drop through the small resistors at cathode and 
anode can be seen clearly in Figs. 13 and 15. 

C. Intermediate-Pressure Glow-to-Arc Transition with 
Cathodes other than Al (1-7.22 mm Hg) 


In the nonaluminum-cathode tubes, as gas pressures 
increase above 1 mm up to 7.2 mm, the pip and RAP 
fronts are still observed to travel with velocities com- 
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parable to those at the lower pressures. The only 
significant change is in the initial phase of the cathode 
current. Whereas at low pressures the breakdown of 
Al,0; film results in an increase of current from ~ 1-50 
ma up to 1-10 amperes in ~ (5-10) X 10~ sec, followed 
by a decline to some 1 to 2 amperes in another (5-10) 
X10~ sec, the cathode current at higher pressures 
increases to a steady value of the order of several 
amperes in (2-3) X10~* sec and remains there until the 
RAP front reaches the cathode. No potential studies 
were made under these conditions, which involved short 
tubes designed for the study of cathodes other than 
aluminum. 

Under these conditions, the cathode fall was less 
~ 150-350 volts, but otherwise total potentials were the 
same even for the shorter tubes so that E/p values in 
the glow discharge columns were comparable to those 
in the longer tubes. Obviously the same type of break- 
down of an oxide layer that takes place with low 
pressure and Al cathodes and comparable burst of 
electrons occurred here. However, with higher pressures, 
shorter ionizing free paths, and lower cathode falls, 
the initially emitted electrons achieved their intense 
ionization within shorter distances from the cathode 
(mm instead of cm) and very rapidly (10~ sec 
instead of 10-® sec). The dark space was rapidly 
neutralized by the intensely concentrated ionization. 
The current rise by electron emission was rapidly 
accommodated by the decreasing cathode fall caused 
by the increased localized rate of ionization incident to 
higher collision rate at increased pressure. While a 
potential front was propagated, it left sufficiently high 
conductivity behind it as it progressed along the tube 
to make possible higher subsequent current flow than 
is present at lower pressures. This continuity of con- 
ductivity is indicated by the maintenance of the initial 
current burst at a steady value. 

Here one sees the approach to conditions where 
emission fluctuations of the cathode can be compensated 
nearly as rapidly as formed. That, with a cathode fall 
of only 300 volts or so and with increased molecular 
and initial ionic densities in the plasma, the pip and 


RAP nevertheless move with sensibly the same ve- 
locities as at the lower pressures, presents a strong 
argument for the interpretation of the brilliance and 
speed of the RAP front at the lower pressures. For 
here at the intermediate pressures E and E/p values 
are lower but ion densities and rate of increase in 
ionization are still as high. It is not impossible that 
with these conditions, the existence of excited states 
and dissociation, etc., may be such that photoelectric 
processes may also play a role. 

Unfortunately, time and lack of high-potential, high- 
capacitance power sources did not permit the extension 
of these studies to longer tubes or higher pressures. 
However, it is quite clear from these observations that 
as cathode falls decrease and gas densities increase, the 
bursts of discharge leading to the arc transition, if they 
occur at much increased pressures, may produce the 
necessary carrier multiplication propagation of the pip 
alone. As pressures further increase, it is possible that 
breakdown of the oxide layer may not produce sufficient 
disturbance to propagate the space waves so that 
increased currents resulting will build up on time scales 
and in such manner more nearly comparable with the 
commonly observed striationary process. 
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Orbits in a field of the cylindrical wave guide driven in the TEo:-mode have been studied. The radial 
components of the Lorentz force acting on the particle is never positive regardless of its charge; thus, it is 
attracted toward the axis of the wave guide around which it moves in a complicated path. Sufficient 
conditions are given under which the orbits are stable, that is, remain bounded for all times. 


I. INTRODUCTION 


ONSIDER the electromagnetic field in a circular 
wave guide, which is driven in the TEo:-mode at 
cutoff. The only two field components which do not 
vanish are! 
E,= — BoJ1(wr) coswt, 


(1) 
B= BoJ (wr) sinwt. 


A charged particle placed in this field executes a very 
complicated orbit, but it is not difficult to see, qualita- 
tively, that this particle experiences a force attracting 
it towards the axis. The electric field will cause it to 
oscillate out of phase compared to E but in phase with 
B and normal to B. The resulting VXB force is on 
the average directed towards the axis of the wave guide 
as long as the particle finds itself inside the locus of 
maximum electric field amplitude (r<0.293A). One 
might expect from this that the particle can be confined 
to a volume surrounding the axis. This would certainly 
be true if the attracting force were time independent. 
However, since the force is oscillating, it is conceivable 
that energy is imparted to the particle on each cycle, 
causing it to follow an ever-widening orbit until it 
escapes. The question then arises under what conditions 
the particle will be stably bound to the axis; that is, 
under what conditions the coordinate r(t) of the particle 
will remain bounded for all times. Sufficient conditions 
will be derived. 

Since the confining force mentioned above is in- 
dependent of the sign of the charge, one can expect 
that a neutral plasma consisting of ions and electrons 
can be confined stably in a field of the type (1). Such a 
confinement by “radiation pressure” has been con- 
sidered by Knox’ for a spherical geometry. The author 
derived self-consistent solutions for the densities of 
ions and electrons in equilibrium with the confining 
electromagnetic field of a TMo-mode.’ The plasma 
confinement by a TEpoi-mode can be treated in an 


* Prepared for the Air Force Ballistic Missile Division, Head- 
quarters Air Research and Development Command. 

1 Rationalized units; velocity of light=1. 

2 F, B. Knox, Australian J. Phys. 10, 1, 221 (1957) and 10, 4, 
565 (1957). 

3 Erich S. Weibel, in The Plasma in a Magnetic Field, edited by 
R. K. Landshoff (Stanford University Press, Stanford, 1958). 


18 


exactly analogous fashion. Boot et al.‘ give a similar 
theory neglecting charge separation. 

As long as the particle density is so small that it 
does not appreciably modify the field, one can expect the 
plasma to be stably confined since each particle is 
stably bound. However, as the number of particles 
increases, local fluctuations in density may so modify 
the field as to reinforce the fluctuation. The confinement 
then becomes unstable. It has been shown? that in the 
limit of a very dense, infinitely conducting plasma the 
confinement by To: fields is unstable (the same is 
true for the 7Mo:-mode). Therefore, as the plasma 
density is gradually increased from zero, the confine- 
ment is first stable, then becomes unstable. It seems 
likely that this transition (stable to unstable confine- 
ment) occurs when the ratio of the plasma frequency 
to the applied frequency, (ne?/mw*)', becomes compar- 
able to unity, because the field begins to be appreciably 
modified as n> mw*/e’. 

The suspension of charged dust particles by oscillating 
electric fields has recently been investigated both 
experimentally and theoretically by Wuerker et al.® 


II. ANALYSIS OF THE PARTICLE ORBITS 


It is convenient to represent the field (1) by its 
potentials. The scalar potential, ¢, is zero and, among 
the components of the vector potential, only 

A,= (Bo/w)Ji(wr) sinwt (2) 
does not vanish. The relations curl A= B and —0A/dt 
—gradg=E yield the field (1). The unrelativistic 
motion of a particle having a mass m and a charge e 
is governed by its Hamiltonian 

1 1 ' 

H=—| p?+—| be ) +02 . (3) 

2m - 


4 Boot, Self, R-Shersby-Harvie, J. Electronics and Control 
4, No. 5 (1958). 

5 Erich S. Weibel, Aeronautical Research Laboratory Report 
ARL-57-1026, The Ramo-Wooldridge Corporation (1957, un- 
published), p. 25. 

; 6 Wuerker, Shelton, and Langmuir, J. Appl. Phys. (to be pub- 
ished). 


eBy , . 
——+rJ;(wr) sinwt 
Ww 
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The equations of motion become 


i= p,/m, (4) 


Pe eBoTi(rw) | 
g=——-— —— sinwt, (5) 
mr> mw Fr 


2= p/m, 
oe Pe €Bo ; 
br= ——| (7 an sina!) | (7) 


OrL2m\ rw 
and since H is independent of ¢ and of z 
pe=const, (8) 
p.= const. (9) 


Using (4), one obtains a differential equation which 
contains only one unknown coordinate, r(¢) : 


be Of feBo\*JP(or) | 
j= --|(—) sin*wt 


mr ark \ mw 
Pe eBo J (wr) : 


- snat] (10) 


m mo r 


This equation (10) is exceedingly complicated due to 
the explicit occurrence of the time, ¢, and due to the 
singularity at r=0. The solutions of this equation shall 
be investigated by two methods based on two different 
approximations, each designed to remove one of the 
difficulties mentioned. 


A. Method of the Average Potential 


It is not possible to speak of a potential energy of 
the particle in the field (1), since the system is not 
conservative. However, if the oscillations of the 
right-hand side of (10) are sufficiently rapid, one can, 
as a first approximation, take only its time average 
into account. Thus one is led to an approximate 
equation 

be? 


0 
j= ——¥(r), 
mr or 


(11) 


where 

V(r) =} (eBo/mw)*J 2 (wr). (12) 
The potential ¥(r) has a minimum at r=0 and a 
maximum at r=1.84/w, followed by alternating 
minima and maxima as ¢ increases. Only the “potential 
well” r<1.84/w shall be considered here. The energy 
integral of (11) becomes 

P+ p?/m’r+ 2p (r)=K, 


where, according to (5), 


Pe eBy 
—=] Pe+—rJ (rw) sinat| 
t=, 


m mea 


K= la (=) +240] 
mr t=to 


(13) 
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Thus the solution of (13) can be obtained by a quadra- 
ture: 


(16) 


r(t) dr 
t— w= f arene — - ° 
rte) LK — (p,/mr)?—2yp(r) }} 


If r(to), *(to), and ¢g(to) are chosen such that 


Ks|"—+2v(0| (17) 


m*r* max 
then r(t) is periodic and the particle is trapped. The 
period becomes 


Tmax dr 
Tmin [K— (p,/mr)?— 2y(r) |! 


where fmin ANd fmax are the zeros of the denominator. 
A lower bound for the period can be obtained by 
replacing y(r) by 


Y= 75 (eBo/mw)?(wr)?>y(r). (19) 


The integral can be evaluated and one obtains 


T> (v2/m)(m/eBo). (20) 


With this result one is in a position to determine the 
condition under which (11) is a good approximation 
to the original Eq. (10). Substituting r(¢)=ro(t)+ni() 
into (10), where ro(¢) is a solution of (11), one obtains 
an equation for the perturbation 7;(¢) : 


3p d*h(r0 
(d+ are 


mr 4 d?ro 


0 eBo 2 J ;( ro) 
OrL \ mw + 


Pe €Bo Ji(wro) 
+— — —— sin(et) | (21) 


m mw To 


It was assumed at the beginning of this section that 
the right-hand side of (10) is a rapidly oscillating 
function. More explicitly, it shall be required that 

(mw/eBo)*>1. (22) 
A glance at (20) shows that ro(¢) is changing much more 
slowly than ri(¢), so that one may set 

ri(t)=a cos(2wt) +5 sin(w), 

and determine a and b from (21) as if ro were constant. 
One finds immediately that wri(/)}<1 due to (22). 
To exclude exponentially growing solutions of (21), 
the coefficient of 7:(¢) in that equation must always be 


positive : 
3p. d*p(r) 
fend ge 


mr dr’ 


(23) 
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where fmax is the larger of the two solutions of 
K— (p,/mr)?— 2p(r) =0. 


Hence r;(¢) is indeed small, provided (22) and (23) are 
satisfied. It is not difficult to see that values of K and 
p, which satisfy (23) also satisfy (17), which ensures 
that ro(t) is always bounded. 

Thus, two conditions (22) and (23) have been found 
to ensure bounded orbits of the particle. While condi- 
tion (23) is definite, condition (22) lacks precision. 
One wonders just how much larger than unity the 
quantity mw/eBy must be to justify the approximation. 
No exact answer has been found so far; however, a 
different approximation discussed in the next section 
will shed more light on the question. It will lead to a 
precise condition for mw/eBy which is much less 
stringent than (22). But unfortunately a second 
condition of the type ‘much smaller than” has to be 
imposed also. 


B. Reduction to a Mathieu Equation 


A different method for exploring (10) is open if one is 
content to know the behavior of only those solutions 
r(t) which are small, 


[wr(t) P<K1. (24) 


Linearization of (10) fails because of the centrifugal 
term which is singular at r=0. A way out of this 
difficulty is suggested by comparison of the equations 
of motion (4) through (10) with those of a particle 
under the influence of a time-dependent scalar potential, 
mop (r,t) : 

= p,?/mr'— dp (r,t)/dr, 


= p,/mr’, 
2= p/m. 


If one identifies 


eBo\? J? (wr) Pe €Bo Ji (wr) 
(=) sin’w!—— —— sinwt, (28) 


m mw r 


one finds that the equations of motion (6), (8), (9), 
and (10) are reproduced, but Eq. (5) for the angle is 
replaced by (26) expressing conservation of the angular 
momentum. Thus, the orbit defined by (25), (26), and 
(27), while quite different from the original one, agrees 
with it insofar as the dependence of r on ¢ is concerned. 
Since the question of stability depends on r(t) only one 
can make use of the simpler orbit defined by the 
scalar potential in y(r,/). 

The equations of motion for the potential Y can now 
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be written in Cartesian coordinates: 


x=rcos¢g, y=rsing, 


0 x0 
i=— (1,1) iia —V(r,0), 


Ox ror 


te) V0 
y= ——¥(r,t) wie iia —V(r,1). 
oy ror 
These equations are free of any singularity at r=0 
and can therefore be readily linearized. This yields two 
completely decoupled equations for x and y, both of 
the Mathieu type: 


{ai} = —} (eBo/m)*(1—cos2wt) {x,y}, (30) 


where the term involving p, has been omitted. To show 
that this term is really negligible, it is best to write 
Eq. (10) in the limit of or<1, 


= p,?/m?r— (eBo/2m)*r sin*wl, (31) 


where the term in question (involving pf, linearly) has 
been dropped provisionally. Let r(¢) be a solution of 
(31) and ¢ a time at which r(to)=ry is a maximum so 
that 7#(to)=0, #(to) <0. Now consider the ‘‘comparison 
equation”: 


dp pe eBo\? 
itt gy, 
dl? mp 2m 


Since d*p/d? <7 <0, the value rj, is also a maximum of p: 


p(tc)=rm, p(to)=0. (32) 


pr. 
However, as a consequence of (32), 
p’= — (p,?/m?*p*) — (eBo/2m)*p?+ const, 
so that one obtains for the maximum and minimum of p 


PMPm>= | 2p,/eBol. 
Hence 
| p,/m|w? < | eBo/2m| (wru)*K | eBo/2m|. 


Thus the last term of (10) and the last term of (28) 
are indeed negligible if (wr)*<1. The angular momentum 
pe still plays a role in the centrifugal term of (31) which 
is equivalent to (30). 

One might have tried to analyze the stability by 
resolving the equations of the actual motion into 
Cartesian coordinates. Thereby one would certainly 
avoid the difficulty of the singular centrifugal force 
and the equations could be linearized. It turns out, 
however, that the linearized equations of the actual 
motion are coupled and contain the first derivatives of 
x and y as well as the second. Equations (30) are far 
simpler, and while they do not describe the actual 
motion, the r(/) dependence is the same. 

A simple transformation brings (30) into a standard 
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form of the Mathieu equation: 


Py/d?+ (b--s cos*é)y=0, 
where 
b=s= (eBo/2mw)?. 
From a table of characteristic values’ one reads that the 
solutions of (30) remain bounded if (e€Bo/2mw)? lies 
in one of the intervals: 
0< (eBo/2mw)? < 1.315, 
3.56< (eBo/2mw)?<7.43, 


12.16< (eBo/2mw)?<18.51, ete. 


There are infinitely many such intervals, but only the 
first one appears to be of interest 


|w| >0.433| eBo/m|. (33) 


This condition ensures stability of the orbit, that is, a 


7 Tables Relating to Mathieu Functions, by U. S. National 
Bureau of Standards (Columbia University Press, New York, 
1951). 
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bounded r(t) for any initial conditions, provided r(¢) is 
small enough to justify the linearization (30). 

In a sense, the criterion derived by the method in 
this section is complementary to the one obtained in 
Sec. A. The condition on the frequency has been relaxed 
and made precise (33), while it was necessary to impose 
the somewhat indefinite condition (24). 

An exact stability criterion is still lacking, but one 
might speculate that it takes the form 


f((eBo/mw)’, K, PEYVS 3, 


where f is an increasing function of its arguments. A 
number of solutions r(¢) have been obtained by 
numerical integration of (10). Although any such 
calculations must remain inconclusive since one cannot 
follow a solution for arbitrarily long times, it was 
observed that the orbits remained bounded as long as 
both (23) and (33) were satisfied, indicating that the 
conditions of either method are far more stringent than 
necessary. 
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Landau’s Model of Liquid He*+ 


TuUNEMARU Usui* 
Argonne National Laboratory, Lemont, Illinois 
(Received October 8, 1958) 


Landau’s model of liquid He’ as a Fermi liquid is studied with regard to its lowest temperature properties. 
Primary stress is laid on the coefficient of thermal expansion. The spectra used by Abrikosov and 
Khalatnikov, the perfect-gas type and “bubble” type, are shown to give a positive coefficient of thermal 
expansion, in contradiction with experiment. An alternative simple spectrum is suggested which can give a 
negative coefficient of thermal expansion, namely A+ /?/2m*. In addition, the existence of a negative 
coefficient of thermal expansion is shown to imply a strong temperature dependence of the energy spectrum, 
which may cause a sharp deviation of the heat capacity curve from the perfect-gas type, similar to the 


deviations observed in liquid He’. 


1. INTRODUCTION 


N 1956 Landau! proposed a model with “Fermi-type 

spectrum” which is not necessarily temperature- 
independent nor interaction-free as in the case of ideal 
Fermi gas (hence the qualification “‘liquid”), and 
developed a general formalism of some properties of 
the model. Based on this, Khalatnikov and Abrikosov? 
discussed the thermodynamics of liquid He® assuming 
two particular spectra, perfect-gas type and “bubble” 
type, and concluded that the latter reproduces the 


t Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

*On leave from Institute of Physics, College of General 
Education, University of Tokyo, Komaba, Meguro-ku, Tokyo, 
Japan. 

1L. D. Landau, Zhur. Exptl. i Teoret. Phys. 30, 1058 (1956) 
[translation: Soviet Phys. JETP 3, 920 (1956) ]. 

271. M. Khalatnikov and A. A. Abrikosov, Zhur. Exptl. i 
Teoret. Phys. 32, 915 (1957) [translation: Soviet Phys. JETP 5, 
745 (1957) ]. 


temperature variation of the heat capacity, of the 
entropy, and of the magnetic susceptibility. This 
spectrum, however, gives a positive thermal expansion 
coefficient in contradiction to a recent experimental 
result,’ as will be shown presently. It will be shown 
that Landau’s model itself is general enough not to 
expose any defect in the “Fermi excitation region” 
below about 0.2°K. 

We wish here to develop some formulas which can be 
derived on the basis of Landau’s original idea, in as 
general a way as possible. Only one point at which we 
deviate from the idea is that we treat fermions with 
classical spin, i.e., Ising spin. This restriction allows us 
to develop unambiguous derivation of the formulas, 


3R. Dean Taylor and E. C. Kerr, Kamerlingh-Onnes Memorial 
Conference on Low-Temperature Physics, 1958 [Physica 24 
(September, 1958) }. 
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and may be admitted since no one has given a satisfac- 
tory treatment that is appropriate to quantum spins. 


2. GENERAL FORMALISM 


Let us recall the formulation of Landau’s Fermi-liquid 
model in its classical spin version. Denote one-particle 
states by the index 7 and the expectation value of the 
number of occupying particles by n,;. Then the total 
number of the particles is given by 


N=); 0,. (2.1) 


and its variation by 


AN=>; 6n,. (2.2) 


As the expression for the entropy of the system we 
shall use* 
S=—-k>, {n; Inn;+(1—n,) In(i—n,)}. (2.3) 


Hence the variation of the entropy to the second order 
in 6n is 


n; 
AS=—-k>- {(in Jon 
i 1—n; 


1 
+- —(6n;)*+--- 


2 n,(1—n,) 


1 
(2.4) 


As for the energy, we assume only the expression for 
the variation 


AE=>0; c6ni+3 Di Dd; fionnjt+---. 


2.5) 


Here we can, of course, assume that f is symmetric in 
its indices. However, « and f will be complicated 
functionals of {n;}, the forms of which we shall leave 
unspecified for the time being. 

The equilibrium distribution at constant volume, V, 
temperature, T (8=1/kT), and chemical potential, ¢, 
is given by the condition of vanishing first order 
variation of (AE—TAS—fAN). It gives 


1 


“= -, (2.6) 
Blea N44 


Inserting this into (2.1) and (2.3), we obtain formal 
expressions for the total average number 


1 
N=> ( . ), 
; eblei O44 


* We are considering a statistical ensemble, for which the defined 
probability depends on the set of occupation numbers of quasi- 
particle states: p{m;’} with n;’=0 or 1 (i.e., the density matrix 
is diagonal in this representation). This is an appropriate equi- 
librium ensemble when the energy is diagonal in this representa- 
tion. If the quasi-particle states can be grouped into such “coarse 
cells” that the probability p depends only on the sum 2 n,’ 
taken in each cell, one obtains the expression (2.3) as the entropy 
of the ensemble, where n;=average of n,;’. The average energy 
will, then, be a function of {n;} and hence we have the definition 

2.5). 


(2.7) 


USUI 


and the entropy 


tas: | 
S=kB > ———— kD In(1—-e Fi-), 
‘ lei-O4] F 


(2.8) 


Let us assume that ¢ is spin-independent and the 
number of “orbital” states with “energy” below e is 
given by Ze. Then these expressions can be written in 
integral forms (by partial integration) 


(2.9) 


0 Z 
-3f —____—_—_—_§—— le, 
» 1+cosh[B(e—£) | 


(e—()Z 
Cee at f — -de. (2.10) 
» 1+cosh[B(e—f) ] 


This Z is a certain functional of {,;}, which may be 
specified by the quantum-mechanical analysis of the 
system. This procedure, however, we agree to avoid in 
the Fermi-liquid model. Then the question is: Is there 
anything that can be derived from the formal model 
above? We shall attempt in this paper to give a partial 
answer to this question. The argument will necessarily 
involve a full use of thermodynamics. 

First let us notice that {7;} is an equilibrium distribu- 
tion so that Z may be considered as a function of 8, N, 
and V as well as e. In fact we need only this dependence 
in dealing with thermodynamic properties. Let us 
write this in the form Z= Vz (1/8, n, €) where n= N/V. 
Putting 8B(e—£)=x and expanding Z in powers of 1/8 
to the second order, we get from (2.9) and (2.10) 


oZ 1 
, 
0(1/8) B 


if eZ 
a 2 — 
2L a(1/B)? 3 de 


2Z+ 


= 
B? 


2? OZ 1 
S=k— —- 
3 d0€ 8 


where we understand that Z and its derivatives are 
taken at B= ~ and e=¢. Thus, from (2.12), the entropy 
is proportional to temperature in the lowest temperature 
region. This is characteristic of the Fermi spectrum in 
general. 

On the basis of this proportionality, one can deduce 
by thermodynamics that 


Os Ss 
r10.)=37| of ) _ je 
OV rn N 


is valid at lowest temperatures (nv=1). This shows that 
this difference is proportional to T*. Inserting (2.12) 
with 0Z/de evaluated at {=¢(0,v)=fo into (2.13), we 


(2.13) 
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find 


(T,v)—¢(0,0) = — 


w21[ mcd’ 0% 
=a “1 


fe. (2.14) 
3 BL un de Onde 

where c is the “velocity of sound” at absolute zero and 
m is the mass of a particle (not of a quasi-particle). 
Comparing, then, this result with that deduced by 
expanding (2.11) in powers of {—{o, we finally get the 
following two relations: 


(2.15) 


07 rf ds 0's 2mc? ds 0s 
“|: — +( - -1) ; (2.16) 
V1 ig)? "3 Oe Onde n O€ de 


These are, of course, valid at (=f . For an ideal gas, 
0Z/de is a constant times Ve} and is equal to V/2mc 
at (=f . Hence this second derivative also vanishes 
as it should for this case. 

As for the derivatives of z with respect to ”, we can 
utilize the relation 
22(0,n,¢0). 


n= (2:07) 


For example, the first derivative is given by 
Oz 1 mc’ dz 
—a-——— —, (2.18) 
On 2 mn de 
Finally we will mention some formulas which involve 


the thermal expansion coefficient. By virtue of the 
thermodynamic relation 


1 s0V 1 /oV Os lL gas 
2) = 2(7) (2) 28) 2 
VN\OT/ > VAX dps r\ OVS 7 pe? \ OVS 7 


we can write for the thermal expansion coefficient 
_ aah i 
= 3 B mc 


10s mc? 0's O's 
ees... 


noe n Oe Onde 


(2.20) 


Also the thermodynamic formula (2.13) can be re- 


written in the following form 


1/ dv S 
¢(T,v)—¢(0,v) = sme ( —) -- |r -+. (2.21) 
v\OT/, mc 


The various functional forms of Z should have been 
caused by the interaction, which on the other hand is 
reflected on the second-order term in (2.5). Hence 
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those derivatives of Z appearing above must have 
some connection with f in (2.5). We shall work out 
this relation in the next section. 


3. FLUCTUATION 


First we shall give the relations between macroscopic 
quantities and the fluctuations which are expected on 
the grand canonical ensemble without proof. 


x N 
=48((AN,)2), (3.1) 


rig a / 
we mop Op)r 


x N 
——+——__=4g(AN,AN_), (3.2) 
uw? m(dp/dp)r 


Crv =h62((AE—¢AN)*), (3.3) 


S Nf 900 
—— (- ) =ks?(AN(AE—¢fAN)). (3.4) 
m(dp/dp)r v\0OT 


and 


Here x is the susceptibility, u is the magnetic moment 
of one particle, and NV, and N_ are the numbers of 
particles with spin up and spin down, respectively. 
Cry is the heat capacity at constant ¢ and V and is 
connected with Cyy, the heat capacity at constant NV 
and V, by the relation: 
(0¢ OT) x y? 
py =Cyvt+T— ; (3.5) 
(m/N)(0p/dp)r 
so that the difference is of the order T°. It is to be noted 
that the expression on the right-hand side of (2.21) 
appears in (3.4). 
Inserting the equilibrium expression (2.6) into the 
coefficients in (2.4) and (2.5), we get for the relative 
probability of the fluctuation the following: 


(dn,) 
e -B(AE—TAS f4N) =exp} — AX 


n;(1—n,) 


+832 fi insu) (3.6) 


where we understand that the coefficients are evaluated 
with (2.6). For this ensemble the average value of the 
product 6,6; can be shown to be 


(6n,6n;)= (j| (1+-86)-| 1) 


X[ni(1—n,) }nj—n,;)}'. (3.7) 


Here 


j=[(n,(1- (3.8) 


ni) Pf njA—ny,) }}, 


and (j| (1+8@)~"| i) is the (7,7) element of the inverse 
matrix to the symmetric matrix (1+ $@). Using (3.7) 
we can express the right-hand sides of (3.1) to (3.4) 
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more concretely. The results are 
: )=B 2D CI (1+8¢)*|1) 
X[ni(1—m,) }Ln;(—n;)}', (3.9) 
«=p XX (lo(1+86) 0s|) 

: xLn(1—m) FEny(t—n 
Crv= RB ~ (j| (14+8¢)™| i)(e—-$) 


)in,(1 —nj) }}, 


=B((AN) 
m(Op/dp)r 


(3.10) 


X[ni(1—n,) }'(e;— (3.11) 


S Nf a a 
— cay =A EE (1486-119 
m(dp, lap)e OT 

X [ni(1—n,) }*(e;—O[n,(1—n,) J. 
Here a; is one of the Pauli matrices corresponding to 
the Z component of the spin. In addition to these, 
from the condition that (AE—fAN)=0, we obtain 
the relation 


Xi Xj (ie) 7G | (1+6¢)7|)=0, 


which means that ¢ cannot be quite arbitrarily chosen. 
Let us assume that @ has the form 


= (i+e,)¢+ (1—<.)y, 


with the understanding that ¢ and y operate only on 
“orbital” states. o, is one of the Pauli matrices, which 


is given by 
0 1 
1 0 


Or, expressed in another way, we assume that 
f=(At+e,h+(1 


where, of course, # and g are connected with ¢ and y, 
respectively, through relations similar to (3.8). There- 
fore, for parallel and antiparallel spin pairs, f takes 
the value h+g and h—g, respectively. This form makes 
it possible to write down the inverse matrix as follows: 


(1+89)"=1—B(1+02)¢(1+28¢)* 
—B(1—o,)¥(1+26Y)". 
Inserting this and restricting ourselves to the lowest 


temperature expressions, we get the following formulas 
from * to peng 


(3.12) 


(3.13) 


(3.14) 


(3.15) 


—oz)g, (3.14’) 


(3.16) 


—=2 
mc? 


(3.19) 


USUI 


in agreement with (2.12), and 
~{ ov ) - an? k 2( =) 
v \OT 3 B 
OZ 
{| 1-2 (— ) (F0/Q| | 
de 
1/02 1 (0°Z/de*)o 
1A a 
N de 0 


2 (dZ/de)o 


+( =) [- (e|O| ra (3.20) 


Here we wrote for the average of the element of 
¢(1+28¢)— taken over the states with energy ¢ and 
e’ respectively, 


[n.(1—n.) ine (1—ne) }i(e]Q| e 
and similarly for the average of the element ¥(1+ 26y)—", 
[n.(1—n,) } ne (1—ne) ](e| P|’). 
From the relation (2.21), we can see that 
1/2n?\ 1 ( (0°Z/de*)o 
¢(v,T)—£(v,0) = -(— a 
BP 2 OZ /Ae)o 
(0Z/de)oL (0/de) (€ IQ $0) Jo 


- ; (3.21) 
1—2(0Z/de)o(0|Q| fo) 





At the lowest temperatures, Q and P can be evaluated 
in terms of h and g, expanding formally (1+28¢)-', 
for example, in powers of ¢. The results are 


2 (0Z/de)cherohe’to 
1+2 (8Z/de)ohtor0 





(e|Ole)=he (3.22) 


and a similar expression for P in terms of g instead of h. 
Here hk, is the average of the element of / taken over 
the states with energy ¢ and e’, respectively. In terms 


of these, we can rewrite (3.17), (3.18), and (3.20) 


as follows: 


(3.23) 


1 
mm N{ +h, 
2(dZ/de)o 
1 
~ 2(aZ/de): 0 


—+9, (3.24) 


and 
-(=) —(-) 1 [- (<) 
v\aT/, 3 \B/ mel N\ ae/o 


1 (0°Z/de*)o OZ Oheto 
aziant (ada) &® 
- (0Z/de)o de7o to 
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Here h and g represent hroro and groto, respectively. 
The results (3.23) and (3.24) are essentially those which 
were given by Landau, except that we derived these 
here without referring to the momentum of the “‘quasi- 
particle,” which method is considered better in view of 
the next step where various types of spectra will be 
compared. The formula (3.25) is new and will be 
discussed with primary emphasis in this report. 

Now referring to Sec. 2 we can find relations which 
connect the various derivatives of Z with /f. Insert 
(3.23) into (2.18), one then obtains 


02 N 02 


. (3.26) 
n O€ 


Comparing (3.25) and (3.23) with (2.20) we also obtain 


02 N/.0% ohdz 
= ---(i—4— =) 
Onde n Oe ede 
Nfo Oz 
EOD. 
n Loe Oe7 Je=to 
and hence 


0s Qn? /02\?N /dheto 
--=(-) —( *) : (3.28) 
a(1/8)? 3 \deJ nX\ de Ff 


According to (3.26) and (3.27), we can consider that 


(3.27) 


dZ(0,n,€) N 
= hey 
On n € 


0Z (0,n,€) 


(3.29) 


is valid in the neighborhood of {o. All these formulas 
show clearly that these derivatives vanish in the case 
of an ideal gas. 

4. DISCUSSION 


From the recent experimental evidence® it can be 
expected that the thermal expansion coefficient of 
liquid helium-3 at lowest temperatures is negative. 
Referring to Eqs. (2.20) and (3.25), we shall discuss 
this point. The density of states at the Fermi surface 
at absolute zero is of course positive, i.e., (0Z/de)o. 
On the other hand, (6°Z/de)) can be positive or 
negative according to the spectrum. For example, 
both the perfect-gas type, 


e= p’/2m*, (4.1) 


and the “bubble” type, which was used in the calcula- 
tion of Khalatnikov and Abrikosov, 

= (p— po)?/2m*, 
give positive values for (0°Z/de), but only to the extent 
that the sum of the first and second terms in (3.25) 
comes out to be positive. Therefore, if the spectrum 
(4.2), for example, should give the correct description, 
as suggested in Khalatnikov and Abrikosov’s paper, 
the last term involving the derivative of h must be 


(4.2) 
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negative and large enough to reverse the sign of the 
total expression. It is apparently expected that this 
derivative is negative for the following reasons: h is 
positive, according to the fact that the sound velocity 
is greater than the value of the first term in (3.23) 
with the value of the state density derived from the 
heat capacity according to (3.19); and the value of 
h. must decrease as the difference of the energies of 
the two states involved increases. But (3.25) tells us 
that this derivative must be large enough to make the 
whole expression negative. 

Now, as mentioned in relation to (3.21), this deriva- 
tive gives Z, a temperature dependence according to 
(3.28). It seems obvious that Khalatnikov and 
Abrikosov have neglected this extra temperature 
dependence in their calculation, because they calculated 
the heat capacity with Z, which is derived from (4.2) 
treating po and m* as constant. Hence, from the 
manner of their calculation, there will result only a 
positive thermal expansion coefficient. 

Then the question is: is there any possibility remain- 
ing for the spectra, when revised in such a way that m* 
and po are not constants any more, but depends on 8 
and n, to give a negative thermal expansion coefficient ? 
The following discussions are based on Eq. (2.20) 
which is valid also in the case of quantum spins insofar 
as we can assume e to be spin-independent. 

For the perfect-gas type (4.1), we get according to 
(2.18) the following relation which is valid at B— « : 


n Om* 2 me? 
— —=--— (4.3) 


’ 
m* dn 3. € 


where €o is given by 


n 4 
-= —(2m*€) a 
2 3h’ 


Or, put in another way, we are assuming according to 
(3.29) that 


(4.4) 


n Om* 


Nheo= ae 


m* an 


(4.5) 


in the neighborhood of the Fermi surface. When we 
use (4.3) or (4.5), we get for the thermal_expansion 
coefficient from (2.20) or (3.25) 


1 4r\! h'nty? 
( ) =2'2(—) [ if | T, (46) 
v\0T/ > 3 2m* 


which is definitely positive. 
As for the “bubble” type spectrum (4.2), we get, 
corresponding to (4.3), 


n dm* pr 17°62 me? 1 pe’ 
oa aS lp | aaiemene. aemiuas 
m* On 2m* € 3 © €) m* 


pr me? 1 mn Ape . 
a 


* 


2m* €0" on 
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where €o is given by 


n 4r 
= ——{ 6po?(2m* eo)! +2(2m*eo)'}. 
3h' 


(4.8) 


This gives for the thermal expansion coefficient 


1/ dv 8x keq! 2m*eo\ — 
Yo) te A st 
v\OT/, 3 = me(hnt/2m*)! po? 


4ndpo po mc? mc? 2m*mc? 4 
x| + +2—+ ene | (4.9) 
Po on 


2m* €0° €0 po 3 
According to Khalatnikov and Abrikosov, po?>>m*eo, 
so that the factor in the square brackets in (4.9), 
which determines the sign of the thermal expansion, 
can be approximated by 


2m* po! 


4n dpo 
Po on 


which we may reasonably expect to be positive. But 
even when we do not suppose this, the condition that 
the thermal expansion coefficient should be negative 
requires that 


+ (162)*mc? ’ 
(h'n)4 


Po on 


if we put in Khalatnikov and Abrikosov’s values of the 
parameters. This dependence is highly unreasonable. 
Thus we can conclude that both the perfect-gas and 
the “bubble” spectra give positive thermal expansion 
in contradiction to experiment. 
Let us, then, try another type of spectrum. One of 
the simplest spectra will be 
e= A+ p?/2m*, (4.10) 


in which A and m* are supposed to depend on @ and n. 
For this, the relation corresponding to (4.3) is given by 


n Om* 4r\ n\} OA mc) 2 
m* On 3h' 2 | on on 3 


and the Fermi energy by 


(4.11) 


n 4 ; 
{ 2m*(eo—A) ]}. (4.12) 
3 


2 3h 


Correspondingly, we are assuming an “interaction” 

which has 

oA n Om* 
—(e—A) ; 

on m* On 


Nhee = (4.13) 


as an expression valid in the neighborhood of ¢€. The 


expression for the thermal expansion coefficient in this 
case can be expressed in either of the following forms: 


1/ dv 4r 2\3 n OA 
-( ) =2887(— -) mn 1-— —| 
v\0T/, 3h n mc? On 


(— \ =a: n sal 

i —- i —j--—-—-}. 

3hi nF mets m* dn 

This shows that this spectrum can give a negative 


thermal expansion coefficient if we assume that 


0A/dn>mc/n, 


= nh 


(4.15) 
or, equivalently, 


dm*/dn>3m*/n. (4.16) 


As for the heat capacity or the entropy in this case, 
we must take into account the temperature dependence 
of m* and A. This problem is beyond the scope of the 
present development of the formalism. However, 
according to (3.28) and (4.13) we have 


0°20 2x dz\? 1 , 
a(1/a)? 3 () m* an’ 
which indicates some of the character of this dependence. 
Thus we can see that there may be a strong deviation 
of the temperature dependence of the heat capacity or 
of the entropy from that of the perfect gas in spite of 
the same dependence of the spectrum upon the momen- 
tum. Thus it may be possible that the sharp change of 
the specific heat to a fairly constant value, which 
occurs at about 0.25°K, might be closely connected 
with the negative thermal expansion. 

Further analysis along this line will be quite compli- 
cated and we would like to reserve it for a later work. 
Further, it should also be noted that the expressions for 
the deviation of entropy and energy to the second order 
may also be insufficient. 

As far as the expressions for the properties at lowest 
temperatures are concerned, the unknown parameters 
are five in number, so that the data on sound velocity, 
susceptibility, specific heat, and thermal expansion 
coefficient are insufficient to check Landau’s idea. 
This, then, is the point we wished to make when we 
stated that Landau’s model is general enough not to 
expose any defect in the “Fermi excitation region.” 


ACKNOWLEDGMENTS 


The author wishes to thank Dr. D. W. Osborne 
for his interest and encouragement in this study 
and Dr. B. M. Abraham and Professor Y. Nambu 
for many helpful discussions. The author is also 
indebted to Argonne National Laboratory for a visiting 
appointment. 





PHYSICAL REVIEW VOLUME 


114, 


NUMBER 1 APRIL 1, 1999 


Thermodynamics of Inhomogeneous Systems. II 


Epwarp W. Hart 
General Electric Research Laboratory, Schenectady, New York 


(Received November 7, 1958) 


By the inclusion of an explicit dependence of the energy on the boundary of the system, the thermo- 
dynamic description of inhomogeneous systems is made more complete. In particular, virtual processes 
can then be defined that determine the measurable stresses everywhere in the system. 





INTRODUCTION 
N an earlier paper,! I developed an extension of the 
thermodynamic methods of Gibbs so that inhomo- 
geneous systems could be described. The treatment of 
the boundary envelope in that paper seemed to me to 
be somewhat unsatisfactory, and that point was 
discussed briefly in the closing paragraphs. A possible 
alternative description for the boundary was also 
mentioned, but this was not developed at any length. 
The purpose of the present paper is to show that that 
generalization of the boundary is just what is needed 
to complete the thermodynamic description of inhomo- 
geneous systems. With this improvement it is possible 
to define the measurable stress everywhere in the 

system as well as on the boundaries. 

DEVELOPMENT OF THE THEORY 

The notation of the present paper is the same as 
that of I. Following Eq. (41) of I, we shall let the 
total energy be augmented by a boundary term. Then 


p= f i Ts-tun +E vactn—p| 
+5 f dalant Br (1) 


There are now some differences between the equilibrium 
conditions in I and those which result from the present 
treatment. These differences of course have to do only 
with modified boundary terms that result from varia- 
tions of 62 and dy; at the boundary. As already noted 
in Eqs. (20a) and (21a) of I, the boundary conditions 
of the “chemical equilibrium” equations are simply 
modified to the form, 


> ; da;(w;—dv/dx,;+ A,)=0, (2) 
and 


v+ B=0. (3) 


The only other equilibrium conditions which undergo 
any modification are the boundary terms corresponding 
to stress equilibrium. We shall follow this in some 
detail. The inclusion of the generalized boundary 
interactions enables us to place a more general con- 
straint upon the boundary deformability, corresponding 
to the necessity of exerting tangential as well as normal 
tractions on the boundary. The general constraint is 

1 Edward W. Hart, Phys. Rev. 113, 412 (1959), hereafter 
referred to as I. 


then, everywhere on a boundary, 

6x;=0. (4) 
For convenience in summing all the constraints given 
by Eq. (4), we select the Lagrange multipliers in such 
a form that we obtain a readily recognizable stress 
tensor. Thus we write 


> | dax; P;;=0, (5) 
ij 


where Pj; is a tensor function of position on the 
boundary. The general variational condition to be 
satisfied is 


6E+>, daéx; P;;=0. (6) 
ij 

The portion of 6 which corresponds to the volumetric 
energy contribution is that already given by Eq. (26) 
of I. It remains to evaluate the portion which depends 
on our newly introduced boundary contribution to £. 
That portion depends on 6x and 67; due to the strain 
deformation, evaluated at the boundary in its displaced 
position. It is readily found that 

0 

én= —n—4bx,, 
Ox; 


GF) te) 0 0 
byi= -[y i i PON a tage ps. 


Ox; OX; 9%; 0%; 
Combining the new boundary contribution with Eq. 
(26), we obtain after some simplification 


0 Ow; Ov O*y 
tedx5—| pon —¥r—tn | 


Ox; Ox, Ox;  Ox,0X; 


sE=¥0 
7 


Ov 
—> dal ( postu msn Joa 
ij 


Ox; 


Ov 0 
+e (no: vyi—n— +nAt Br) —5x; 
Ox; Ox; 
0 0 0 0 
+ (» +n + By; 
an, ; 


Ox; OX; OX; 


0 0 
+ Bn Jes j 
Ox; OX; 


a) Ov 
dajbx; -( nor vyi-n -) 


Ox; Ox; 


+h 
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This expression is further simplified by the use of the 
boundary conditions given by Eqs. (2) and (3), and by 
rewriting the last term of the right-hand member. 
Thus we obtain 


oe Ow; Ov Oy 
dnb1;—| poy —— -+-an— | 
Ox; Ox; OX; OxX,0%; 


sE=>D 
ij 


re) Ov 
-> iads,|| 9 _- (nortrn—n—) by 
ij k OX 


Xk 


Ov 
toarteny——. (7) 
OX; 


The substitution of Eq. (7) into Eq. (6) leads to the 
equilibrium conditions: 


0 


) seed | —m— 
i OX; Ox; O%; 


Ow; ov ay 
—¥—tn— -| =0, = (8) 
OxX,OX; 


and 


0 Ov 
py=|p-¥ —{ mu,+rvy,.—n— ) fo 


ko Xz 0 XE 


Ov 


+09;+r53—¥;—- (9) 
te) 


x; 


Although the quantity P;; is defined by Eq. (9) only 
at a boundary, it is convenient to consider that there 
exists such a tensor defined by that equation through- 
out the system. It can then be shown that P,; is the 
measurable stress everywhere in the system. This results 
from the following considerations: 

In order to measure the stress somewhere inside the 
system, it must be possible to introduce a boundary 
element anywhere in the system in such a way that the 
density distribution in the system is unaltered by the 
presence of the boundary element. The stress is then 
determined from the tractions on that boundary ele- 
ment. We can, for example, introduce a closed cubical 
boundary somewhere inside the system and remove 
the matter which was in the region now occupied by 
volume of the cube. If the boundary is tailored so that 
its constants A, and B now satisfy the conditions given 
by Eqs. (2) and (3) where the boundary is, then clearly 
the rest of the system will be unperturbed by the 
replacement that we have effected. The tractions on 
the boundaries will then be deducible from the tensor 
P,; as defined by Eq. (9) and we have thereby demon- 
strated that P;; is the measurable stress everywhere in 
the system. 

We investigate next the equilibrium associated 
with P,; 


HART 


te) 0 0 ¢@ 
ys, end, ton 
Ox; 0 


i OX; i ik OX; OX; 


OY; (OF OA; 0’ 
+2, (0+ +r) 
‘ Ox; Ox; Ox; Ox? 


0 0 Ov 
=> —| py —( motrin) 
i Ox; Ox; Ox; 


0w; Ori; O*y 
ae 
0x? 


OY; 
+E [o 4, 


OX; OX; OX; 


where the summation indices 7 and k have been simply 
interchanged in the term in which they occur. Carrying 
out the last operations, we obtain directly that 


fe) re) Ow; ov *y 
2 Peed —| pin | 
i Ox; i Ox; te) 


‘ X; Ox; OX,0%; 


and so, from Eq. (8), 


0 
~ —P,;=0. (10) 


i OX; 


This equation can be taken as the stress equilibrium 
condition instead of Eq. (8). 

Now the same type of argument that is used in 
usual elasticity theory to insure the rotational equili- 
brium of each element of volume leads to the conclusion 
that P,; is a symmetric tensor. This leads us to the 
further conclusions that 


(11) 


Wi j= Vi, 


Ov Ov 
<a 
Ox; Ox; 


and 


(12) 


and so the vectors w; and dv/dx; are parallel to 7. 
This is not a very surprising conclusion considering 
the implicit assumption of isotropy in the postulated 
form of the energy density. It is of course possible to 
describe ab initio systems possessing a lower degree of 
symmetry, but such extensions will not be pursued in 
this paper. 
DISCUSSION 

Thus, with the modifications presented above, it 
becomes possible to describe thermodynamically the 
equilibrium configurations of a wide range of systems. 
The range of validity of the surface approximation can 
be evaluated in detail for any particular case by means 
of the self-consistent phenomenology set forth here. 

In the introduction to reference 1 it was mentioned 
that this method should be useful in treating the 
phenomena associated with critical point fluctuations. 
I should like to enlarge slightly upon that idea although 
the problem is not yet solved. The point here is that 
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the correlation of density fluctuations over macroscopic 
intervals should depend on the same properties that 
determine the character of equilibrium macroscopic 
inhomogeneities. The reason for this is that the “states” 
which contribute most prominently to the density 
fluctuations over large regions must be representable 
as possible thermodynamic states. It now becomes 
possible to determine the configuration and free energy 
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of those “‘states” by the methods of this paper, and so 
to formulate this problem without resort to microscopic 
statistical mechanics by use of thermodynamic fluctua- 
tion theory. 
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Langevin Equation and the ac Conductivity of Non-Maxwellian Plasmas 
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The use of the Langevin equation {dv/di+gv= (q/m)[Eve**'+(v/c)XH]} to describe the electrical 
conductivity of a non-Maxwellian plasma (a weakly ionized gas in which the average electron collision 
frequency is temperature dependent) may be in error unless it is understood that the dissipative term, g, 
is complex. In the limiting cases of either high or low pressures the imaginary part of g is negligible. The 
real and imaginary parts of g are evaluated for these limiting cases, for four different gases; air, helium, 
Maxwellian gas, and water. The real part of g is shown to be the average collision frequency multiplied by a 
numerical factor, the size of which depends on the nature of the gas and the pressure limit. 


I. INTRODUCTION 


HE conventional description of the ac conductivity 
of a weakly ionized gas (e.g., Mitra’) is based 
upon the assumption that the average drift velocity of 
electrons in the gas obeys the Langevin equation?: 
dy 


q . 
—+gv= —Eve**, 
dt m 


(1) 


with the steady state solution 


1/4 
v= (=) be, 
iwtg\ m 


where v is the average drift velocity, g is a dissipative 
term which represents the effect of collisions between 
electrons and molecules of the gas and the symbols g, 
m, and Ey have their usual meaning. 

The usual approach has been to equate g with », 
the average collision frequency of the electrons. This 
particular method is, in general, incorrect for real 
gases. Indeed, it is only for a Maxwellian plasma*~® 
that g is identically equal to v. 


(2) 


1§$. K. Mitra, The Upper Atmosphere (The Asiatic Society, 
Calcutta, 1952), second edition, pp. 623-629. 

2W. P. Allis, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 21, p. 392. 

3 T. Kihara, Revs. Modern Phys. 24, 49 (1952). 

4S. Altshuler (unpublished). 

5 Reference 2, p. 413. 


A Maxwellian plasma is a weakly ionized® gas for 
which the cross section for momentum transfer, Q(V), 
for electron impact on the neutral molecule varies 
inversely as V, the relative velocity between the 
electron and the molecule.’ 

Now, most real plasmas are non-Maxwellian. For 
example, the cross section, Q, for air® or nitrogen® is 
proportional to V, the cross section for helium" appears 
to be constant, and the cross section for water, and 
other molecules possessing permanent electric dipole 
moments," varies inversely as V”. 

It is not to be expected that g is simply related to v 
for these plasmas except under certain limiting circum- 
stances. We proceed to find what form g must take for 
the above mentioned plasmas. 


II. THE FORM OF g FOR A NON-MAXWELLIAN PLASMA 


The average drift velocity for electrons in a gas in 
the presence of a weak, alternating electric field, may 
be determined using the relationships presented by 
Allis® and Margenau.” 

The drift velocity, so determined, is represented, in 


form, by 
v= (q/m) Eve**(B—iD), (3) 


6 By “weakly ionized,” we mean the only important interactions 
are those occurring between electrons and neutral particles. 

7 Or equivalently, the collision frequency independent of energy. 

§ Crompton, Huxley, and Sutton, Proc. Roy. Soc. (London) 
A218, 507 (1953). 

9 Phelps, Fundingsland, and Brown, Phys. Rev. 84, 559 (1951). 

1 1,. Gould and S. C. Brown, Phys. Rev. 95, 897 (1954). 

1S. Altshuler, Phys. Rev. 107, 114 (1957). 

2 H. Margenau, Phys. Rev. 69, 508 (1946). 
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TABLE I. Evaluation of g, and g; for the low- and high-pressure cases. 


Gas species Rr Ri 
(5/3)v(14+4.22v?/w?) (10/9) (v?/w) 
X (14-5v?/w*) 
0.18 (v?/w) 
X (142.14? /w*) 
QYV constant, v 0 
Maxwellian gas 
QV? constant, H.O, 
NH;; molecules 
with permanent 
electric dipole 
moments 


Q/V constant, air, 
nitrogen 


Q constant, helium  4v»(1—0.22»?/w*) 


0.079 (v?/w) 
X (1+0.60r?/w*) 


2v(1—0.18y?/w*) 


vl 1+4.57 (w/v)?] 


(34v/8) (1+0.28w?/v?) 


(3xv/16) (1+0.30w*/r*) 


Form of average 
v/w>I1 collision frequency® 
&r gi v 
2w{ 1 —2.29(w/v)4 v= (30/V)pKT/m 
+4.57 (w/v)#] 
0.18w(1—7.5w*/v?) v=2pQ(2KT/am)} 
v=pQV 


v=20V%p(m/2rKT)* 


v 0 


0.110 (1—7.1w?/v?) 


*» is rigorously defined as follows: v= S0Q(V)Vfdr, where p is the neutral particle density, Q(V) is the cross section with its correct functional 
dependence on V, f is the normalized velocity distribution function (assumed Maxwell-Boltzmann) and integration is over al ]of velocity space. 


where B and D are rather complicated functions of », 
the average collision frequency, and w the wave angular 
frequency. Moreover, (ne?/m)(B—iD) is the complex 
conductivity of the gas, where m is the electron particle 
density. 

The solution (3) for v, is incompatible with Eqs. (1) 
and (2) unless g is taken as complex or unless B=w/ 
(w*+g*) and D=g/(w*+g"). The latter is true only for 
a Maxwellian gas. Thus, to insure compatibility, 
g=g,t+igi, where 


g-=B/(B+D), 
gi= D/(B+D*)—». 


(4) 


The functional forms of B and D have been evaluated 
for the various gases discussed in Part I and are 
assembled in the Appendix. They lead, in general 
(except for the Maxwellian plasma), to non-negligible 
values of gi. 

Now, no simplification results from the use of the 
Langevin equation to describe non-Maxwellian plasmas 
unless g is real. Therefore, in order to retain this 
intuitively satisfactory form we must look for conditions 
under which g; may be neglected. This quest is motivated 
also by the fact of the existence of a tremendous 
amount of analysis, already in the literature, based 
upon the arbitrary substitution of v for g (e.g., the 
Appleton-Hartree formula). Therefore, under conditions 
where g; is negligible, such analysis may be rectified by 
the formal substitution of g, for v, wherever v appears. 


III. LIMITING FORMS OF g, AND g; FOR 
LOW AND HIGH PRESSURES 


An inspection of the asymptotic forms of B and D, 
listed in the Appendix, reveals that g; may be neglected 
under the following limiting conditions. 

v/wKA, 
v/w>I, 


the low-pressure case ; 

the high-pressure case. 

The limiting forms of g, and g; for these two cases have 
been evaluated the second order in v/w and are presented 
in Table I. 


It is to be observed that g, in the low-pressure limit 
is a simple multiple of v/3, and g; is of the order v/w 
with respect to w. Therefore, it is reasonable to ignore 
gi in Eq. (2) for v/w<1. On the other hand, g; in the 
high-pressure limit, especially for air, may be of the 
same order as w and cannot be dropped unless w itself 
can be neglected. 

Note that according to the last column of the table, 
gr is temperature dependent. 


IV. CONDUCTIVITY WITH A STATIC 
MAGNETIC FIELD 


With a static magnetic field, H, the average drift 
velocity becomes?® 
v= Iu! Eve“! 
where |u! is the mobility tensor and is given by 
L+R_ i(R-L) 
ee. 6 | ee 
wii=—|\7(L—R) L+R 
m 
i 0 


Here P is just the B—iD that appears in Eq. (3). 
L is obtained by formally replacing w, where ever it 
occurs in B—iD, by wt+e». R is obtained similarly by 


replacing w by w—w». w, is —g|H|/mc, the angular 
cyclotron frequency. 

Since we have demonstrated the equivalence between 
the two forms, B—iD and 1/[i(w+g,)+g,], we may 
rewrite P, L, and R in the following fashion: 


1 
P= 


=—— (8) 
&r+t(wtgi) 


1 
L= winti 
£r+1(wtwrt gi) 


(w in g, and g; replaced by wt») (9) 
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1 


gr=i(w—wstg,) 


(w in g, and g; replaced by w—w»). (10) 


The values of g, and g; may be obtained from Table I 
for the low- or high-pressure limits with the following 
understanding: In Table I, w is to be formally replaced 
by w+w» when dealing with (9) and w is to be replaced 
by w—w» when dealing with (10). Thus, should w= | w»| 
we may require the high-pressure value of g, for (8) 
while simultaneously requiring the low-pressure value 
of g, for (9).%8 

In the low-pressure limit, |||! with the representations 
(8), (9), and (10) becomes identical with the mobility 
tensor derived from the Langevin equation with 
magnetic field: 


dv/dt+g,v= (q/m) Eye*'+(q/m)vXH. (11) 


Note that the results are identical with those of Allis" 
but with the important exception that g, replaces ». 


CONCLUSION 

We have pointed out how the considerable analysis 
based upon the cavalier usage of the Langevin equation 
may be rectified under certain conditions by the formal 
substitution of g, for v. It is certainly the case that for 
those investigations where vy played an insignificant 
role, the substitution of g, for v will not alter the results. 
However, in matters relating to say, attenuation of 
electromagnetic waves in the ionosphere, where the 
attention (in db) varies as v or the determination of 
collision frequencies by electromagnetic interaction 
with plasmas, the results of analysis may be off by 
almost a factor of two unless proper precaution is 
maintained. 

We have offered here some simple rules for the use 
of the Langevin equation to describe several ordinary 
plasmas. Application of these rules allow the retention 
of the conventional conductivity theory and the 
prediction and analysis of attenuation and collision 
frequency in plasmas in an unequivocal way. 


APPENDIX. CONDUCTIVITY (ne?/m)(B—iD) FOR 
SEVERAL WEAKLY IONIZED GASES 
For the case of weak fields and electrons undergoing 
only elastic collisions, the following forms of B and D 
are to be inserted into Eq. (3): 


4r 7” 
p-—f fiV‘dV, 
3 4) 


4r 7? w 
p=— f —V‘f,dV, 
3 0 pQOV 


13 The computations of g; and g, are based on the assumption of 
an isothermal plasma. In the case of finite electric fields and 
w= |w,|, the electron energy may rise considerably above that of 
the background gas. 

4 Reference 2, p. 394, Eq. (12.6), (12.7). 


(A-1) 


(A-2) 
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CONDUCTIVITY 


where 


pQV28(8/1)! exp(—BV?) 
a p2V2+w 


J 


and B=m/2KT and p is the neutral particle density. 
It is assumed that the electrons have a Maxwellian 
velocity distribution. 

B and D may be evaluated for each one of the gases 
discussed in the text and are herewith presented. 


1. Air or N, (Q/V constant) 
wB=2X{1—4(9/2)!X4{[4—C((2X/m)') ] cosX 
+[4—S((2X/x)!)] sinX}}, 


wD = $X?{1—2(4/2)'X4{[3 —S((2X/m)!) ] cosX 
—[4-—C((2X/m)!)] sinX}}, 


(A-3) 


(A-4) 
where 
3w B\! fp” 3 pQ 
X=—, y=te(“) f pOV? exp(—BV?)dV =- —, 
2Qv T 0 2 B / 


and 


cw)= f cnet 


-the Fresnel integrals 


S(u) = f sin(4m2")dz 
0 


) 
The asymptotic forms for wB and wD are: 

X<1 (X=$w/v) 

wB=3X[1—2(m)1X! cos(X—}n)+4X"], (A-5) 

wD=4X*[1— (1X! cos(X+4n) ]. 


X>1 


2X 


iia f—-—, 
4X2 


2. He (Q, constant) 


4x! 
wB=——[1-—X—X%*E,(—X)], 
30/0 


(A-9) 


4 


X[(4—X)e}+eX1e¥ (1—(4/X))], (A-10) 


X = 4?/rv’, 


v=2pQ/(x8)}, 
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and 


eo og 


— E,;(—X) -f -dt (the exponential integral), 
x ft 


2 z 
$(z)= —f exp(—f)dt (the error integral). 
a/t 0 


The asymptotic forms for wB and wD are: 


XK1 (X=40"/xv’) 


4 
wB=——X‘(1—X), 
3/4 


wD=$X(}—X). 


8 1 3 
wB=— —( i— ), 
34/9 /X X 


- 


re) 
wD=1-—. 
2X 


3. Maxwellian Gas (QV constant) 
wB=X'/(1+X), 
wD=1/(1+X), 


where 


X=r/u?, v=pQV. 


MOLMUD 


4. H,O, NH; (QV? Constant) 


4 
X4(1—X— X*eX E,(—X)), 
3\/a 


wD=1—3X4+4$X?—49!X eX (1—4(4/X)), 


wB= (A-17) 


(A-18) 


where 


X=nr/4u*, v=20V"p(B/m)'. 
The asymptotic forms for wB and wD are: 
XK1 (X=mr/4e*) 
wB=$(X/r)'(1—X), 
wD=1—3X. 
(X= 2v*/4a") 


8 1 3 
wB= (:-=), 
3y/m /X X 


5 7 
wD= (:-—). 
2x 2X 
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Theory and experiment are presented for the drag exerted on 
electrons in a solid by a traveling ultrasonic wave. After a dis- 
cussion of the reasons why the effect is generally very small, it is 
shown that under certain conditions in n-type germanium it may 
be quite appreciable, and that its size directly indicates the inter- 
valley scattering rate. Experimental data are given for arsenic- 
doped germanium ranging in impurity content from 10" to 10'* 
cm"%, at temperatures from 20 to 160°K. These yield the absolute 
value of the “uniaxial’’ deformation potential constant (16 ev) 
and the intervalley scattering rate as a function of temperature 
and doping. The interpretation of the results ascribes intervalley 
scattering action both to phonons and to impurities. The phonon 


contribution yields the frequency of the (100) longitudinal phonon 
(6.6X 10" sec) and the size of the appropriate coupling param- 
eter; the impurity contribution yields intervalley scattering cross 
sections for neutral and ionized donors as a function of tempera- 
ture. The two cross sections are explained as, respectively, being 
due to exchange scattering events and to compound capture-re- 
emission processes. Further analysis gives a lower limit to the 
valley-orbit splitting of the arsenic donor ground state (1.71073 
ev). The experiment verifies that the conduction-band valleys lie 
on (111) axes at the Brillouin zone edge. Ultrasonic attenuation 
due to intervalley scattering is discussed and is shown to be too 
small to be easily measurable. 





1, INTRODUCTION 


HE term “acoustoelectric effect” refers to the 
appearance of a dc electric field along the direc- 
tion of propagation of a traveling acoustic wave in a 
medium containing mobile charges. It is a special case 
of a more general phenomenon which may be called 
“wave-particle drag,”’ and of which the operation of a 
linear accelerator and the motion of driftwood toward 
a beach are other examples. 

Wave-particle drag will occur in steady state if there 
is any interaction at all between the wave and the 
particles (e.g., if the potential energy of the particles 
depends on the “displacement” which characterizes the 
wave), and if some dissipation mechanism is available 
to the particles. The latter requirement becomes evident 
if we think of the drag as an absorption of wave mo- 
mentum. Since wave momentum and wave energy are 
closely related, a loss of the first must entail a loss of 
the second. This is not possible unless an energy sink 
exists. 

A simple explanation of the acoustoelectric effect can 
be obtained by considering the following picture. With 
a spatially variable potential energy supplied by the 
wave, the particles will tend toward an equilibrium 
distribution which favors the regions of lower energy. 
The exact attainment of this distribution is, however, 
precluded by the fact that the wave is in motion, 
whereas a finite time is always required for the particles 
to reach equilibrium. Thus the particles will always be 
somewhat “behind the times.” For very low values of 
wTr, Where w is the wave frequency and rz the relaxa- 
tion time of the distribution, the equilibrium will be 
almost exact ; whereas for wrr— © the distribution will 
be almost unaffected by the wave. 

To find the net average force exerted by the wave on 
the particles, we must average the local force (i.e., the 
slope of the potential energy), weighting it with the 


* Permanent address: School of Physics, University of Minne- 
sota, Minneapolis, Minnesota. 


local concentration of particles. For wrr— ©, the par- 
ticle distribution is uniform and the average force 
vanishes. It also vanishes for wrr— 0, since the distri- 
bution becomes a function of energy only. For inter- 
mediate cases, however, the electrons being “behind the 
times” implies a higher concentration on the forward 
slope than on the backward slope of the wave, entailing 
a net average force which is inevitably in the direction 
of wave propagation. 

This picture shows clearly the extreme importance of 
the relaxation time in the process. Just what relation 
this time has to other properties of the particles has to 
be ascertained in each particular case. For the case of 
electrons in m-type germanium, we shall show that it 
bears a close relation to the “intervalley scattering 
time,” that is, the mean transition time between the 
separate groups of states in the conduction band which 
lie near the minima of energy (“valleys”). 

It has been known for some time that the conduction 
band in germanium has a number of equivalent energy 
minima. The experiments on magnetoresistance,' piezo- 
resistance,? and cyclotron resonance® leave no doubt 
that these minima are located on the (111) axes of the 
Brillouin zone. Theoretical and experimental results‘ 
further favor the points at the edge of the zone, implying 
four equivalent valleys, rather than the eight entailed 
by arbitrary location on the (111) axes. This edge 
position is further supported by results of the present 
experiment (see Sec. 8). 

Although interest in the intervalley scattering rate 
arose early, no experiments were available that would 
distinguish it from the (much faster) intravalley scat- 

1G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1950). 

2C. S. Smith, Phys. Rev. 94, 42 (1954). 

3 Lax, Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 
(1954). 

4F. Herman, Phys. Rev. 95, 847 (1955); Stevens, Cleland, 
Crawford, and Schweinler, Phys. {Rev. 100, 1084 (1955); C. 
Herring, Proceedings of the International Collogium on Semiconduc- 


tors and Phosphors, Garmisch-Partenkirchen, 1956 (Interscience 
Publishers, Inc., New York, 1958). 
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tering. An exception is found in the work of Keyes,°® 
whose very ingenious experiment and interpretation 
thereof constituted the first experimental information 
on this matter. It will be shown that the acousto- 
electric effect provides an extremely direct measure- 
ment of the intervalley rate, involving as it does an 
observation of the relaxation rate of the electron dis- 
tribution after a disturbance of the population of the 
various valleys. 

The first theoretical treatment (and naming) of the 
acoustoelectric effect was by Parmenter,® who obtained 
results in strong disagreement with later workers. The 
methods which he used are, however, open to some 
question. Three years later another treatment was 
given by Van den Beukel,’ who performed an apparently 
straightforward quantum-mechanical calculation which 
would in fact be correct if the density of electrons were 
extremely low and if their mean free path were much 
greater than an acoustic wavelength. Neither assump- 
tion is made explicitly by Van den Beukel. The first is, 
however, implied in his neglect of the space charge of 
bunched electrons, the second by his replacement of 
functions of the type (sinwt)/w by delta-functions. 
Gurevich® has given a calculation which somewhat 
parallels Van den Beukel’s except that a long mean free 
time is explicitly assumed; but he, too, neglects space 
charge, and in addition appears to have taken into 
account absorption of ultrasonic phonons but not the 
accompanying stimulated emission. 

Weinreich’ has given a theoretical treatment of 
acoustoelectric effect for a semiconductor situation in 
which both electrons and holes are simultaneously 
involved. In this he paralleled unpublished independent 
work by Holstein. The point of invoking two types of 
carriers simultaneously was to avoid the extreme 
diminution of the effect produced by mutual repulsion 
of electrons. The suggestion that a sizable acousto- 
electric voltage may appear as a result of band de- 
generacy, even when no minority carriers are present, 
was first made by Holstein."°:" 

It is- worthwhile to mention also the phenomenon of 
is the contribution to the 


“phonon drag,’’!? which 
’ 


thermoelectric power due to momentum transfer to 
electrons from thermal phonons streaming down a 
temperature gradient. This is qualitatively equivalent 
to the acoustoelectric effect; quantitatively, however, 


5R. W. Keyes, Phys. Rev. 103, 1240 (1956). 

*R. H. Parmenter, Phys. Rev. 89, 990 (1953). 

7A. Van den Beukel, Appl. Sci. Research B5, 459 (1956). 

8 L. Gurevich, Bull. Acad. Sci. U.S.S.R. Phys. Ser. (English 
translation) 21, 112 (1957). 

*G. Weinreich, Phys. Rev. 104, 321 (1956). 

 T, Holstein (private communication). 

"W. Sasaki and E. Yoshida, J. Phys. Soc. Japan 12, 979 
(1957), reported observing an acoustoelectric effect in m-germanium 
using low-frequency longitudinal waves. It later turned out, 
however, that the signals were really thermoelectric voltages 
[W. Sasaki (private communication) ]. 

2H. P. R. Frederikse, Phys. Rev. 91, 491; 92, 248 (1953); 
C. Herring, Phys, Rev. 92, 857 (1953), 
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it is quite different, since the relations between typical 
wavelengths, mean free times, and frequencies are 
entirely changed. 


2. GENERAL TREATMENT OF CLASSICAL 
WAVE-PARTICLE DRAG 


We consider here the general (classical) problem of a 
uniform medium containing various types of particles, 
with the equilibrium concentration of the ith type given 
by mio. We imagine some type of traveling periodic 
wave passing through the material; let the “field 
strength” of the wave be denoted by ®, so that 


&=6(x—cl) (2.1) 


(we assume the wave plane, so that the problem is one- 
dimensional). Let © be so defined that ©? is equal to 
the energy density of the field; the average power flow S 
is then given by 


S=(@)c= 36), (2.2) 


the last expression holding for a sinusoidal wave of 
amplitude @o, and ( ) denoting an average over a 
wavelength. 

We now assume that there is a first-order inter- 
action between the particles and the wave of such a 
nature that the ith type of particle experiences a local 
potential energy 


U,=q@. (2.3) 


If ® represents an acoustic wave, the constant q; will 
be called the ‘acoustic charge.’” 

Due to the forces exerted by the wave on the par- 
ticles, the local particle concentration will in general 
be modified. If we wish to study only the steady state, 
we may assume that the concentration of the ith type 
of particle has the form 


(2.4) 


n;=n,(x—ct). 


We may now ask for the average (i.e., dc) force per 


particle, F';, exerted by the wave. Since the local force 
is —g,0®/dx, we get 


F =((—qid®/dx)n,)/{ni). 


It is instructive to calculate also the average rate at 
which energy is transferred from the wave to a particle. 
Let j; be the particle current density of type 7; then 
the average rate of energy transfer to a particle of 
this type is 
W :=((—9id/dx) j;— 9: (n;/dt+0j,/dx))/(n,). 
The second term in this expression allows for the 
possibility that particles of type i are not conserved; 
it is equal to the interaction energy removed by dis- 
appearing particles. Using the periodicity of the various 
quantities and the form of (2.4), we can reduce (2.6) to 

W.= c((—q,db/dx)n;)/(n)= cF,. (2.7) 


This relation could actually have been predicted 


(2.5) 


(2.6) 
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from a consideration of wave dynamics alone; for since 
the wave carries a momentum flux equal to c~! times 
the energy flux, the rate of loss of energy and of mo- 
mentum must be related by the same factor of pro- 
portionality. Note that for a dispersive medium we 
must in general choose ® to be sinusoidal in order to 
have it propagate without change; in this case we see 
that c is the phase velocity of the wave, in agreement 
with the energy-momentum relation of wave dynamics." 

The calculation of n;(a—ct) for a particular problem 
depends on the equation of motion of the particles and 
the forces acting on them—including their mutual 
repulsion (or attraction) if they are electrically charged. 
The last factor enters in almost all problems and 
merits separate consideration. Suppose that we have 
solved for n,(x—ct) for the case of a sinusoidal wave 
(b= e'**—‘*') without taking into account the electro- 
static forces, and suppose we write the first-order result 
in the form 


bn, =n —no= —niwyiqg:/ KT, (2.8) 


where the prime signifies that the interparticle forces 
were ignored. Here K is the Boltzmann constant and T 
the temperature; y; is a (complex) dimensionless 
number which depends on the frequency, but is in 
general of order unity (see Sec. 3). The correct solution 
6n; will then be 


bn ;= —nwyi(gPt+eN)/ KT, (2.9) 


where e; is the electric charge of particle type 7 and ¥ is 
the electrostatic potential due to the particle distribu- 
tion. If we assume that the medium contains enough 
fixed charges to neutralize the equilibrium mobile 
charge density >°; e:7i0, we can write 


Vw = — (4rr/x)d edn, (2.10) 


where x is the dielectric constant of the medium. 

The correct solution for 67; can now be obtained by 
substituting (2.10) into (2.9). Defining the ‘‘diminution 
factor” e; by 


6n;= €,6n,’, (2.11) 


we obtain 


1+>. 5 v,(TjA)*L1— (qe: qie;) | 
Sa ns (2:42) 
1+). ; y,(1jA)? 


Here X is (27)! times the wavelength, and I; is the 
reciprocal of the Debye length for the jth type of 
particle: 

T ;?=4re ;?n jo/KKT. (2.13) 
We shall now mention three special cases to which 
Eq. (2.12) applies: 

Only one type of particle-—In nearly all practical 
cases, PAS>1, y~ 1; which yields «<1. This is the reason 
why only extremely minute effects can be expected in 
an ordinary metal. 


13 See, for example, E. J. Post, J. phys. radium 17, 391 (1956). 
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Bipolar semiconductor.—With both electrons and 
holes present, we have two types of particles with 
€1= — 2. This is the case treated in detail in reference 9, 
where the assumption 'A>1 is made explicitly. 

Symmetrical two-class system.—It will be shown in 
the next section that with an appropriately chosen 
wave in m-type germanium we have effectively two 
classes of particles with myo=M2, €:=€2, g1=—4Q2, 
Y1= ‘2. For this case Eq. (2.12) gives 


(2.14) 


€)==¢= 1. 


This is in fact the reasonable result; for since the two 
classes of electrons tend to bunch in exactly opposite 
phases, no problem of space charge arises. 


3. ELECTRONS IN n-TYPE GERMANIUM 


If one assumes that the valleys in the conduction 
band of germanium lie on (111) axes, one can write 


the deformation potential energy of the ath valley as" 


VO=[E Gj HEK OK, (3.1) 


where u;; is the strain tensor, the K;“” are the com- 
ponents of a unit vector pointing from the center of the 
Brillouin zone to the ath valley, and Z, and =, are two 
constants. 

The bulk of the present experiments was conducted 
using an acoustic wave propagating in the (100) direc- 
tion and polarized in the (010) direction. This leads to 
an effective acoustic charge for valley a, according to 
the definition of Sec. 2, given by 


gV=+e, 3(c44)). (3.2) 


The sign is determined by whether the two components 
K, and K,‘@ have the same or opposite signs. The 
valleys are thus divided into two classes having equal 
and opposite acoustic charges. 

It is interesting to consider also a wave propagating 
in the (110) direction and polarized in the (110) direc- 
tion; in this case it is easy to verify that the deformation 
potential vanishes identically for all valleys. Thus for 
this wave there should be no acoustoelectric effect. 

We now proceed to calculate the bunching that will 
take place as a result of the (100)-(010) acoustic wave. 
Let the two classes of valleys be denoted by subscripts 
+ and —, corresponding to acoustic charges +g. Then 
the two continuity equations are 


(dn,/dt)+ (dj,/dx)=R(F > +), (3.3) 


where R is the rate of intervalley scattering between 
the indicated classes, and the current density is given 
by virtue of the Einstein relationship as 


je= —D[(0ns/dx)+ (qnz/KT)0€/dx)}. (3.4) 


Note that for motion in the (100) direction, the diffusion 
constant D is equal to the directionally averaged 
diffusion constant ordinarily encountered. 


4 C, Herring, Bell System Tech. J. 34, 237 (1955). 
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Now since g<KT for any reasonable experimental 
circumstances, the local equilibrium concentration of 
the two electron classes would, according to Boltzmann 
statistics, be mo(1-F-g@/KT); here mo stands for the 
equilibrium value of n, or n_. The rate R is determined 
by the amount by which the actual difference of con- 
centrations, viz. n,—n_, differs from the equilibrium 
difference —2nog/KT. We thus write (assuming that 
the valleys are on the zone edge) 


R(— > +)=—R(+— —)=— (2/31) 
X [ny —n_+ 2nogb/ KT]. 

Here 7 is the intervalley transition time,’ and the 
factor of 3 appears because only two out of three inter- 
valley transitions are interclass transitions. Adding the 
condition n,-+-n_= 2m, we obtain 

R(— > +)=— (4/3z)[ny—mo(1—gb/KT)]. 
We may now substitute (3.6) and (3.4) into (3.3) and 
solve the resulting differential equation for nz. The 
result for a sinusoidal wave is 


D 1 
ue _ ou), 
KT 1—twrpr 


where rr, the relaxation time of the distribution, is 
given by 


(3.5) 


(3.6) 


(3.7) 


n+=Npo 


tr 1= (4/37) +RD. (3.8) 
Equation (3.8) states the reasonable result that the 
relaxation of the electron distribution proceeds by two 
independent processes, namely intervalley scattering 
and spatial redistribution; the rate of the second one 
depends on the frequency of the acoustic wave. Direct 
substitution of (3.7) into (2.5) immediately yields 


m ~~ wt R 
F=eK=- ee, (3.9) 
KT [1+ (wre)? ] 


where E is the effective acoustoelectric field. 


4. DESIGN OF EXPERIMENT 


The preceding discussion makes it clear that a meas- 
urement of acoustoelectric effect in germanium would 
yield relatively direct data on intervalley scattering 
rates. An estimate of the magnitude of the effect can be 
made directly from Eq. (3.9), using previously known 
estimates of the deformation potential.’® One concludes 
that an acoustic flux of 1 watt/cm? at 60 Mc/sec, with 
the sample at liquid nitrogen temperature, will produce 
a field greater than one microvolt/cm if the intervalley 
scattering time is at least a few times 10~" sec. At 
lower temperatures the effect should increase, not only 

16 This corresponds to the usual definition of intervalley scatter- 
ing time, but is equal to twice the 7 used in a preliminary report 
of this experiment: G. Weinreich and H. G. White, Phys. Rev. 


106, 1104 (1957). 
16 C, Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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through the explicit temperature dependence in Eq. 
(3.9), but also because the intervalley scattering due to 
phonons should drop rapidly.“ Thus the chances of 
seeing the effect appeared favorable. 

The basic experimental arrangement is extremely 
simple: a rod-shaped specimen has acoustic power 
injected at one end and absorbed at the other by a 
suitable absorber. The acoustoelectric effect should 
then appear as a voltage between electrodes attached 
at different places along the length of the rod. This is 
in principle a dc voltage, but because of a number of 
well-known reasons, it is in fact much easier to modulate 
the acoustic power at an audiofrequency and detect the 
effect by a narrow-band system tuned to this frequency. 

There are two spurious sources of audio voltage that 
must be guarded against, since either one could easily 
drown out the effect under investigation: pickup and 
thermoelectric voltages. In connection with the first, 
one must consider that generation of the necessary 
acoustic power requires the application of approxi- 
mately 30 volts rf to the transducer, while at the same 
time one is trying to detect microvolt signals in the 
immediate vicinity. One is helped, of course, by the 
fact that the two voltages are at different frequencies. 
However, a very small amount of nonlinearity in the 
circuit (which involves metal-semiconductor contacts) 
could be quite fatal. This problem was solved by careful 
design of the sample holder and by using a sample of 
special structure. A conclusive test for pickup is pro- 
vided by substituting for the quartz transducer a piece 
of mica of equivalent capacitance. This leaves the rf 
current configuration, and therefore the pickup, un- 
changed (since the admittance of the heavily loaded 
transducer does not vary much through its resonance), 
but eliminates the acoustoelectric effect. 

The possibility of thermoelectric voltages arises from 
the heating of the absorber by the modulated acoustic 
power. The ac temperature component depends strongly 
on modulation frequency, however, and could thus be 
eliminated (see below). A further test on the point is 
provided by changing the carrier frequency, going, for 
example, from the fundamental of the transducer to 
its first overtone. For a given acoustic power, this 
cannot change the thermoelectric voltages, whereas 
the acoustoelectric effect will vary approximately as 
the square of the frequency. 

It was planned to measure the acoustoelectric effect 
as a function of temperature and also of sample doping, 
since intervalley scattering by impurities was expected 
to appear at low temperatures. A detailed description 
of the experiment follows. 


5. EXPERIMENTAL EQUIPMENT 


(a) Structure and Characteristics of Samples 


Five samples were made from arsenic-doped single- 
crystal germanium grown in the (100) direction. In 





ACOUSTOELECTRIC EFFECT 


_-= SIGNAL CONTACTS 
” ‘ 


7 


HEATER 


Fic. 1. Germanium specimen used for acoustoelectric measure- 
ments. ““N-+-”’ denotes the region of high doping. 


addition, one sample was grown in the (110) direction 
for the special purpose discussed in Sec. 7 (a). 

In the course of growing the crystals, a large amount 
of arsenic was added to the melt at an appropriate 
point so as to produce a section of very high ¢on- 
ductivity near the driving end (denoted by “N+” in 
Fig. 1). This was necessary since the rf current which 
drives the quartz transducer flows to ground through 
part of the germanium bar; unless this current path 
has a very low impedance, a considerable radio-fre- 
quency voltage may appear between the sample and 
ground. This voltage can then become demodulated by 
a nonohmic contact to the sample or other circuit non- 
linearity, giving rise to a spurious signal. 

The active regions of the five samples had respective 
room temperature resistivities of 18, 8.4, 3.4, 0.58, and 
0.28 ohm-cm, which varied with temperature in the 
manner expected for uncompensated arsenic-doped 
germanium. The highly doped end region was less than 
0.01 ohm-cm in all cases. The dimensions of the finished 
units are shown in Fig. 1. All faces were (100) crystal 
planes, finished with No. 600 carborundum grit. Layers 
of gold containing 0.1% antimony were vaporized on 
the units in the four areas where contacts were needed. 
Indium was used as the absorber of the acoustical 
energy being supplied to the unit by the driving trans- 
ducer; the indium was alloyed to the specimen simul- 
taneously with the evaporated gold, following which 
another layer of gold was evaporated to make metallic 
connection to the contact areas. 

Finally, each finished unit was fitted with a small 
heater, the function of which in acoustic power meas- 
urement is described in Sec. 6. In early work the heater 
consisted of a small copper spool wound with fine 
manganin wire. Later a simpler design was adopted, 
which comprised a copper cylinder with a miniature 
carbon resistor embedded with Araldite epoxy resin in a 
diametrically drilled hole. In both cases the heater was 
soldered to the indium absorber. 


(b) Transducers 
The driving transducers were quartz crystals ground 
to give a fundamental frequency of about 20 Mc/sec 
and cut so as to produce shear waves (“‘Y cut”). Their 
dimensions were 0.190 inch X 0.190 inch X 0.005 inch. On 
the side facing away from the germanium a layer of 
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Fic. 2. Sample holder with mounted sample. 


gold was evaporated which covered all but a 0.010-inch 
border around the edge. The other side contacted the 
lapped face of the germanium through a seal of Nonaq 
stopcock lubricant.!” 

These crystals were used successfully both in their 
fundamental mode and in the first overtone (~60 
Mc/sec). 

(c) Sample Holder 


The solid copper sample holder, with its cover plate 
cut away, is shown in Fig. 2. It contains two separate 
chambers, with the germanium bar passing through a 
notch in the separating wall. A corrugated phosphor 
bronze spring fits into the thin crack between the ger- 
manium and the copper to provide a secure ground 
contact. Adequate mechanical strength of the joint is 
afforded by waxing the germanium into the notch with 
Apiezon “W” wax. 

The two-chamber construction helps to isolate the 
output leads from the rf driving power. In addition, 
the fact that the germanium is supported in cantilever 
fashion, with only the driving end section touching the 
mount, is important for our method of power measure- 
ment (see Sec. 6). 

The transducer is held against the germanium by a 
brass contact plug to which pressure is applied by a 
spring-loaded, Teflon-insulated plunger. The plunger 
assembly is removable for changing transducer or 
sample. The rf power enters via a type BNC coaxial 
connector, passing to the contact plug through a 
flexible lead. 

Three channels lined with double-bore ceramic tubing 
conduct the three signal leads and two heater leads out 


17 We are indebted to H. J. McSkimin for calling to our attention 
the usefulness of this substance as an acoustic seal. 
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of the main chamber. On the outside of the jig and 
visible in Fig. 3 are three rf chokes, one wired in series 
with each of the signal leads. Their purpose is to sup- 
press picked-up rf currents which, if demodulated at the 
metal-semiconductor contacts, would give rise to spu- 
rious signals, 

(d) Cryostat 

A cryostat was required to maintain a sample at 
temperatures below 150°K for periods sufficiently long 
to permit the taking of data at each temperature. Each 
data point involved measurement of sample tempera- 
ture, acoustic power, and acoustoelectric effect and 
required a time of perhaps one minute. On the other 
hand, a temperature determination with a precision of 
+1°K was more than adequate for the purposes of this 
work, so temperature drifts of the order of 1°K/minute 
were tolerable. 

Approximately 0.25 watt of acoustical power is dis- 
sipated during a measurement. Since the efficiency of 
the transducers used is approximately 3, the total 
electrical power input to the system is seen to be a 
sizable fraction of one watt. This rather high figure 
means that, with liquid hydrogen as refrigerant, the 
fact that our single Dewar is bathed in room tempera- 
ture radiation merely doubles the total power input to 
the system. With full acoustical power input and heat 
conduction down the various leads and shields necessary 
to provide electrical connections we computed that 
about four hours of running with liquid hydrogen should 
be possible per filling of the Dewar. This estimate 
proved to be approximately correct. 

The construction of the cryostat is shown in Fig. 3. 
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The temperature of the sample is controlled by adjust- 
ing the level of the refrigerant relative to the sample 
holder by means of the telescoping tube in which the 
Dewar is mounted. This arrangement proved, after the 
experimenters had acquired some experience with it, 
to be entirely adequate. 

Electrical connections to the sample holder were of 
three kinds. First, driving electrical power had to be 
supplied to the quartz crystal transducer. Second, elec- 
trical signals had to be obtained from various contacts 
to the germanium sample. Third, a thermocouple had 
to be used for measurement of sample holder tempera- 
ture. The rf power connection to the transducers was 
made via a rigid coaxial line, at the bottom of which was 
a type BNC connector which engaged (and also 
mechanically supported) the sample holder. The outer 
conductor of this line was a 7%-inch o.d. thin-walled 
18-8 stainless steel tube and the inner conductor a 
0.020-inch silver-plated 18-8 stainless steel wire. This 
arrangement proved to be satisfactory, though before 
the inner conductor was silver-plated, rf power dis- 
sipation caused thermal expansion of the inner con- 
ductor sufficient to produce annoying variations in rf 
level at the transducer. Signal leads were 0.005-inch 
Teflon-insulated copper wire, run inside a second stain- 
less steel tube and connected to the exterior of the 
cryostat via a multipin glass-to-metal lead-through. 
A copper-constantan thermocouple attached to the 
sample holder communicated with the outside of the 
cryostat via a length of ceramic tubing. 

A shielded impedance-transforming network was 
placed on the cryostat top flange to match the input 
impedance of the rf power line to the 50-ohm trans- 
mission line from the rf generator. A coaxial receptacle 
was also provided for connection to a vacuum-tube 
voltmeter (Hewlett-Packard type 410B) with which the 
radio-frequency voltage at the top of the stainless 
steel line was monitored. 


(e) Power and Measuring Circuits 

A block diagram of the experimental circuitry is 
shown in Fig. 4. The radio-frequency source driving the 
transducer is modulated at an audio-frequency, and 
the acoustoelectric effect appears as a voltage at this 
frequency between two of the contacts on the sample. 
A low-noise amplifier and a phase-sensitive detector are 
used to measure the voltage from each contact to 
ground. The amplifier is provided with a calibrated 
attenuator with a range of 80 db, enabling measure- 
ment of signal strength over a wide range of amplitude; 
with a 1-sec time constant, a signal-to-noise ratio of 
unity corresponded to a signal of approximately 5X 10-7 
v rms. Low-pass filtering is provided at the amplifier 
input to block picked up rf signals. 

Since the acoustic power is modulated, the heat 
generation at the absorber has an ac component, 
giving rise to temperature fluctuations and consequent 
thermoelectric voltages at the modulation frequency Q. 
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It is easily shown, however, that these voltages will 
diminish as Q-! if measured between the heat source 
(absorber) and another point on the sample, and will 
additionally be multiplied by exp[—«(Q/2D)!] if both 
contacts are at least a distance « away from the heat 
source (here D is the heat diffusion constant). On the 
other hand, the acoustoelectric effect is independent 
of 2. Thus the choice of Q is dictated by the require- 
ment that at this frequency the ac thermoelectric 
voltages be negligible. The value chosen was 10 kc/sec, 
but it was verified that lowering 2 by a factor of 20 
changed the readings by only about 5%—and that in a 
somewhat erratic fashion more characteristic of general 
apparatus noise than of systematic frequency de- 
pendence. 

The rf driving power, at a frequency near 20 Mc/sec 
or near 60 Mc/sec, was supplied by a plate-modulated 
oscillator capable of producing 75 watts. This enormous 
excess over the power actually needed was convenient 
in that it made matching problems much less critical. 
The modulation percentage, the knowledge of which is 
required for computing the absolute value of the 
acoustoelectric effect, was measured by oscilloscopic 
inspection of the modulation trapezoid. 

Provision was also made to connect the signal leads 
to a dc potentiometer for measuring thermoelectric 
voltages, the application of which will be discussed in 
the next section. Alternatively, a calibrated audio 
current (3.2 kc/sec) could be passed between the end 
contact and ground, with a tuned audio potentiometer 
measuring the resulting voltage between the two center 
contacts. This provided a sample resistivity measure- 
ment independent of thermoelectric voltages. 


6. EXPERIMENTAL PROCEDURE 


The acoustoelectric effect was obtained by measuring 
the voltage from each electrode to ground. Only differ- 
ences between these voltages were considered signifi- 
cant, though in fact pickup was at a sufficiently low 
level so that the absolute voltage on the first contact 
was usually considerably smaller than the voltage 
difference between contacts. It was also verified that 
the sign of the voltage was such as to indicate a drag 
on the electrons in the direction of the wave. 

With an acoustic power influx of the order of } watt, 
a temperature difference of a few degrees exists between 
the active region of the sample and the copper holder. 
To avoid uncertainties in temperature measurement 
from this cause, the resistivity of the sample (calibrated 
against the thermocouple in the absence of acoustic 
power) was used as a thermometer. This method failed 
near the resistivity minimum that each sample ex- 
periences somewhere between 20°K and 150°K, but 
here a fairly reliable estimate of temperature was 
afforded by assuming that the temperature rise relative 
to the thermocouple was the same as at somewhat 
higher and somewhat lower temperatures. 

The acoustic power flowing through the sample was 
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measured by observing the dc thermoelectric voltage 
developed by the flow of heat from the absorber to the 
area near the driving end where the sample touches the 
copper mounting, then shutting off the rf and dupli- 
cating this thermoelectric voltage by putting dc power 
into the heater attached to the absorber. This is a 
direct substitution method and would be exact if all 
the rf input power were dissipated in the absorber, 
and/or if there were zero thermal conductance from 
the sample to the bath other than at the mounting 
point. The first hypothesis is untenable because of 
dissipation at the driving crystal, whereas the second is 
obviously also not exactly true. The result is that the 
heat generated at the seal causes some reverse thermal 
gradient along the sample, leading to an underestimate 
of the acoustic power and a consequent overestimate of 
the acoustoelectric effect. By a careful study of the 
thermal properties of the assembly it was found that 
this systematic error is of the order of 10%. The results 
to be reported have had this correction applied to them 

It is to be noted that although thermoelectric and 
acoustoelectric voltages were measured between the 
same contacts, the former was negligible at the modu- 
lation frequency, whereas the latter was usually neg- 
ligible at dc. Under conditions of very large acousto- 
electric effect, however, it was necessary to correct the 
dc potentiometer reading for it. In this connection it is 
important to realize that the two voltages have opposite 
sign. 

7. RESULTS 
(a) Location of Valleys 


It was mentioned in Sec. 3 that for valleys with 
(111) symmetry no acoustoelectric effect should appear 
for a shear wave propagating in the (110) direction and 
polarized in the (110) direction. In order to check the 
experimental procedure, a special sample was made 
whose length was oriented in the (110) direction, with 
the sides, respectively, (110) and (001) planes. It was 
indeed found that no acoustoelectric voltage could be 
detected under the above circumstances; a 90° rotation 
of the transducer, which polarized the wave in (001), 
immediately produced a “normal” effect (in this case 
~ 20 times noise). 

If this is interpreted as an absolute null result for 
the (110)-(110) wave, it is interesting to ask what con- 
clusions can be drawn from it about the location of the 
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valleys if their (111) orientation is not assumed a priori. 
If the position of the valleys is taken as arbitrary, one 
needs not two, but six deformation-potential constants 
to express the energy in an arbitrary strain. It can be 
shown that the above null result proves that either the 
valleys are on the (111) axes or that two accidental 
linear relations hold between the six deformation poten- 
tial constants. One might argue that such an “accidental 
degeneracy” is quite unlikely. In the present situation, 
however, the whole question is somewhat academic, 
since the orientation of the valleys in germanium is 
already established beyond any reasonable doubt. 

What is perhaps a more significant result, namely 
that the valleys are actually at (or very close to) the 
Brillouin zone edge, arises from the analysis of phonon 
intervalley scattering in this experiment. This subject 
will be discussed in a later section. 


(b) Deformation Potential =, 


The acoustic charge g, or equivalently the deforma- 
tion potential =,, appears in the expression (3.9) for 
the acoustoelectric field together with another un- 
known rr. The two may be obtained separately by 
measuring E at two frequencies. To do this it is, how- 
ever, necessary to work at high enough frequencies so 
that the denominator term (wr)? is appreciable or that 
the diffusion term [see Eq. (3.8) ] forms an appreciable 
contribution to rz. Otherwise E is simply proportional 
to the product w*g*7, and no additional information can 
be gained by varying the frequency. 

It was found by comparing data near 20 Mc/sec and 
near 60 Mc/sec that the purest sample at low tempera- 
tures indeed showed a significant deviation from a w? 
law, so that the acoustic charge could be evaluated. 
The result is 

|=. | =16 ev+10%, 


in good agreement with independent estimates.’® 

One may note that the deviation from an w* law 
essentially provides an absolute calibration of the 
system in terms of time. Thus any systematic error in 
measuring the acoustoelectric effect (such as might be 
due to a systematic error in measuring the acoustic 
power, the modulation percentage, or the amplifier 
sensitivity) will only affect the value =,, but will leave 
invariant the calculated intervalley scattering times. 


(c) Intervalley Scattering Rate 


With g known, each experimental point can be used 
to compute the relaxation time vr. Further, since the 
electron diffusion constant as a function of temperature 
and doping is known,'* the intervalley scattering time 
can be obtained from (3.8). In all but a few cases the 
diffusion contribution was, in fact, negligible. 

Figure 5 shows the intervalley scattering rate R=7~! 
for each of the five samples plotted as a function of 


18 P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
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Fic. 5. Intervalley scattering rate for five samples, as a function 
of temperature. The circles are experimental points; the dashed 
line represents scattering due to phonons; the solid line includes 
contributions of ionized and neutral impurities. 


temperature. It is seen that at the higher temperatures 
R rises with temperature, and that in this region the 
curves of all the samples (and especially of the purer 
ones) come together. We therefore attribute that part 
of the curve predominantly to phonon processes. On 
the other hand, the low-temperature rates are obviously 
quite different for the various samples, indicating that 
an impurity-dependent mechanism is in operation. We 
proceed now to the detailed interpretation of these 
curves. 


8. INTERPRETATION: PHONON SCATTERING 


If we assume that the valleys lie at the points where 
the (111) axes intersect the surface of the Brillouin 
zone, we find that a phonon which connects any two 
valleys must have a momentum vector whose terminus 
is at an intersection of a (100) axis and the surface of 
the zone. At this point the six phonon branches are 
degenerate in pairs, so that three energies are available. 

For a simplified model in which only one phonon 
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energy is considered, the intervalley transition proba- 
bility for an electron of energy ¢€ above the minimum 
can be written™ 

— 


? 


exp(0/T)—1 
[(e/KO)—1]}! or 0 
Py 
1—exp(— @/T) 





where KQ is the phonon energy and w» is an interaction 
constant. The first term in the braces is for phonon 
absorption, the second (which is zero for e<KQ@) for 
phonon emission. When averaged over the Boltzmann 
distribution, the two terms become the same, so that 
we obtain 


R=2w2[ (e/KO)+1]}!)s/[exp(O/T)—1], (8.2) 


where ( )g denotes a Boltzmann average. In principle, 
the average should include the Bose denominator, 
since K@ depends on the exact momentum difference 
between initial and final states. In fact, however, the 
phonon energies either leave the (100) point with zero 
slope, or else in two branches of equal and opposite 
slope, so that to first order this consideration may be 
neglected. This is consistent with writing 7 as a function 
of energy alone in the first place. 

The Boltzmann average can be performed exactly, 
yielding 


R= —we(rt/2)'H,™ (if) sinh, (8.3) 


where (= ©/2T and H, is the Hankel function. For 
T<0, this has the asymptotic behavior 


R~ 2w2 exp(—0/T), (8.4) 


which is obvious from (8.2). For T>>0, on the other 
hand, R becomes proportional to 7!, which is the 
characteristic behavior of, for example, a simple mo- 
bility theory. 

If we should try to match the ‘“one-phonon” ex- 
pression (8.3) to experimental points, we would obtain 
a value of © which is an average over the actual phonon 
energies, with heavy weighting of the lowest available 
energies (since at low temperatures these will be much 
more highly excited). 

We find that a good match is possible using (8.3) for 
the high temperature portion of the purer samples. The 
parameters thus obtained are 


@=315°K+10%, 


We= 10!!2°3 sec}, 


The curve obtained by substituting these values into 
(8.3) is shown as the dashed line on the graphs of 
Fig. 5. 

The phonon energy thus obtained corresponds to a 
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phonon frequency of 6.6X 10!" sec—!. This is in excellent 
agreement with the frequency of the two degenerate 
longitudinal phonons obtained from neutron scatter- 
ing.’ The previously given argument would, however, 
lead us to expect a value close to the transverse acoustic 
phonon, whose energy is lower” by almost a factor of 3. 
We can understand our result by realizing that, for 
valleys at the zone edge, the transitions involving this 
low-energy phonon are forbidden.’® The fact that we 
do not observe it is thus strong evidence for the existence 
in germanium of only four, rather than eight, valleys. 
The observed value of w2 is conveniently discussed 
by computing the ratio w2/w;, where w; is the coupling 
constant to “intravalley” phonons as defined by 
Herring." This ratio turns out to be about 0.02. It was 
estimated by Herring that a value of 0.3 for this ratio 
is necessary to explain the deviation of the temperature 
dependence of electron mobility from a T~! law on the 
basis of intervalley scattering; our results therefore 
show that the explanation for this deviation must be 
sought elsewhere. This also supports the conclusion of 
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9. INTERPRETATION: IMPURITY SCATTERING 
(a) Ionized and Neutral Impurities 


The intervalley scattering not accounted for by the 
phonon process must be attributed to impurities. This 
interpretation is supported by the obvious qualitative 
correlation with sample doping shown by Fig. 5. 

In attempting to make this interpretation quantita- 
tive over this large temperature range, the distinction 
between ionized and neutral donor impurities must be 
kept in mind. The concentration of each of these, as a 
function of temperature and for each sample, is known 
independently ; the first from the resistivity and known 
mobilities, the second by subtraction from the asymp- 
totic concentration of ionized donors approached at 
high temperatures. In these calculations the possibility 
of compensation was ignored, since for all samples, and 
down to the lowest temperature used (i.e., 20.4°K), 
the quantity log(N?/No) plotted against 1/T showed 
an activation energy close to 0.0127 ev, the known 
ionization energy of the arsenic donors.” The symbols 
N, and No stand, respectively, for ionized and neutral 
donor concentrations. 

It was found not to be possible, in general, to in- 
terpret the intervalley scattering rate at a given tem- 
perature (over and above the phonon scattering) as 
being due to either ionized or neutral impurities alone; 
that is, the rate was proportional neither to V, nor 
to No. A good fit could be produced, however, by 
writing 
_— Rimp=A(T)N44+B(T)No, 

1B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747 


(1958). 
*” T. H. Geballe and F. J. Morin, Phys. Rev. 95, 1085 (1954). 
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Fic. 6. Intervalley scattering rate per unit impurity concentra- 
tion as a function of temperature. Curve A is for ionized arsenic 
donors, curve B for neutral arsenic donors. 


thus matching, at a given temperature, the five samples 
with two parameters A(T) and B(T). The resulting 
curves are indicated in Fig. 5, while Fig. 6 shows the 
values of A(T) and B(T) thus obtained. These are to 
be interpreted as intervalley transition rates per unit 
concentration of ionized and neutral donors, respec- 
tively. 


(b) Intervalley Scattering by Coulomb Field 

In order to interpret these empirical factors, we must 
examine the available mechanisms for intervalley scat- 
tering by impurities. It is easily shown that direct 
scattering by the Coulomb field, which is responsible 
for the large (intravalley) scattering encountered in 
mobility theory, is negligible in the case of intervalley 
processes; the latter involve a very large momentum 
change, whereas the Coulomb field is ‘“‘gentle.”” Thus 
using the plane-wave matrix elements of the Coulomb 
field, one estimates the ratio of intervalley to intra- 
valley scattering by this mechanism to be (K7/6&,)? 
where & is an energy of the order of the width of the 
conduction band. A numerical substitution, using intra- 
valley rates derived from mobility, then yields an 
estimate orders of magnitude smaller than what we 
observe. 

It is to be noted that the above argument applies 
equally to direct scattering by ionized or by neutral 
donors, since the very short-wavelength Fourier ele- 
ments involved are independent of the shielding pro- 
vided by the bound electron at or about the effective 
Bohr radius of the donor state. 
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(c) Exchange Scattering 


The interpretation of the transition rate B(T) in- 
volving neutral donors can be made in terms of exchange 
scattering. The ‘duration of a collision” for our case 
is of the order of 10~" sec, and for this length of time 
the bound electron may be considered to be in a par- 
ticular (but, of course, random) valley. If this valley 
differs from that of the incoming electron, and if an 
exchange process occurs, we have what amounts to an 
intervalley transition. Thus the cross section for this 
process should be just three-quarters of the exchange 
cross section. 

Note that, notwithstanding the identity of the two 
electrons, the experiment measures a pure exchange 
cross section. The situation is analogous to an atomic 
scattering experiment in which the incoming electrons 
have polarized spin, only outgoing electrons with 
changed spin are detected, and spin-orbit interactions 
are negligible. 

It would be interesting to use effective-mass theory 
to relate our observed B(T), which is a Boltzmann 
average of the velocity—cross-section product, to ex- 
change cross sections of electrons on atomic hydrogen. 
Unfortunately, not enough is known about the atomic 
process to make such a comparison valuable. To our 
knowledge no experiment has been done that would 
measure the exchange cross section. The available 
theoretical calculations for this energy range,”! on the 
other hand, have used variational principles which 
evaluate singlet and triplet cross sections, but not the 
actual scattered amplitudes; thus the exchange cross 
section remains unknown. In addition to this, a defect 
in the theory is indicated by the strong disagreement 
with experimental measurements” of the total scat- 
tering. 


(d) Ionized Donors: Capture and Re-Emission 


We interpret the apparent intervalley scattering by 
ionized impurities, characterized by the rate A(T), as 
the capture of an electron in a bound donor state 
followed some time later by re-emission into a new 
valley. This appears to be the only way in which the 
very small intervalley matrix elements of the Coulomb 
field can gain sufficient time to act. Of course, as one 
electron is captured to begin this process, another one 
nearby is re-emitted, so that from the point of view of 
the conduction band this constitutes an instantaneous 
intervalley transition. 

The actual history of an electron between capture 
and re-emission involves a complex cascade among the 
various excited states. We shall not attempt to describe 
it in detail, but only indicate some of the simple inter- 
pretations which the data allow. 


21H. S. W. Massey and B. L. Moiseiwitsch, Proc. Roy. Soc. 
(London) A205, 483 (1951). 
2 B. Bederson, Bull. Am. Phys. Soc. Ser. II, 3, 39 (1958). 
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(e) Valley Changes in Ground State 


” 


As is well known,” the “1s” state of a donor in 
germanium consists of four levels, this number corre- 
sponding to the number of valleys in the conduction 
band. The four are degenerate in effective-mass approxi- 
mation, but are actually split into a singlet and triplet 
by what we call the valley-orbit interaction. Each of 
these four states is a superposition of the four valleys 
and does not belong to any particular one. Thus 
“valley” is not a good quantum number unless the 
valley-orbit splitting vanishes. 

Consequently, if we place an electron in the “1s” 
orbit and simultaneously in a known valley, it will not 
be in a stationary state, but in a linear combination of 
singlet and triplet. Since the singlet and triplet wave 
functions have different energies, they will change their 
phase in time at different rates. Thus at a later time the 
electron will be in a different linear combination of 
singlet and triplet, corresponding to a different valley 
(or, in general, combination of valleys). It is clear that 
the characteristic rate at which these changes occur is 
5E/h, where 6E is the valley-orbit splitting of the state. 

It can be shown that if an electron has probability 
dt/7 of leaving the state in any time interval dt, the 
probability that its initial and final valleys will differ is 


8 (v7)?/[1+ (vt)? ], (9.1) 


where v=6E/h. That the limit of this probability for 
large v7 is §, rather than ? (as one might expect on the 
basis of complete randomization of valleys), is due to 
the absolute phase coherence of the three component 
states of the triplet. In actual fact, this coherence will 
ultimately be destroyed by noncubic perturbations 
(such as vibration, including zero-point vibration, of 
the lattice), but for this a much longer time is required. 

Let 1/7* be the characteristic rate of electrons 
leaving the ground state in a valley which differs from 
the initial one; we then have 


1 1 3/f (v7)? 3 /bE 

shar si(4) 

™* 7 8\1+(v7)?7 16\% 
We shall now use the last inequality in interpreting the 
experimental data. 


(9.2) 


(f) Magnitude of Valley-Orbit Splitting 

The quantity A(T)N4 gives the rate of intervalley 
scattering processes by ionized donors per electron in 
the conduction band. By virtue of detailed balancing, 
we can obtain the same rate per captured electron by 
multiplying AN, by N4/No. Since N,?/No is inde- 
pendent of doping, the new rate is too (as indeed it 
should be). The value of AN,2/No, as calculated from 
the experiment, is plotted as a function of temperature 
in Fig. 7. 


3 W. Kohn, in Solid State Physics (Academic Press, Inc., New 
York, 1957), Vol. 5, p. 258. 
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Fic. 7. Intervalley scattering rate, per electron captured on a 
donor, as a function of temperature (see text). 


Since the valley-orbit splitting represents a failure 
of the effective-mass approximation, it will certainly 
be greatest for the state whose wave function is local- 
ized in the smallest volume, namely the ground state. 
It follows that the fastest way in which a captured 
electron can change its valley is to jump immediately 
to the ground state, spend only as much time there as 
is necessary to change valley, and immediately return 
to the conduction band. Any additional cascading is a 
“waste of time” in that it puts the electron in states of 
lesser valley-orbit splitting. The actual rate AN,?/No 
must be smaller than this maximum rate; therefore 


AN,2/No<1/1*< 3 (6E/h), (9.3) 


where use has been made of the inequality (9.2) 

We conclude that the observed data provide a lower 
limit on the valley-orbit splitting of the ground state. 
Since the largest value of AN,?/No reached is 5X10" 
sec!, we obtain 

8E> 0.0017 ev. (9.4) 


(g) Capture Cross Section 

The preceding discussion makes it clear that the rate 
A(T) is a product of (a) the rate at which electrons are 
captured by donors and (b) the probability that, once 
captured, the electron will emerge in a valley which 
differs from its original one. The probability (b), given 
by (9.1), depends on the particular bound state both 
through its valley-orbit splitting v and through 7, the 
length of time the electron spends in it. We can thus 
think of the rate A as being a Boltzmann average of 
the product of electron velocity and donor capture 
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cross section, provided the latter is defined to include 
capture processes into all states up to the excited state 
for which v7~1. Higher states will not be effective in 
producing intervalley transitions, since the time which 
an electron spends there is too short relative to the 
valley-orbit splitting of the state. 

Now since re-emission is a thermally excited process, 
its rate should increase with temperature, so that 
warming the sample should decrease 7 for all states. It 
follows that as the temperature is raised, deeper-lying 
states are required for valley change to proceed, this 
being reflected in the very sharp drop of the A versus T 
curve (Fig. 6). 

It is possible to make an interesting comparison of 
our results with the donor capture rates measured by 
Koenig.* His work was done at lower temperatures, 
but a rough extrapolation can be made to 20°K, with 
the result that our rate A(20°) implies a cross section 
some thirty times larger than his. According to the 
theory of Lax,?® Koenig’s cross section should include 
all capture processes into states which are below the 
continuum by ~KT or more, which at 20°K means 
states up to n=3 or so. It therefore follows that at this 
temperature states of considerably higher m are still 
effective for intervalley transitions. This is not sur- 
prising in view of the result (9.4) for the ground state 
and the fact that for the various hydrogen-like s orbits 
we may expect the valley-orbit splitting to go as n~. 
Presumably a more precise prediction of effective inter- 
valley capture cross-section could be made by combining 
the cascade theory of Lax with the criteria outlined in 
the previous paragraphs. 
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APPENDIX: ULTRASONIC ATTENUATION 
BY FREE CARRIERS 


It was first pointed out by Blatt®* that the rearrange- 
ment of electrons in germanium among the various 


%S.H. Koenig, Phys. Rev. 110, 988 (1958). 

26M. Lax, Proceedings of the 1958 International Conference on 
Semiconductors (J. Phys. Chem. Solids 8, 66 (1959) ]. 

*6 F. J. Blatt, Phys. Rev. 105, 1118 (1957). 
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Fic. 8. Predicted acoustic attenuation due to free electrons, 
as a function of temperature, for three hypothetical samples of 
germanium. N, is the concentration of arsenic donors. 


valleys under the influence of an acoustic wave can be 
expected to produce some attenuation of the wave. 
Weinreich?” showed that this attenuation is closely 
related to the acoustoelectric effect; in fact, the dis- 
cussion given in Sec. 2 of the present paper allows us 
to predict the attenuation quantitatively. Figure 8 
gives this prediction for hypothetical samples of three 
different arsenic donor concentrations. 

It is to be noted that whereas the acoustoelectric 
effect is (for a given intervalley scattering rate) inde- 
pendent of the carrier concentration but proportional 
to the acoustic power, the attenuation coefficient is of 
course independent of power but proportional to the 
density of carriers. Thus at higher temperatures, where 
the intervalley scattering is due to phonons, the attenu- 
ation is highest for the highest sample doping. At inter- 
mediate temperatures, where A(T) is the important 
contribution to R, the attenuation is approximately 
independent of doping, since an increase in carrier 
concentration causes a proportional increase in R; 
whereas at very low temperatures, where B(T) becomes 
dominant, the least doped samples have the highest 
attenuation (since an increase in free electron concen- 
tration entails a more than proportionate increase in 
neutral donors). 

Unfortunately, it is seen that the absolute values of 
attenuation are all quite small, so that an experimental 
measurement would be rather difficult. 


27 G. Weinreich, Phys. Rev. 107, 317 (1957). 





PHYSICAL REVIEW VOLUME 


11 


4, NUMBER 1 APRIL 1, 1999 


Exciluded-Volume Problem and the Ising Model of Ferromagnetism 
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The relationship between the excluded-volume problem for a discrete random walk on a lattice and the 
corresponding Ising model of ferromagnetism is investigated. Systematic methods are presented for the 
construction of rigorous lower bounds to the limit w=limn+<(Cn41/cn), where c, is the number of n-step 
self-avoiding walks on a given lattice. In this way Temperley’s conjecture that u=coth(J/kTc), where Tc 
is the Curie temperature of the corresponding Ising-model ferromagnet, is disproved. The series ¢, for 
various two- and three-dimensional lattices have been enumerated exactly for values of m from ten to 
twenty. Extrapolation of these series, by procedures known to be valid from exact Ising-model results, 
yields more accurate values of » than Wall’s statistical calculations and also shows that c,~n%u" where 
a™1/3 for plane lattices and a~1/7 for three-dimensional lattices. This means that the entropy of the 
nth “link” of a polymer molecule in solution should vary as 6S,=k Inu+ka/n. The relevance of these 
results to the interpretation of the boundary tension of the Ising model, to the critical behavior of gases, 
and to the mean square size of a polymer molecule is discussed briefly. 





1. INTRODUCTION AND SUMMARY 


N this paper we investigate the “excluded volume 
problem” for discrete random walks on two- and 
three-dimensional lattices and discuss the relationship 
of this problem to the configurational properties of the 
corresponding Ising lattice models of a ferromagnet. 
In the discrete “excluded volume problem” one studies 
a random walk of m steps which proceeds from one 
lattice point to the next via one of the g=o-+1 “‘bonds”’ 
radiating from each point. (In the simplest cases the 
bonds are supposed to exist only between lattice points 
which are geometrical nearest neighbors.) The walk is 
subject to the restriction that it may pass only once 
through any lattice point, i.e., it must be self-avoiding 
or non-self-intersecting. Interest centers on determining 
Cn, the total number of self-avoiding walks; u,, the 
number of closed, polygonal, self-avoiding walks; and 
(R,2), the mean square “‘size” or ‘“‘end-to-end length” 
of all n-step walks with no self-intersections. 

The excluded-volume problem is of intrinsic theoreti- 
cal interest since it represents a stochastic process of a 
non-Markovian character and relatively little is known 
about the nature of such processes. Thus, while for 
any Markovian random walk (R,”)/n tends to a finite 
limit as m becomes infinite? the true asymptotic 
behavior of (R,”) for a self-avoiding walk is not known— 
although the question has been studied by many 
authors.2-” A non-self-intersecting random walk is a 

1S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 

2E. W. Montroll, J. Chem. Phys. 18, 734 (1950). 

3 Wall, Hiller, and Wheeler, J. Chem. Phys. 22, 1036 (1954); 
Wall, Hiller, and Atchison, J. Chem. Phys. 23, 913 (1955); 23, 
2314 (1955); 26, 1742 (1957); Wall, Rubin, and Isaacson, J. 
Chem. Phys. 27, 186 (1957). 

4E. Teramoto, Proceedings of the International Conference on 
Theoretical Physics, Kyoto and Tokyo, September, 1953 (Science 
Council of Japan, Tokyo, 1954); G. W. King, National Bureau of 
Standards Applied Mathematics Series AMS 12, June, 1951 
(U. S. Government Printing Office, Washington, D. C.); M. N. 
Rosenbluth and A. W. Rosenbluth, J. Chem. Phys. 23, 356 (1955). 

5 Hermans, Klamkin, and Ullman, J. Chem. Phys. 20, 1360 


(1952). 
6R. J. Rubin, J. Chem. Phys. 20, 1940 (1952) ; 21, 2073 (1953). 
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reasonable model of a long-chain polymer molecule in 
a dilute solution. Knowledge of c,, the total number of 
walks, yields information about the configurational 
entropy of such a molecule,” and the asymptotic form 
of (R,”) is of great interest in the interpretation of the 
molecular weight dependence of the viscosity of dilute 
polymer solutions.” The theory of self-avoiding walks 
is also applicable to a class of Brownian motion and 
diffusion problems in which the passage of the diffusing 
particle alters the properties of the medium. 

In a recent paper Temperley™ has drawn attention 
to the relation between the problem of enumerating 
non-self-intersecting walks on lattices and the statistical 
mechanics of lattices with nearest neighbor inter- 
actions.'® More particularly Temperley concluded that 
there was a close connection between the excluded- 
volume problem for walks on the plane square lattice 
and the corresponding Ising model for ferromagnetism" 
whose solution has been elucidated by Onsager.'’ If 
some such relationship could be established rigorously, 
there would be hope of a considerable advance in our 
understanding of the excluded-volume problem since, 
following Onsager’s exact solution, a considerable body 
of literature on the Ising model for various lattices has 
grown up.'&” Unfortunately, as has been shown in 

7Zimm, Stockmayer, and Fixman, J. Chem. Phys. 21, 1716 
(1953). 

8H. B. James, J. Chem. Phys. 21, 1628 (1953). 

9 F. Bueche, J. Chem. Phys. 21, 205 (1953). 

10M. Fixman, J. Chem. Phys. 23, 1656 (1955) ; 24, 174 (1955). 

1 W.R. Krigbaum, J. Chem. Phys. 23, 2113 (1955). 

2 Pp. J. Flory, Principles of Polymer Chemistry (Cornell Univer- 
sity Press, Ithaca, 1953), Chap. 24. 

13H. N. V. Temperley, J. Research Natl. Bur. Standards U. S. 
56, 55 (1956). 

4H. N. V. Temperley, Phys. Rev. 103, 1 (1956). 

16T, L. Hill, Statistical Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1956), Chap. 7. 

16 G. F. Newell and E. W. Montroll, Revs. Modern Phys. 25, 
353 (1953). 

17, Onsager, Phys. Rev. 65, 117 (1944). 

18 G. H. Wannier, Phys. Rev. 79, 357 (1950). 

19 R. M. F. Houtappel, Physica 16, 425 (1950). 

*” J. Syozi, Progr. Theoret. Phys. (Kyoto) 6, 306 (1951). 
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the investigations described below, it turns out that 
the two problems are not nearly as closely related as 
might have been hoped. Nonetheless, it has proved 
possible to draw certain further conclusions about the 
excluded-volume problem, although much still remains 
to be discovered. 

Temperley’s main conjecture concerned the value of 
the “attrition coefficient” or “limiting entropy per 
step” for a non-self-intersecting walk on the plane 
square lattice. The “attrition coefficient” was first 
defined by Wall, Hiller, and co-workers,’ who have 
undertaken extensive numerical studies of self-avoiding 
walks by statistical methods. (Other numerical investi- 
gations have been made by Teramoto, by King, and by 
Rosenbluth and Rosenbluth.*) Wall et al. observed 
that the fraction of random walks which survived to 
n steps without a self-intersection appeared to diminish 
according to a simple exponential law. The rate constant 
in this law depended on the lattice and was called the 
“attrition coefficient.” The exponential survival law is 
equivalent to the statement that the ratio y,=Cn/Cn—1 
of successive total number of walks approaches a 
finite limit as m tends to infinity. That this should 
be so is by no means obvious mathematically but 
Hammersley” has been able to justify the assumption 
rigorously. The limiting ratio, 


w=lim (¢,/Cn-1), (1) 


nD 


represents the average number of allowable next steps 


for a long walk. Thus on the first step of a walk there 
are g possibilities, on the second step ¢=q—1 possibili- 
ties, and it seems intuitively evident that the mean 
number of possibilities decreases successively and 
approaches the limit uw. (In fact, however, the decrease 
in the ratios y, need not be strictly monotonic, and 
on certain structures v, may be less than uw for some 
even though y, tends to uw in the limit.) By analogy 
with a polymer molecule Temperley has called the 
quantity 6S,= Inu the “limiting entropy per link,” 
(k here denotes Boltzmann’s constant.) On the basis 
of the solution of certain combinational problems and 
a comparison with similar problems arising in the 
Ising problem, Temperley" concluded that the value 
of w for a plane square lattice should be exactly 
1+v2~2.4142. This corresponds to the critical value of 
“high-temperature counting variable” 


v=tanhK = tanh(J/kT) 


(in the notation of Newell and Montrol!"*). In general 
Temperley’s conjecture amounts to 
=o, w=coth(J/kT¢), (2) 


214. J. Wakefield, Proc. Cambridge Phil. Soc. 47, 799 (1951). 

2 C. Domb and M. F. Sykes, Proc. Roy. Soc. (London) A240, 
214 (1957). 

23 More precisely Hammersley has shown that limn™ Inc,=Inu 
(n — «) exists. J. M. Hammersley and K. W. Morton, J. Roy. 
Statist. Soc. B16, 23 (1954) ;S. R. Broadbent and J. M. Hammers- 
ley, Proc. Samuel Phil. Soc. 53, 629 (1957) ; ; J. M. Hammersley, 
Proc. Cambridge Phil. Soc. 53, 642 (1957). 
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and where T¢ is the ferromagnetic critical point or 
Curie temperature for the appropriate Ising lattice. 

Now upper bounds v«) for the excluded volume limit 
u may be obtained by considering restricted random 
walks which are only allowed to intersect themselves 
after k steps (k= 2,3,4, ---), i-e., walks with no reversals 
(k= 2), with no triangles and no reversals (k=3), with 
no squares, triangles, or reversals (k=4), and so on. 
These limited problems may be solved exactly by the 
detailed matrix method? or, more simply, if only the 
upper bound vq@) is required, by direct construction 
and solution of a recurrence relation for ¢j%)n, the total 
number of &th-order restricted walks (see Appendix A). 
The limiting ratio, 


v«)=lim (Cceyn Ce) n-1), (3) 


nD 


is then obtained as the largest root of a characteristic 
polynomial (of degree at least k—1). Evidently 


Vey >My; (4) 


since the number of walks with no self-intersections 
cannot increase at a faster rate than the number of 
walks in which intersections after k steps are allowed. 
Each lattice and each value of k must be considered in 
detail, and the calculations are impractical if k& is 
much greater than 5 although Wakefield™ has actually 
constructed the recurrence relations for the square net 
up to k=8, for which case he obtained an equation of 
45th order. A modification of the method which avoids 
the explicit construction of such high-order recurrence 
relations is explained in Appendix A. It is based on 
exact enumeration (see below) and has enabled us on 
the square net to calculate v(i2) for which the recurrence 
relations would be of order about 800.%° The upper 
bounds obtained in these various ways are quite 
rigorous and for all lattices they are consistent with 
the conjecture (2). 

Systematic methods for obtaining /ower bounds to p, 
on the other hand, have not previously been developed. 
In this paper we show how sequences of increasing 
lower bounds can be obtained in a simple and systematic 
manner. The method depends on the construction of a 
subclass of self-avoiding walks whose asymptotic 
behavior can be calculated exactly. The lower bounds 
Ax and A.) are also then determined as the largest roots 
of appropriate characteristic polynomials. In this way 
it has been proved rigorously that the limit w for the 
plane square net is greater than the value w= 2.4142 

** We are indebted to Professor C. Domb for telling us about 
Wakefield’s unpublished work and to Dr. A. J. Wakefield for 
allowing us to examine his D.Phil. thesis, Oxford, 1951 
(unpublished). Wakefield also obtained the lower bound \= 2.4142 
and the improved lower bound \=2.47 for the square net. 

_*® This upper bound is less than e=2.718 (see Table V) and so 
disproves a conjecture of R. S. Lehman and G. H. Weiss 
[University of Maryland Technical Note BN-115, November, 
1957 (unpublished) T to the effect that u is equal to e on the 
square net. These authors also discuss the probability of a walk 
trapping itself. 





ISING MODEL 
conjectured by Temperley. In fact we have obtained 
the bound 


M210) = 2.5767, (square lattice) 


which is more than 6% greater than the Ising-model 
critical value. The exact critical temperatures are also 
known for the plane triangular- and hexagonal-lattice 
Ising models'*’ and for the Kagomé lattice” (in which 
two triangles and two hexagons meet at each lattice 
point). In all these cases we have proved rigorously that 
u>w. (5) 

Statistical estimates of the exact limits » for various 
lattices have been given by Wall and co-workers.’ 
These are somewhat uncertain due to the difficulties 
of extrapolation and to the sampling errors necessarily 
involved in the statistical estimation procedure. We 
have found it possible to obtain considerably more 
precise estimates for « by counting exactly the total 
number of walks c, for the first ten to twenty values 
of n. The values of c, and u, have been determined for 
the plane square lattice (to m= 16), the plane triangular 
(to n= 10), the plane hexagonal (to n= 22), the Kagomé 
lattice (to n=13), and for the simple cubic (to n=9), 
the body-centered cubic (to m=9) and the face- 
centered cubic (to n=8). The counting is performed 
indirectly with the aid of a special theorem, which 
expresses the series c, (n=0,1,2,---) in terms of a 
certain restricted class of lattice configurations. A 
similar theorem holds for the series expansion of the 
susceptibility of the Ising model** which is, in fact, 
rather similar to the series c,. Reliable extrapolation 
procedures have been developed for handling the 
Ising-model series and these methods have been 
verified by comparing the extrapolations with the 
known exact solutions.” Application of these procedures 
to the random walk problem not only yields accurate 
values of the limiting ratio » but also enables the 
asymptotic form of c, (and u,) to be determined to 
the next order of approximation. Thus it transpires that 


Cn= Any", (6) 


where A is a constant and the index a is about 1/3 for 
all the plane lattices and 1/7 for all the three-dimen- 
sional lattices. This result is equivalent to knowing 
the ‘entropy per link” as a function of m, the number 
of steps, the relation being 


6S,~k Inutka/n, (7) 


which shows that the limiting entropy 6S,, is approached 
relatively slowly although for n>30 the actual magni- 
tude of the correction is negligibly small. The total 
entropy behaves as (”Inu+alnn). In terms of the 
generating function 


C(z)=14+D cn2", (8) 


n=1 


26M. F. Sykes and M. E. Fisher, Phys. Rev. Letters 1, 321 
(1958). 
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the asymptotic form (6) means that C(z) has a singu- 
larity at z=z.=1/y of the form 


C(z)=A/(1—ps)!'**, (9) 


Our extrapolated values of uw agree well with Wall’s 
results for three-dimensional lattices but are about 1% 
lower than Wall’s figures for the plane lattices. This is 
to be expected since Wall’s methods overestimate the 
value of « to this extent when the index a is appreciable. 

The value of the Ising critical parameter w is not 
known exactly for three-dimensional lattices but good 
estimates have been given by Wakefield” and by Domb 
and Sykes.” Rigorous lower bounds for » may also be 
obtained for three-dimensional lattices but (because of 
the larger co-ordination number and the smaller value 
of the index a) they are not as strong as in the case of 
the plane lattices and, so far, no bounds greater than 
the corresponding estimated value of w have been 
derived. The extrapolated values of u for these lattices 
are, however, consistently greater than the values of w 
(by 2% or more) and there seems no doubt that in two 
and three dimensions the excluded-volume limit yu is 
always greater than the corresponding Ising critical 
parameter w. Theoretical arguments in support of this 
conclusion show rigorously that w cannot exceed yw. The 
actual difference between the two parameters is 
essentially due to a negative contribution from the 
overlapping of the “separated” lattice configurations 
(i.e., two or more unconnected polygons or walks) 
which must be included in the Ising problem. 

This general result is also relevant to the inter- 
pretation of Onsager’s work on the “boundary tension”’ 
of the square-net Ising model’? and to the general 
problem of the critical behavior of a liquid. Onsager 
showed analytically that the total free energy associated 
with a ‘‘mismatch seam” between two regions of anti- 
ferromagnetic ordering on the square net vanished 
exactly at the “bulk critical temperature,” and so the 
corresponding ‘‘boundary tension” also vanished at 
this temperature. Now a non-self-intersecting walk on 
the square net can apparently be regarded as a boundary 
between two regions of different order. Temperley™ 
assumed that the free energy directly associated with 
such a boundary should vanish at the same temperature 
as the boundary tension of the corresponding Ising 
model. This is equivalent to the conjecture 4=Wpoundary 
which seemed to be supported by the discovery of a 
restricted class of nonintersecting walks (‘Onsager 
boundaries” or ‘zeroth order progressive walks” 
with no “overhangs’’) for which u’=wpux. On the basis 
of Temperley’s argument, the fact that the true value 
of uw is greater than w would be taken to imply that the 
boundary tension vanishes at a temperature below the 
bulk critical temperature. This in turn would seem to 
support the postulate of Mayer and Mayer*’ that there 
may be two singularities in the partition function of a 

27 J. E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley & Sons, Inc., New York, 1940). 
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liquid, one corresponding to the vanishing of the 
surface tension and the other to the vanishing of the 
density gradient. In fact we feel that our result cannot 
legitimately be interpreted in such a direct manner 
since the argument neglects the “loss in bulk free 
energy due to the presence of the boundary.”’ We hope 
to consider this problem further in another paper. 

The data obtained by enumerating the total number 
of non-self-intersecting walks c, and the corresponding 
number of walks u, which close on the last step, do 
not have any direct bearing on the question of the 
behavior of (R,”), the mean square size of a self- 
avoiding walk. Nonetheless, the ratio 4,41/c, represents 
the probability of a random walk returning to its 
starting point (without actually touching itself) and 
so must contain some information about the distribution 
of end points. Our data indicate that the asymptotic 
behavior of this probability is given by 


(10) 


where, for the three-dimensional lattices, 8 is about 
1.81. For a Markovian walk in three dimensions the 
appropriate value of this index is 3/2. An argument 
given by Fisher®* shows that on the assumption that 
the distribution of end points of a self-avoiding walk 
attains a limiting shape, a value of 8=1.81 implies 
that the mean square size of a self-avoiding walk 
increases as n'+®, where 6 is about 0.21. (For a 
Markovian walk the limiting shape is Gaussian and 6 
is zero.) Wall’s direct statistical calculations of (R,”) for 
various walks in three dimensions lead to 6=0.22 
which agrees surprisingly well with the value obtained 
by merely assuming the existence of a limiting shape 
and using (8). The argument, however, does not 
constitute a proof since, even if the assumption of a 
limiting shape were justified rigorously, it would still 
be necessary to establish the validity of the extra- 
polations for 8 by obtaining strict mathematical bounds. 

In the case of the plane lattices, the terms “, are 
not very smooth and the extrapolations for 8 are more 
difficult to perform. It also seems quite probable that, 
at least in the case of the square lattice, the distribution 
does not attain a limiting shape. 

The detailed arguments leading to the various 
conclusions summarized above are presented in the 
remainder of the paper. The methods for obtaining 
rigorous lower bounds to the value of » on the square 
net are explained in Sec. 2 and the generalizations of 
the methods for other two- and three-dimensional 
lattices is outlined in Sec. 3. The techniques used for 
the exact enumeration of self-avoiding walks are 
sketched in Sec. 4. The numerical values obtained are 
presented in Tables I, II, ITI, and IV. In Sec. 5 the 
procedure used for extrapolating the series is outlined 
and its reliability is demonstrated by applying it to 
similar Ising-model series whose behavior is known 


P,(0)= tn 1/Cn~ a, 


*8 M. E. Fisher, Discussions Faraday Soc, 25, 200 (1958), 
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exactly. The rigorous bounds and the numerical extra- 
polations for the five lattices considered are collected 
together in Table V. Finally, in Sec. 6 the detailed 
relationship between the Ising model and the excluded 
volume problem is considered theoretically. Methods 
for obtaining rigorous upper bounds to yw are explained 
in Appendix A. 


2. LOWER BOUNDS FOR THE PLANE 
SQUARE LATTICE 


To find lower bounds for the limiting ratio » we use 
the following simple lemma: 

Lemma.—If the number of n-step walks in a subclass 
of the total class of non-self-intersecting walks is dn& Cn, 
and if the limiting ratio X=limMn+0(dn41/dn) exists, then 
d is less than or equal to p=lim(Cn41/Cn). (If u were less 
than \, then eventually the subclass of walks would 
become dominant so that Cns:/c, would tend to X, 
which would be a contradiction.) 

An obvious subclass of self-avoiding walks are those 
walks which always proceed in the same direction, but 
this merely shows that «2 1. To improve on this we con- 
sider a “progressive walk of zero order” which (on the 
square net) consists only of steps in the +X direction 
or in the +¥ directions, (the + Y and —Y steps being 
always separated by at least one +X step). Such a 
walk can never “double back” so as to intersect itself 
but merely progresses further and further along the 
positive X axis. After m steps suppose that the total 
number of walks of this type which end in a +X step 
is dn, while the total number ending in a +Y or —Y 
step is bn. Now a +X step may be followed by another 
X step or by a + Y or —Y¥ step, but a Y step must be 
followed by a similar Y step or by a +X step. Thus 
we have 

Onzi=Antbn, 
Bngi=2datdn. 


These recurrence relations may be solved in the 
standard way, say by assuming a,= AX" and b,= BA". 
The asymptotic behavior is determined by the largest 
root of the characteristic equation 
i-rA 1 
=0, 


2 be 


(11) 


(12) 


which reduces to the simple quadratic equation 
—2A—1=0, (13) 


with roots \=1+v2. This yields the first lower bound 
for the plane square lattice, namely 


w>Ao=14+-V2=2.4142. (14) 


By coincidence this happens to be identical with the 
corresponding Ising-model limit w= 1-++-v2. Temperley 
called this zeroth order progressive walk an “Onsager 
boundary” and the coincidental equality of \ and w 
seems, unfortunately, to have confirmed his impression 
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that u was also equal to w. To show that this is not so, 
we must consider the next significant order of progres- 
sive walk. This is the third-order walk which arises 
when we allow a simple “kink” or ‘“double-back” 
consisting of the sequence of steps (+X), +Y, —X, 
+Y, +X [see Fig. 1(a) ]. Any zeroth order progressive 
walk ending in a +X step can be continued in the 
form of this kink in at least one way without making a 
self-intersection [see Fig. 1(b)], although if the 
penultimate step is a —Y step the kink must be 
inverted [Fig. 1(c)]. [If the penultimate step also is 
a +X step, the kink can be added in two ways, upright 
or inverted, Fig. 1(d); by neglecting one of these, as 
we shall do now for simplicity, we will merely obtain a 
somewhat weaker lower bound. ] After completing the 
kink in four steps, the walk may take either a +X step 
or a suitable Y step and the argument then proceeds as 
before just as though the kink had not occurred. The 
recurrence relation (11) must thus be modified to 


Any i= Ant+bn+an-4, 
bayi= Zant bat Gn—c. 


The corresponding characteristic equation may be 
written 


(15) 


2_2v—1=1/)?, (16) 


and the largest root is 


A3s= 2.43839, (17) 


This is greater than 1+2, which proves directly that 
the limit uw for the plane square lattice is greater than 
the Ising parameter w. 

To obtain stronger lower bounds one must include 
the possibility of successively more complicated “kinks” 
which take five or more steps to be completed. The new 
types which arise in the fourth order, fifth order, and 
sixth order progressive walks are shown in Fig. 2. The 
details of the general argument are rather involved but 
the basic principle is quite simple. The characteristic 
equation derived from the recurrence relations for the 
kth order progressive walk is 


2— 2A—1=S;(A), (18) 


where S;(A) is a polynomial of &th degree in the inverse 


Y . 
Fic. 1. A simple 


“kink” on the plane x a 


square lattice (a), 
and its addition to 
a zeroth-order pro- 
gressive walk (b), 
(c), and (d). 


ine 


k=6 


Sh5 


rk =4—. 
Pi. 
Fic. 2. The se- | 

quence of higher or- ‘ah 
der “kinks” which 
arise in the fourth-, 
fifth- and sixth-order 
progressive walks on 
the plane square 
lattice. 





powers of A, namely 

k Ss... & 

S)=¥ sa-t=—t—4+—4—4 

j=1 3 4 rd rs 
The coefficients s; are determined by the new types of 
“kink” which arise at the jth stage. The various types 
of kink have to be subclassified according to the 
number of ways they can be added to a walk and 
according to how many Y steps they can be followed 
by. The enumeration, however, is quite straightforward 
and the first half-dozen coefficients s; are easily deter- 
mined. All the coefficients are positive and so the 
greatest roots \; of Eqs. (18) form a strictly increasing 
sequence of lower bounds to u. The coefficients s; have 
been evaluated up to 5; and thus the bounds Ay9= 2.533 
and Ay,= 2.539 have been obtained. 

The decreasing sequence of upper bounds v«) obtained 
by excluding reversals, reversals and triangles, etc., 
will certainly tend to a limit v,, which will be the same 
as the excluded volume limit uw. (Hammersley” has 
stated this theorem but does not offer a formal proof.) 
On the other hand, it is not obvious that the limit of 
the lower bounds \A,,=limA, (k— ~) should be the 
same as yw. This point has not yet been decided by 
rigorous argument and we defer discussion of the 
numerical evidence to Sec. 5 below. 

An alternative method of discussing the higher order 
progressive walks is in terms of generating functions. 
For the same amount of labor this yields rather stronger 
bounds. If the number of walks of a certain type, with / 
X-steps (plus or minus) and m Y-steps, is Pim, then the 
generating function is defined by 


(19) 


P(x,y)= DX Ppimx'y™. (20) 
l,m=0 

On setting x= y=z this becomes P(z), the generating 
function for pr=>ot4m=n Pim, the number of walks of n 
steps of either kind. The asymptotic behavior of p, is 
then determined by the singularity of P(z) which is 
nearest to the origin. If this singularity occurs at z=2,, 
then pr~d" (n— ~), where A=1/z,. For the zeroth 
order progressive walk, the method has been illustrated 
by Temperley.* The generating function for a walk 
consisting of one +X step followed by any number of 
Y steps is 


p=x4+ 2xy+ 2xy’+ 2xy'+ ---=x(1+y)/(1-y), (21) 
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and so the generating function for a zeroth order 
progressive walk or “Onsager boundary” is 


I+y i1+y 1+y 
1+a—+-2x x - 
i—y 


-=)) ¢'=1/(1—9), (22) 


J- y 1 a 7 r—0 
which becomes singular when 
g=x(1+y)/(1—y)=1. 


On setting x=y=1/A this reduces to (13), with the 
root Ay=1+Vv2. To include the simple “kink” of Fig. 1, 
we must modify (21) to 


g=x(1+y)/(1—y)+xyryx(1t+y+y'4+ --- 
=a(1+y)/(1—y)+2°y*/(1—y), 


the factor xyxyx=a*y? in the second term 
accounts for the steps +X, +Y, —X, +Y, +X, 
forming the kink, and the factor 1+y+7*+--- 
= (1—~y)~ allows for any number of +Y steps follow- 
ing the kink before the next +X step occurs. On 
using (24) with x= y=1/) the characteristic equation 
¢=1 reduces, as expected, to (16). However, it is very 
easy to generalize (24) to allow for simple kinks in 
which the “vertical arms” consist of any number of 
Y steps, and also to allow for the fact (neglected before) 
that after a +X step the kink may be added in two 
ways. The result is simply 


(23) 


(24) 


where 


(ity) y y 1 
—-+y x——-x 


i—y 1—», 1-y 


o=x 
i-y 
y YY 1 
x2 —_ yy —_»_—_ 
i~y IF 1-y 


which leads to the characteristic equation 
M— 2A—1= (A+1)/A*(A—1)?. 
This has the solution 
(3) = 2.4997, 


which is a considerably better lower bound than the 
original bound (17). The method may be extended 
systematically by successively including the new shapes 
of kink that arise with 4,5,6, ... steps. Evidently the 
next three new shapes are those illustrated in Fig. 2, 
corresponding to k=6. The corresponding terms in @ 
may be written down immediately and are 
y y 
x2—_y2—_ 3? (1+) 
"ts ims i-y 


y y yey ity 
—r- + 
ef odes i—y 
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This procedure has been extended to include all the 
new types that occur up to k= 10. (If some possibilities 
are omitted in such an enumeration, the only result is 
to lower somewhat the resulting bound.) Solution of 
the characteristic equations then leads to 


\9) = 2.5725, \ 10) = 2.5767. (28) 


This latter bound is the strongest that has been 
obtained so far although it could be improved further 
if required. The best upper bound to y at present 
available is 


vie= 2.712. (29) 


The derivation of this bound is discussed in the 


Appendix. 
3. LOWER BOUNDS FOR OTHER LATTICES 


We now consider lower bounds for other two- and 
three-dimensional lattices. The calculations have not 
been pushed as far as for the square net since the main 
objects were, in the case of the plane lattices, to 
demonstrate that u was greater than w, and in the case 
of the three-dimensional lattices to illustrate how the 
method could be adapted. 

Consider firstly the plane triangular lattice and take 
the Y axis along one of the lattice directions. The other 
two lattice directions have components along the X axis 
and the corresponding steps may, for the purpose of 
obtaining bounds, be considered simply X steps.” 
Thus in the zeroth order progressive w valk on the 
triangular lattice there are two possible ‘‘X steps” at 
each stage and the corresponding “column” generating 
function is 


o=2x(1+y)/(1—y), (30) 


which leads to the characteristic equation 
?—3\—2=0. (31) 
This equation yields the bound 


A\o= 3 (3+17!)= 


which is actually lower than the corresponding Ising 
parameter'*.! 


Triangular lattice: 3.5616, (32) 


w=2+v3=3.7321. (33) 


To obtain a stronger lower bound, it is only necessary 
to include the various simple kinks which have one — X 
step. The extra term in ¢ is 


#(1+y)(1—y')(1+2x)/(1—y)4, 


and the bound obtained from the corresponding 
characteristic equation is 


Triangular lattice: 


2) = 3.8404. (34) 


Triangular lattice: 


This is well above the Ising value (33). 

The plane hexagonal or honeycomb lattice is topo- 
logically equivalent to the “brick” lattice which is 
obtained by deleting every other X bond of the plane 
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square lattice. Using this form of the lattice and 
considering only walks with an even number of steps, 
the generating function for the zeroth order progressive 
walks is easily seen to be 
o=2yx/(1—9*), 


which leads to the simple characteristic equation 


(35) 


(36) 


The corresponding lower bound happens, as for the 
square net, to coincide with the Ising parameter'®; i.e., 


Honeycomb: w=o=V3= 1.7321. (37) 


Inclusion of the simplest kinks with one —X step, 
however, yields the stronger bound 


\ 4) = 1.7872, (38) 


Honeycomb: 


which is again greater than the Ising value. 
The Kagomé lattice” may be treated in the same 
way as the triangular lattice but successive columns of 
Y steps are now separated by two X steps so that the 

“column” generating function is 
= 2x°(1+y)/(1—y). 


This leads to a cubic equation whose greatest root, 


ho= 2.2695, 


(39) 


Kagomé: (40) 


20 


is lower than the appropriate Ising parameter? 


w= 2.2966. (41) 


Kagomé: 


As in the previous cases, inclusion of the simplest kinks 
leads to a stronger bound, 


Kagomé: \ 2)= 2.4453, (42) 


which is greater than the Ising value. 

The lower bounds for all these plane lattices can 
easily be improved by including further shapes of kink 
as was done for the square net. The procedure for 
three-dimensional lattice is, however, rather more 
complicated. Firstly the lattice is divided into parallel 
layers and the progressive walk moves on from one 
layer to the next. Before progressing to the next layer, 
however, the walk may follow any non-self-intersecting 
path on the plane lattice forming the layer. These paths 
are treated as progressive walks on the corresponding 
plane lattice. Consider, for example, the simple cubic 
lattice. On entering a layer for the first time there are 
four possible first steps in the layer and altogether 
twelve distinct second steps. Each of these second steps 
may be regarded as the initial XY step of a zeroth order 
progressive walk on the plane square lattice for which 
the total generating function is 


I+y i at is “i 
(1-2) | 
I= 1—y 


The complete zeroth-order “layer” generating function 
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for the simple cubic lattice is thus 


I+y I+y\"! 

-{ 1—x-— ) . (43) 
l= i—¥ 
The corresponding characteristic equation, ¢=1, re- 
duces to 


o= | 1+-4x-+- 122° 


A4— 3N3— 3\?—3A—8=0. (44) 


Solution of this quartic equation gives the lower bound 


Simple cubic: \o= 4.0456. (45) 


The Ising parameter for the simple cubic lattice is not 
known exactly but extrapolation of the series for the 
susceptibility, etc. (see references 21 and 22 and Sec. 3 
below) shows that w is about 4.58, which is well above Xo. 

To improve the bound (45), the effects of simple 
kinks must be included. The kinks may lie within a 
layer, in which case the argument used for the plane 
square net applies, or the kinks may lie perpendicular 
to the layer, thereby carrying the walk back to the 
previous layer. This leads to considerable complication 
although no essential difficulty arises. Solution of the 
corresponding characteristic equation yields the im- 
proved bound 


Simple cubic: (3)= 4.225. (46) 


This result is appreciably stronger than (45) but still 
quite a long way below the extrapolated value of w. 
Although, as shown by the numerical evidence of Sec. 5, 
the limit yu is certainly greater than the Ising value w, 
the labor which would be required to obtain a rigorous 
lower bound exceeding 4.58 is quite prohibitive with 
the present methods. 

Similar procedures may be applied to the body- 
centered and face-centered cubic lattices. Due mainly to 
the higher coordination number, the bounds so obtained 
are relatively weaker than those for the simple cubic 
lattice. The upper bounds derived by eliminating only 
squares and reversals and triangles and reversals, 
respectively, are correspondingly stronger. The best 
available lower and upper bounds for these two lattices 
and for the others discussed above, are tabulated in 
Table V, together with the corresponding exact or 
extrapolated values of the Ising parameter w. Except 
for the square lattice, all the upper bounds quoted in 
this table have been calculated by solving the explicit 
recurrence relations. By using the alternative method 
described in Appendix A, appreciably stronger bounds 
could be obtained for these lattices. To Table V might 
be added the first lower bound for the tetrahedral or 
diamond lattice which is 


Tetrahedral: = (34+-2v3)!= 2.5325, (47) 
and the best available upper bound 
Tetrahedral: v9) = 2.923, (48) 


which was obtained by Wakefield.” 
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4. EXACT ENUMERATION OF SELF- 
AVOIDING WALKS 

More precise numerical estimates of the limiting 
ratio » and further information about the asymptotic 
behavior of c,, the total number of self-avoiding walks, 
and of u,, the number of closed self-avoiding walks, 
can be obtained by actual enumeration of c, and uy 
for as many values of m as feasible. There are two 
approaches: on the one hand, there is the séalistical or 
Monte Carlo method employed by Hammersley and 
Morton” with hand calculations, and, very extensively, 
by Wall and others** with high-speed electronic digital 
computers. On the other hand, there is the method of 
exact enumeration which, for this problem, has not 
previously received much attention. With the Monte 
Carlo method, quite long walks (50 to 100 steps or 
more) can be sampled but the data are necessarily 
subject to statistical uncertainty, and this increases 
with the number of steps. Exact enumeration becomes 
difficult for walks much longer than 10 to 20 steps but, 
since they are not subject to error, the data may be 
extrapolated by more refined and precise methods. In 
fact, as we show below, the method of exact enumeration 
leads to estimates of » which are considerably more 
accurate than the statistical estimates (about 0.1% as 
against 1%) and, more importantly, the method also 
yields the second approximation to the asymptotic 
behavior of c, and u,. (Parenthetically, it might be 
remarked that exact enumeration is more economical 
than the Monte Carlo method although, of course, the 
direct statistical procedures used by Wall and others 
also yield data about the mean square size and other 
details of the complete distribution.) In this section we 
discuss briefly the techniques used for the exact 
enumeration of non-self-intersecting walks and in the 
following section we consider the extrapolation of the 
resulting series and discuss the figures obtained. 

Evaluation of the series c, and u, (n=1,2,3,---) is 
a special case of the general problem of determining 
the number of ways in which a given “configuration” 
of n bonds can be placed on a specified lattice (without 
using any lattice point more than once). By a 
“configuration” we here mean a set of “points” and 
“bonds” joining them together (i.e., an abstract linear 
graph). If all the points of a configuration can be 
reached via the bonds from any starting point, we say 
the configuration is “‘connected’’; otherwise we refer 
to a “separated” configuration. If all the points of a 
configuration are joined to other points by at least 
two bonds, we say the configuration is “closed.” A 
polygon of m bonds is the simplest type of closed 
configuration; some more complicated types are shown 
in Fig. 3. An “open” configuration has “loose ends,” 
the simplest example being the chain of m+1 points 
(and » bonds). For a given number of bonds, the 
number of ways an open configuration can be placed 
on a lattice is usually considerably greater than the 
number of ways available for a closed configuration. 
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In particular the total number of self-avoiding walks 
(chains) of n steps is much greater than the correspond- 
ing number of closed self-avoiding walks (polygons). 
From the computational viewpoint this is important 
since, at least for the plane lattices, it is not too difficult 
to determine the number of n-bond polygons up to, 
say n=8 or 9, by actually drawing the different 
possibilities and taking advantage of the symmetry of 
the lattice. As regards enumerating the chains Cp, 
however, this direct method is quite impractical since, 
for example, on the triangular lattice cy= 964134. (The 
use of symmetry effectively reduces this figure but only 
by a factor of about 12.) To overcome this difficulty a 
theorem has been devised which expresses the number 
of chains on a lattice in terms of the number of certain 
closed configurations or, more specifically, in terms of 
the number of polygons and the number of “figure 
eights” of the general type shown in Fig. 3. The proof 
of this theorem and the discussion of the detailed 
enumeration of the necessary restricted configurations 
are being published elsewhere. The proof proceeds 
essentially by analyzing the configurations produced 
when further links are added to the two ends of a non- 
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Fic. 3. Some closed connected lattice configurations. Two types 
of “figure eight” ; in the sense of R. J. Riddell and G. E. Uhlenbeck 
[J. Chem. Phys. 21, 2056 (1953) ], those of type (a) are “generalized 
trees” and those of type (b) are “stars.” 


self-intersecting chain. The result is most conveniently 
stated in terms of the generating function C(z) for the 
series cy [defined in (8) ], the generating function U (z) 
for the series “,, and the corresponding generating 
function G(z) for the figure-eights. If o+1 is the 
coordination number of the lattice, we have 


C(z)= (1-02) *[1— (o—1)z 
—oz—(1—2)U(z)+G(z)], (49) 


which means that the c, can be calculated recursively 
in terms of the u, and the g,. A very similar, but more 
complicated theorem holds for the susceptibility of an 
Ising lattice when this is expressed in terms of the 
variable »=tanh(J/kT).?6 In that case the generating 
function U(z) corresponds to the configurational energy 
of the lattice, and the function G(z) enumerates closed 
configurations similar to those of Fig. 3 except that 
they are not necessarily connected (see also Sec. 6 
below). 

Techniques for the evaluation of g, and the numbers 
of other closed connected configurations which occur 
on various lattices have been described by Domb and 
Sykes.” By symbolic analysis many of these “lattice 


* C. Domb and M. F. Sykes, Phil. Mag. 2, 733 (1957). 
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constants” can be “reduced” and expressed in terms of 
a relatively few “irreducible lattice constants” corre- 
sponding, generally, to more closely packed configura- 
tions. The number of polygons (closed walks u,) can be 
determined in terms of these constants, together with gn, 
the number of closed random walks with no immediate 
reversals (but with higher order self-intersections being 
allowed). Closed expressions for the distributions of 
random walks with restricted reversals have been 
derived by Domb and Fisher® and, consequently, 
even for a lattice as complex as the face-centered cubic, 
it has proved possible to calculate u, up to m=9. For 
other lattices the enumeration can be carried further. 
Present results are tabulated in Tables I to IV. They 
do not represent the limit of what could be achieved 
(indeed sufficient lattice constants are available to 
add two terms to the series for the plane lattices but 


TABLE I. The values of cn, the total number of nonintersecting 
walks of m steps, for various two-dimensional lattices. 





Honeycomb 


\ Lattice 
a Square 


Triangular 





12 

36 

100 
284 
780 
2172 
5916 
16 268 


= 


6 

30 

138 
618 
2730 

11 946 
51 882 
224 130 
964 134 


12 208 


32 328 
85 408 
224 608 
588 832 


1218 
2328 
4416 
8388 

15 780 
29 892 
56 268 
106 200 
199 350 
375 504 
704 304 


44 100 
120 292 
324 932 
881 500 

2 374 444 
6 416 596 
17 245 332 


4 133 166 


the calculations have not yet been finally checked). 
Nonetheless, with present methods it would not be 
possible to extend the series by a factor as great as 2 
or 3, the main limitation being the difficulty of deter- 
mining some of the higher order irreducible lattice 
constants. 
5. EXTRAPOLATION OF THE SERIES 

The numbers c, and u, are conveniently regarded 
as the coefficients of the power series expansions of the 
generating functions C(z) and U(z). The limit 
lim (Cn41/Cn)=m determines the position, z=2,, of the 
singularity of C(z) nearest to the origin, by 2.=1/u. 
Furthermore, it is easily seen that the nature of this 
singularity is related to the asymptotic behavior of the 
coefficients cn. Thus if 

C(z)=A/(1—yz)**, (2~1/n) 


*® C. Domb and M. E. Fisher, Proc. Cambridge Phil. Soc. 54, 
48 (1958). 


(50) 
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TABLE IT. The values of #,, the number of closed nonintersecting 
walks of m steps, for various two-dimensional lattices. (The values 
4, %1, and “2 must be determined by a convention and it is 
convenient to put “== u2=0.) 


Square Triangular Honeycomb Kagomé 


12 0 4 
24 0 0 
60 0 0 
180 6 4 
588 0 28 
1968 0 80 
6840 120 
24 240 120 
264 

1080 

3120 


16 464 

94 016 

549 648 
2760 


application of the binomial theorem and Stirling’s 
asymptotic formula shows that 


(51) 
where A and B are constants. The case a= —1 cor- 
responds to a logarithmic singularity in C(z). If C(z) 
has the form (50), then (by the binomial theorem) the 
ratios ¥n=Cn/Cn_1 are given by 

Vn=pu(1+a/n), (52) 
so that a plot of v, against 1/m is a straight line of 
slope a which intercepts the v axis at v=. If C(z) is 


Cna= Bn py", (n— @) 


TABLE III. The values of c, for various three-dimensional lattices. 


Face-centered 


\ Lattice 
cubic 


Body-centered 


Simple cubic cubic 


6 8 12 
30 56 132 
150 392 1404 
726 2648 14 700 
3534 17 960 152 532 
16 926 120 056 1 573 716 
81 390 804 824 16 172 148 
387 966 5 351 720 165 697 044 
1 853 886 35 652 680 
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TABLE IV. The values of u, for various three-dimensional lattices.* 


\ Lattice 
nm, Simple cubic 
0 0 48 
24 96 264 
0 1680 
264 11 640 
0 86 352 
3312 673 104 
0 5 424 768 
48 240 1 237 920 


Body-centered 


Face-centered 
cubic 


cubic 


12 762 096 


® We are indebted to Professor G. S. Rushbrooke for pointing out a small 
error in our original calculation of #12. 
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TaBLe V. Comparison of bounds, extrapolations, etc., for various two- and three-dimensional lattices.* 


Lattice Square Triangular 
Coordination number, g=o+1 6 
Ising singularity, w 3.73205 
Upper bound, va 4.508 
Lower bound, A«) 3.8404 
Extrapolated walk singularity, u 4.15246 
Excess p/w—1, % 
Index for Cn, a 
Index for tny;/Cn, B 


11.3 6.5 
0.3346 


0.3342 
1.45+10 


® The uncertainties quoted are in the last decimal place in each case. 


not merely a simple binomial expression, then (52) will 
contain higher powers of 1/m so that the v, versus 1/n 
plot will be somewhat curved. Also the points may 
oscillate slightly about the straight line. In practice it 
is found that the series c, and most Ising-model high- 
temperature expansions give very good straight lines 
after the fourth or fifth terms, and consequently 
consistent extrapolations for ~ and a can be obtained 
from the formulas 


Mext= (NV,—MVy,)/(n—m), (53) 
and 


Qext = N(Vn— Mext)/Mext- (54) 


The ratios for the series u, (closed walks) and for low- 
temperature Ising expansions tend to be rather more 
irregular but with care these can also be extrapolated 
reliably. 

The extrapolation procedure outlined above was 
introduced (in a slightly different form) for the Ising 
problem by Domb.*! It has been used by Domb and 
Sykes” to obtain, from the high-temperature series, the 
critical parameters for three-dimensional Ising lattices 
which are quoted in Table V. A related extrapolation 
method has been discussed by Park.” It leads to very 
similar results but is not so well suited to the series c, 
and the high-temperature susceptibility series. 

The reliability of the extrapolation formulas (53) 
and (54) may be gauged by applying them to series for 
various plane Ising lattices for which exact solutions 
are available. As an example, consider the high- 
temperature series for the susceptibility of the plane 
triangular lattice. From the first ten terms of this 
series we may calculate the first ten ratios, v:= 6.000 000 
to vi9o= 4.006 286. Sequences of estimates for the limit 
w may then be obtained from (53) by evaluating the 
intercept defined by the first and third ratios, by the 
second and fourth ratios and so on. The last few 
extrapolants obtained in this way are 3.7683, 3.7673, 
3.7529, 3.7414, 3.7401, and 3.7401. The exact value!*. 
of w is 2+v3=3.7321 and the last two estimates differ 
from this only by about 0.2%. If the exact value had 
not been known, the extrapolation would probably have 
been quoted as w=3.737+6 (since the successive 


31C, Domb, Proc. Roy. Soc. (London) A199, 199 (1949). 
® DP. Park, Physica 22, 932 (1956). 


Honeycomb 


1.73205 
1.9276 
1.7872 
1.845415 


Face-centered 
cubic 


Simple 
cubic 


6 12 8 
4.58+1 9.81645 6.4143 
4.8646 10.6569 6.7829 

2.4453 4.225 7.644 5.187 
2.555415 4.6942 10.05+2 6.54+1 
11.2 2.4 2.4 2.0 
0.3343 0.145+10 0.14045 0.142+6 
1.810+7 1.810+5 1.810+7 


Body-centered 


Kagomé cubic 


4 
2.29663 
2.6968 





estimates are diminishing). The uncertainty quoted 
here (and in the similar extrapolations in Table V) is 
not, of course, a rigorous bound; rather it indicates the 
degree of consistency of the extrapolations and re- 
presents a reasonable confidence range. (It is evident 
that the extrapolated value of w is slightly too high 
and this is probably so for other plane lattices as well.) 
The ratios obtained from the self-avoiding walk 
series c, behave in a manner very similar to that 
illustrated above, and consequently we may infer that 
the extrapolated values of the limit uw are accurate to a 
similar degree. It is found that for lattices with a high 
coordination number the ratios are very smooth, 
whereas for a lattice like the plane hexagonal (honey- 
comb) lattice the extrapolations are more difficult to 
perform. To a large extent, however, this difficulty is 
compensated by the fact that many more terms of the 
series c, can be obtained for a lattice of low coordination 
number. The values of u obtained by extrapolating the 
series given in Tables I and III are tabulated in Table V. 
In all cases the estimates are consistent with the rigorous 
upper and lower bounds. It has been noticed, further- 
more, that the upper bounds vq), corresponding to 
walks with no &th order or lower self-intersections, are 
very close to the corresponding ratios »%.=c;/c.-1 (see 
Appendix A). Consequently the upper bounds can be 
extrapolated in the same manner as the ratios. On the 
plane square net, for example, the second and third 
bounds, v,4) and v¢6), yield the extrapolant 2.664 which 
is only 1% greater than the preferred value, 2.639. 
In the same way it can be seen that to obtain a rigorous 
upper bound for the triangular lattice equal to 4.30, it 
is necessary to calculate the asymptotic behavior of a 
walk in which self-intersections are only allowed after 
nine steps. The sequences of lower bounds d; and A«) 
(described in Sec. 2) may be extrapolated in a similar 
way to yield estimates for \,. The data for the square 
net suggest that A,, is about 2.615, which seems to be 
significantly lower than the estimate of u. We conclude 
tentatively that A,, will generally be smaller than uy. 
The index a in the expression (51) for the asymptotic 
behavior of c, may be estimated from the slope of the 
v, versus 1/n plot by (54). Because the numerator of 
(54) is the difference between two roughly equal ratios, 
the estimates of a are subject to greater uncertainty 
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than are those for u. Fortunately it is again possible to 
verify the method by applying it to a similar series for 
which @ is known exactly. Such a series is the low- 
temperature expansion for the magnetization of the 
plane square Ising lattice. This is a series of even 
terms only, somewhat analogous to the series u, 
(polygons). The appropriate coefficients b, have been 
given by Domb*! up to the term in z'*, and from the 
exact solution obtained by Yang* it is known that 
a=9/8=1.125. Since only even terms are available the 
ratios are taken as vn=(0n41/bn_1)', (n odd). Extra- 
polation using (53) suggests w=2.415+2 (actually 
w= 1+v2= 2.4142), and using this value in (54) gives for 
a the successive estimates 1.120, 1.1281, 1.1296, 1.1282, 
1.1276. These values are falling, so the estimate for a 
would probably have been quoted as a= 1.126+8 where 
the uncertainty takes account of possible error in w. 
If the coefficients had been available only up to the 
term in z'4, the result would have been rather more 
uncertain, say a=1.13+2. In either case the estimates 
are very reasonable approximations to the exact value 
1.125. Corresponding extrapolations for the walk series 
Cn are presented in Table V. For all plane lattices the 
index a is close to 0.33 while for all the three-dimensional 
lattices @ is near 0.142. We conjecture that for plane 
lattices a is exactly 1/3 and for three-dimensional 
lattices exactly 1/7=0.14286. (Similarly for the 
susceptibility of all plane Ising lattices, a seems to be 
exactly 3/4, while for all three-dimensional Ising lattices 
it seems to be exactly 1/4.”*) As pointed out in Sec. 1, 
the asymptotic form (51) implies that the additional 
configurational entropy contributed by the mth link of 
a polymer molecule may be written 
6Sn=k Inutka/n. (55) 
The estimates of the limit «4 obtained by Wall and 
his co-workers® for the plane lattices are about 1% 
higher than our figures. Wall’s values were obtained 
from the gradient of the plot of Inc, versus n, for values 
of nm up to about 50. According to our analysis the 
gradient of this plot should be 


0 
Inc,~Inu+a/n. 
on 


(56) 


On substituting the values a=1/3 and n~40, this 
shows that Wall’s values of u should, indeed, be expected 
to be about 1% greater than the true limit. [Compare 
also with (52) ]. For the three-dimensional lattices, (56) 
indicates that Wall’s estimates should be about 0.3% 
too high and comparison with our extrapolations again 
seems to bear this out. 

As noted above, the direct extrapolations of the 
polygon series “, are not as reliable as those for the 
total walks series c,. It seems fairly certain on physical 


33C, N. Yang, Phys. Rev. 85, 808 (1952). 
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grounds, however, that the limit 


Mu=lim (tnp1/Un) 
n> 

is identical with the limit w=lim(¢n41/cn). Although 
this conclusion is well borne out by extrapolations of 
the u, series, it should be stated that neither the 
existence of the limit (57) nor its identity with u has, 
so far, been established rigorously. If u, exists, it 
follows immediately that it cannot exceed yu [since the 
class of closed (n+1)-step walks is essentially a subclass 
of all non-self-intersecting walks of n steps]. Con- 
sequently upper bounds for uw are also upper bounds 
for w.. Lower bounds for yu, can be obtained by con- 
structing ‘‘snake-like” polygons similar to the progres- 
sive walks but these bounds are rather poor. The best 
direct result available derives from Temperley’s exact 
solution of the problem of enumerating those polygons 
(or domains) on the square lattice which can be 
formed by placing single columns of arbitrary length 
side by side." This yields the lower bound 


bu? 1+Vv2, 


which again happens to coincide with the appropriate 

Ising value, and was interpreted by Temperley as 

meaning that u.=w. Equation (66) of the next section, 

however, shows quite generally that the Ising parameter 

w is always a lower bound to yw, and hence, also, to u. 
The ratio, 


Square lattice: (58) 


P,(0)=Un41 Ons (59) 


represents the probability that a self-avoiding walk of 
n steps returns to the origin, or more precisely, returns 
as closely as possible without actually touching itself. 
If u.=xn, the limit asn— © of the ratio Pn»41(0)/P,(0) 
is exactly unity. With the aid of this assumption, fairly 
accurate estimates of the asymptotic behavior of the 
probability P,,(0) can be obtained. The data indicate 
that 
P,(0)=A/n'*, 


where A is a constant and where the extrapolations for 
8 are given in Table V. For the three-dimensional 
lattices, the estimates of 6 are all near to 1.810 which 
is significantly greater than the value 1.500 appropriate 
to a Markovian walk in three dimensions. The initial 
sequence of ratios for the plane lattices are somewhat 
erratic, but it is clear that the value of 6 is again 
greater than the Markovian value B=1.000. As men- 
tioned in Sec. 1, an argument given by Fisher** suggests 
that the figures for 8 might throw some light on the 
asymptotic behavior of the mean square size of a self- 
avoiding walk, but this point will not be pursued 
further in this paper. 

% In the case of loose-packed lattices, such as the square net, 
on which tom .;=0 (m=1,2,...) this limit must be suitably 
redefined, for example as lim (u2m,2/t2n)4 (m— %). In the 
arguments following, the modifications necessary to cover loose- 
packed lattices will not be mentioned explicitly since they are 
essentially trivial. 
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6. RELATION TO THE ISING PROBLEM 


In this section we discuss the relationship between 
the configurational problems of the Ising model and 
the excluded-volume problem in greater detail, and try 
to understand the reason why uy is greater than w. 

In terms of the variable »=tanhK, the relevant part 
of the total partition function for an Ising model with 
N spins can be written'® 


A(N,»)=1+E an(N)0”, 


where a,(J) is the number of distinct closed graphs of 
n bonds which can occur on the lattice, each graph 
having an even number of bonds meeting at each lattice 
point. The partition function per spin, 


A(v)=14+ >. anv", (61) 


is given by the Nth root of (60) (strictly, in the limit 
N— ~). The coefficients a, in (61) correspond to the 
same configurations as in (60) but are counted per spin. 
The critical point of the lattice is fixed by the limits* 


(60) 


1/v.= lim (Gny1/an)= lim [anyi(N)/an(N)]=w. (62) 


N- 


Now each allowed configuration of bonds on an Ising 
lattice can be decomposed into a superposition of 
simple polygons. Different polygons may overlap but 
they must have no bonds in common. Thus ag, for 
example, enumerates the number of octagons on the 
lattice, plus the number of pentagons with a triangle, 
separated or touching at a vertex, plus the number of 
pairs of squares separated or overlapping without 
common bonds. This decomposition into simple 
polygons naturally suggests that the series for A(v) 
should be compared with the “polygon series” 


1+), pa2",  Pn=Mn/2n. 


pn is the “number of polygons per site”; the factor 
1/2n arises because on any polygon a starting point 
for a non-self-intersecting random walk may be chosen 
in m ways, while the sense of the walk can be chosen in 
two ways. The singularity of the polygon series (63) 
corresponds to the excluded-volume limit or, more 
precisely, to the limit yu, i.e., 


(63) 


(64) 


1/z.= lim (Pn1/Pn) = Hu. 


Now it follows from the multinomial theorem that 
the coefficient ,(N) in the expansion 


(14-20 po2”)*=14+D wa(N)2” 


counts the number of configurations, on a lattice of NV 


(65) 


35 The precise manner of taking the second (double) limit is, in 
general, a delicate manner. However, if as is usually supposed, 
the lattice is wrapped on a torus and if “edge effects” are con- 
sistently neglected, then A(N,v) is the exact Nth power of A(v). 
It then follows from Abel’s theorem on the product of two 
series and from the positiveness of the coefficients a,, that 
lim[an41(N)/an(N) ]=lim(a@n4:1/an) (n > ©) for all N so that it 
is actually unnecessary to make N > . 
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points, which can be formed from all possible super- 
positions of polygons with a total of 2 bonds. Thus 7, 
will count all the configurations in which the polygons 
have common bonds and it will count all other over- 
lapping configurations more than once (since the 
decomposition of such configurations into a super- 
position of polygons is never unique). Consequently, 
for n>2h, where h is the number of bonds in the 
smallest polygon on the lattice, we see that 


a,(N)>a,(N), 


and so as n— ©, a,(N) cannot increase at a faster 
rate than 7,(N). It follows immediately that 


(66) 


(67) 


which means that the Ising parameter w can never 
exceed the excluded-volume limit yz. 
The difference coefficient, 


d,(N)=2,(N)—a,(N), 


enumerates all overlapping configurations with common 
bonds and all the allowed overlapping configurations 
which are overcounted in (65). Now d, cannot in- 
crease faster than mp, i.e., not faster than the number 
of polygons, but d, includes, for example, the number 
of (n—3)-bond polygons which have a common 
bond with a-triangle. The number of such configurations 
must increase asymptotically at least at the same rate 
as the polygons themselves, and so 
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(68) 


lim (dn4i/dn) = HMu- (69) 


Consequently the Ising coefficient a,() is the differ- 
ence between two quantities, 7, and d,, both of which 
increase at a similar rate and this is why it is possible 
for the Ising limit w to be smaller than the polygon 
limit wu. To prove that w is actually smaller than yp, 
obviously requires a more subtle analysis. The result 
seems to depend to quite an important extent on the 
dimensionality of the lattice. From Table V it can be 
seen that y is of the order of 10% greater than w for all 
the plane lattices but only about 23% greater for the 
three-dimensional lattices. This indicates that in two 
and three dimensions the overlapping configurations 
in (65) become overwhelmingly important for large n 
although the effect is smaller the higher the number of 
dimensions. This is reminiscent of other random walk 
theorems which show that in three dimensions an 
indefinitely long walk is relatively unlikely to intersect 
itself whereas in two dimensions self-intersection is 
“almost certain.” On these grounds one might con- 
jecture that in four or some higher number of dimensions 
the two limits u, and w would in fact become identical. 

Many properties of two-dimensional Ising models 
have been obtained in closed form'*” and this raises 
the hope that similar solutions for the excluded-volume 
problem might be found in the case of plane lattices. 
This hope is supported by the exact expressions which 
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have been found for the square-net generating functions 
R(z)=Do raz" and Q(z)= D0 gn2", (70) 


where r, is the number of m-step unrestricted closed 
random walks and g, is the corresponding number of 
closed walks with no immediate reversals.” In fact, 


R(z)= (2/m)K (42), (71) 


1—3s* 2 4g 1—3s* 

(ct) 
14+322 9 \1+32* i-:* 
where K(k) is the complete elliptic integral of modulus 
k. These expressions are remarkably similar to Onsager’s 
expression for the configurational energy of the square 
net!’ which also involves the complete elliptic integral. 
Furthermore the energy is essentially the derivative of 
A(v) with respect to v so that its expansion is closely 
related to the series uv, for the closed self-avoiding 
walks. So far, however, we have not made any progress 
towards an exact solution. Investigation shows that 
the limits ~ are probably not the roots of relatively 
simple algebraic equations as are the Ising parameters 
w, and this suggests that the excluded-volume problem 
is essentially less tractable than the Ising model. 


and 
(72) 








Q(2)= 
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APPENDIX A 


In this appendix we outline the way in which recur- 
rence relations may be constructed for ¢(%)n, the total 
number of n-step walks in which kth order and lower 
order self-intersections are forbidden. These relations 
determine the limiting ratios 


ane gots = 
¥«) =lim Vik)ny Vikyn=C(k)n/ C(k)n—1y (A.1) 


no 
which are upper bounds to uw. We go on to indicate 
how the limits vq) can be calculated in a way which 
avoids explicitly determining and solving the recurrence 
‘relations. 

Consider the simple cubic lattice and its d-dimensional 
generalization. To find a recurrence relation for ¢(4)n, 
the number of walks with no reversals and no squares, 
we write 


C(4)n= Gn(1)+a,(2)+a,(3), (A.2) 


where @,(a) is the number of n-step walks of this type 
which require at least @ extra steps in order to close a 
square. Thus a,(1) enumerates those walks which end 
end in three steps forming a “hook” of the type 
... X,Y,—X; a,(2) enumerates those walks ending 
in a bend which does not form a hook, e.g.,. . . X,Y,X; 
and a,(3) enumerates those walks in which the last 
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two steps are in the same direction, e.g.,. . . X,Y,Y. 
Now the addition of a further step to a walk of type 
{a,(1)} in 2d possible ways leads either to a forbidden 
reversal or closure of a square, or to a new walk of 
type {@n41(2)} or type {@n41(3)}. Thus each {a,(1)} 
gives rise to 2d—3 walks of type {@n41(2)} and to one 
of type {@n4:(3)}. Considering in a similar way the 
addition of a step to the types {a,(2)} and {a,(3)} 
leads to the recurrence relations 


Anyi (1)= a,(2), 
ny1(2) = (2d—3)an(1)+ (2d—3)an(2)+ (2d—2)an(3), 


Any1(3)= an(1)+ an(2)+ a,(3). 
(A.3) 
These have the solutions 


(A.4) 


3 
an (a) _ > a A i(a)0,", 
i=1 


where the 6; are the roots of the determinantal equation 


—8 1 0 | 
2-3 2d—3-6 2d-2 


2| =0, (A.5) 
1 1 1-6 | 


which reduces to the cubic characteristic equation 


#—2(d—1)#@—2(d—1)0—1=0. (A.6) 


The A;(a@) are constants determined by the initial 
conditions of the walk. Equations (A.4) imply that the 
total number of walks is 


3 
Cayn=L, Ci 8", (A.7) 
i=1 


where the C; are constants. If 6; is the root of largest 
modulus, we have 


v(4)n= Oi, 1+ Of (02/61)"} J, (A.8) 


(n— @), 
so that 


(A.9) 


V4) = 4. 


In the case of the plane square lattice, solution of (A.6) 
yields v4) = 2.8312. 

To eliminate hexagons as well as squares and rever- 
sals, the walks must be subclassified into classes 
{a,(a,8)}, where B is the least number of further steps 
required to close a hexagon. The maximum value of 8 
(after the initial steps) is (6/2)+1=4 so that apparently 
there are 3X4=12 classes. On the plane square net, 
however, the combination (a= 1, 8=4) cannot occur so 
that the recurrence relations are only of eleventh order: 
they yield the root v)=2.7756. In three and more 
dimensions, on the other hand, further subclassification 
is necessary because the hexagon need not lie in a 
plane and on the addition of a further step, different 
configurations then yield different types of walk. 

The appropriate general procedure is now evident. 
For loose-packed lattices like the square net the 
number of different classes, and hence the order of the 
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recurrence relations, will be roughly of magndeitu 


k k—2 
w~ (+1) (—+1)---sxaxs 
2 2 


k+2 


while for a close-packed lattice the rough magnitude is 


k+1 i 
v~4[ (—)}]. k odd, 
2 
k+27 sk\ 7 
~— ( ):]. k even. 
4 2 


The rapid increase of N with k shows that the task of 
obtaining the recurrence relations for higher values of 
k soon becomes hopeless. An alternative procedure for 
calculating the largest roots 6, is based on the following 
considerations. The required root is in fact the largest 
eigenvalue of the matrix of the recurrence relation 
coefficients. Accordingly instead of multiplying out the 
characteristic determinant, 6, may be calculated by 
the standard matrix iterative method,** in which an 
arbitrary initial vector is repeatedly premultiplied by 
the matrix. The ratio of corresponding components of 


the successive iterated vectors then tends to the 


required largest eigenvalue. With the appropriate 
choice of initial vector this method is quite equivalent 
to the direct use of the recurrence relations to calculate 
a,(a) and Cn, the eigenvalue 6, then being determined 
from the successive ratios ¢(%)n/C(k)n—1- Thus the bound 


361). R. Hartree, Numerical Analysis (Oxford University Press, 
Oxford, 1952), Sec. 8.6. 
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v%) =; is calculated directly from the values of cj), so 
that, if the cq), can be determined in some other way, 
there is no need to make explicit use of the recurrence 
relations. 

Now as a by-product of the enumeration of chains 
with no self-intersections it is not difficult to evaluate 
the cj), directly for the same values of n. In fact for 
n&k, Cx)n=Cn While the values of ¢)e31, Ce)ep2,°°* CAN 
be derived from Cx41, Ci+2°-: by adding to these the 
relatively few configurations which have self-inter- 
sections of order k+1, k+2,---.On using this procedure 
and evauating the successive ratios vj, it is found 
that for n2k the ratios very rapidly approach their 
limit. Thus on the square net the fifth and following 
ratios for k= 4 are 2.8400, 2.8310, 2.8308, 2.8313, 2.8312, 
2.8312, The last two ratios agree exactly with the root 
calculated from the characteristic equation (A.6). For 
k= 6 the seventh and following ratios are 2.7846, 2.7753, 
2.7757, 2.7753, 2.7757 while the corresponding exact 
root is v6) = 2.7756. In this way the following improved 
upper bounds for the square net have been obtained: 
vg) = 2.7443, v0) = 2.7250, v2)= 2.712. The character- 
istic equation determining this last bound is of degree 
about 800 and consequently this bound would be quite 
beyond the reach of the normal recurrence relation 
method.* 


* Note added in proof.—In a recent paper Wall and Erpenbeck 
[J. Chem. Phys. 30, 634 (1959) ] have described a method of 
sampling much longer walks than previously, in fact up to m=800. 
On this basis they re-estimate the attrition coefficient for the 
square net. In our notation their new estimate is .=2.6395+15 
whereas previously Wall’s estimate was 2.66. This new estimate 
falls in the center of the range of our estimate as would be pre- 
dicted from Eq. (56) above. (We have since improved our estimate 
to 4=2.63954+10.) The agreement is gratifying confirmation of 
the validity of our extrapolation technique and shows that the 
correct asymptotic behavior is clearly indicated by the first ten 
to twenty exact terms. 
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The infrared absorption between 0.85 and 25 microns has been measured as a function of carrier concen- 
tration for n-type single-crystal gallium arsenide. The absorption in the 1- to 5-micron region is compatible 
with a model in which there are minima ~0.25 ev above the bottom of the conduction band. Infrared re- 
flectivity measurements on several samples of different carrier concentrations were used to deduce the 
free-carrier contribution to the electric susceptibility and the electron effective mass. The results indicate 
a value for the mass of (0.078-0.004)m with an indication of an increase for the sample of highest carrier 
concentration. This value is substantially larger than previously reported values. 





I. INTRODUCTION 

N the few years that single-crystal material has been 
available, gallium arsenide has been the subject of 
considerable infrared investigation. The room-tempera- 
ture energy gap obtained from optical data is 1.35 ev.! 
The infrared lattice absorption spectrum has been 
measured from the fundamental absorption edge at 
~0.9 uw (micron) to 45 u.2 It has been shown that GaAs 
has an optically active fundamental lattice vibration 
at 36 uw.’ Reflectivity measurements indicate a refractive 
index of 3.3' between 2 and 15 yw. The absorption spec- 
trum of p-type GaAs,‘ similar to that of p-type ger- 
manium,° has 3 absorption bands which result from 
interband transitions within the valence band. Free- 
carrier absorption measurements of n-type GaAs have 
also been reported.! The absorption coefficient increases 

with increasing wavelength. 

Callaway® has made use of second-order perturbation 
theory to relate the energy band structures of ger- 
manium and GaAs. His calculations indicate that the 
lowest minimum in the GaAs conduction band is prob- 
ably at the center of the Brillouin zone (k=0) with the 
minima in the [111] directions at a somewhat higher 
energy. The conduction electron effective mass has 
been measured by Barcus ef al.’ for a single GaAs speci- 
men by using the optical method of Spitzer and Fan.* 
An effective mass m*=0.043m was obtained where m is 
the free-electron mass. Measurements of the effective 
mass from thermoelectric power have also been re- 
ported. Early results! gave m*~0.03m while later meas- 
urements’ indicated m*~0.06m. Magnetoresistance 
measurements” are compatible with spherical surfaces 

1 Barrie, Cunnell, Edmond, and Ross, Physica 20, 1087 (1954) ; 
F. Oswald and R. Schade, Z. Naturforsch. 9a, 611 (1954). 

2H. Hrostowski and J. M. Whelan (to be published). 

3 Picus, Burstein, and Hennis, Bull. Am. Phys. Soc. Ser. II, 1, 
126 (1956). 

4R. Braunstein, Bull. Am. Phys. Soc. Ser. II, 3, 218 (1958). 

5R. J. Collins and H. Y. Fan, Phys. Rev. 93, 674 (1954); also 
H. B. Briggs and R. C. Fletcher, Phys. Rev. 91, 1342 (1953). 

6 J. Callaway, J. Electronics 2, 330 (1957). 

7 Barcus, Perlmutter, and Callaway, Bull. Am. Phys. Soc. Ser. 
IT, 3, 30 (1958); Phys. Rev. 111, 167 (1958). 

8 W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 

9 Edmond, Broom, and Cunnell, Rugby Semiconductor Conference 
(The Physical Society, London, 1956). 


10M. Glicksman, Bulletin of the International Conference on 
Semiconductors, Rochester, New York, 1958, p. 48 (unpublished). 
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of constant energy which would indicate that the con- 
duction band minimum is at k=0. 

The present measurements were made with a number 
of single-crystal n-type GaAs specimens. The measure- 
ments show that all of the samples have a free-carrier 
absorption which rises as \* for wavelengths greater 
than 5 uw. Between the absorption edge and 5 y, there is 
additional absorption which may be interpreted in 
terms of Callaway’s model as due to electron transitions 
from the conduction band minimum at k=0 to the 
minima in the [111 ] directions. Effective mass measure- 
ments were made with these same samples by using the 
technique of Spitzer and Fan. The effective mass ob- 
tained is m*= (0.078+0.004)m with an indication of a 
rise in m* for the sample of highest carrier concentration. 


II. SAMPLE PREPARATION 

The GaAs specimens used in this work were cut from 
single-crystal material grown by the floating zone 
method." Four of the six m-type crystals used were pro- 
duced by intentionally doping with either selenium or 
tellurium. The impurity was introduced via the As 
atmosphere in which the crystals were grown. Bridge- 
shaped samples for Hall measurements were prepared 
from sections of the various crystals cut parallel to the 
growth axis. The samples for the optical measurements 
were also cut parallel to the axis of growth and adjacent 
to the Hall specimens. Both the electrical and optical 
measurements were made in corresponding regions with 
respect to the length of the crystal. Previous resistivity 
data and radioautographs of single crystals doped with 
a number of radioactive impurities have shown that the 
impurity distribution is uniform over the cross section 
perpendicular to the growth axis except for a layer 
~5X10-*mm deep near the periphery of the crystal. 


III. EXPERIMENTAL RESULTS 
A. Absorption 


Table I is a list of the samples which were used for 
the optical measurements. The carrier concentration, 
n, was determined from the room-temperature Hall 


it J. M. Whelan and G. H. Wheatley, J. Phys. Chem. Solids 6, 
169 (1958). 
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Fic. 1. Room-temperature absorption coefficient as of function 
of wavelength for the six samples in Table I. 


coefficient. Since samples 2 through 6 vary from nearly 
degenerate to strongly degenerate, the relation 
Ry=—1/ne was used. The second column indicates the 
chemical donor impurity in the crystal. The donor im- 
purities of samples 1 and 3 are not known. 


TaBLeE I. Electron concentration and doping impurities in 
GaAs samples used for optical measurements 


Sample No. n(cm~$) 


Donor impurity 


<5X 10" 
1.310" 
4.9X 1017 
1.09X 108 
1.12 108 
5.4X 108 








SPITZER AND J. M. 


WHELAN 


Figure 1 gives the room-temperature absorption co- 
efficient as a function of wavelength for the samples of 
Table I. The absorption coefficients were determined 
from the measured transmission 7 by using the 
expression” 


T= (1—R)?e**/(1— Re"), (1) 
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NO. 
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Fic. 2. Absorption coefficient »s wavelength for the additional 
absorption observed in the 1-5 yu region. 


where x is the sample thickness, a is the absorption 
coefficient, and R is the reflectivity measured at the 
same wavelength as 7. The absorption curves of Fig. 1 
are very similar to those which have been reported for 


2H. Y. Fan and M. Becker, in Symposium Volume of the 
Reading Conference, edited by H. K. Henisch (Butterworths 
Scientific Publications, Ltd., London, 1951). 
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n-type silicon.” For wavelengths (A)25 u the absorp- 
tion curves of Fig. 1 rise smoothly with wavelength, 
which is characteristic of free-carrier absorption. The *” SYMBOL 
bands observed in Fig. 1 for \>17 u are due to absorp- in 
tion by the GaAs lattice. Between approximately 1.0 u ° 
and 5 uw the curves are the result of the superposition of 
the normal free-carrier absorption seen at longer wave- 
lengths and some additional absorption due to another 
mechanism. The spectral shape of this additional ab- 
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Fic. 4, Absorption vs wavelength for sample No. 3 at 
three different temperatures. 


coefficients for the samples of Fig. 2 are plotted as a 
function of the carrier concentration for both A=2 yu 
and 3 yu. The points lie close to straight lines of slope 1. 
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Fic. 3. Absorption coefficient as a function of carrier concentra- 
tion at 2, 3, and 8 yw. The lines are drawn with a slope of unity. 


REFLECTIVITY IN PER CENT 


sorption may be obtained by extrapolating the free- 
carrier curve for \>5 yu back to shorter wavelengths 
and subtracting from the measured data. The resulting 
curves are shown in Fig. 2. The long-wavelength thresh- 
old for this absorption is between 4.5 uw and 5.5 yw or 
(0.25+0.03) ev. The absorption in Fig. 2 is proportional 
to the carrier concentration. This proportionality may 
be seen more clearly in Fig. 3 where the absorption 











16 24 
A IN MICRONS 
Fic. 5. Reflectivity as a function of wavelength for 
18 W. G, Spitzer and H. Y. Fan, Phys. Rev. 108, 268 (1957). five samples in Table I. 
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Figure 4 gives the measured absorption coefficient for 
sample No. 3 as a function of wavelength for 3 different 
temperatures. The additional absorption in the 1 yu to 
5 w region shows little change with temperature. 

The absorption coefficient of Fig. 1 for \>5 yw rises 
with close to a \* dependence for all of the samples 
measured. The absorption in this wavelength region is 
not proportional to the carrier concentration as can 
be seen from Fig. 3. For \=8 yw the points do not lie 
close to a line of slope 1 (dashed line). The measured 
absorption increases more rapidly than the carrier 
concentration. 


B. Effective Mass 

Figure 5 gives the reflectivity as a function of wave- 
length for samples Nos. 1, 3, 4, 5, and 6. The decrease 
in the reflectivity of the pure sample (No. 1) at the 
longest wavelengths is due to the fundamental lattice 
band at 36 uw. The electric susceptibility arising from 
this band is negative for \<36 uw, resulting in a decrease 
of the refractive index and hence the reflectivity. The 
impure samples (Nos. 3, 4, 5, and 6) show a much 
stronger dependence of the reflectivity on wavelength. 
This behavior has been shown® to be the result of the 
influence of the free carriers on the dielectric constant. 
The electric susceptibility of the free carriers, x-, has 
been calculated for these four samples according to the 
procedure of Spitzer and Fan and is given in Fig. 6. As 
theory predicts, — 42x, is proportional to A*. The values 
of m* obtained from Fig. 6 with the expression 


Xe= —ne?/w?m* (2) 


are 0.078m for sample No. 3, 0.079m for samples No. 4 
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. Electric susceptibility vs wavelength for the samples in 
Fig. 5. The solid lines indicate a \* dependence. 
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and 5, and 0.089m for sample No. 6. In cases where the 
reflectivity has a very deep minimum the effective mass 
may be quickly estimated with the aid of the expression 


m*~4Amne®/[ 4m vmin?(€o—1) J, (3) 


where Yin is the frequency of the reflectivity minimum, 
€o is the dielectric constant of the pure material at ymin, 
and mn is the carrier concentration. This expression is 
readily obtained from reference 10 under the conditions 
that the refractive index is ~1 and the extinction co- 
efficient is ~0. Using (3) and the values of ymin from 
Fig. 5, the values of m* are 0.079m for sample No. 3, 
0.079m for samples Nos. 4 and 5, and 0.086m for sample 
No. 6. 
IV. DISCUSSION 


The absorption observed in the 1 wu to 5 uw region has 
been regarded as the addition of the normal conductive 
free-carrier absorption and some additional absorption. 
As in the case of m-type silicon, there are at least two 
possible explanations for the additional absorption. 
The absorption could arise from the excitation of elec- 
trons to the conduction band from deep lying levels 
within the forbidden energy gap. However, since dif- 
ferent donor impurities were used in the specimens and 
and since the absorption coefficient is proportional to 
the carrier concentration, this explanation is unlikely. 
A more likely explanation is that the absorption is due 
to the excitation of electrons from the conduction band 
minimum to a higher lying minimum (or minima). From 
the conduction band model proposed by Callaway, the 
electron transitions could be from k=0 minimum to the 
minima in the [111] directions. If this is the case then 
the energy separation between these two minima is 
about 0.25 ev. Since for the more impure samples the 
Fermi level is above the conduction band minimum the 
low-energy threshold of Fig. 2 should shift to still lower 
energy with increasing carrier concentration. However 
the values of a in Fig. 2 for this energy region are ob- 
tained by subtracting two nearly equal quantities and 
hence very inaccurate. Gray and Ehrenreich“ have 
offered a possible explanation for a maximum observed 
in the temperature dependence of the Hall coefficient 
of n-type GaAs by using the type of conduction band 
structure proposed by Callaway. The energy separation 
for the two minima required to fit the Hall measure- 
ments is between 0.2 and 0.4 ev, which is in agreement 
with the 0.25-ev value found here. 

The effective mass obtained here should be that of 
the k=O minimum. Our value of nearly 0.08m differs 
by a factor of approximately 2 from that reported by 
Barcus’ for a single polycrystalline specimen. With an 
effective mass of 0.08m and a degree of ionicity esti- 
mated from the reflectivity data of Picus,'® Ehrenreich" 

44 P. V. Gray and H. Ehrenreich, Bull. Am. Phys. Soc. Ser. IT, 
3, 255 (1958). 

16 Picus, Burstein, Hass, and Henvis, J. Phys. Chem. Solids (to 
be published). 

16H. Ehrenreich (private communication). 





EFFECTIVE 


has calculated the electron mobility for polar lattice 
scattering. The calculated room-temperature mobility 
is 7000 cm?/volt sec which is in reasonable agreement 
with experimental values for the purest samples." 

The \* dependence of the absorption coefficient at 
longer wavelengths is similar to that which has been 
reported for n-type InAs.'” The dependence of the ab- 


sorption on carrier concentration indicates the probable 


MASS 
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theoretically predicted by Fan'* and by Meyer” for 
impurity-scattering absorption. However, at the present 
time, theoretical calculations have not been made for 
the spectral shape of the lattice-scattering absorption 
in partially polar semiconductors. 
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Methods of preparation and results of measurements of the dielectric constant of solid-solution single 
crystals of KNbO; and KTaO; are presented. Data are given for the composition range 0-80 mole percent 
KTaO; in the temperature interval —180°C to 450°C. It is found that all of the crystals studied show 
Curie-law behavior of the dielectric constant in the paraelectric state. The data indicate that the paraelectric 
to ferroelectric transition, which is first order for pure KNbOs, becomes second order at a concentration 
of approximately 55 mole percent KTaQ;. Analysis of the results in terms of Slater’s model of ferroelec- 
tricity in a perovskite lattice leads to the conclusion that the dependence of the Lorentz correction on 
volume plays a major role in determining the ferroelectric behavior. Ionic polarizabilities and their de- 


pendence on volume are also discussed. 


I. INTRODUCTION 


T the present time, more than ten years after the 
discovery of ferroelectricity in BaTiO, a large 

body of data has been accumulated not only on this 
perovskite-type crystal, but on several others, both 
ferroelectric and antiferroelectric in behavior. The 
reader is referred to Kaenzig’s!' excellent review of the 
subject which lists many references. The experimental 
data has been described and explained rather success- 
fully by a phenomenological theory developed in some 
detail be Devonshire.’ Slater*® extended this theory and 
showed how the observed dependence of the free 
energy on temperature and electric polarization could 
be derived accurately from a consideration of the ionic 
structure of the lattice and the calculated internal 
Lorentz field. Further examination of Slater’s model 
by this author‘ indicated that the important details of 
the experimental facts could be predicted at least 

1W. Kaenzig, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1957), Vol. 4. 

2 A. F. Devonshire, Phil. Mag. 40, 1040 (1949). 

3 J. C. Slater, Phys. Rev. 78, 748 (1950). 

4S. Triebwasser, J. Phys. Chem. Solids 3, 53 (1957). 


qualitatively by improving the model somewhat. The 
present state of the theory is such as to provide order 
of magnitude agreement with the observed data, but 
in view of present uncertainties of the details of the 
bonding structure and short range interactions of the 
atoms in the lattice it appears that quantitative 
explanations cannot be made. 

The present study was motivated by a desire to 
study the effect of the variation of a structural parame- 
ter in a perovskite ferroelectric. KNbO; is a ferroelectric 
exhibiting a transition from a cubic paraelectric to 
tetragonal ferroelectric state at ~700°K.® KTaO; has 
a transition, structural details of which are not known 
at present, from paraelectric to ferroelectric state at 
13°K.® At 450°C, a temperature at which both materials 
are cubic, the lattice parameter of KNbO; is 4.0226 A 
while for KTaO; it is 4.0026 A.7 It was felt that solid 
solutions of these two components would generate a 
lattice in which the structural perturbations would be 


5B. T. Matthias and J. P. Remeika, Phys. Rev. 82, 727 (1951). 
6 Hulm, Matthias, and Long, Phys. Rev. 79, 885 (1950). 
™M. Berry and F. Holtzberg (private communication). 
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small enough to warrant using the pure material as 
the model. 


II. PREPARATION OF MATERIALS 


From an examination of ionic radii of Ta and Nb 
and the cell constants of KNbO; and KTaOs, it was 
expected that the latter two materials would form a 
continuous series of solid solutions over the entire 
composition range. To verify this, the phase diagram 
of KNbO;-KTa0O; was investigated.® 

Solid-solution ceramics were prepared, but it soon 
became apparent that really good dielectric data 
required better ceramics than we were able to produce. 
From the information given in the phase diagram 
shown in Fig. 1,° it is possible to grow a single crystal 
of any desired composition. For example, a crystal 
having the composition B can be grown from a melt 
having the composition A by cooling to T4 at which 
point material of composition B crystallizes. If the 
temperature were lowered to T74—AT further crystal- 
lization would occur with accompanying enrichment 
of the solid phase with the lower melting component, 
KNbO;. To minimize this effect AT is kept small by 
growing a small crystal from a large charge of molten 
material. 

In detail, the crystals were grown from a melt in a 
Pt crucible. The solution was seeded using a small 
KTaO; crystal suspended on a Pt wire. When approxi- 
mately 5% of the mass of the solution had deposited, 
the cooling was stopped and the crystal kept submerged 
in the liquid for about twenty-four hours. The crystal 
was then raised above the melt and the furnace cooled 
to room temperature at a rate of about 10°C per hour. 
The actual growing process took about twenty-four 
hours, using cooling rates of fractions of a degree per 
hour. Thermal regulation to ~0.1°C for prolonged 
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Fic. 1. Phase diagram KNbO;-KTaOs. 


® Reisman, Triebwasser, and Holtzberg, J. Am. Chem. Soc. 77, 
4228 (1955). 
® Reference 8, Fig. 2. 
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periods was maintained by a system described 
elsewhere.” 

The purpose of the slow growth and subsequent soak 
was to permit time for the crystal to achieve homo- 
geneity. Rapid growth from a system exhibiting the 
phase diagram shown in Fig. 1 leads to a crystal 
containing a concentration gradient of the constituents, 
unless diffusion takes place very rapidly. 

The concentration and homogeneity of crystals ob- 
tained in the manner described was verified by an inter- 
comparison of three pieces of information; (1) predicted 
concentration taken from the growth temperature and 
the phase diagram, (2) the density of the crystal, (3) 
the position and sharpness of the ferroelectric transition 
observed by dielectric constant measurements. The 
relation between density and concentration and transi- 
tion temperature and concentration are taken from 
published data on ceramics." The values of concentra- 
tion of KTaO; and KNbO; in a given crystal derived 
from these three independent observations usually 
agreed with each other to within 2 or 3%, so that 
uncertainty in concentration may be taken as 3% by 
molecular weight. 

The most sensitive check of the homogeneity of the 
samples is found in the plot of the dielectric constant 
as a function of temperature. The ceramics generally 
showed quite rounded peaks, with the maximum 
dielectric constant generally falling with increased 
concentration of KTaO . Single crystals, on the other 
hand, exhibit sharp transitions and increasing peak 
dielectric constant with increasing concentration of 
KTaO3. 

Writing the chemical formula of the solid solution 
as KTayNb:_/O3;, measurements reported here are 
given for the range from f=0 to f=0.8. Samples with 
f{=1.0 (pure KTaO;) have been prepared but measure- 
ments have been made only as low as —180°C which 
is well above the range of interest for KTaO 3. Some 
data on pure KTaO; near liquid helium temperature 
are available in the literature.” Barrett” has indicated 
that quantum effects are important in this region so 
that the general conclusions drawn from this data 
would not be valid since they are based on an essentially 
classical model. 


III. THE DIELECTRIC CONSTANT 


Single crystals were grown in the form of plates of 
the order of } in.X}in.X} in. with (100) faces. Some 
of the measurements were made by completely electrod- 
ing opposite faces. This provides the severest test of 
crystalline homogeneity since a crystal with a concen- 
tration gradient would have an ill-defined transition 
temperature. Other measurements were made by 


1G. R. Gunther-Mohr and S. Triebwasser, IBM J. Research 
Develop. 1, 84 (1957). 

1 A, Reisman and E. Banks, J. Am. Chem. Soc. 80, 1877 (1958). 

2 Hulm, Matthias, and Long, Phys. Rev. 79, 885 (1950). 

13 J. H. Barrett, Phys. Rev. 86, 118 (1952). 
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cutting 0.010-in. slices from a crystal and evaporating 
round gold electrodes on the faces. The latter samples 
are far less susceptible to damage due to strain associ- 
ated with undergoing phase transitions. 

To examine the ferroelectric transition in detail and 
to locate the tetragonal to orthorhombic and ortho- 
rhombic to rhombohedral transitions, a previously 
described" method of plotting ¢ vs temperature on an 
X-Y recorder was employed. To measure the reciprocal 
Curie constant and T) as described below, capacitance 
was generally measured with a bridge over a range of 
temperatures above the paraelectric to ferroelectric 
transition point. 

In Fig. 2 are shown results of measurements of the 
dielectric constant of single crystals having the in- 
dicated concentration of KTaO 3. There are several 
qualitative observations that can be made from the 
data: 


(1) The Curie point moves to lower temperatures 
with increased KTaO; concentration. 

(2) The peak dielectric constant increases with in- 
creasing KTaQ; concentration. 

(3) The thermal hysteresis between heating and 
cooling curves generally decreases with increasing 
KTaO; concentration. 


A quantitative analysis of the results is facilitated 
by describing the behavior in terms of the phenomeno- 
logical treatment proposed by Devonshire.? The free 
energy of the stress free crystal may be written: 


F(P,T)=AP*+BP*+CP*+:--+F(T), (1) 


where P is the polarization, T the temperature, F(T) 
includes the part of the free energy which is essentially 
polarization independent, and A, B, and C are co- 
efficients which are in general functions of temperature. 
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Fic. 2. Dielectric constant vs temperature for solid solution 
single crystals of KTaO; and KNbO;. The indicated percentages 
are in moles of KTaQO3. Measuring field is ~5 v/cm and 10 kc/sec. 


14S. Triebwasser, Phys. Rev. 101, 993 (1956). 


Thermodynamically it can be shown" that 

OF/OP=E; &F/dP?=4n/(e—1), (2) 
where E is the electric field and ¢ the dielectric 

constant.!® In the paraelectric state (P=0) 
e—1=4n/2A. (3) 
Experimentally, it has been found for the ferroelectrics 
to which this analysis has been applied that the 
temperature dependence of A can be written explicitly : 
A=A'(T—T.»), (4) 
where A’ is temperature independent, and 7,, is the 
paraelectric Curie temperature. Practically, for the 


measurements reported here, «>10*, so that the 
approximation e—1=e will be used. Then we can write 


Qn 1 c 
<< (5) 
A’ (T— Tp) T Top 


where ¢ is the Curie constant. If «~' is plotted as a 
function of the temperature in the paraelectric state, 
the resulting straight line yields values of T.p and A’. 

The maximum of e(€max) occurs at the transition 
temperature (7.,) and is given by 


€max= 20 /[A'(Te¢—Tep) ]. (6) 


In the case that B is positive T.y= T-p,'* €max is infinite," 
and the ferroelectric transition is second order!®!”, In 
the case that B is negative, T.;>T7-., and is related to 
A’, T.y, B, and C by'® 


A'(Tej— Top) = BY/AC. (7) 


In this case the transition is first order. 

Figure 3 shows 1/e vs T for a number of samples of 
various compositions. From these data, A’ and 7,» can 
be found. Figure 4 shows A’ as a function of the KTaO; 
concentration. Figure 5 shows the temperature of 
transitions observed in these crystals and the values of 
T., taken from Fig. 3 plotted as a function of com- 
position. Where thermal hysteresis is observed the 
transition temperature is taken as midway between the 
heating and cooling transition temperatures. 

A number of conclusions can be drawn from the data 
related to the various coefficients in Eq. (1): the 
constant A’ increases with increasing concentration of 
KTaO;, while the temperature 7., decreases and 
(T.4—T-p) decreases. Further, it is seen that the peak 


used in this paper, see A. F. Devonshire, Advances in Physics, 
edited by N. F. Matt (Taylor and Francis, Ltd., London, 1954), 
Vol. 3, p. 85, Sec. 3. 

16 The equations are written in unrationalized Gaussian units 
where D=eHE=E+4xrP, and ja may be written whenever ¢€ 
appears. 

17 For an example of this, see S. Triebwasser, IBM J. Research 
Develop. 2, 212 (1958). 

18 See reference 14, appendix. 
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Fic. 3 1/e vs temperature for solid solution single crystals of 
KTaO; and KNbO. The indicated percentages are in moles of 
KTaO ;. Measuring field is ~5 v/cm and 10 kc/sec. The indicated 
Ts values are the observed transition temperatures to the ferro- 
electric state. 


dielectric constant, which is related to both (7.y—T-») 
and A’, increases. 

Phenomenologically it appears that replacing Nb 
ions with Ta ions, changes the nature of the ferroelectric 
transition from first to second order. This is a con- 
sequence of the fact that the sign of B changes from 
negative to positive. This would also explain the 
observed increase in €max as seen from Eqs. (6) and (7). 
When B becomes positive, (T.;—T,-,) is zero and the 
ferroelectric transition becomes second order. In this 
case the theoretical €max is infinite, but the observed 
€max depends on factors not intrinsic to the ideal 
material such as homogeneity of the sample, quality 
of electrodes, and amplitude of the measuring signal. 

Figure 6 shows the variation of the dielectric constant 
with temperature of a sample of KNbo 2Tao.sO3 dis- 
playing all three transitions. The observed thermal 
hysteresis in order of decreasing temperature are 0, ~0, 
and 3°C. In pure KNbO; the observed thermal hyster- 
esis for the same three transitions is 5°C, 15°C, and 
ye 
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Fic. 4. A’ vs composition. Where spread of values is shown a 
number of different crystals contributed to the value. The point 
for 0°% KTaO; is taken from reference 14. 


# R. M. Cotts and W. D. Knight, Phys. Rev. 96, 1285 (1954). 


It can be shown" that for a second order ferroelectric 
transition, the absolute value of the ratio of the slopes 
of the reciprocal dielectric constant as a function of 
temperature just below the transition is twice that just 
above. Figure 7 shows such data for a crystal of the 
same composition (KNbo.2Tao.s03). The dashed line to 
the left of the transition temperature is that predicted 
from the data above the transition temperature. The 
different character of the transition in material of this 
composition from that of pure KNbO; is also apparent 
from Fig. 2. 

If we wish to classify the “strength” of a ferroelectric 
transition qualitatively, a negative B means that the 
cell has a strong tendency to become noncubic. A 
positive B coefficient leads to a ‘‘weaker”’ ferroelectric 
transition and much smaller strain on the crystal on 
going through its transition. 

Data on spontaneous polarization is desirable in 
order to complete the analysis of the behavior of the 
B coefficient. Unfortunately, the results were not judged 
sufficiently reliable in the regions of interest (namely 
in the vicinities of transitions) due primarily to excessive 
conductivity of the crystals. The inset in Fig. 6 shows 
an example of one of the better hysteresis loops 
observed. 


IV. THEORY OF THE SOLID-SOLUTION 
DIELECTRIC BEHAVIOR 


Considerable quantitative information can be derived 
from the dielectric data. To derive the results given 
below a model similar to that proposed by Slater® will 
be assumed. If the chemical formula of the perovskite 
is written ABO;, then the atom occupying the A 
position and the oxygen atoms are assumed to have 
only electronic polarizability (ionic polarizabilities are 
zero) designated by a4 and apo, respectively. In addition, 
these quantities are assumed to be independent of 
volume, temperature and composition of the lattice. 
The polarizability in the B site, ag, on the other hand, 
is a function of all of these. Since the unit cell volume, 
V, is a function of T and f, V appears as a dependent 
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Fic. 5. Transition temperatures and 7-» as a function of 
composition in KTaO3;-KNbO; solid solution. 
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variable in the analysis that follows. It will be demon- 
strated that this parameter (volume) plays a major 
role in determining the behavior of the perovskite. 

Using a method and model essentially the same as 
that used by Slater, Granicher and Jakits” examined 
the dielectric properties of a number of solid-solution 
perovskites. They used the values of € at room temper- 
ature to calculate apparent polarizabilities of constitu- 
ent ions in a number of pure and mixed perovskites. 
In attempting to predict the behavior of a particular 
solid solution on the basis of their calculations, they 
found that the simple model which uses the derived 
polarizability of an ion in one crystal to calculate e€ in 
another breaks down. The conclusion they reached is 
that the ionic polarizability is a strong function of 
interionic distances. The results given below certainly 
bear out their conclusions. 

To analyze the experimental results, Slater’s notation 
will be used. The input data will be observed dielectric 
data and the volumetric results taken from x-ray data. 
Calculations are restricted to the cubic (paraelectric)*! 











-80 
TEMPERATURE (°C) 


(a) 





(b) 


Fic. 6. (a) Dielectric constant vs temperature in KTao sNbo 203. 
Crystal is plate 0.17 cmX0.095 cmX0.016 cm thick, completely 
electroded on faces. (b) is oscilloscope trace of 60-cps sine wave 
hysteresis loop at —167°C; spontaneous polarization is 9.7 
ucoul/cm? and coercive field is 0.6 kv/cm. 


2H. Granicher and O. Jakits, Nuovo cimento 11, 480 (1954). 
21 Applicability of the free-energy function observed in the 
paraelectric phase to describe and predict the ferroelectric 
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Fic. 7. 1/e vs temperature for sample of composition 
KTao.sNbo.203. The dashed line to left of transition was drawn 
with a slope double that to the right and passing through the 
same point on the abscissa. 


phase. Slater’ shows [Eq. (24) ] that for a cubic perov- 
skite lattice the dielectric constant is given by 


C2 (C1 /C3) — (€2/¢4) 
C4 1+ (¢4/c3) (ap/ eo) ) 


e—1= 


(8) 


where C1, C2, ¢3, and cy are functions of the electronic 
polarizabilities of the ions and the volume of the unit 
cell and az is the ionic polarizability of the atom in the 
B site and V the volume of the unit cell. If we let ag 
be the total polarizability in the B site, then the c’s are 
modified as follows (taking account of a term omitted 
in Slater’s expression for ¢;): 


C1=Xat3X ot pXaXo—8P-X AXP +3pX 0’, 
co= 14+ pXo—3(p+g)?X aX o—}(3q—p) Xe, 


c3>= 1 aa tXat+ (a= 1 )Xo— pl 3+ 3p |X 1X0 
—p(it+4p)Xe+ (8/3)p-XaNXe, 


c= —4—Lap the Xt Bg p)PXe 
+3(pt+q)?XXo, 


where X=a/e)V, p=0.690, and g=2.394. A more 
detailed solution has been worked out* in which ionic 
polarizability of all atoms is taken into account, but 
for the purpose of this discussion the additional com- 
plications serve only to becloud the results. 

Using Slater’s value of ap and a value of a4 (the A 


(9a) 


(9b) 


(9c) 


(9d) 


behavior of BaTiO; and KNbO; has been demonstrated by 
various authors. See references 2, 14, and M. E. Drougard and 
E. J. Huibregtse, IBM J. Research Develop. 1, 318 (1957). 
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Data pertinent to the calculation of we adit and 96/af. 


TABLE I. 





(aV/af)r [(ca/ca) (1/V)] 


(A) 


—6.80X 10 
— 6.88 X 107 
—6.95X 107 
—7.02X107 
—7.09X107 


a 
ap ltea/en) (1/V)] 
(A74)2 


A’ Tep Vep (aV/aT)s 
% KTaO: (°C-) ( (AS) 
0 2.6X 10-5 64.905 
20 P 3.1K 10-5 64.573 
4.1 
5 


(A?°C~) (c1/ca) — (c2/c4) 


+0.24X 10 
+0.24X 10 
+0.24X 10 
+0.24X 10 
+0.24X 10? 





—0. 77 
—0.64 
—0.64 
—0.77 
—0.96 


~1,98X 10 . 
—1.56X 10 
—1.31X 10% 
—1.15X10 
— 1.1110 


40 1X107% 64.291 
oO 5.2 1075 64.013 
80 F 6.5X 1075 63.715 


atom here is K+) taken from Tessman ef al.,” we find 
ao/€o= 30.0 A’, 
aa/eo= 16.8 A*. 


The values of ¢1, ¢2, ¢3, and cy were calculated over 
the range V=63.0 A? to 65 A’. 

The observed dielectric data must now be compared 
with Eq. (8). In the vicinity of the transition, ¢ is large 
as is the second term on the right of Eq. (8). If we 
define B=ap/eo and (c4/c3)(1/V)=7, then Eq. (8) can 
be rewritten to good approximation as 


(c1/¢s)— (¢2/ (ca) 


ee = 


i+78 


(8’) 


where is now used in the sense of an average polariza- 
bility associated with the mixture of Nb and Ta atoms 
occupying the B site. There is an assumption made 
here that the local field at this site is independent of 
the occupant of the site, and conversely, its contribution 
to the polarization is simply summed over the two 
possible random occupants of that site. 

The observed dielectric data as described by Eq. (5) 
must now be reconciled with Eq. (8’). The conditions 
required are: 

T=T-», 


yB=-—1 at (10) 


(=) = 2A’ --{ 1+76 a 
—( - ~ 
OT \e de oT (61/tx)— (ca les) 


for a given f. We can then write 


and 


(12) 


0 0 
d(y8)=—(vB)dT +—(v6)df, 
aT of 


or, if we constrain the variations so that Eq. (10) is 


always satisfied : 


(vB), (13) 


where dT.,/df is the observed variation of T., with /. 


2 Tessman, Kahn, and Shockley, Phys. Rev. 92, 890 (1953). 





Explicitly, Eqs. (11) and (13) may be written: 


GG) 


and 


GHG) 
HD G)“G)} 


The term in Eq. (14) involving the derivative of 
(ci/c3)— (c2/c4) has been omitted since its coefficient is 
zero at T=T,,. The quantity 6 and its two derivatives, 
(08/dT) and (08/0f) can be found from Eqs. (10), (14), 
and (15). Table I gives the pertinent data required for 
these calculations. The subscript cp here signifies “at 
the temperature 7,,.” In all cases the values tabulated 
are at or near T,,. The value of V and (0V /0T) are taken 
from x-ray data’ taken in the cubic phase of solid 
solution powders. 

Table II shows the values of 8, (08/df), and (08/dT) 
calculated from Eqs. (10), (14), and (15) and the data 
given in Table I. These results are discussed in detail 
in the next section. 


V. DISCUSSION OF RESULTS 


Earlier theoretical investigations of the source of the 
Curie-Weiss behavior in BaTiO; have been directed 
toward explaining Eq. (14) in some form or other. 
Actually only the second term in the brackets was 
considered, the first term either being ignored or 
assumed to be zero. Basically, in the earlier work, it 
was assumed that the primary source of the observed 
Curie-Weiss law was the statistical mechanical effect 
of temperature on the effective ionic polarizability of 
an array of charged particles coupled by dipole fields. 
In an actual experimental determination of the varia- 
tion of dielectric constant with temperature, three 
separate driving forces are operative: 


(1) The variation of ag because of anharmonic terms 
in the potential energy of the B atom as calculated 
independently by Slater? and Devonshire? 

(2) The variation of ag via changes in interatomic 
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spacings as the lattice expands as estimated for BaTiO; 
by Devonshire? and more recently by this author‘ 
using the better experimental data that has become 
available. 

(3) The variation of the effective Lorentz field due 
to the term in Eq. (14) of the form B(dy/dV)(0V/dT). 


To exhibit these effects Eq. (14) may be rewritten: 


A’ Cy Ce 0B 
ne 
Qr C3 C4 oT V 


op OV Oy OV 
+e Nae? Gea 
OV /7\ 0T OV oT 
Granicher and Jakits” considered the second term on 
on the right of Eq. (14’) in the discussion of their 
Eqs. (III.17) and (III. 18), but did not take into 
account that their a was actually }’a,6; (in their 
notation) where the 8; play the role of Lorentz factors. 
The 8; have a large temperature dependence as can be 
seen from their Fig. 12 which shows the dependence of 
6; on volume (and hence temperature). 
The left-hand side of Eq. (14’), which is the experi- 
mentally determined quantity except for the factor 
(¢1/c3—C2/c4), is for f=0 


A C1 C2 
—(“-“) =0.7X 10-5 °C, 


Qn C3 C4 


(14’a) 


The third term on the right for the same composition is 


OY OV 
(sr) )- 7.1X10-6 °C, (14’b) 
av /\ ar 


The first two terms on the right, taken together, con- 
stitute the quantity tabulated under (1/€)(dap/dT),; 
in Table II except for the factor y or 


op 0B 0B OV 
AG), +), Gr) 
oT f oT Vis ol 7. # oT 


=—6.4X10-§°C—. (16) 


These results are disturbing in that they show that the 
experimentally determined quantity, A’, results from 
a small difference between two large quantities and 
hence is very sensitive to the accuracy of the large 
quantities involved. This makes a quantitative com- 
parison of theory and experiment difficult. From Eqs. 
(14’a) and (14’b) it appears that the variation of the 
effective Lorentz factor with temperature is of the 
correct sign and an order or magnitude larger than 
that required to produce the observed variation of the 
dielectric constant with temperature. Since y is nega- 
tive, Eq. (16) requires that the temperature coefficient 
of ionic polarizability of the B ion be positive rather 
than negative to arrive at the experimentally deter- 
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TABLE IT. Values of 8, 08/07, and d8/df calculated 
from the data in Table I. 


(0B/dT)s (0B/df)r 
(A’ °C~) (A) 


94X10 
6.7X 104 
5.3X 10-* 
3.6X 104 
2.8X 104 


—0.45 
—().40 
—0.40 
—0.51 
—0.59 


mined A’. Does this mean that the theories which have 
predicted the sign of (08/0T)y,; to be negative are at 
variance with experiment? The answer seems to be 
“No,” if results reported by Granicher and Jakits and 
calculations based on a simple model are taken into 
account. 

In Eq. (16) consider the contribution of the term 
(08/0V)r, ,(0V/0T). The magnitude of (08/0V) can be 
estimated as follows: Assuming that the lattice is in 
equilibrium principally under Coulomb and short-range 
repulsive forces, it can be shown simply that the 
harmonic part of the potential energy of the B atom 
against small motions along the polarization axis arises 
largely from the short range repulsive force due to 
neighboring oxygens. The resulting ionic polarizability 
may be written 

B=". (17) 
where J is a constant and rf is the distance between the 
B ion and the nearest oxygen atoms, and it is assumed 
that the energy of interaction of the B ion and oxygen 
varies as r~*. Then 


( op ) ( 0p \(= 7 11(8/r) 118 

av ar J \ ar 3(V/r) 3V 

This leads to a result (08/0V)=0.84. A similar calcula- 
tion for Bri in BaTiO; yields a value of 0.55. This 
compares favorably with results given in Fig. 11 of 
reference 20, from which the equivalent result for Ti in 
a variety of titanates is found to be 0.46. Using this 
model, we find 


(08/0V)r, (0V/0T) =1.66X 10-* A’ °C, 
Then, in order to satisfy Eq. (16), we require 
(08/87 )y, ;= —0.72X 10 A® °C. 


To compare orders of magnitude: from Slater’s*’ Eqs. 
(27) and (29), the equivalent quantity for Ti in BaTiO; 
calculated from the statistical mechanical model yields 


1 /dar; 
-( 4 ) =—1,0X 10-8 °C>, 
€0 oT V 


if the values of };, bs, and a in Slater’s equation (29) 
are taken from this author’s results for BaTiOg listed 
in Table III of reference 4. 
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A similar analysis may be applied to Eq. (15). The 
first term on the right is found from Eq. (14) and the 
experimental value of (dT,.,/df). Equations (14) and 
(15) may be combined to write 


-{* *) (=) 
2r C3 C4 df 
OY OV fae} 
--a( )( )--(-). (19) 
av of of 
For f=0 (pure KNbOs) the left-hand side of Eq. (19) 


is —0.34X10-* and the first term on the right is 
2.7X10~-*. Again if we write 


0B 0g OV fae} 
ata a. 

of T OVI +r Of T of V.T 
and insert the value of (0V/df)r from Table I and 
(08/0V) from Eq. (17) the result is (08/0f)y,r is 
~+0.2. This infers that Br, is 1.4% larger than 8npfor 
fixed volume and temperature. The value of (08/0f)r 
from Table II is —0.45. The effect of f on the volume 
of the unit cell overrides the variation of 8 caused by 
the substitution of Ta for Nb. We are really saying 
that if a Ta atom replaces an Nb atom, the effective 
total polarizability would go up, were it not for the 
fact that the cell volume decreases. Actually this is 
not unexpected, since the space then occupied by the 
Ta atom would be too large, which naturally leads to 
an enhanced ionic polarizability. 


VI. SUMMARY AND CONCLUSIONS 


Results of measurements of dielectric constants in 
the paraelectric state of solid-solution single crystals 
of KNbO; and KTaO; have been compared with 
calculations derived from Slater’s model and the as- 
sumption of an average polarizability of the atoms 
occupying the (Nb,Ta) site. It is found that the 
behavior of the dielectric constant as the concentration 
in the solid (f) or the temperature (7) is varied can be 
understood by considering three major effects: 
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(1) The variation of the effective Lorentz corrections 
as the volume changes. 

(2) The variation of the ionic polarizability as the 
volume changes. 

(3) The variation of the contribution of anharmonic 
vibrations to the ionic polarizability as either the 
temperature or composition is changed. 


In the system reported on here (1) and (2) have 
large effects on the dielectric constant but are opposite 
in sign. Quantitative results on (3), which was the 
motivation for some earlier theoretical work, are largely 
obscured by this fact. It is not clear at this stage why 
these former two large effects do not lead to a situation 
in some of the ABO; perovskites in which the dielectric 
constant increases with temperature in a paraelectric 
phase rather than decreases. It may very well be that 
a direct relation exists between the two volume effects 
which leads to the observed behavior. 

The important new piece of information derived 
from these investigations is that the Lorentz correction 
is very dependent on the volume of the unit cell. This 
work has also suggested that perhaps a better choice 
for study of solid-solution behavior is the BaTiO;- 
SrTiO; system. The reason becomes obvious if we 
compare (cs/cs) calculated for a given volume but for 
different a4 (polarizability of the atom in the A site). 
For example, for a4/e9=24.4(Ba**), cs/cs= 4.496, 
while for a4/eo=16.8(K*), c4/c3=4.494 at V=64 A’. 
If the model used here is reasonably correct, then the 
concentration of SrTiO; should affect the dielectric 
behavior only via the change in volume of the unit cell. 
This problem is under study. 
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Excitation of Luminescent Materials by Ionizing Radiation* 


H. KALLMANN AND J. DreEsNERTt 
Department of Physics, New York University, Washington Square, New York, New York 
(Received October 2, 1958) 


The buildup of light emission under irradiation by x-rays and fast electrons was determined for several 
inorganic phosphors at room temperature and at —70°C. Measurements were performed under excitation 
by x-rays of 35 kev and 3.5 kev and by Sr® 8 rays. From a knowledge of these rise curves of light emission, 
the effective volume of phosphor excited by a single ionizing event can be calculated. For the three types 
of irradiation used, it was found that the effective volumes of these channels of excitation are proportional 
to the amount of energy transferred to the phosphor by each ionizing particle and that the ratio between 
the initial and final values of the light emission is almost independent of the mode of excitation. This implies 
that the excited electrons diffuse out from the path of the ionizing particle until they are stopped by traps. 
Evaluation of this diffusion process indicates that only a small percentage of all available deep traps are 
filled within the effective channel volume by one single event and that a nonbimolecular process participates 
in the initial light emission. In the above cases, the electrostatic field produced by the positively charged 
core of the channels is too small to interfere with the diffusion of the excited electrons. In the case of irradi- 
ation by high-energy a particles, this field is large enough to inhibit the diffusion process completely. Only a 
small part of the energy dissipated by the a particle is expended in filling all the traps in a narrow channel, 
the rest being available for radiative processes. This channel model thus accounts for the almost instan- 
taneous rise of light emission which is observed under irradiation by a particles. 


INTRODUCTION number of traps, the initial light intensity under a 
excitation was found to be only slightly lower than its 
maximum, although the initial value for the same 
phosphor under electron excitation was only a small 
fraction of its maximum. These results were interpreted 
in the following way. Each primary ionizing particle, 
in passing through the phosphor, produces a definite 
number of excited electrons which spread out in a 
“channel of excitation.” A small fraction of these 
electrons undergo radiative transitions to the activator 
levels almost instantaneously, the rest being either 
trapped or diverted to nonradiative processes. If a 
primary particle passes through a previously excited 
channel, the resultant light intensity will be higher 
since fewer electrons will be used to fill traps. 

There are several possible mechanisms which could 
determine the size of these channels and the amount of 
light initially emitted. One possibility is that the ex- 
cited electrons are restricted to a narrow region close 
to the path of the primary ionizing particle. This would 
be the case if the attractive field created by the positive 
charges were strong enough to inhibit their diffusion. 
If the channel dimensions would be the same for all 
types of radiation, one would expect that the relative 
amount of light instantaneously emitted upon excitation 
would increase with increasing density of excited elec- 
trons, since more positive charges are then available for 
instantaneous recombination in the same volume. This 
would seem to be the most natural assumption. Those 
free electrons which do not recombine immediately 
distance which 


[' is known that many phosphors, particularly inor- 
ganic phosphors, exhibit an increase of light emission 
with time when irradiated by a constant low intensity 
of exciting radiation. This effect has been studied for 
excitation by light and by high-energy ionizing particles 
by several investigators.'~“ This rise of light emission 
with time is due to the fact that a fraction of the 
exciting energy absorbed in the phosphor is not avail- 
able for the production of luminescence but is, instead, 
stored in the form of trapped electrons. The study of 
this luminescence buildup offers a method for detecting 
the existence of traps and for determining the lifetimes 
of trapped electrons.*~* This method is especially useful 
for the investigation of deep traps which cannot be 
properly studied by the glow curve method because of 
temperature quenching of the emitted light. 

Kallmann and Spruch* studied the rise of light 
emission under irradiation by fast electrons and a@ par- 
ticles in phosphors which had been previously de- 
excited. They found that many phosphors exhibited a 
large rise in light emission under electron excitation, 
but that, in most cases, the rise of fluorescence was 
instantaneous under a-particle excitation. Even for 
substances which were known to contain a very large 
* This work was supported by the Signal Corps Engineering 
Laboratories, Little Silver, New Jersey, Contract No. DA 36- 
039 sc-56732. 

+ Part of a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree (J. D.) at New York Uni- 
versity. 

t Now at R.C.A. Laboratories, Princeton, New Jersey. 

1A. Levialdi and V. Luzzatti, J. phys. radium 8, 306, 341 


(1947). 
2 W. Hoogenstraaten and H. A. Klasens, J. Electrochem. Soc. 


after excitation diffuse out to a is 


independent of the number of electrons produced, but 
which depends on the density of trap levels, since this 


100, 366 (1953). 
3 W. Hoogenstraaten, J. Electrochem. Soc. 100, 356 (1953). 
4H. Kallmann and G. M. Spruch, Phys. Rev. 103, 94 (1956). 
5H. Kallmann and E. Sucov, Phys. Rev. 109, 1473 (1958). 
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density determines the lifetime of the free electrons. 
This situation will be discussed more fully at the end 
of the paper. If the density of excitation is so high that 
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many more free electrons are created in the channel 
volume than there are traps available, the initial light 
emission will be close to the final value, since only a 
small fraction of the electrons produced are consumed 
by the traps. Apparently, this is the situation for a 
irradiation. If this conception of the excitation mecha- 
nism for ionizing particles were completely correct, the 
time necessary for the luminescence to reach its station- 
ary value would be determined principally by the 
number of incident particles and not by their nature 
and energies. Previous experiments already indicated 
that this concept does not present the full picture.‘ 
Another possibility would be that the excited electrons 
occupy all trap levels available immediately and diffuse 
through the phosphor until all traps are filled. In this 
case, the channel dimensions would depend on the 
energy dissipated by the primary particle. The buildup 
time of the luminescence would then decrease with 
increasing density of excitation for the same number of 
incident primary particles. 

In order to study the properties of these channels 
more thoroughly, the luminescence buildup was investi- 
gated for several phosphors under the influence of 
radiations which produce densities of excitation varying 
over a wide range. 

It is well known that, in many phosphors, there 
exist traps with very long lifetimes, which cause the 
electrons, in some cases, to stay excited for weeks. 
When such a phosphor is exposed to exciting radiation, 
the electrons trapped in these deep levels will not 
recombine during the time required to obtain the final 
value of the light emission, providing the exciting in- 
tensity is made high enough. In our experiments, the 
rise of light emission with time was studied for some 
phosphors for which it had been previously determined 
that the decay of stored electrons during the rise time 
was small.‘ The recombination of trapped electrons was 
further inhibited by performing the experiments at 
decreased temperature. The release of holes from the 
activator centers is also inhibited at low temperature, 
thus causing a decrease in the number of transitions to 
the ground state. Under those conditions, the processes 
giving rise to the buildup of light emission are con- 
siderably simplified. 

EXPERIMENTAL PROCEDURE 

The rise of luminescence was studied for several 
phosphors under irradiation by electrons from a 32-mC 
Sr®-Y™ source and by x-rays of two wavelength bands 
whose average energies were approximately 35 kev and 
3.5 kev. The x-ray source consisted of a Mo anode 
tube with a 0.5-mm Be window. For the higher energy 
x-rays, the x-ray tube was operated at 40 kvp with a 
0.3-mm Cu filter. For the lower energy x-rays, the 
tube was operated at 8 kvp and the path between the 
tube window and the phosphors was filled with helium 
at atmospheric pressure in order to eliminate air absorp- 
tion. The average energies for the two x-ray bands were 
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computed from a knowledge of the emission spectrum 
of the x-ray tube modified by the total filtration inter- 
posed between the Mo anode and the phosphors. In the 
calculations for the low-energy band, the high-energy 
limit of the x-ray spectrum was taken to be the rms 
value of the applied tube voltage. The x-ray intensities 
incident upon the phosphors were measured by means 
of an ionization chamber with a Teflon window 64 
thick. In the case of irradiation by fast electrons, the 
number of electrons incident upon the samples per unit 
time was measured by the same method. The various 
intensities of irradiation used are shown in Table I. 
A few measurements were performed with higher in- 
tensities in order to obtain a faster buildup; this infor- 
mation will be given in the text. The average x-ray 
energies of 35 kev and 3.5 kev were selected because the 
densities of excitation produced in the phosphors by 
electrons of those energies lie between those obtained 
with the fast electrons from the Sr® source and high- 
energy a particles. The densities of ionization produced 
by electrons of 1 Mev, 35 kev, 3.5 kev, and by Po a 
particles (5.3 Mev) are in the ratios of 1, 14, 100, and 
500. The importance of this point will be discussed 
below. 

Measurements were performed on three phosphors; 
ZnO, a ZnCdS with Cu and Ni activators, and an Ag- 
activated ZnS. The ZnO and ZnCdS were selected for 
study according to the discussion of the previous section 
because they exhibit decay of stored electrons only over 
long periods of time. The ZnS phosphor shows a faster 
decay of trapped electrons and was studied for purposes 
of comparison. 

The samples consisted of thin powder layers deposited 
on an aluminum backing by means of a 2% solution of 
Duco cement in amy] acetate. All measurements per- 
formed with 3.5-kev x-rays made use of samples having 
thicknesses under 5 mg/cm?*. Some of the experiments 
involving irradiation with hard x-rays and with 6 par- 
ticles were performed on samples having thicknesses 
ranging up to 30 mg/cm’. The thicknesses of the phos- 
phor layers were limited in order to obtain a uniform 
dissipation of energy under §-ray and 35-kev x-ray 
excitation, and also to avoid self-absorption of the 
emitted light. For irradiation by 3.5 kev x-rays, the 


TABLE I. Irradiation intensities. 


Intensity incident 


Average 
on phosphor 


Irradiation factors energy 





40 kvp-5 ma 


0.30-mm Cu filter 35 kev 8.6 ergs/cm? sec 


8 kvp-0.5 ma 


He atmosphere 3.5 kev 0.19 ergs/cm? sec 


Sr®_y™ 


32-mC source ~1 Mev 


3.01 X 10® electrons/cm? sec* 


® The number of electrons passing through thin phosphor layers mounted 
on aluminum must be corrected for backscattering. For 8 rays from a Sr 
source, the correction factor in this case is 1.28 [B. P. Burtt, Nucleonics 5, 
No. 2, 28 (1949) ]. 
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energy dissipation was strongly nonuniform even for 
the thinnest layers which could be used in practice 
(~1 mg/cm?). For measurements at low temperature, 
the samples were cooled to —70°C by means of a 
mixture of CO, and acetone. The use of the aluminum 
backing is advantageous for efficiently cooling the 
phosphors. However, it results in some backscattering 
of electrons into the phosphor layer in the case of 8-ray 
irradiation. 

The emitted light was measured by means of a 1P21 
photomultiplier tube. The tube current was measured 
by an electrometer circuit coupled to a dc amplifier 
and a Sanborn strip chart recorder. In order to obtain 
an accurate measurement of the initial point of the 
rise curves, the time constant of the entire measuring 
circuit was set at 0.02 second. A spring-operated lead 
shutter, with an opening time of 0.02 sec was used to 
start the irradiation for both x-ray and 8-ray excitations. 

Before each rise curve measurement, the phosphors 
were completely de-excited by exposure to intense 
infrared radiation and heating. The de-excitation pro- 
cedure consisted in exposing the phosphors for one 
hour to radiation from a 250-watt heat lamp through a 
Corning 7-56 filter (A>0.77 uw). The temperature of the 
phosphors during this procedure was approximately 
150°C. It is important to perform the de-excitation at 
high temperature because many phosphors are known 
to contain traps which cannot be emptied by the 


application of infrared radiation alone but require the 
application of heat.® 


RISE CURVE MEASUREMENTS 


Figure 1 shows rise curve measurements performed 
on a sample of ZnCdS under irradiation by 35-kev 
x-rays. The heavy vertical line indicates a change in 
the time scale, introduced in order to facilitate the 
study of the initial part of the rise curve. The experi- 
ment was performed as follows: The completely de- 
excited phosphor was introduced in the apparatus and 
cooled to — 70°C. The x-ray irradiation was then started 


ZnCdS (4mg/cm*) 
35kev X-roys 
-70°C 
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Fic. 1. Luminescence buildup in ZnCdS under x-ray irradiation. 
The small area under the second rise curve demonstrates the slow 
release of stored energy at —70°C. 
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Fic. 2. Luminescence buildup in ZnO, following de-excitation by 
infrared (A>0.77 yu) irradiation. 


and the rise of light emission with time recorded as 
shown by the lower curve of Fig. 1. The initial point of 
the rise curve, which is of particular importance, was 
recorded at 0.06 second. The irradiation was continued 
until the light emission reached a stationary value. The 
irradiation was then interrupted for an hour with the 
phosphor being kept at constant low temperature. 
A new rise curve was then taken which is shown as the 
upper curve of Fig. 1. If a horizontal line is drawn 
through the stationary value of the light emission, the 
area between this line and the rise curve, the ‘deficiency 
area,” will be proportional to the energy stored in the 
phosphor in the form of trapped electrons. The area 
between the horizontal line and the second rise curve 
represents the amount of stored energy which has 
decayed in one hour. Comparing the deficiency areas 
for the two rise curves, it is found that less than 2% of 
the trapped electrons have decayed in one hour. During 
the 30 minutes irradiation time needed to obtain a 
stationary value of the emitted light intensity, the 
decay of trapped electrons is then negligible. Similar 
experiments were performed with the ZnO and the ZnS 
phosphors at — 70°C. For ZnO, about 3% of the stored 
energy decays in one hour while for ZnS the decay is 
of the order of 30%. 

Figure 2 shows two rise curves obtained with a ZnO 
sample at temperatures of 25°C and —70°C under 
irradiation by 35-kev x-rays. The initial value of the 
light emission is approximately the same for both 
curves. The stationary value, however, is considerably 
larger at —70°C than at 25°C. The curves obtained at 
room and at low temperatures for all the phosphors 
tested under irradiation by the two x-ray energies 
employed showed essentially the same features as those 
of Fig. 2. The results of these measurements are sum- 
marized in Table II together with those obtained with 
8-ray irradiation at low temperature. No measurements 
were performed with fast electrons at room tempera- 
ture. The second column shows the type of irradiation 
employed and the phosphor temperature is listed in the 
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Temp 

Phosphor sample Irradiation (°C) 
ZnCdS (4 mg/cm*) 6 rays 25 
—70 


35-kev x-rays 25 
—70 


ZnCdS (7.9 mg/cm?) 


ZnCdS (2.5 mg/cm?) 3.5-kev x-rays 25 


—70 


ZnO (4 mg/cm’) 8 rays vad 
eT 
ZnO (4 mg/cm?) 35-kev x-rays 4 
—s 
ZnO (4 mg/cm?) 3.5-kev x-rays 4 
=F 
B rays 25 
—70 


ZnS (3.5 mg/cm?) 


ZnS (3.5 mg/cm?) 35-kev x-rays 25 
—70 
3.5-kev x-rays 25 
—70 


ZnS (3.5 mg/cm?) 


third column. The fourth and fifth columns give, re- 
spectively, ip and i,,, the initial and the maximum values 
of the photomultiplier current. These current values 
should be compared only for a given phosphor sample 
under a given irradiation because the incident intensities 
are not the same for the different modes of irradiation 
and because samples of varying thicknesses were used. 
For all the phosphors tested, the initial values of the 
light emission at 25°C and at —70°C are close to each 
other, but the stationary values are higher at low tem- 
perature. The sixth column lists the values obtained for 
the factor k= 1—1i0/i, which is a measure of the energy 
diverted from light emitting processes at the beginning 
of the irradiation. The significance of this factor will be 
discussed in detail below. 

The last column of Table II gives the deficiency areas 
at 25°C and —70°C under x-ray irradiation.® For each 
sample under a particular x-ray energy, the deficiency 
areas are larger at low temperature. At 25°C, the size 
of the deficiency area depends upon the intensity of 
the incident radiation, since a certain portion of the 
trapped electrons already decay during the excitation 
process. This can be seen when consecutive rise curves 
are taken at room temperature, at intervals comparable 
to the time of rise.’ At low temperature, however, the 
situation is much simplified. For ZnCdS and ZnO at 
— 70°C, only a very small fraction of the trapped elec- 
trons decay during the time necessary to obtain a 
stationary value of the light intensity. Therefore, at low 
temperature, the deficiency area for these two phosphors 
truly represents the fraction of the absorbed energy 


6 Not given in the table for 8 irradiation since measurements 
were performed only at low temperature. 
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TABLE II. Summary of results. 


: Deficiency area 
io (amp) im (é k (10-6 amp sec) 
0.2X 10 6.1X10° 0.97 
0.79 
0.90 


0.7X 10% 
0.5X 10% 


3.4X10°* 
4.9X 10% 


0.93 
0.93 


0.6X 10 
0.9X10* 


8.6X10 
1.2X10°* 


0.53 


3.0X10~° 


1.410% 


0.37 
0.59 


4.7X10° 
4.1X10° 


7.5X10° 
1.0X10°* 


0.41 
0.57 


4.9X10° 
6.5X 10% 


2.9X 10° 
2.8X 10° 
1.1X10° 1.6X10* 0.93 
0.80 
0.91 


0.9X 10% 
0.5X 10% 


4.4X10% 
5.8X 10% 


2.4X 10% 
3.0X 10° 


0.83 
0.93 


0.4X 10% 
0.2 10% 








which is stored in the form of trapped electrons. For 
the ZnS phosphor a maximum value was obtained in 
about 20 minutes in our experiments, so that the frac- 
tion of trapped electrons which decay during the rise 
curve cannot be much larger than 10%. Because of this 
situation, the rise curves taken at —70°C are more 
suitable for determining the amount of energy stored 
in the phosphors. 

At low temperature, the values of & for a given phos- 
phor appear to be independent of the kind of irradiation 
used. Since the density of excitation resulting from the 
absorption of a 3.5-kev x-ray quantum is about 100 
times greater than that created by the passage of a 
fast electron through the sample, this suggests that the 
dimensions of the channels vary with the type of irradi- 
ation used and that the initial light emission does not 
depend on the density of excitation in these cases. For 
light excitation it is well known that 1—A is practically 
zero, at least for the ZnCdS phosphors. 


CALCULATION OF CHANNEL DIMENSIONS 


An expression for the rise of luminescence with time 
in terms of the channel dimensions can readily be 
obtained for the various types of excitation used. The 
assumptions which are made are that practically no 
traps empty during the rise curve measurement, and 
that the efficiency of light emission does not change 
appreciably during this time. That this second assump- 
tion holds rather well is indicated by the fact that the 
initial fraction of the light emission does not change 
with a varying density of excitation. For purposes of 
calculation, the channel is defined as the volume of 
phosphor in which all traps are filled by the absorption 
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of one x-ray quantum or by the passage of one ionizing 
particle through the sample. Actually not all traps in 
the channel may be occupied in one primary event. 
In this case, the actual volume through which the 
excited electrons diffuse will be larger than calculated. 
The quantities a and v, defined below, then refer to 
effective channel dimensions which describe the average 
occupation of trap levels over the actual diffusion 
volume. 

We consider first irradiation by fast electrons. The 
phosphor layer is thin compared to the range of the 
incident electrons, so that a cylindrical channel is 
created in which the excitation is uniform. If an electron 
passes through a de-excited part of the phosphor, the 
light emitted will be a fraction (1—&) of that emitted 
in passing through a fully excited part of the phosphor. 
Let E be the energy dissipated by each incident particle 
multiplied by the absolute efficiency of light emission. 
The light intensity can then be written as 


I=EN(1—f)(1-k) +ENf=EN[1+&(f-1)], (1) 


where NV is the number of electrons incident on the 
sample per unit time and f is the fraction of the area 
of the sample which is excited at time ¢. Under our 
assumptions, the excitation of the sample progresses 
at a rate 
df Na 
—=~—(t—f), 
dt A 


where a is the cross-sectional area of the channel and A 
the total area of the sample. Using the condition 
f(0)=0, one obtains 


1=In(1—ke-#), (3) 


where B=(a/A)N, and 7, is the maximum value of 
the light intensity. 

In the case of irradiation by 35-kev x-rays, the calcu- 
lation is similar to that outlined above. The irradiation 
of the sample is uniform, and it is assumed that the 
x-rays are absorbed preponderantly through the photo- 
electric effect in zinc or cadmium. The ejected photo- 
electrons are completely absorbed in the phosphor and 
excite a channel of volume v. Let the x-ray energy 
absorbed by the sample per unit time be denoted by W, 
the energy of the absorbed x-ray quanta by hy and the 
total volume of the sample by V. In this case, the 
number of channels created per unit time is W/hp. 
Upon going through the same procedure as for the case 
of electron irradiation, the light emission is found to 
obey Eq. (3) with 8 replaced by B’=Wv/Vhyp. 

Equation (3) is similar in form to that given by 
Kallmann and Spruch‘ for the case of electron irradi- 
ation and infinite lifetime for the trapped electrons, but 
it differs from the latter in that it gives the luminescence 
buildup directly in terms of the channel dimensions. 
The fit of the experimental rise curves to Eq. (3) can 
be tested by plotting In(1—///,,) as a function of time, 
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and the value of the factors 6 or @’ are given by the 
slope of the curve. 

The channel cross section in the case of irradiation 
by fast electrons, and the channel volume for 35-kev 
x-ray excitation can then be calculated, respectively, 
from the values of 6 or 6’. The experimental results 
obtained by this method will be discussed below. 

In the case of irradiation by 3.5-kev x-rays, most of 
the incident radiation is absorbed even in the thinnest 
phosphor layers practicable (~1 mg/cm?), and the 
irradiation is thus strongly nonuniform. We consider a 
phosphor sample of unit area, in which each layer of 
thickness dx at a depth x contributes to the light 
emission according to Eq. (3). We adopt the following 
notation: d= thickness of phosphor, .=absorption co- 
efficient of incident x-rays, /(*)=x-ray energy flux at 
depth x, and J(«)=J(0)e*. The energy absorbed in a 
layer dx is J (x)udx and the total light emission is 


d Ue 
=f Ja)af 1 —k exp( ~ say) Jas (4) 
0 hv 
This can be integrated to give 


k 
1=w|1-— 
we" 


(e B'’ J(d)t_ ¢ a0), (5) 


where B”’= 94/hv and where W = J (0) —J(d), the energy 
absorbed by the sample per unit time. 

By matching the experimental rise curves to Eq. (5), 
the values of the factor 6”, and hence the channel 
volumes, can be calculated for this type of excitation. 
The wide energy band used for 3.5-kev x-rays and the 
resultant uncertainty in the value of the absorption 
coefficient u, create a source of error in the determina- 
tion of the channel volumes. In the ZnS and ZnCdS 
phosphor, this uncertainty is increased by the presence 
of the K absorption edge of sulfur at approximately 
2.5 kev. In most cases, however, the incident x-rays are 
strongly absorbed and J (d)<J(0), so that the determi- 
nation of 8” is essentially unaffected by the uncertainty 
in uw. This factor appears also directly in the expression 
for »=B”hv/u. For all calculations, the value of » used 
was that for 3.5 kev, the average energy of the band. 

Several assumptions are implicit in the derivation of 
the above expressions for the luminescence buildup. 
The first of these, already stated, is that the passage of 
one primary electron through the sample (or the ab- 
sorption of one x-ray quantum) fills all the traps in the 
channel. In reality, however, only part of the traps will 
be filled. Our calculation then gives an effective channel 
volume which, when divided by the actual diffusion 
volume, gives the fraction of traps which are filled in 
this diffusion volume by a single ionizing event. 

Another assumption made is that the size of the 
channels remains constant throughout the irradiation. 
This probably does not hold for the upper part of the 
rise curve, where considerable overlapping of the 
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Fic. 3. Plots of In(i—J/I,,) for de-excited samples of ZnO and 
ZnCdS under excitation by fast electrons. The experimental data 
are in good agreement with the linear relation given by Eq. (3). 


channels occurs, because the excited electrons probably 
diffuse through larger distances in a region where 
nearly all traps are filled than in a de-excited region. 
At the beginning of the irradiation, however, overlap 
is slight and the channel dimensions would remain 
essentially constant. Furthermore, the excited electrons 
diffuse outwards in a region in which there are few 
positive charges available for radiative recombination. 
Because of their smaller mobility and because the con- 
centration of activators (~10'8/cm*) is much greater 
than the concentration of traps (10!°/cm*), most of the 
positive charges are quickly trapped near the path of 
the ionizing primary particle. Eventually, however, the 
positive charges also diffuse out and distribute them- 
selves throughout the channel. Therefore one might 
expect that our channel model and the theoretical 
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Fic. 4. Plot of In(1 | 7/Z) for ZnO under 35-kev x-ray excitation. 
The data agree closely with Eq. (3). 
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equations represent the actual conditions most accu- 
rately at the beginning of the rise curve. 

It has also been assumed that the dimensions of the 
phosphor grains are larger than those of the channels, 
since otherwise the grain boundaries would interfere 
with the diffusion of the excited electrons (see the dis- 
cussion at the end). The smallest phosphor grains used 
in these experiments had a diameter of the order of 
10-* cm. From the data presented in the next section, 
it will be seen that this is larger than the channel dimen- 
sions we will consider. 


DISCUSSION 


Figure 3 shows the plots of In(1—J/J,,) versus time 
for samples of ZnCdS and ZnO under the same intensity 
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Fic. 5. Plot of In(i—JZ/Jm) for ZnCdS under 35-kev x-ray 
irradiation. The deviation of the experimental data from the 
linear relation predicted by Eq. (3) is discussed in the text. 


of fast electrons. The graphs comprise the part of the 
rise curves between the initial point and approximately 
90% of the maximum light intensity. Agreement be- 
tween the rise curves and the theoretical Eq. (3) is 
close, except for slight deviations at the beginning of 
the irradiation. The initial points of the graphs give 
the value of the factor k. 

Figure 4 shows the results obtained with a ZnO 
sample under irradiation by 35-kev x-rays. The rise 
curve closely fits the theoretical Eq. (3). The results 
obtained with a sample of ZnCdS under 35-kev x-rays 
are shown in Fig. 5. The rise curve exhibits a marked 
decrease in the buildup rate when the luminescence 
reaches about 60% of its maximum value. Rise curves 
under the same intensity of 35-kev irradiation were also 
obtained for samples of the ZnCdS phosphor having 
thicknesses of 4.0 and 7.9 mg/cm?. The plots of 
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In(i—I/Im) for those samples agree closely with that 
of Fig. 5, showing the same slope for the initial part of 
the curve, and a marked decrease in the buildup rate at 
approximately the same point. Figure 5 shows a slowing 
down of the luminescence buildup after approximately 
one minute of irradiation. From the discussion of Fig. 1, 
the decay of trapped electrons in one minute must be 
extremely small (1%) for ZnCdS at —70°C, and it 
is unlikely that such a decay would be responsible for 
this decrease. Rise curves were also measured with two 
samples of ZnCdS under x-ray intensities approximately 
3 and 5 times that given in Table I. For these two cases, 
the graphs of In(1—J/J,,) agreed with the theoretical 
equation for a larger portion of the rise curve, and the 
buildup rate did not begin to decrease until about 80% 
of the maximum light emission. It is most probable 
that this effect is connected with the overlapping of the 
channels of excitation, and further study is needed to 
clear up this point. According to the previous dis- 
cussion, however, the theory can be expected to be most 
accurate at the beginning of the rise curve, and the 
channel volumes were therefore calculated from the 
slopes of the initial parts of the graphs of In(1—J/J). 


TABLE III. Channel volumes in ZnCdS (35-kev x-ray irradiation). 





Incident x-ray 
intensity 
(ergs/cm? sec) 


Sample 
thickness 
(mg/cm?) 


Channel volume 
(cm!) 





1.3X10-? 
1.4X10-2 
1.6X10-2 
1.3X10-% 
1.4X10-" 


This procedure is justified by the results of Table III, 
which gives the channel volumes obtained by this 
method from five rise curves with ZnCdS. Despite the 
large variations in the incident x-ray intensities and 
sample thicknesses, the calculated values for the 
effective channel volume agree closely with each other. 

For the ZnS phosphor, the results obtained for both 
B-ray and 35-kev x-ray irradiation were similar to those 
shown in Fig. 5 for ZnCdS. The channel dimensions for 
those cases were determined in the way described 
above. 

In the cases of irradiation by 3.5-kev x-rays, Eq. (5) 
could be fitted closely to the experimental rise curves. 
The channel volumes were calculated from. values of 
the factor 8” for which Eq. (5) deviated from the 
experimental data by less than 10% at any point. 

Table IV shows the results of the channel calcula- 
tions, averaged for each phosphor under each mode of 
irradiation. For irradiation by high-energy electrons, 
which completely traverse the sample, the channels can 
be assumed to be cylindrical in shape. The same shape 
is assumed for 35-kev x-rays, where the range of the 
secondary electrons is about 3X 10~ cm. This assump- 
tion neglects the considerable scattering undergone by 


TaBLeE IV. Summary of channel calculations. 








Energy 
expended 
by the 
i . . rimar 
Average effective channel dimensions guntide te 
Volume Area Radius filling traps 


Phosphor Irradiation (cm) (cm?) (cm) (ev/cm?) 





ZnCdS B rays 


35 kev 
3.5 kev 
8 rays 

35 kev 
3.5 kev 


8 rays 


35 kev 7.3 X1072 


3.2 X10" 


the exciting electron near the end of its range. For the 
3.5-kev x-rays, where the secondary electron range is 
of the order of 10~® cm, the channels have been assumed 
to be spherical in shape. The third column gives the 
channel volumes obtained from Eqs. (3) and (5) for 
x-ray irradiation. For B-ray excitation, Eq. (3) gives 
the effective channel cross section directly. This area is 
given in the fourth column, together with that calcu- 
lated for a cylindrical channel with 35-kev excitation, 
assuming the above electron range. The channel radii 
are given in the fifth column. These radii are to be 
interpreted as the minimum distances to which the 
excited electrons diffuse away from the path of the 
ionizing particle. The last column gives the energy 
expended in trapping processes per unit volume by the 
exciting particle, if one assumes that the particle fills 
all the traps in its channel. This quantity is equal to 
the energy dissipated per unit volume multiplied by 
the factor &. For irradiation of a thin phosphor layer 
by fast electrons, this quantity was calculated from a 
knowledge of the channel cross section and assuming a 
specific energy loss of 1.5 Mev/(gm/cm*) for the ex- 
citing electrons. For the cases of x-ray irradiation, the 
effective channel volumes are given directly by the 
theory, and the secondary electrons are completely 
absorbed in the phosphor. Therefore, the values given 
in the last column for x-rays are independent of the 
geometry assumed for the channels. The energy stored 
in the phosphor, as well as the density of traps can be 
calculated from the energy dissipated in trapping 
processes. This will be discussed further below. 

The data of Table IV shows an important result. The 
effective channel volumes obtained with 35-kev irradi- 
ation are about one order of magnitude greater than 
those for 3.5-kev x-rays. Furthermore, the energy 
dissipated per unit volume in completely filling the 
traps in the channels shows little variation for the three 
types of excitation used, although the linear densities 
of excitation produced by the exciting particles vary 
through a range of 100 to 1. For ZnCdS, the three 
values obtained agree to better than 10%, while for 
ZnO, the maximum deviation from the mean of the 
three values is about 20%. For ZnS, agreement is less 
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TaBLeE V. Potentials in the field of the trapped positive charges* 


Potential at 


10-5 cm 
{volts) 


0.044 

0.40 

0.25 
21.6 


Linear charge 
density 
(coulomb/cm) 


4.6X10-" 0.063 
6.4X 107% 0.67 
4.6X10°" 1.5 

2.3X10-" Biss 


10-4 cm 
(volts) 


10° cm 


Irradiation (volts) 


Sr™ 8 particles 
35-kev x-rays 
3.5-kev x-rays 


5.3-Mev a particles 12.1 


® The potential is assumed to have the value zero at infinity. 
> For 5.3-Mev a particles, the radius of the positive core is 6.8 X10~¢ cm. 


good, and the values obtained in the last column vary 
through a range of 3 to 1. For this phosphor, however, 
the results can be expected to be less accurate because 
of the appreciable trap decay which occurs during the 
rise curve. 

These results agree with the observation that the k 
values are almost independent of the density of excita- 
tion and thus show that no special quenching processes 
occur for higher densities of excitation, as is the case 
for some other phosphors. They could be interpreted to 
mean that the channel dimensions adjust themselves so 
that the excited electrons diffuse out until they have 
filled all available traps and that this type of behavior 
takes place even for irradiation by 3.5-kev x-rays, 
where the secondary electrons produce a density of 
excitation only five times smaller than that caused by 
a particles. However with a-particle irradiation, some- 
thing different occurs, as indicated by the very high 
instantaneous value of the light emission; the & value 
for a’s is almost zero. 

A possible reason is suggested by the following con- 
siderations. As mentioned previously, the holes liberated 
by the exciting particles are quickly trapped at activator 
centers. The excited electrons thus diffuse against the 
attractive field created by the positively charged core 
in the path of the primary particles. 

The potentials against which the excited electrons 
move in this field can be calculated for the various 
cases, and are shown in Table V. The second column in 
the table lists the average charge densities along the 
track of the ionizing particle. These were calculated 
from a knowledge of the linear energy loss of the 
exciting particles. Assuming an energy gap of about 
4 ev and an absolute efficiency of light emission of 
20%,’ 20 ev must be dissipated, on the average, in 
order to raise one electron to the conduction band. The 
third and fourth columns of Table V show the attractive 
potentials calculated for distances of 10~* and 10~° cm 
from the center of the channels. The difference between 
the values of columns 3 and 4 represents the potential 
against which the electrons diffuse. 

For 8 and a irradiation, it was assumed that the 
exciting particles traverse a phosphor layer of 10 mg/ 
cm*. The figures of Table V give the electrostatic 
potentials at the center of the layer for line charges of 


7A. Bril and H. A. Klasens, Philips Research Repts. 7, 401 
(1952). 
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such length. For the 35-kev x-rays, the positive core 
of the channel consists of a line charge 3X 10-4 cm in 
length. For 3.5-kev x-rays, where the secondary electron 
range is about 6X10~* cm, a line charge was assumed 
for the 10~* cm calculation and a point charge was 
assumed for the 10~* calculation. For a irradiation, no 
value is given for the potential at 10-® cm from the 
center of the channel. In this case, the radius of the 
positive core can be calculated to be 6.8X10-* cm, 
assuming a density of 10!8/cm! for the activators.’ The 
attractive potentials for this case were calculated at 
distances of 10~ and 10~* cm from the center, as shown 
in the last column. 

In both cases of x-ray irradiation, the potentials 
through which the excited electrons move are probably 
smaller than shown in Table V, because the exciting 
electrons undergo considerable scattering, and the posi- 
tive charges are irregularly distributed. Despite the 
simplifications introduced, the data of Table IV throw 
some light on the difference of behavior under irradi- 
ation by a particles and the other types of irradiation 
used. For 8 particles and 35-kev x-rays, the potentials 
against which the electrons move are not much larger 
than their thermal energy, especially when one con- 
siders the screening effect produced by the electrons 
outside the positive core, which decreases the actual 
potential. 

In the case of 3.5-kev x-rays, the total number of 
positive charges liberated by one quantum is only about 
175 and these are distributed irregularly rather than at 
one point; thus the attractive potential may be con- 
siderably less than that given. Therefore, for irradiation 
by fast electrons and the x-ray energies used, the posi- 
tive charges do not interfere too much with the diffusion 
of the excited electrons. For a particles, however, where 
the geometry of the channel is well defined, the situation 
is different since in order to migrate from the edge of 
the positive core to a distance of 10~ cm an electron 
would have to overcome a potential difference of 9.5 
volts. In this case it is clear that the diffusion of excited 
electrons must be strongly inhibited. This is confirmed 
by the high initial value of the luminescence under @ 
irradiation. If the mechanism for this case were the 
same as that which occurs for fast electrons, the initial 
value would be low. If one assumes that, in the a@ case, 
the excited electrons are restricted to a channel with an 
outer radius of 10~° cm, their density would be about 
5X 10!7/cm*. The density of traps, however, is of the 
order of 10'5/cm’, so that less than 1% of the excited 
electrons would be expended in filling all the traps in 
the channel, the rest being able to recombine radiatively 
with the positive charges. 

The densities of deep traps in the phosphors can be 
calculated from the data in the last column of Table IV. 
Taking 20 ev as the energy expended in raising one 


8 Whether this is accurate for ZnO is not certain since its 
luminescent centers are not foreign activator atoms. 
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electron to the conduction band, the averaged trap 
densities are found to be 8.0X 10" for ZnCdS, 2.3 10" 
for ZnO, and 3.0X10" for ZnS, in good agreement 
with previous measurements.’ 

The major result of our investigation is that, in the 
de-excited phosphors, the amount of energy expended 
in trapping by one single event and the k-values are 
almost independent of the density of excitation. This 
can be explained by the assumption that the electron 
diffusion out of the positive core is limited by complete 
trap filling. The more excited electrons are available, 
the larger the volume through which they diffuse. The 
ratio of the initial light emission to its steady value 
(given by 1—&) will then be independent of the density 
of excitation, assuming that the initial light emission 
is due to a radiative recombination of electrons in the 
conduction band with positive charges at the activator 
sites, and that this is a relatively slow process. If the 
electrons would be confined to a fixed volume, inde- 
pendent of the density of excitation, then the ratio 
between the numbers of positive charges and trap levels 
which the electrons encounter would increase with the 
density of excitation and as a consequence of this the 
light emission before trapping would increase with 
density of excitation. Since this is not the case, the 
above assumption of complete trap filling, i.e., a volume 
for the diffusion of electrons which increase with the 
density of excitation, would explain our observations. 
However, such an interpretation of our results leads to 
difficulties from an atomic viewpoint. There are about 
N=10" trap levels per unit volume which are deep 
enough to prevent recombination during the buildup 
time of the luminescence. If one assumes a relatively 
large cross section for trapping ¢= 10~" cm, one finds 
that an excited electron will travel an average total 
distance of 1/oV=10~! cm before it is trapped. The 
mean free path for free electrons in ZnS, Jo, is known to 
be about 10~-® cm. This means that an excited electron 
undergoes about n=10° collisions with the lattice 
before being trapped and thus diffuses to a distance 
R=Iy\/n~3X10~ cm from the positive core. This 
distance is much larger than the calculated dimensions 
of the channels for all cases considered above. This 
means that actually only a small fraction of the trapping 
levels are occupied by electrons in consequence of a 
single primary event and hence R is independent of the 
density of excitation. With a higher density of excitation 
more electrons are available and they diffuse to the 
same distance; only a larger fraction of traps is occupied. 
Thus the areas and volumes of Table IV have to be 
interpreted as effective channel areas and volumes and 
when divided by R? and R’®, respectively, they give the 
percentage of trap filling in the diffusion volume. With 


9 E. Sucov (private communication). 
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R’~3X10~ cm’, the percentage of trap filling is at 
best 5%. 

However, this constancy of the diffusion volume R® 
leads, as shown above, to the consequence that the 
factor k, which is introduced in our calculation as an 
external parameter, should decrease with the density of 
excitation in contradiction to our findings. 

This shows that something in the basic assumptions 
about the processes occurring in these phosphors must 
be at fault. One could assume that Jo, the mean free 
path of the free electrons, is not determined so much by 
the bulk material but instead by the deep trap levels. 
This seems unlikely, since then huge cross sections 
must be assumed for the trapping process in order to 
obtain acceptable values for /p. 

It is more likely that something about the assumed 
emission process is in error. This is also indicated by the 
following considerations. A radiative recombination 
process is generally slow and its probability is about 
10~® times smaller than a normal recombination or a 
trapping process. In the volume R® one has about 
3X10 trapping sites and only 100 to 1000 positive 
charges are created in this volume by the type of 
radiation used. Thus one cannot account for our initial 
emission of 10% or even more. One would expect that 
only a very small portion, much smaller than 10~* of 
all collisions, leads to a radiative recombination if one 
assumes a normal radiative recombination process. The 
probability of such a process becomes greater if one 
assumes that recombination between the electrons and 
the positive charge occurs via an intermediate shallow 
level close to the conductivity band which is connected 
with the positive charge activator.” In such a case the 
radiative recombination can be almost as frequent as 
the normal trapping process and then an initial radiation 
of more than 10% is more likely to occur. However, the 
constancy of the factor k cannot be accounted for by 
this assumption alone. One must additionally assume 
that a certain fraction of the light emitting processes 
is much faster than the rest of them. Thus, at the very 
onset of the excitation, a fraction of the light emission 
may not be due to a bimolecular recombination of an 
electron and a positive charge but, e.g., to an energy 
transfer from an exciton to the activators so that a 
constant fraction of the excitation energy is always 
dissipated through this process. This may also be due 
to the existence of two types of activators, one of which 
brings about a much faster light emission than the 
other. The latter possibility is also indicated by infrared 
stimulation measurements with ZnS phosphors. For 
ZnO the relatively large initial intensity together with 
the fast decay time (several microseconds) also indicate 
that a nonbimolecular process is involved. 


10H. Kallmann and B. Kramer, Phys. Rev. 87, 91 (1952). 
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Low-temperature, high resolution experiments on magneto-absorption effects in germanium have resolved 
fine structure in the direct interband transition and, in addition, have revealed structure in the indirect 
transition. In each case, exciton absorption was also observed and the experimental binding energy of the 
lowest exciton level was measured. The values of the direct-transition energy gap found were (1) at 1.5°K 
and 4.2°K, 0.898+-0.001 ev; (2) at 77°K, 0.889+0.001 ev; and (3) at 293°K, 0.805+0.001 ev. The binding 
energy of the “direct” exciton was 0.0025+-0.0005 ev. The magneto-absorption at photon energies slightly 
greater than the indirect energy gap has the appearance of a series of absorption edges unlike the series of 
absorption maxima observed in the direct case. The experimental findings are consistent with the theoretical 
predictions described in the following article. The detailed spectra were observed by means of a new low- 
temperature, high-resolution magneto-spectrophotometric system providing spectral resolution of the order 
of 10 electron volt and steady magnetic fields up to 38.9 kilogauss. An accurate measure of the minimum 
of the conduction band was obtained by extrapolating a plot of the photon energies of the centers of the 
absorption edges as a function of magnetic field to zero field. The indirect energy gap, 0.744+0.001 ev at 
1.5°K, was then obtained by subtracting the energy of the emitted longitudinal acoustical phonon which is 
involved in the indirect transition. This accurate value of the energy gap permits the measurement of the 
exciton binding energy. The “indirect” exciton ground state was found to be split into two components0.0011 
ev apart with a mean value of the binding energy of 0.0025+-0.0004 ev. These values are consistent with 
preliminary theoretical calculations. The Zeeman effect of both the direct and indirect exciton absorptions 
has also been measured and found to be quadratic in accordance with theory. 





I. INTRODUCTION with the low-temperature, high-resolution system. Per- 
haps one of the most interesting consequences of these 
low-temperature measurements was the confirmation of 
the existence of the indirect-transition exciton absorp- 
tion reported by Macfarlane, McLean, Quarrington, and 
Roberts (MMQR),5 the observation of fine structure in 
its absorption, and the measurement of its Zeeman 
effect and binding energy. 

The advantage of the magneto-absorption technique 
is that it yields an accurate experimental determination of 
the binding energy of the “direct” and “indirect” excitons. 
In addition, the observation of the quadratic Zeeman 
effect further demonstrates the existence of these exci- 
tons and indicates that their energy level structure is 
like that of a hydrogen atom in a dielectric medium. 


ROM experimental and theoretical considerations we 

have selected germanium as the most suitable 
material for the initial studies of magneto-absorption 
phenomena. The detailed theory for the oscillatory 
magneto-absorption of the direct transition! indicated 
that there should be fine structure in the spectrum 
which had not been observed in the initial room tem- 
perature experiments using a prism spectrometer.?* In 
this paper we shall describe the observation of this fine 
structure at low temperature using a high-resolution 
magneto-spectrophotometric system, as well as the ob- 
servation of the direct-transition exciton lines and their 
Zeeman effect, together with the determination of the 
binding energy of the ground state of this exciton.4 We 
shall also describe experiments on the magneto-absorp- 
tion of the indirect transition in germanium and at- 
tempts to observe the same in silicon. 

The theory which has been worked out for the 
magneto-absorption of the indirect transition! shows 
that the spectrum does not consist of a series of trans- 
mission minima or oscillations as in the direct transi- 
tion,’ but rather as abrupt changes in transmission 
having the appearance of a series of steps. This char- 
acteristic “staircase” spectrum has now been observed 


II. EXPERIMENTAL TECHNIQUE 


In order to carry out these experiments, it was neces- 
sary to rebuild the magneto-spectrophotometric system 
described previously.’ A drawing of the present system 
is shown in Fig. 1. The new apparatus employs a rapid- 
interchange multiple-source housing which contains the 
tungsten filament source used in these measurements. 
The double-pass grating monochromator for these ex- 
periments was equipped with a 15 000-line/in. blazed 
echelette grating used in the first order in the wave- 
length region between 1.0 and 2.0 microns. Overlapping 
orders were removed at the entrance slit by means of an 
antireflection coated silicon filter peaked at 1.3 microns. 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with Massa- 
chusetts Institute of Technology. 

‘Roth, Lax, and Zwerdling, following paper [Phys. Rev. 114, 


90 (1959). 
2S. Zwerdling and B. Lax, Phys. Rev. 106, 51 (1957). 
* Zwerdling, Lax, and Roth, Phys. Rev. 108, 1402 (1957). 
‘ Zwerdling, Roth, and Lax, Phys. Rev. 109, 2207 (1958), 
Bull. Am. Phys. Soc. Ser. IT, 3, 16 and 128 (1958). 


A linear polarizer inserted in front of the filter permitted 
orienting the electric vector of the radiation either 


6 Macfarlane, McLean, Quarrington, and Roberts, Phys. Rev. 
108, 1377 (1957). 
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Fic. 1, Cut-away drawing of experimental apparatus used for the observation of fine structure in the oscillatory 
magneto-absorption of direct transitions and for indirect transition measurements in germanium. 


parallel or perpendicular to the magnetic field. The 
chopped monochromatic radiation from the exit slit 
was then focused on a sample in a specially designed 
cryostat with transparent windows, located between the 
poles of a twelve-inch electromagnet. The tapered pole 
pieces of the electromagnet were cast from Hiperco 
alloy and machined to have a §-in. pole face diameter. 
A field of 38 900 gauss could be produced in the 7g-in. 
gap. The infrared radiation transmitted through the 
sample entered the multiple detector housing and was 
then focused on a lead sulfide detector. The output 
signal was amplified and recorded automatically as a 
function of photon energy on a strip chart recorder. 
The cryostat assembly is shown in Fig. 2. This con- 
sisted of a cylindrical container having a liquid nitrogen 
jacket and its radiation shield surrounding a liquid 
helium chamber which extends down into the region of 
maximum magnetic field by tapering into a copper nose 
piece which holds the sample. The cryostat has a com- 
mon vacuum for both liquid nitrogen and liquid helium 
compartments and has an operating capacity of 2.5 
liters of liquid helium. Pumping on the liquid helium is 
accomplished through crossed holes in a pair of upper 
radiation shields and temperatures down to less than 
1.5°K can be reached. Very high vacuum is maintained 
by the pumping action of the liquid helium container 
and operating times of 12 hours and longer were possible 
with one filling. The helium chamber is removable per- 
mitting the replacement of samples. Teflon O rings are 
used to provide vacuum seals for the removable sections 
and to permit adjustment of their relative positions to 


prevent internal contact. One pair of transparent win- 
dows, in this case CaF2, was used cemented to the nose 
piece of the outer wall which was #5-in. wide in the 
direction perpendicular to the pole faces. 

For the direct-transition experiments, the samples 
consisted of polished single crystals of germanium, 4 
microns thick and mounted on a glass substrate. The 
samples for the indirect transitions were 6 millimeters 
thick in the direction of transmission and had plane- 
parallel polished surfaces. 


III. DIRECT TRANSITION IN GERMANIUM 
A. Oscillatory Magneto-Absorption 


The initial observations of the fine structure were 
carried out with unpolarized radiation at 4.2°K using a 
magnetic field intensity of 38.9 kilogauss, and the 
result is shown in Fig. 3. Comparison of this figure with 
the data obtained earlier with a prism spectrometer* 
shows that the first two minima, which are now clearly 
resolved, correspond to a single minimum in the earlier 
results. It can also be seen that, in addition to the 
grouping of the prominent transmission minima corre- 
sponding to single lines, the fine structure is clearly 
visible. Further resolution of the spectral fine structure 
was obtained by using linearly polarized radiation. 
This is consistent with theoretical predictions. The 
4.2°K spectrum is shown in Fig. 4 for the electric vector 
parallel and also perpendicular to the dc magnetic field. 
The measurements at 4.2°K were carried out to photon 
energies as large as 1.07 ev, although the entire spec- 
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Fic. 2. A cross-section drawing of the liquid helium 
optical cryostat. 


trum is not shown in the figures. The numerals designat- 
ing each of the transmission minima represent those 
lines which have been correlated theoretically with the 
transitions between Landau levels of the valence band 
and those of the conduction band except lines 1, 1’ and 
3, 3’. The selection rules for the Landau transitions are 
An=0, An=—2, and Am=0 for the E\|B and Am=+1 
for E1.B. The detailed correlation between theory and 
experiment has been given by Roth, Lax, and Zwerd- 
ling.’ An important consequence of this correlation was 
that the lines 1, 1’ and 3, 3’ did not fit the theoretical 
pattern for the Landau transitions. Similar measure- 
ments were also made at 1.5°K, 77°K, and 293°K, and 
in each case, the energy gap was determined from the 
convergence of the Landau transition lines on a plot of 
photon energy of absorption maxima vs magnetic field. 
The values of the energy gap found were (1) at 1.5°K 
and 4.2°K, 0.898+0.001 ev; (2) at 77°K, 0.889+-0.001 
ev; and (3) at 293°K, 0.805+-0.001 ev. The average 
rate of change of the direct gap with temperature below 
77°K is therefore 1.2X10~* ev/°K and from 293°K to 
77°K, 3.9K 10~ ev/°K. 


ROTH, 


AND BUTTON 


B. Exciton Absorption 


The existence of the additional minima mentioned 
above was not completely unexpected at this tempera- 
ture and was assumed to be due to exciton absorption 
of the direct transition, a problem which has been 
treated theoretically by Dresselhaus® and by Elliott.? 
To verify this hypothesis, a careful study of these two 
minima was made as a function of magnetic field in- 
tensity down to zero field, as shown in Fig. 5. At zero 
magnetic field these two peaks persisted with 1’ quite 
prominent and 3’ considerably weaker. Therefore, these 
lines could not be associated with Landau transitions. 
To provide additional evidence for the existence of the 
exciton, these transmission minima were plotted in 
terms of photon energy as a function of magnetic field 
as shown in Fig. 6(a). The first two magneto-absorption 
lines of the Landau transitions are also shown. The 
exciton lines exhibited nonlinear behavior at small 
magnetic field intensities in accordance with the theory 
of the quadratic Zeeman effect. Since the extrapolation 
of the Landau lines to zero field establishes the energy 
gap,’ the binding energy of the exciton ground state 
corresponds to approximately 0.0025 electron volts at 
4.2°K. The measurements were also carried out at 77°K 
and 1.5°K as shown in Fig. 7. The significant features 
of the spectra were approximately the same at all tem- 
peratures, but the line width appears to be slightly 
narrower at 1.5°K. It is interesting to note that for the 
ground state of the exciton, the line width increased 
almost threefold from zero field to 38.9 kilogauss. This 
implies that the exciton fine structure which is primarily 
due to the complex nature of the valence band was not 
resolved, although at 1.5°K, there was a slight indica- 
tion of a double minimum. The data at 77°K for E||B 
was taken at intervals of three kilogauss, and the de- 
tailed plot is shown in Fig. 6(b). The first two exciton 
lines behave almost as expected, and have a ground- 
state binding energy (which is apparently smaller than 
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Fic. 3. The fine structure of the oscillatory magneto-absorption 
spectrum in germanium using unpolarized incident radiation. The 
trace of the transmission through a sample 4 microns thick in a 
field of 38.9 kilogauss has been normalized by the transmission 
at zero field. 


6G. Dresselhaus, J. Phys. Chem. Solids 1, 14 (1956). 
7R. J. Elliott, Phys. Rev. 108, 1384 (1957). 
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at 4.2°K) of approximately 0.0020 electron volt in 
reasonable agreement with the theoretical value of 
0.0017 ev obtained from the expression 

Eno = 13.6u*/en?mo, (1) 
for a simple hydrogen-like model of the exciton. Here 
we have used a dielectric constant x= 16 and a reduced 
effective mass u*=0.031m, obtained from the deter- 
mination of the k=0 electron mass! at 4.2°K of 0.037mo 
and an effective hole mass* of 0.20m. The binding 





T 


— E// 
--- E16 


nd 
°o 


I, (6)/I 10) 

















T,(01/T,(0) 








T, (8) (arbitrary units) 











1 
0.990 1000 
PHOTON ENERGY (electron volts) 


Fic. 4. The fine structure of the oscillatory magneto-absorption 
spectra for two orientations of the linearly polarized incident 
radiation. B=38.9 kilogauss and 7=4.2°K. Sample thickness 
4u. BI|[100]. 

8 This is the mass which gives the value of binding energy of the 
lowest acceptor state of a hole when compared with experiment, 
using an expression similar to that in Eq. (1). An upper limit for 
€n°* can be obtained by using the maximum heavy-hole mass of 
0.38 mo, which yields a binding energy of 0.0018 electron volt. 
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Fic. 5. Detailed traces at 4.2°K of line 1’ with the magnetic 
field intensity as a parameter. Line 3’ also persists down to zero 
field. Therefore, 1’ and 3’ have been identified as exciton 
absorptions. 


energy at high fields by analogy with the definition by 
Yafet, Keyes, and Adams? for an impurity state in a 
large magnetic field is the difference between the lowest 
state and the first Landau level. This difference corre- 
sponds to approximately 0.0043 ev at 4.2°K and about 
0.0035 ev at 77°K as compared to a theoretical estimate 
of 0.0045 ev, using the curves of YKA and the above 
reduced mass. The behavior of the lowest exciton state 
with magnetic field is in fairly good agreement with this 
theory. An anomalous feature in this spectrum which 
was observed with two different samples at all tempera- 
tures was an absorption persisting down to zero field at 
an energy above the gap. This is shown as a solid line in 
Fig. 6(b) starting at 0.891 ev and apparently coalesces 
with the lowest Landau line at high fields. This absorp- 
tion is shown dotted in Fig. 5. Its origin at the moment 
is unexplained. 

Because of the chromatic resolving power avail- 
able, the line widths observed in these spectra are 
natural widths for the samples used. The minimum line 
width of the first exciton level is about 0.001 electron 
volt which yields a lower limit of the lifetime of the 
exciton of about 8X10~-" second. The maximum line 
width shown in Fig. 5 corresponds to approximately 
4X 10-” second. 


IV. INDIRECT TRANSITION IN GERMANIUM 


A. Magneto-Absorption Spectrum of 
Landau Transitions 


In the early experiments carried out at room tem- 
perature with a prism spectrometer which provided 
resolution of the order of 10~* electron volt, the mag- 
neto-absorption spectrum of the indirect transition was 
not observed in germanium. It was necessary to carry 
out the experiments at low temperatures using spectral 
resolutions of the order of 10~4 ev. The expected maxi- 
mum separation between Landau transitions with the 
magnetic field along the [100] direction at about 40 kilo- 


9 Vafet, Keyes, and Adams, J. Phys. Chem. Solids 1, 137 (1956). 
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Fic. 6. Positions of exciton absorptions and Landau transitions 
as a function of magnetic field intensity for (a) 4.2°K and (b) 
77°K. The Landau transitions (straight lines) extrapolated to 
zero field yield the energy gap. The exciton absorptions faealianer) 
persist to zero field at an energy below the gap. E||B for Fig. 6(b). 


gauss would be of the order of 0.001 ev if the detailed 
nature of both the valence and conduction bands is 
taken into account. Furthermore, the theory worked out 
by RLZ' showed that the spectrum should not be oscilla- 
tory, but consists of a series of steps where the absorp- 
tion coefficient is represented by the function 


eH\? 
ou~Ks(—) (mymz)' Do F(hv—8nn); 
C nn’ 


where 


Enn' = 6ghO+ (n+}3)hweit (n'+})hw-2, 


and F (hv—S&nn’) is a step function. Ky is a constant!” 
involving the phonon matrix element and an oscillator 
strength. k@ is the energy of the phonon where the plus 
sign refers to emission and the minus sign to absorption. 
This expression is somewhat simplified and assumes 
spherical bands at the center and edges of the Brillouin 
zone. However, it does predict the appropriate form of 
the spectrum because the experiments carried out at 
low temperatures with the high-resolution system did 
indeed show a series of “‘steps.”’ The relaxation proc- 
esses broadened each absorption line so that the ob- 
served “step” had a finite slope. Figure 8(a) shows the 
spectrum of the transmission through a sample 6 milli- 
meters thick at 1.5°K. The dashed line is the trans- 
mission at zero field and shows the indirect exciton line 
discovered by Macfarlane and co-workers.* In addi- 
tion, the solid line contains two regions of absorption 
due to transitions between the Landau levels in the 
valence band and the conduction band. These transi- 


1 Bardeen, Blatt, and Hall, Proceedings of the Allantic City 
Photoconductivity Conference, 1954, edited by R. G. Breckenridge 
et al. (John Wiley and Sons, Inc., New York, 1955). 
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tions appear as distinct decreases in transmission when 
compared to the transmission at zero magnetic field. 
A detailed experimental study was made of the discon- 
tinuities in the slope indicated in Fig. 8(a) as Landau 
transitions. The resulting transmission traces are shown 
in Fig. 8(b) for different values of magnetic field 
intensity. The motion with field of one such Landau 
transition between 0.773 ev and 0.774 ev is particularly 
noticeable. 

Utilizing different traces for magnetic field intensities 
between 10 000 and 38 900 gauss, we selected the center 
of all resolvable Landau transition lines and plotted 
them in terms of energy as a function of magnetic field 
intensity. The midpoint of the slopes shown in Fig. 8(a) 
and (b) is interpreted as the difference in energy be- 
tween the Landau levels in the valence and conduction 
bands. In the absence of relaxation, the theory indicates 
that these transitions are abrupt changes. We have 
interpreted the finite slope of the experimental line as 
relaxation broadening on either side of the center. The 
“line width” is then defined as the difference in energy 
between the onset of absorption and the foot of the 
step" (see Fig. 9). Figure 10(a) shows lines drawn 
through the points corresponding to a given transition 
for different values of the magnetic field. They all 
extrapolate to a point 0.771320.0004 ev which is an 
accurate measure of the bottom of the conduction band. 
MMQR have shown that at these temperatures, an 
indirect transition in this range of energies involves the 
emission of a longitudinal acoustical phonon whose 
Debye temperature is given by 6=321°K+6°K which 
corresponds to 0.0276+0.0005 ev. Consequently, the 
actual location of the energy gap is given by 


&,=0.744+0.001 ev at 1.5°K. (3) 


A similar plot has also been developed for the mag- 
netic field along the [111] direction as shown in 
Fig. 10(b). 

Another representation of these data is shown in 
Fig. 11. Here we have compared the experimental 
spectrum with the theoretical spectrum which has been 
calculated by taking transitions from the Landau levels 
of the valence band to those of the conduction band. A 
generalization of Eq. (2) was used, which is discussed 
in RLZ. Since the indirect transition is a two-step 
process, the selection rules governing transitions to the 
intermediate state (which we assume to be the k=0 
conduction band) are the same as those for the direct 
transition. For the phonon matrix element, there is no 
selection rule on » and only the condition that the spin 
be conserved. The transition probabilities were evalu- 
ated by a procedure similar to that used for the direct 
transition.' The density of states factor (m,m2)! was 
calculated for each transition by using an average light 
or heavy mass for the hole (with n=O treated as 


ul Overlapping lines were resolvable since the shape readily in- 
dicated the synthesis of two such lines as shown in the sketch of 
Fig. 9. 
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Fic. 7. Detailed magneto-absorption traces for E}|B with the 
magnetic field intensity as a parameter. The lowest energy exciton 
line is shown in (a) at 77°K. The higher energy transitions at 
77°K are shown in (b). Similar traces for 1.5°K are shown in 
(c) where the first exciton begins to show a double transmission 
minimum at 38.9 kilogauss. 
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Fic. 8. The series of absorption edges or “staircase” spectrum 
at 1.5°K characteristic of magneto-absorption for indirect trans- 
itions. The traces for zero field and full field are shown in (a) 
demonstrating the exciton absorption and subsequent transitions 
between magnetic levels in the valence bands and the conduction 
band. The center portion of (a) is shown magnified in (b) for 
three values of the magnetic field intensity. 


“heavy” and n=1 treated as “light”) and, using for 
each ellipsoid, the mass in the direction of B: 


Ms=m, Cos’*O+m, sin’6, 


where @ is the angle between B and the axis of the 
ellipsoid. The level structure for the valence band was 
derived by using the Luttinger-Kohn expressions” for 
the levels and the cyclotron resonance parameters for 
germanium. For the conduction band the levels for B 
along the [100] and [111] directions, respectively, 
were evaluated using the cyclotron resonance masses 
obtained experimentally" for these directions. In addi- 
tion, spin splitting of each of these levels has been taken 
into account assuming a spin of 3 and a g value of 2. 
This g value may have to be corrected to account for 
the influence of spin-orbit coupling and the presence of 
higher and lower bands at the edges of the Brillouin 
zone. In the absence of detailed information, this cor- 
rection is not yet possible. 


2 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955); 
J. M. Luttinger, Phys. Rev. 102, 1030 (1956). 
13 Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956). 
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The spectral lines in the [100] direction shown in 
Fig. 11(a) are reasonably well resolved experimentally 
and correspond closely with the lines of the theoretically 
derived spectrum. The experimental lines for higher 
energy transitions are not fully resolved because of the 
multiplicity, reduced intensity, and considerable over- 
lapping. However, the grouping of lines is quite distinct. 

The spectrum for B along the [111] direction is 
shown in Fig. 11(b). This pattern is further complicated 
by the splitting of the conduction band Landau levels 
into one ellipsoid which is parallel to the applied mag- 
netic field and three others which are along the other 
[111] directions, making angles of approximately 70° 
with the magnetic field. It is impossible to resolve some 
of the lines because of the complexity of the overlapping 
lines of the spectrum as shown by the theoretical 
spectrum of Fig. 11(b). The over-all correspondence of 
the groupings, however, does indicate some agreement 
between theory and experiment. In order to resolve the 
detailed spectrum and obtain the good correlation ob- 
served for the direct transitions, it will be necessary to 
go to much higher magnetic field intensities to increase 
the separation of the individual lines. Higher fields 
would have the added advantage of increasing the 
intensity of the lines considerably because Eq. (2) pre- 
dicts a quadratic increase in absorption coefficient with 
increasing magnetic field intensity. 


B. Indirect Exciton and Its Zeeman Effect 


In analyzing our magneto-absorption spectrum at 
one field intensity, 38.9 kilogauss, it is necessary in 
practice to distinguish between the transition of an 
electron from the valence band to a conduction band 
Landau level or to an exciton level. In analyzing such a 
situation, we have developed several criteria in the case 
of the direct exciton which we proceeded to apply also 
to the indirect case. The first of these was to examine 
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Fic. 9. A sketch of steps in the transmission traces showing the 
method used for interpreting the positions of two overlapping ‘ab- 
sorptions. Two individual lines, a and b, form the composite line c. 
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Fic. 10. Plots of the positions of indirect transitions at 1.5°K versus magnetic field intensity, for (a) B along the [100] crystal 
direction and (b) B along the [111]. 


each line as a function of magnetic field intensity down 
to zero field. Figure 12 shows the motion of the indirect 
exciton absorption line with field. The line persists to 
zero field and shifts nonlinearly. The motion of this 
exciton line with field is shown in Fig. 10. The difference 
between its energy value at zero field and the con- 
vergence point of the Landau levels is finite and was 
interpreted as the exciton binding energy. 


&*=0,0025+0.0004 ev at 1.5°K. (4) 


This value, which was obtained by taking the center 
position of the exciton line is smaller than the estimate 
of 0.005 ev made theoretically by Dresselhaus® and 
Elliott? and experimentally by MMQR.7+ We have made 


t Note added in proof.—We have learned since our report of these 
results early in 1958 at a meeting of The Physical Society, 
Malvern, England, that a re-evaluation by MMQR of their 
experimental results now gives a value of the indirect exciton 


a somewhat more detailed approximation to the binding 
energy. A variational solution to the problem is ob- 
tained by replacing the 4X 4 effective mass Hamiltonian 
for the valence band by its diagonal elements. Using a 
representation with the z axis along the [111 ] direction, 
these diagonal elements are equal in pairs, and corre- 
spond to two ellipsoids, one prolate with effective 
masses 


my my 
Mit= = >. 
Wi+73 18.6 


mo mo 
mi = = ) 
v1—273 2.1 


binding energy in very close agreement with ours. For the indirect 
energy gap at these temperatures, both our value and theirs are 
also in complete agreement within experimental error. 
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Fic. 11. Line spectrum of indirect Landau transitions at 38.9 
kilogauss for (a) B along the [100] crystal direction and (b) B 
along the [111] direction. The experimental lines, observed at 
1.5°K, correlate reasonably well with the theoretical spectrum for 
the [100] direction. It was only possible to identify groups from 
the many closely-spaced lines in the [111] spectrum. 


and the other oblate with effective masses 


(6) 


. 
yit2y3 24.1 

where y, and 7; are valence band parameters as defined 
by Luttinger’? and the values are obtained from cyclo- 
tron resonance data. 

The electron moves on an ellipsoid with effective 
masses m,=0.083m,) and m,;=1.69m». If we transform 
to center-of-mass coordinates for the exciton, we then 
obtain two sets of reduced masses corresponding to the 
two reduced ellipsoids: 

1/pre=1/me+-1/my,=12.2+18.6= 30.8, 

1/py.= 1 ‘mi +1, ‘m,=0.64+2.1 = 2.7, 
and similarly, 

1/po2=19.9, 1/po.= 24.7. 

In the variational problem, if we approximate the wave 
functions for the two states by exp{ — [a’z*+-8?(x?+ y") ]}} 
and vary & with respect to a and 6 in each case as in the 
donor problem," the binding energies obtained are 
0.0025 and 0.0033 electron volt, with the prolate 


~ 4 W. Kohn, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1957), Vol. 5. 
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ellipsoid giving the larger binding energy. The mean 
value is 0.0029 electron volt, in reasonable agreement 
with the experiment. As a matter of fact, the indirect 
exciton does show fine structure which we have analyzed 
in detail by plotting the derivative of the transmission. 
Figure 13 shows two peaks which we interpret as cor- 
responding to the splitting of the exciton ground state. 
The experimental binding energies at zero field are 
0.0021 ev and 0.0032 ev. We may expect that a more 
accurate calculation including the off-diagonal elements 
for the matrix of the valence band would increase the 
calculated value of the splitting and the estimate of the 
mean binding energy. The existence of the splitting of the 
lowest exciton level in this case can be deduced from 
symmetry arguments since the introduction of an 
ellipsoid for the electron removes the cubic symmetry 
from the valence band matrix. The over-all cubic 
symmetry of the exciton wave function is restored by 
taking linear combinations of the four ellipsoids!®; 
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Fic. 12. The transmission trace in the region of indirect exciton 
absorption at 1.5°K for several values of the magnetic field inten- 
sity. Exciton absorption persists at zero field and the absorption 
edge shifts nonlinearly with magnetic field intensity. 


nevertheless, the splitting of the original states is 
retained. 

The third criterion for identifying the exciton is found 
by studying its Zeeman effect in a large magnetic field. 
The motion of the absorption line is a nonlinear function 
of magnetic field intensity and with the fields and 
masses involved here would show a quadratic behavior. 
This was confirmed experimentally as shown in Fig. 10. 
For the Zeeman effect, the energy shift for a simple 
hydrogenic model is given by 

AS=h'H?x/ (4u**c*e*). (7) 
We can make an estimate of this quantity by using a 
reduced effective mass which is a mean of the two 
values, about 0.08mp. This mean value can be justified 
in a problem such as this when the fine structure is not 
considered, in a manner analogous to that in which one 
treats it in a mobility problem. This has been evalu- 
ated'® taking into account the density of states and the 


18 W. Kohn and J. M. Luttinger, Phys. Rev. 97, 883 (1955). 
16 B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955). 
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warping of the energy surfaces and is equal to 0.25¢m. 
Again, using the expression for the reduced effective 
mass for the transverse and longitudinal components 
and taking into account the reduced mass, we obtain 
u*=0.08mp. If we substitute this in Eq. (7), using a field 
of 38.9 kilogauss, we then obtain A6~0.001 electron 
volt. Considering the crudeness of the approximation, 
the mean shift of the exciton absorption peak is appar- 
ently of the right order of magnitude. An interesting 
thing to note about the exciton line at high fields is the 
two main peaks of the fine structure in Fig. 13 and in 
addition there appears small but definite structure at 
either side of the main absorptions. 


Vv. CONCLUSIONS 


The results presented in this paper are ample proof 
of the tremendous value of high-field, high-resolution, 
and low-temperature measurements in providing exten- 
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Fic. 13. The derivative of two of the exciton absorption edges 
shown in Fig. 12. The two peaks correspond to the splitting of the 
exciton ground state. 


sive information on the behavior of holes and electrons 
in semiconductors with complex band structure. We 
have shown that the direct transition magneto-absorp- 
tion spectrum, in addition to having an oscillatory 
character according to the theory for simple bands, does 
exhibit fine structure which can be directly attributed 
to the valence band. These data have been correlated 
with the theory’ which takes into account spin-orbit 
effects and curvature of the bands. Although in germa- 
nium, such information was predicted from cyclotron 
resonance, a spectrum in other new materials could be 
used conversely to obtain the parameters of the energy 
surfaces such as the valence band, particularly when use 
is made of the anisotropy of the magneto-absorption. 
The ability to observe the indirect magneto-absorption 
spectrum with high-resolution equipment has also been 
demonstrated and its characteristics have been shown 


to be in agreement with the theoretical predictions. 
From the study of both spectra, we have obtained very 
accurate measurements of both the direct and indirect 
energy gaps. The line widths in the well-resolved 
magneto-absorption spectra could be determined and 
indicated scattering times from 3X10-" to 8X10-” 
second, 

The demonstrated experimental capabilities of this 
system have shown that it should now be possible to 
study the transitions between the split-off valence band 
of germanium and the two degenerate bands at k=0. 
This should provide an accurate measure of the effec- 
tive mass in the split-off band and its energy position. 

In addition to studying the magneto-absorption, a 
useful method for identifying and studying the quanti- 
tative behavior of excitons has been demonstrated. We 
have shown that the comparison of the zero-field data 
provides a very accurate measure of the binding energy 
of the excitons and the quadratic behavior of the Zee- 
man effect establishes their existence conclusively. The 
experimental data on the indirect exciton showed no 
anisotropy and no dependence on the polarization of 
the incident radiation. The observed fine structure of 
the indirect zero-field exciton due to the combined 
effect of the degenerate valence bands and the ellipsoidal 
surfaces was predicted theoretically. In addition, for 
both types of excitons, there were indications of fine 
structure at high magnetic fields but these presently 
available field intensities were not sufficiently large to 
resolve this structure. However, this indicates the neces- 
sity of performing these experiments at field intensities 
up to 100 000 gauss. Not only will the higher magnetic 
fields resolve the fine structure of the excitons but the 
intensity of the magneto-absorption spectrum will also 
be increased permitting the observation of the “steps” 
much deeper into the band. Then the curvature of these 
bands could be mapped in some detail as a function of 
energy. Another argument for the use of higher fields is 
that in attempting to study the magneto-absorption of 
the indirect transition in silicon, although there were 
indications of some magnetic effect, the resolution of 
the lines or any quantitative measurements of mag- 
netically induced shifts were not possible. This can be 
attributed to the relatively large effective masses in 
silicon. However, the presence of the “‘step” in the 
transmission curve corresponding to the indirect-transi- 
tion exciton formation at zero field was clearly observed, 
the position of the center being at 1.2053+0.0006 ev. 
Fields of much higher intensity will undoubtedly lead 
to success in this and other materials with semiconduct- 
ing properties. 
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The theory of the effect of a magnetic field on the optical 
absorption in semiconductors is developed on the basis of the 
effective-mass approximation. For simple parabolic conduction 
and valence bands and a direct transition which is allowed at k=0, 
absorption peaks occur at energies above the zero-field gap. 
Since the selection rule for the transition is An=0 where n is the 
magnetic quantum number, the spacing between the peaks is the 
sum of the cyclotron frequencies for the two bands. For degenerate 
band edges, the spectrum is more complicated. A detailed treat- 
ment of the direct transition in germanium is given in which 
account is taken of the change in curvature of the bands away 
from k=0 and the results are in good agreement with the experi- 
mental measurements of Zwerdling, Lax, Roth, and Button. The 


k=0 conduction band mass is found to agree with predictions 
based on cyclotron resonance in the valence band. In addition, 
a gyromagnetic ratio for conduction electrons of —2.6 resulted 
from the calculations. The deviation from g=2.0 is due to spin- 
orbit interaction. In InSb the effect is much greater, the result 
being g=—50. These are consistent with experimental results. 
For bands in which the transition probability vanishes at k=0, 
absorption peaks will also occur corresponding to An=+1 but 
absorption edges occur for An=0. In the case of indirect transi- 
tions, the absorption does not exhibit oscillations but consists of 
a series of “steps’’ as has been observed in Ge by Zwerdling, 
Lax, Roth, and Button. 





I, INTRODUCTION 


N recent experiments,'~ the infrared absorption near 

the edge of the direct transition insemiconductors has 
been found to exhibit oscillations in the presence of a 
magnetic field. This oscillatory magneto-absorption 
effect has been observed in germanium, indium anti- 
monide, indium arsenide, and gallium antimonide. The 
transmission minima observed are interpreted as due 
to transitions between magnetic levels of the valence 
and conduction bands at k=0. In this paper the theory 
of the magneto-absorption effects will be worked out 
on the basis of the effective-mass approximation as 
developed by Luttinger and Kohn.® 

We shall first treat an idealized semiconductor with 
two bands having a parabolic energy-momentum rela- 
tion. We shall use this model to derive simple selection 
rules and the expected shape of the absorption as a 
function of photon energy, for direct and indirect 
transitions. Secondly, the case of the direct transition 
between a complex valence band, such as is found in 
germanium, and a parabolic conduction band, will be 
studied. The magnetic level structure of the valence 
band of germanium has been worked out in detail by 
Luttinger. From this work the selection rules and 
statistical weights for the various transitions, as well 
as the energy levels, can be obtained. Using the results 
of microwave cyclotron resonance for the valence band 
parameters in germanium, the theoretical spectrum 
will be compared with experimental oscillatory magneto- 
absorption data. The anisotropy of the effect will be 
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discussed, and the effect of polarization of the incident 
radiation will be examined. 

The experimental results in InSb will also be inter- 
preted. An interesting result in this case is the large 
magnetic spin splitting of the ‘“‘s-like” conduction band 
because of the admixture of p-like states and the large 
spin-orbit interaction. 

In analyzing the spectrum for the direct transition 
in germanium, it has been found that some of the 
absorption peaks are associated with exciton formation.’ 
The magneto-absorption phenomena associated with 
this will be treated in detail in a later publication. 


II. THEORY FOR SIMPLE BANDS 


Let us consider first the problem of the optical 
absorption in a magnetic field of two simple bands 
separated by an energy gap, and both at the center of 
the Brillouin zone as shown in Fig. 1. We suppose the 
lower band, which is inverted, to be completely filled, 
and the upper band to be empty. In the absence of a 
magnetic field, the energies of the two bands are given 
as a function of the wave vector k°: 


&:= &)°—k?/2m,, S2= 6°+k?/2mo, (1) 


where &,° and &° are the band-edge energies and where 
m, and mz are the magnitudes of the effective masses 
of the two bands. 

In the presence of a magnetic field the motion of the 
electrons can be described by the effective-mass 
approximation.° The energy for, e.g., band 1, is obtained 
in terms of the effective mass m, from the Schrédinger 
equation (neglecting spin) 


1 eA\? 


2m, Cc 


where p is the momentum operator (1/i)V, —e is the 


7 Zwerdling, Roth, and Lax, Phys. Rev. 109, 2207 (1958). 
8 We shall use units in which #=1. 
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electronic charge, and A is the vector potential for the 
magnetic field. The zero-order wave function is given 
in terms of f(r) by 


¥(r)=m0(r) fi(r), (3) 


where 0(r) is the band-edge wave function® for band 1.° 
The solution to Eq. (2) is well known." If we choose 
the particular gauge for the magnetic field H in the 
z direction, 
A,=—Hx, (4) 
then fi(r) can be written 
fir) = (LyL.)~ explikyy+ik.z lon(x—cky/eH), (5) 


where ¢,, is a one-dimensional harmonic oscillator wave 
function and where f; is normalized over the crystal, 
which we take to be a rectangular parallelepiped with 
sides L,, Ly, L,. Band 2 has wave functions of the same 
form as Eq. (5), and the energies for the two bands 
are given by 


6,= 6)9—w.1(n+3)—k2/2m, 
2= 8) +.2(n+3)+k2/2mo2, 


where w,.1= eH/myc is the cyclotron frequency for band 
1, and similarly for band 2. Let us now let radiation 
fall on this simple semiconductor in the frequency range 
corresponding to the energy gap. The perturbation can 
be described by a time-varying electric field, whose 
space variation can be neglected, since the wavelength 
is long compared to the electronic wavelengths in- 
volved."':!? The perturbing term in the Hamiltonian is 
then 


eKy eA, 1 
(r+~) ‘— [e exp(iwl)—e* exp(—iwl) ], (7) 
iw 


c 


(6) 


where m is the free electronic mass, w is the frequency 
of the radiation, Ey is the magnitude of the electric 
field, and ¢ is a unit vector in the direction of the field, 
which may be taken as complex in the case of circular 
polarization. By the usual methods of semiclassical 
radiation theory, the transition probability for the 
process in which an electron is raised from band 1 to 
band 2, and a photon is absorbed, is proportional to 


the square of the matrix element 


= 
mas 


eK eA 
~— fircuut()(v+ -) -efo(r)uoo(r)dr (8) 
c 


mw 


9 That is, wnz(r) for k=O and n=1, where up, is the periodic 
part of the Bloch function exp[ik-r Juns(r). 
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Fic. 1. Schematic diagram showing the magnetic levels, labeled 
by n (k.=0) for two simple bands. The possible transitions are 
shown for the case in which the direct transition is parity allowed. 


where we have used the zero-order wave functions of 
Eq. (3). 

Since fi(r), fo(r) and A are slowly varying compared 
to the periodic functions #9 and m0, we can treat fi, 
fe, and A as constant over a unit cell, and so break the 
integral up into an integral over a unit cell involving 
Uyo and 9, and an integral over the whole crystal 
involving f; and fs. We assume the w’s to be normalized 
to unit volume, and the /f’s over the whole crystal. 
Since the periodic functions for the two bands are 
orthogonal, the only nonvanishing term comes from 
applying the gradient to u20(r). This gives 


eo 1 
M=— — f ttp-eneae f fi*(r) fo(r)dr 
mw Vo “cell crystal 


eK 
a ee f fit(t) falta, (9) 


ma 


where Vo is the volume of the unit cell. M has been 
expressed in terms of the momentum matrix element 
Pi2 related to the oscillator strength for the transition. 
We shall assume that the two band edges have opposite 
parity so that py2 does not vanish. 

Since fi (r) [Eq. (5) | does not depend on the effective 
mass, the corresponding function for band 2 has pre- 
cisely the same form, so that the integral in Eq. (9) 
vanishes because of orthogonality unless n=n’, ky=k,’ 
and k,=k,’, where the primes refer to band 2. This is 
analogous to the selection rules conserving k in the 
absence of a magnetic field. 

The absorption constant, a, is given by the relation" 


Ar’ 


Zz | M |*6(w— 62+ 6), (10) 


C= 

ncE?V 1.2 
where V is the volume of the crystal, the index of 
refraction, and where the sum is over initial and final 
states, which will be paired off by the selection rules 
obtained from Eq. (9). The Dirac 6 function insures 
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Fic. 2. Absorption coefficient as a function of energy for the 
bands shown in Fig. 1. The solid line shows the oscillatory magneto- 
absorption with (w.;+w-2)=5. 


conservation of energy. For the case of no magnetic 
field, the result is well known": 


2mym2 \3 
a bose! a 
mi +m2 


K = 2e(py2-e)/ncem’w. 


Here &,= &2°— &,° is the energy gap. 

The square-root factor determining the shape of the 
absorption edge comes in from the density of states 
near the edge of either band. In the magnetic case we 
have an absorption edge corresponding to each pair of 
Landau levels of magnetic quantum number n. Since 
the energy does not depend on k, [Eq. (5) ] each sub- 
band has a large degeneracy. This is obtained by 
restricting ck,/eH, which is the x component of the 
center of the magnetic orbit, to values inside the 
crystal. The sum over pairs of initial and final states 
is then given by 


dX dw— $2(n,k.)+ 61(n,k:) | 
n ky, kez 
(eH /2c) Lz dk, ra dk 


=2L,L,> ean. cmabhen Bet Bi) 


n J—(eH/2c)Le 29 %y Qn 


(12) 


d(&\— &>) —1| 
=(V/2n*)(eH/c) | ihe 


dk 


| 4 ec 
@=—01—~ 02 


Thus we have appearing the density of states for a 
one-dimensional band. The result for a using Eq. (6) is 


then 
2mm. \* eH 
anq>= K (— *) er 


(w—wn)}, 
m,+my2 Cc on 


(13) 
On = &,+ (n+ >) (weitwee), 


where K is the same as in Eq. (11). 
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Equation (13) shows that for each sub-band absorp- 
tion edge corresponding to the transition between 
Landau levels with k,=0 there will be a peak in the 
absorption. The position of these peaks changes linearly 
with magnetic field. The peaks are of course broadened 
by collisions, which in the case of a semiconductor at 
room temperature are mainly due to phonons. This can 
be included phenomenologically by assuming a Lo- 
rentzian spread of energies of width 1/7, in which case 
we find that for each peak we make the substitution 


1 w—watl(w—wn)?+1/77 J!) 3 
20 (w—wn)?+1/77] 





(14) 


(w—wn)! 


The height of the line is proportional to 7}, and the 
peak is shifted to higher energy by an amount (rv3)~ 
as can be seen by setting the derivative of Eq. (10) 
equal to zero. The shape of the oscillations for this type 
of broadening is shown in Fig. 2. 

Figure 2 also shows that below the direct energy gap, 
the absorption edge is shifted and changes shape in a 
magnetic field. In the initial experiments on the effect 
of a magnetic field on the optical absorption," this shift 
was measured by means of iso-transmission lines. The 
shift was not found to vary linearly with magnetic field, 
and in fact started out with a zero slope. Our simple 
model predicts such a result, as can be seen by looking 
at Eq. (13), in which we suppose a relaxation time has 
been put in. If we wish to evaluate a@ to first order in 
the magnetic field [or (w.1+,2) ], we change the sum- 
mation to an integration. However, the result of the 
integration is just Eq. (11), so that there is no change 
in a to first order in H. We must go therefore to second 
order in H before we obtain a shift, which is in agree- 
ment with experimental results. Since the discovery of 
the oscillations beyond the absorption edge, the motion 
of the transmission minima, which is a linear function 
of H, has been found to be a far more useful method for 
determining the shift of the band edge with field, and 
also, by means of extrapolation, the position of the 
band edge at zero field. 


Ill. THEORY FOR COMPLEX BANDS 
A. Direct Transitions 


The simplified case worked out above serves to 
explain qualitatively many of the features to be found 
in the magneto-absorption near the direct gap in semi- 
conductors. In this section, the transition probability 
is given for more general bands including the case of 
degenerate band edges and including spin-orbit inter- 
action. We use the results of Luttinger and Kohn* for 
the effect of a magnetic field on the electrons near a 
band edge at k=0. The energy levels and wave func- 
tions are obtained from the set of coupled Schrédinger- 

13 Burstein, Picus, Gebbie, and Blatt, Phys. Rev. 103, 826 
(1956); Zwerdling, Keyes, Foner, Kolm, and Lax, Phys. Rev. 
104, 1805 (1956). 
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like equations, 
Lil (6)— 6)6:;f;)(1)+P-Di;-P fi) J=0, (15) 


where P= p+eA/c, i and j run over the degenerate 
set at the band edge, and the dyadic Dj; is given by 


RipRyj 


Dy=—sul += & (16) 


’ 
m? wai.i &— 6,0 


1 being the unit dyadic. Here x;, is the modified mo- 
mentum matrix element between bands 7 and yu at 
k=0, which includes spin-orbit interaction: 


1 
w= fwo(0| p-— (00 x0) ua, (17) 


mc 


where V is the crystalline potential, and @ the Pauli 
spin vector. 

The first-order wave functions are given in terms of 
the f’s of Eq. (15) and the band-edge wave functions by 


V=L5 fi(r)ujo(r) 


+z 


E[-= &— rea, al P(t) Just (18) 


Using these wave functions, we can now give the 
matrix element for direct optical transitions between 
two bands, i.e., the generalization of Eq. (8). By 
treating the second part of Eq. (18) as small, the 
following result can be obtained: 


Eo 
N=— {Ix Rip' e| fame dt 


K jpRup 1 Ruph jp 
+h e: [n1+— > aot 2 1 
m u#i &)—&,° 


mM »¥p Ey o— — 6,° 
firme ferar| (19) 


Here j runs over the degenerate set for band 1, and p 
for band 2, J and F stand for initial and final states. 
In the first term we are neglecting a quantity propor- 
tional to eH /[mc(&,°— &;°) ]. 

The first term in Eq. (19) vanishes unless bands 1 
and 2 have opposite parity, and so is the result for 
transitions allowed at k=0. Note that Eq. (19) justifies 
the use of the zero order wave function in the previous 
section, since the second term vanishes unless the two 
bands have the same parity. This latter term gives the 
results for transitions forbidden at k=0, for which the 
absorption in the absence of the field"-" is proportional 


4 In the case of semiconductors, such as InSb, which lack 
inversion symmetry, it is possible to have both terms in Eq. (19), 
as has been pointed out by Blatt, Wallis, and Burstein, Bull. 
Am. Phys. Soc. Ser. II, 2, 141 (1957). 
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Fic. 3. Absorption coefficient as a function of energy for two 
simple bands when the transition is forbidden at k=0. This was 
constructed for the case we2= 4we1. 


to (w—&,)!. The selection rules for this case are deter- 
mined by the integral in the second term of Eq. (19). 
In the case of simple parabolic bands such as were used 
in the previous section, we have An=n’—n=0, +1. 
If we also suppose that the dyadic in Eq. (18) is a 
multiple C of the unit dyadic and that the radiation is 
isotropic, a simple result for a analogous to that in the 
previous section can be obtained: 


2m\m2 i 
ao= x(— rs ) (w- &)) J 


mi+mes 


_2é cr 


~ Secest wy 


2mym2 i eH 
cn =3K'(—""*) — > 


m,+me C nn’ 


4 (w— Enn’) nn’ 


1 16 n/, n—1 tn’ by, n+1 
+3 (wWe1t-wee) ’ 


(w— Enn’)! 


nn = Eg twei(n+})+02(n'+4). 


We see in Eq. (20) that for n’=n+1, there are peaks 
in the absorption. This is analogous to the transitions 
involved in cyclotron resonance. For n’=n we have 
simply a series of absorption edges. The behavior of a 
as a function of energy is illustrated in Fig. 3. An 
analogous transition occurs between the three valence 
bands in germanium and has been analyzed for the 
nonmagnetic case by Kahn! assuming parabolic bands. 
(Note that for the valence bands with our sign con- 
vention, m2: and w.2 would be negative.) It should 
therefore be possible to observe oscillations in the 
magneto-absorption between the valence bands, al- 
though it appears from the complexity of the spectrum 


16 A, H. Kahn, Phys. Rev. 97, 1647 (1955). 
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Fic. 4. Absorption coefficient as a function of energy for 
indirect transitions between two simple bands. This was con- 
structed for w,-;/w.2=4/7. 


in this case that high resolution and low temperatures 
as well as polarized radiation will be necessary. 


B. Indirect Transitions 


We now turn to the case of indirect transitions, which 
involve both a photon and a phonon. We consider here 
the virtual process in which the electron is first excited 
to an intermediate state by a photon in a vertical 
transition and then is scattered by a phonon into a 
final state in the conduction-band minimum away from 
k=0.'* For the nonmagnetic case, this type of transition 
has been studied theoretically by Bardeen, Blatt, and 
Hall'’ and experimentally by Macfarlane and Roberts.'* 
We shall not attempt a completely rigorous treatment 
of the problem but shall mainly consider the change in 
absorption induced by the redistribution of states in 
each band due to the presence of a magnetic field. In 
the expression for a, Eq. (10), | M|? is now replaced by 
a second order expression involving both photon and 
phonon matrix elements. From a generalization of 
Eq. (9) in Bardeen, Blatt, and Hall,!” we obtain the 
absorption coefficient 


dre 1 N41 ad 
= } (ate] fs var | (8- sy) 
nom’ V? IAF N, 


9 


XIE xjp-e f fi fpAdr| 6(Sp—6r+kO—w). (21) 


| iP 


Here J, A, and F correspond to initial, intermediate, 
and final states, and we are assuming that the transition 

‘©The alternative process in which the photon excites an 
electron into the final state and the phonon scatters the hole into 
the initial state can be treated in a similar manner. This process 
is believed to be less important for germanium and silicon. 

17 Bardeen, Blatt, and Hall, Proceedings of the Conference on 
Photoconductivity, Atlantic City, 1954 (John Wiley & Sons, Inc., 
New York, 1956), p. 146. 

18 G. G. Macfarlane and V. Roberts, Phys. Rev. 97, 1714 (1955); 
98, 1865 (1955). 
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from J to A is parity-allowed. M.2(.V,4+1) and M,N, 
are the phonon matrix elements squared, k@ is the 
phonon energy, and + and — refer to phonon emission 
and absorption, respectively. We have included conser- 
vation of spin explicitly in 6,4, or. 

If we use again the model of parabolic bands, the 
integral of Eq. (21) reduces to that of Eq. (9) which 
implies, in this case, that for each initial state, there is 
only one intermediate state. Furthermore, near the 
absorption edge, we can neglect the variation with J 
and F of all factors except the last, and the shape of 
the absorption edge is essentially determined by the 
quantity 

Dir 6(6r— 6;+h0—«). 


The following result for simple bands can then be 
obtained for a with and without a magnetic field: 


ang = Ka. (mym2)! (wF k0— &,)?, 
ans=2K,(eH/c)?(mym2)' Yonn F(w—Snn), (22) 
Enn' = 6sth0+0e1(n+3)+w.2(n' +3). 


Here F(w—6&,,) is a unit step function and Ky is a 
constant!* analogous to K and K’. Thus the absorption 
consists of a series of discontinuities’ which is illus- 
trated in Fig. 4. 

Equation (22) is valid for ellipsoids if a density of 
states mass is used; for the magnetic case the mass is 
that along the magnetic field, and can be shown to be 
m, cos*6+ m; sin’@, where @ is the angle of H with the 
ellipsoidal axis, and m; and m, are the longitudinal and 
transverse masses. For a degenerate band edge such as 
the valence band of germanium, we must go back to 
Eq. (19a); the various discontinuities will now have 
heights depending on the valence level involved. These 
can be determined from the transition probabilities for 
the direct transition which will be discussed in the 
following section. Because there is no selection rule on 
n and n’ in the indirect case, the expected spectrum is 
rather complicated. Furthermore, since the effect is not 
oscillatory, it is necessary to go to low temperatures 
and high resolution to observe it. 

Magneto-absorption effects of the type shown in 
Fig. 4 have, in fact, been observed by Zwerdling, Lax, 
Roth, and Button*® in germanium at 4.2° and 1.5°K, 
in addition to the exciton absorption which has been 
reported by Macfarlane, McLean, Quarrington, and 
Roberts.” The experimental results are consistent with 
the theoretical spectrum; the details of the comparison 
are given in ZLRB? 


IV. GERMANIUM 


We now consider in detail the case of the direct 
transition in germanium. This is believed to be a 
8 For the case in which the direct part of the transition is not 
parity allowed, the result would be more complex, but would 
still involve discontinuities. 

2 Macfarlane, McLean, Quarrington, and Roberts, Phys. Rev. 


108, 1377 (1957). 
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transition allowed at k=0 between the complex valence 
band and the spherical conduction-band minimum at 
k=0. We see from the simple band model that in order 
to locate the absorption peaks, it is necessary to solve 
Eq. (15) only for k,=0, where z is the direction of the 
magnetic field. We thus obtain a line spectrum for the 
allowed transitions which can be compared with experi- 
ment. Statistical weights will be assigned to each line, 
essentially from the square of the momentum matrix 
element for the transition involved. 


A. Energy Levels 


The problem of the energy levels in a magnetic field 
of a degenerate valence band such as germanium has 
been treated by Luttinger® and we shall make extensive 
use of his results. The valence band edge functions in 
the absence of spin-orbit interaction belong to the 
representation I'2;+ of the cubic group and transform 
as yz, xz, xy. The sixfold degeneracy (including spin) 
is split by spin orbit interaction into a fourfold and a 
twofold degenerate set. The fourfold group lies higher 
and is the one we are concerned with. In the absence 
of a magnetic field, this group splits into two twofold 
degenerate bands away from k=0. In the presence of 
the magnetic field this degeneracy is lifted, so that 
there are four sets of hole levels. A schematic energy 
level diagram is shown in Fig. 5. 

The band-edge wave functions are basis functions 
for an angular momentum of 3: 


ms=%, uyo= (1/V2)(X+iY )a; 
my=—}, uo=—[1/(6)'L(X—iV)a+228); 
uz3o= —(.1/ (6)! JL (X+iY)B—2Za]; 
us= (1/V2)(X—i¥)B. 


(23) 


m=, 
mys=—3, 


Here a and @ are up and down spin functions, X, Y, Z 
are the original p-like spatial functions and the m; value 
has been indicated. The form of the set of four coupled 
equations in Eq. (15) can be determined by group 
theoretical considerations.” For the explicit form, the 
reader is referred to Luttinger and Kohn® and Lut- 
tinger.® 

Equation (15) for this case has been solved approxi- 
mately by Luttinger® for nearly spherical bands (and 
k.=0) and in addition, an exact solution was found for 
the magnetic field in the [111] direction. We shall be 
interested mainly in the simpler approximate solution. 
The magnetic field is assumed to be in a (110) plane, 
and the coordinate system is rotated so that the 
z direction is the direction of the magnetic field, and 
the basis functions, Eq. (23), are now referred to the 
transformed system. The solutions to first order in the 
warping then fall into two sets; the details of the 
derivation can be found in reference 6. (See also 

*1 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955); 
hereafter referred to as DKK. 
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Fic. 5. Schematic diagram showing the magnetic levels for the 
valence and k=0 conduction bands in germanium. The transitions 
shown are those allowed for E||H. 


Appendix B.) 
Set (a): fia(r)=a,6,_2(r), 
fora (r) = a®P,(r), 


fsa(t)= faa(r)=9, 
where, using the gauge of Eq. (4), 
®, (r)= (LyL.)—' exp[ikyy }®n(a—ck,/eH). (25) 


Here the f; refer to Eq. (15), and the wave functions 
are given by Eq. (18) with the band edge functions of 
Eq. (23). The energy level designated by m is thus a 
combination of m and n—2 harmonic oscillator states. 
da; and a, are the solutions of the equations 


C(vity’)(n—§$)+3x— €Ja—y"[3n(n—1) }'a.=0, 


—¥""[3n(n—1) }iay 
+L (m1—v') (n+) — 3x— €Ja2=0, 


(26) 


with the normalization condition a,’+a.2=1. The 
various parameters are defined below, and the normal- 
ized energy ¢, defined by 


&= &— (ell /me)e, 


(27) 


is obtained by setting the determinant of Eq. (26) 
equal to zero: 


€as(m)=yin— (31 +’ — 3k) 

+{[—y'nt (4y’+71—k) P+3y7/?n(n—1)}}. 
Here for the + signs, n=0, 1, 2---, and for the — 
signs, n= 2, 3, 4---. The + and — signs refer to light 
and heavy holes, respectively. Similarly, we have for 


(28) 


the second set 


Set (b): fie(r) = foo(r)=0, 
fso(r) = bP, o(r), 


fav(r) _ b,(r), 
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with 6?+62= 1 and 
[(yi—v') (n— 3) + 3«— €]b.—y""[3n(n— 1) }'b2=0, 


—y"[3n(n—1) }'b, 
+E (yity’)(n+3)—3x—€]b.=0, 


(30) 


and for the energies 


€o4.(m) =yin— (y1—' + 34) 
+ {[y'nt+ (y1—«K— 37’) P+3y7'"n(n—1)}4, (31) 


with only the + sign for n=0, 1. Again + and — signs 
refer to light and heavy holes. 
In the above equations, y’ and y’’ can be written 


Y= (v2—73)L (3 cos@—1)/2, 
y= Systhyet 1 (yo—a) (3 cos"9— 1 ) 27, 


6 is the angle between the magnetic field and the z axis 
in the (110) plane. yi, Y2, and ys are valence band 
parameters which are related to other parameters in 
common use according to the definitions given in Table 
I. The classical (large m) cyclotron frequencies for the 
light and heavy holes are given in terms of these 
parameters by 


(32) 


eH 2. 
Wegt—[yik (y2+37')4]. 
mc 


(33) 


xk is a new constant introduced by Luttinger and 
necessary to describe the magnetic levels, although it 
is not measured in the classical cyclotron resonance 
experiments. Solutions in Eq. (28) and Eq. (31) corre- 
spond to that obtained from Dy of Eq. (81) of reference 
6. 

Higher order terms in y2—7s, which is a measure of 
the warping of the energy surfaces, are obtained by 
using second order perturbation theory on the addi- 
tional term D, of Eq. (81) in reference 6. This per- 
turbing term shifts the levels slightly and, although we 
shall not go through the mathematical details,” this 
correction will be included where necessary in comparing 
the theory with experiment (Tables II-IV). Finally, 
Luttinger introduces a new parameter g, which affects 
the energy levels in the presence of spin-orbit inter- 


TABLE I. Valence band parameters. 


F, G, Hi, H 


F+2G+2H,+2H;)—1 
—3(F+2G—H,—H2) 


L, M, N* 
(L+2M)-1 
(L—M) 








Yl 
y2 
Y3 


“a | 
—4N —%$(F—G+H,—H:2) 
K —}(F-—G—H,+H2)—} 


3 
4(}0°+B?)i 


* This notation is used by DKK (reference 21). Luttinger (reference 6) 
calls these A, B, and C. 

> Sums of matrix elements as defined by DKK (reference 21) except that 
we have expressed F, G, Hi, and H2 in units of 1/2m to make them di- 
mensionless. See also Appendix B. 

¢ This notation is used by DZL (reference 24) and DKK (reference 21). 


”R. R. Goodman, doctoral dissertation, University of Michi- 
gan, 1958 (unpublished). 
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action. We shall not include g in our calculation, as it 
is small. 

In addition to the valence band, we need the energy 
levels for the k=O conduction band minimum. Since 
this is spherical, the effective-mass Hamiltonian 
including spin will have the form 


1 eA\? 
= —(p+ ) +u*o-H, (34) 
, 


2m. 


where @ is a Pauli spin vector and m, is the conduction- 
band mass. With the inclusion of the effective magnetic 
moment u*, this is the most general form of 5 for a 
spherical band edge, as has been shown by Luttinger.® 
Since the conduction-band minimum is s like, it is not 
immediately obvious that u* should be different from 
the free-electron magnetic moment. However, it is 
shown in Appendix A that such an anomalous moment 
occurs because of the coupling of this band with the 
spin-orbit split valence band. The energy in this case 
is then given by 


eH 
&.(n) =——(n+}3)+n*H, 
MC 


(35) 


as shown schematically in Fig. 5. For the case of 
germanium, this effect should give a g value of —2.6 
for the electron at k=0, or a splitting of the magnetic 
levels of 1.3eH/mc. The effect should be larger in InSb, 
as is discussed below. 

The above results for the magnetic levels are valid 
when the energies are small compared to the separation 
of the band edges involved. This condition is usually 
satisfied in cyclotron resonance experiments, but with 
the large magnetic fields (40 kilogauss) used to observe 
the interband effects, marked deviations from quadratic 
behavior of the bands occurs. In the experiments of 
Zwerdling et al.'~* in Ge, oscillations were observed up 
to almost 0.2 electron volt beyond the energy gap. 
This is to be compared to 0.9 ev for the gap, and 0.3 ev 
for the spin-orbit splitting of the valence band. Conse- 
quently, it is necessary to go to higher than second 
order in k to compare the theory with experiment. 
The calculation of the levels for the conduction and 
valence bands is more complicated in this case, and the 
details are given in Appendix B. 


B. Selection Rules and Transition Probabilities 


The matrix element for an optical transition is, from 
Eq. (19), 
eF 
M,= 
mw 


¥ pare f fi*budr, (36) 
7 


eEo s 
Ms=—> pref fi*bvdr, 
me 1 


where j goes over the four degenerate valence band 
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edges, ®, is the free electron wave function for the 
n'th level in the conduction band, and a and £ indicate 
up and down spin, respectively, for the conduction 
band. We are neglecting the difference between x and 
p in Eq. (16) as this can be shown to be negligible. 
If we evaluate the matrix element for k,=0, where the 
peaks in the absorption occurs, it can be seen from the 
form of the valence band wave functions, Eqs. (24) and 
(29), that the selection rules on m are An=n'’—n=0, 
—2. Additional selection rules are obtained from the 
momentum matrix element between the band edge wave 
functions, €.g., Pja°e=(ujo| p-e|Sa), where the uo are 
given by Eq. (23) and where S is the conduction band 
edge function, which transforms as xyz(I's~) under the 
cubic group, and a@ is the spin-up function. From 
symmetry, we have for the spatial part of the matrix 
element 

(X | pz|S)=(¥ | py|S)=(Z| pz|S), (37) 
with all other combinations vanishing. From this and 
the orthogonality of the spin functions, a selection rule 
on m is obtained which is the same as that for the 
anomalous Zeeman effect, namely Am=m,—m,=0 for 
polarization parallel to the magnetic field, and Am= +1 
for polarization perpendicular to the magnetic field. 
The manner in which these selection rules are combined 
is shown by the following scheme indicating the 
combination of m,y and m values for the a and 8 sets in 
the valence band, and the m, values for the conduction 


band: 


3 


mM, 
n—2 
(a) 


nN 


n'a 


(b) ~) . 


n—2 


bole tol nol Roles GS 


n 


From the square of the matrix element, Eq. (36), it 
is also possible to calculate relative statistical weights 
for the various transitions. For example, for the 
transition from a level of set a to the spin-up conduction 
band, with n’=n—2, we find 


| Ma|?« |(X| p2|.S)|%a1?| (ez—tey)/V2|?. (38) 
Here the first factor is a constant; a;, the amplitude of 
the (n—2) harmonic oscillator state, will depend on 
the particular valence level, and we have, in addition, 
a factor depending on the polarization. The relative 
statistical weights found in this manner for the various 
allowed transitions are given in Table II for different 
polarizations of the incident radiation. From Table II 
for example it is apparent that for EH the light-hole 
transition d,an’ is 9 times as intense as light-hole 
transition a,an’ and the corresponding heavy-hole 
transitions are of equal intensity. The relative intensi- 
ties of other transitions are similarly determined. It is 
apparent from Table II that the use of polarized 
radiation greatly simplifies the spectrum and aids in 
identifying the various transitions. 


Thus far we have not included the density of states 
weighting factor [mm2/(m,+mz) }' resulting from Eqs. 
(11) and (13) for simple bands. ‘In estimating this for 
germanium, we shall use an average heavy- or light-hole 
mass. For the heavy hole and electron m0.3m, 
m:~0.04m; hence the above weighting factor is 
approximately «/m». For the light hole to electron, 
m,=m-0.04m so that we have 0.74/me for this factor. 
Thus the density of states has relatively little effect on 
the intensities, as compared to the quantities listed in 
Table II. This fact justifies the use of the simple band 
approximation here.” 


C. Numerical Results 


A theoretical calculation was carried out for ger- 
manium using the values of the valence band cyclotron 
resonance parameters from Dexter, Zeiger, and Lax”: 


A=131, B=83, C=12.5; 
converting these to Luttinger’s notation, we have 


yi=13.1, ye=4.15, ys=5.5. 

The three constants are sufficient to determine the 
three quantities F, G, and H,, introduced by Dressel- 
haus, Kip, and Kittel,?! which measure the effect of 
‘s-, Tye, and I';s~ band edges on the valence band 
edge. We are neglecting H, which measures the effect 
of I's5~ band edges because, theoretically, these should 
be remote.” With the same assumption, the additional 
parameter «=3.23 can be obtained from Table I. 

With a knowledge of the energy gap (&,=0.90 
electron volt) and the spin-orbit splitting (A=0.29 ev), 
the conduction-band mass can be calculated from Eq. 
(A-4), if we assume that no I':;+ bands except the 
valence band enter the picture. The result is 


m/m,= 27.1. 
TABLE IT. Statistical weights.* 


ELH EiH 
+Circ. pol. —Circ. pol. 


E1H 
E||H Plane pol. 


Transition 


dom’ 0 fa? $a)? 0 

a an’ 0 hay? 0 ha? 

a,pn’ a? 0 0 0 

ban’ b?? 0 0 0 

b.Bn’ 0 15,2 4b, 0 

b, Bn’ 0 ¢b2? 0 $b? 
& The transitions are labeled by the valence band set a4, 64, where + and 
— refer to light and heavy holes, by the spin for the conduction band a or 8, 
and by the quantum number n’ for the conduction band. An = —2 transi- 
tions have bars over a or b; An =0 transitions do not. Thus d,an’ represents 
the transition from the n’+2 light hole level of set a to the n’ level of the 
spin-up conduction band. To give orders of magnitude for high quantum 
numbers, from Eqs. (25), (26) and (28), (29), we have a)? ~3a2? and 
bo? ~ 3b)? for the light hole, with the opposite relations holding for the 
heavy hole. We have not included [mime/(m1 +m.) yt. 


23 For the case y2=y3;=yi—k, a linear expression for the energy 
as a function of n and k,? can be obtained for the four sets of hole 
levels, so that this result would be exact for this case. 

%4 Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956) ; hereafter 
referred to as DZL. 





ROTH, LAX, AND ZWERDLING 





—s 
rT 9 


tb (B) (arbitrary units) 


1,(8)/1,(0) 


Fic. 6. Comparison of 
the theoretical spectrum 
with the results of 

: | Zwerdling, Lax, Roth, 

: : ee age and Button for (a) E||H 

0404 03 b2 a5b5 o7b7 054088 = and (b) ELH. The mag- 

netic field is 38.9 kilo- 

gauss along [100] axis. 

PHOTON ENERGY (electron volts) The solid lines represent 

(a) heavy-hole _ transitions 

and the dashed line, 

light-hole _ transitions. 

The lines are labeled 

with a simplification of 

the notation in Table IT. 

The quantum number is 

that for the conduction 

band (spin is evident 

from Table II) and the 
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PHOTON ENERGY (electron volts) 
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In calculating &* and higher corrections to the levels, the two energies determine the spectrum, as shown in 
we make the additional assumption that the [',;- and Appendix B. 

I';.~ bands are separated from the bands of interest by The calculation of the valence and k=0 conduction- 
an energy much greater than &,. With these assump- _ band levels was carried out for H = 38.9 kg in the [100] 
tions, the three cyclotron resonance parameters and and [111] directions. The corresponding line spectrum 


TABLE III. Comparison of experiment and theory for heavy-hole transitions in germanium. 


(2)4 (3) (4) (5) (6) (7) (8) (9) (10) 
€c(n) [100] eb_(n+2) éa—(m) [111] eb_(m+2)[111] , 
ec(n) [100] —ec(m)[111] a(n) [100] [100] Experiment Line —ea_(n)[100] —es_(n+2)[100] Experiment 





13.60.65 0 2.2 2.7 2 —0.8 0.4 
40.2+0.6 —0.1 6.4 4.1 4 —1.6 —1.4 
66.20.6 —0.1 4 10.5 5.3 6 j —2.7 —2.0 
91.60.6 —0.3 9 13.2 10.0 8 y —2.5 —2.8 
116.50.55 —0.5 13 17.3 13.0 9 3.5 —3.8 —3.6 
140.50.5 —().7 17.6 21.1 17.3 12 : —4.7 —4.7 
164.20.5 —0.9 20.6 24.8 21.1 13 2 —5.6 —5.3 
187.4+0.5 —1.2 24.3 28.5 25.3 14 5:3 —6.5 —7.2 
210.1-F0.5 —1.4 28.4 32.2 28.8 : —7.4 —8.1 


~ 
—_ 


COND Uke Wh 


® Minus and plus refer to up and down spin, respectively. 
> Result of subtracting column (2) from the experimental line referred to in column (7). 
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for H in the [100] direction and for polarization || and 
1 to H is shown in Figs. 6(a) and 6(b) in comparison 
with the experimental results of Zwerdling, Roth, Lax 
and Button.’* In order to obtain the fit shown, the the- 
oretical spectrum was stretched” by 1.11% and the band 
edge was taken at 0.9870 electron volt. It can be seen that 
all the prominent minima are accounted for, except for 
lines 1, 1’, 3, 3’, which are believed to be due to exciton 
absorption.”* The detailed calculation essentially 
verifies the preliminary identification of the prominent 
minima in Fig. 1 of reference 7. 

For E||H [Fig. 6(a)], the prominent transmission 
minima correspond to transitions from heavy-hole 
levels, and the theory indicates that these are unre- 
solved doublets. The weaker light-hole transitions show 
up when they do not overlap the strong lines, as can be 
seen for lines 10 and 11. For ELH [Fig. 6(b)] the 
light-hole transitions appear more strongly, and two 
distinct series can be seen corresponding to transitions 
from the two sets of light-hole levels. These are dan’ 
and b,8n’. The experimental results indicate that the 
light-hole transitions in this case are even more intense 
relative to heavy-hole lines than the theory predicts; 
this disagreement is probably due to the relatively 
crude assumptions used for the statistical weights, since 
neither the detailed shape of the absorption edges nor 
the effect of kt terms on the amplitudes were considered. 

A detailed comparison of theory and experiment for 
the heavy-hole doublets in the parallel spectrum is 
given in Table III. Column 2 gives the calculated 
electron levels for the [100] direction. If these are 
subtracted from the experimental line positions, the 
result (column 6) for a particular m should be the 
average of €,_(m) and e€,_(n+2) which are given in 
columns 4 and 5. The experimental values were, for 
the most part, taken from a more recent run than those 
in Fig. 6, and the band-edge position was taken at 
0.9868 electron volt. The experimental values do indeed 
lie between the two theoretical results, although slightly 
below the average position. When it is considered that 
the 90% of the line position due to the electron has 
been subtracted off, the agreement is certainly satis- 
factory. 

The decrease in spacing of the heavy-hole doublets 
at the higher energies, due entirely to the electron, is 
evident from Fig. 6(a). The calculation shows that the 
electron level for n=8 lies 10% below the first order 
result, and that the mass has increased by almost 20%. 

The calculation was carried out also for H in the 
[111] direction, and the difference between the levels 
in the two directions, which is a measure of the ani- 
sotropy is given in columns 8 and 9, for comparison 
with the experimental results in column 10, In obtaining 
these, account was taken of the small anisotropy in the 
electron levels (column 3), which is due to &! terms in 


25 Thus the parameters actually used are y,;= 13.245, y2=4.20, 
y3=5.56, k=3.266. 


EFFECTS 


TaBLeE IV. Comparison of experiment and theory for 
light-hole (a set) transitions in germanium. 


(1) (2) (3) (4) (S) (6) (7) (8) 
€a+(n) [100] éay(n) [111] —ea,(n) [100] 

First 

order 

in H Theory Experiment 


—0.6 —0.6 +0.4 
—2.1 


ings | ae 
ner" 
—1.6 <17 


—0.5 
0 —0.6 +0.1 
1.1 0.0 0.0 
+0.3 


First 
order 
n in H 


Theory Experiment Line 


0 2.8 2.8 1.4 2 
1 11.4 11.3 9.5 5 


28.7 ig 
2 30.2 29.3 28.8 “ 


48.0 6’ 
51.3 48.7 48.4 


73.5 68.3 68.1 
95.9 87.3 87.9 


87.9 
118.4 105.7 105.7 3.3 0.9 +2.2 


—1.9 


2.2 0.6 


the energy (Appendix B). If this were left out, the 
agreement would not be as good, although the difference 
is not great. 

A similar comparison between theory and experiment 
for the light-hole lines, principally found in the perpen- 
dicular spectrum, is given in Tables IV and V. Here a 
more direct comparison can be made, as the lines are 
singlets (except for 2 and 2’). In Table IV for the a set, 
comparison of columns 2 and 3 shows that the deviation 
from the first-order result for light-hole levels is greater 
than for the electron; this is due to the effect of the 
split-off band. The experimental values were again 
obtained by subtracting off the theoretical result for 
the electron. The agreement is good for the a@ set; for 
the 6 set (Table V) the theoretical values are slightly 
too low. It should be pointed out that the anisotropy 
of the light-hole lines, that is, the absolute energy shift, 
is as pronounced in this experiment as it is for the 
heavy-hole transitions, and the light-hole lines are well 
resolved. In cyclotron resonance the anisotropy of the 
heavy hole on a percentage basis was much larger than 
that of the light hole. Hence, once the lines are identi- 
fied, one can use the light-hole anisotropy in evaluating 
the energy surface parameters just as was done for the 
heavy hole from cyclotron resonance. 

Once the lines have been identified, it is possible to 
obtain experimental values of the conduction-band mass 
and g factor. For the g factor, if we assume that lines 


TABLE V. Comparison of experiment and theory for 
light-hole (6 set) transitions in germanium. 


(1) (2) (3) (4) (S) (6) (7) (8) 
eb, (n) [100] eb, (n) [111] —es,(n) [100] 
First 
order 
in H 


Experi- 
ment 


First order 
in H Theory 


35 3.5 1.4 2’ 1.6 1.6 1.0 
22.1 22.0 22.2 4’ 1.4 1.3 2.0 
41.9 43.0 9’ 3.0 2.8 2.8 

62.1 63.3 4.2 3.8 3.6 

4.1 


Experiment Line Theory 


82.4 
83.0 5.3 4.5 


102.0 6.4 


81.8 


100.6 LY 5.8 
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7 and 7’ represent transitions from €,;(2) in the valence 
band to ¢€-(2,a) and e,(2,8), respectively, in the conduc- 
tion band, the separation of 0.0007 (0) electron volt gives 
a g factor of —3.1 for the data in Fig. 6, and —2.5 for 
the data from which the results in Tables III-V were 
obtained. The theoretical value is — 2.60 for low fields; 
due to the change in curvature this should decrease in 
magnitude to — 2.36 for n= 2. There is some uncertainty 
in the identification since the intensities appear to be 
wrong in the | case, although as pointed out earlier, 
we may rely more on the theoretical energies than on the 
intensities. The separation between the exciton lines 3 
and 3’ may also be due to the conduction band spin 
splitting; these would give a g value of (+) 3.7 for the 
[100] data and (+) 2.3 for the [111] data. 

For the conduction band mass, we can use the pairs 
of lines a,83 and d,al, 6,64 and b,a2, 2,85 and d,a3 
to give the following values for differences between the 
electron levels: 


€.(3,a)— €-(1,8)=52.9, 
€-(4,@) — €,(2,8) = 50.9, 
€.(5,a) — €-(3,8) = 50.2. 


Using these results and the experimental g value of 2.5, 
the energy levels can be fitted to the expression 


e.(n)=[27.141 ](n+4)—[0.3340.1 ](n+4)*0.6. (40) 


The first term here gives the value of the effective mass 
at k=0, and the second, the change in curvature of the 
band. The third term gives the spin splitting where the 
+ refers to spin-up and spin-down, respectively. The 
effective mass agrees well with the result from the 
valence-band parameters. The theoretical value of the 
coefficient of the second term is 0.37 ; the theory actually 
indicates that a term cubic in » is significant at n=5. 


(39) 


V. INDIUM ANTIMONIDE 


Infrared magneto-absorption experiments? have also 
been carried out on InSb at room temperature and the 
results indicate that a direct transition is involved 
similar to that in germanium. Four transmission 
minima were observed, whose positions in one run at 
36.9 kilogauss were 0.1895, 0.2005, 0.2225, and 0.2475 
electron volt. Relative to the gap of 0.180 ev obtained 
by extrapolation, these become 22, 48, 100, and 158 in 
units of eH/mc. Cyclotron resonance experiments give 
an effective mass for the conduction band at about 
40 kilogauss of m/70 within 5%. Using this result, 
together with the energy gap and an estimate by Kane”® 
of 0.9 electron volt for the spin-orbit splitting of the 
valence bands, the effective magnetic moment of the 
conduction band is found to be — 25» from Eq. (A-4). 
This corresponds very closely to the separation of the 
first two minima, which is 26e/7/mc. We therefore 
interpret the minima as transitions to the spin-up and 


26 E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 
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spin-down conduction band from the lowest levels of 
the valence-band Landau levels with nm=0. The average 
position gives an effective reduced mass of m/70, which 
is in good agreement with the cyclotron resonance 
result for the electron although the exact correspondence 
is fortuitous. The contribution from the valence band 
should be small, corresponding to the heavy hole. In a 
previous publication,? the second two minima were 
interpreted as due to transitions to m=1, spin-up and 
spin-down, in the conduction band. However, the 
separation between these two minima is too large by a 
factor of two. A more likely interpretation is that these 
correspond to n=1 and n=2 in the conduction band, 
for the predominant heavy-hole transition, and that 
the spin splitting does not appear because either it is 
not resolved or it is masked by complications from the 
valence band. The separations between the mean of the 
first two lines and the third line, and between the third 
and fourth lines, are 65 and 58 eH/mc, respectively, 
which are reasonably near the experimental cyclotron 
frequency, with the decrease probably due to change in 
curvature of the band. It is hoped that experiments at 
low temperatures and high resolution will reveal fine 
structure, and so give information about the structure 
of the valence band. 

The experiment supports the theoretical prediction 
that the effective gyromagnetic ratio for the conduction 
electrons in InSb is about 50. It would be interesting 
to see if this could be observed by means of spin 
resonance. An estimate of the effect of the large mag- 
netic moment on the susceptibility indicates that it is 
probably not significant, as the Landau diamagnetism 
dominates the Pauli paramagnetism even in this case. 


VI. DISCUSSION 


From the results in Ge, it appears that the effective- 
mass approximation and its extension to higher order 
in k give us a fairly good understanding of the magneto- 
absorption effects observed in semiconductors. The 
quantum effects predicted by Luttinger and Kohn for 
the valence band in Ge are clearly demonstrated by 
these experiments. The fact that it was necessary to go 
to higher order in k indicates that the technique can 
be used to explore rather deeply into the bands. While 
this gives us additional information, it unfortunately 
complicates the experimental determination of band- 
edge parameters. It was for this reason that the cyclo- 
tron resonance values were used in the calculation with 
only a scale factor for fitting. It appears that a better 
fit could be obtained by using slightly different param- 
eters. If such calculations are carried out, it may be 
possible to take x and m, as independent parameters, 
although it appears that this will not make a great 
deal of difference. 

An interesting consequence of the results in ger- 
manium is the good agreement between the experi- 
mental conduction-band mass and the value calculated 
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from the valence-band masses. The relationship between 
the masses was obtained on the basis of the one-electron 
approximation. Actually the inclusion of an exchange 
operator in the one-electron Hamiltonian has been 
shown by Kane?’ to alter this relationship, although 
Kane’s estimate of this effect in germanium shows that 
the calculated conduction-band mass would be changed 
by only a few percent, and this is probably within the 
uncertainty of the experimental results. The concept 
of an effective mass is valid from a many-electron 
standpoint, as has been shown by Kohn,” but it is not 
obvious that the valence- and conduction-band masses 
should be related in the same way as for independent 
electrons. It was also found that the change in curvature 
of the bands agreed well with the one-electron theory. 
Thus it appears that while many-electron effects may 
alter the magnitudes of the parameters and the energy 
gaps involved, the relationships between them are 
maintained to a good approximation in the range of 
energies studied. The appearance of exciton lines is of 
course due to many-electron effects. 

We have been more exact in the calculation of energy 
levels than of intensities. Detailed calculations of line 
shapes would involve evaluation of the squared 
amplitudes and the one-dimensional density of states 
as a function of k., and would be rather involved. 
There do exist additional allowed transitions for k,~0, 
but since there is no singularity in the absorption, we 
would not expect these to show up as absorption peaks 
experimentally; they may, however, appear as shoul- 
ders. There should also exist additional “forbidden” 
transitions due to the warping of the energy surfaces 
in the valence band, and related to the harmonics 
observed in cyclotron resonance. This may account for 
some of the weaker absorptions. Another source for 
extra lines is exciton absorption; the effect of the 
magnetic field is to pull the exciton lines up into the 
band (e.g., lines 3 and 3’ in Fig. 6) and to intensify 
them.’ 

The optical magneto-absorption technique is useful 
for exploring band edges not available for cyclotron 
resonance because of the lack of carriers, as in the k=0 
conduction band in Ge. The results confirm the theo- 
retical predictions as to the symmetry (I';) of this 
band. There has been some question from the optical 
absorption as to whether the direct transition is parity- 
allowed, due to the shape of the absorption edge.’ 
Departure from the theoretical (w—6&,)! dependence 
may be due to exciton absorption’? and to optical 
phonon effects.” 
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APPENDIX A. EFFECTIVE MAGNETIC MOMENT 
FOR SPHERICAL ENERGY BANDS 
Equation (34) for the 2X2 effective-mass Hamil- 
tonian for spherical bands can be obtained as a special- 
ization of Eq. (15) in which we must be careful to 
maintain the orders of the factors’ P. The quantities 
m*=m, and u* can be obtained from Eqs. (16) and 
(17). The term proportional to H comes from the 
noncommutivity of the « and y components of P. The 
results are 
2... s | Pan®|* 
—=—+— 5 —"_ (A-1) 


’ 
2m* 2m wm? m~ &— &,° 


e oY Pan” Pna”— Pan” P na” 
p*=—+ ek ys ’ 
2mc 2mPc i n#0 &— &,° 





(A-2) 


where Pan is the momentum matrix between the spin-up 
band edge and the mth band edge. The contribution 
of the second term in x,,, Eq. (17), can be shown to be 
negligible. 

For the case of the split-off valence band in ger- 
manium, u* has been evaluated by Luttinger® and 
shown to be of the order of x (Table I). For the spherical 
k=0 conduction band, we can evaluate u* by assuming 
that the only band which makes a significant contri- 
bution is the valence band, which is split by spin orbit 
interaction into the fourfold and twofold bands, at 
energies &, and & +A below the k=0 conduction 
band, respectively. The fourfold band edge wave func- 
tions are given by Eq. (23), while for the twofold band 
we have 


1 
uso=—L(X+iY)8+Za], 
v3 


, (A-3) 
Ugo= —_— iY)a—Zp}. 


Substituting these wave functions into Eqs. (A-1) and 
(A-2) and using Sa for the spin-up conduction band, we 
find 

1 ae 


38,+2A 
=—+— "(S| pal X01, 
2m* 2m wm? 36,(6,+4) 
(A-4) 
mon ht 
J nneen etter EE ETP 
2mc mc 36,(&,+A) , 


u* can also be written in terms of m*, as follows 


é€ m A 
t= |1- (=-!}— <| (A-5) 
2mc m* 36,+2A4 
APPENDIX B. HIGHER ORDER TERMS 


IN THE ENERGY 


The effective mass approximation can be generalized 
to include terms of higher order than 2 in k, as has been 


%” E. O. Kane, J. Phys. Chem. Solids 1, 82 (1956). 
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discussed by Kjeldaas and Kohn.*! The general expres- 

sion for the effective-mass Hamiltonian can be written 

) fap , » / ) len ff 

Hip Hy; Hin Hyy I>; 
Kif'=Kij+L 

‘4 £0 


> Cc co 2c 20 
st ©— 6, uy (&—6&,°)(&6— &,°) 


Hip’ Hye’ Tyr’; 
——————— +--+, (B-1) 


wr (&— &,°)(E— 6") (E— Ey 


where i and 7 refer to the degenerate band edge con- 
sidered, and mu, v, X are all other band edges. This 
expression is more compact than that used by Kjeldaas 
and Kohn,*! and the final energy appears in the denomi- 
nator. Using P= p+eA/c, we have 


PF 
j= | 82+ birt ua H).,), (B-2) 


m 


1 
K ,’=—P-xi,, 
m 


(B-3) 


1 1 
Ry! = " P-x,+ —P*5,,,4+0(o-H),,. (B-4) 


m 2m 


The last two terms in Eq. (B-4) are unimportant when 
the effective masses are small. In evaluating Eq. (B-1) 
for the magnetic case, we must be careful to maintain 
the order of the factors® of P. 

In evaluating Eq. (B-1) for the valence (I2;+) and 
k=0 conduction (f'-) bands of germanium, we shall 
assume that all other band edges are far removed from 
these two, where we now include the split-off band with 
the valence band. Thus we can neglect & in the denomi- 
nator unless it appears with an energy of the order of 
the gap or the spin-orbit splitting. For the conduction 
band, we make the additional assumption that it inter- 
acts only with the valence band. We shall neglect the 
last term in Eq. (B-4) and include the second term 
approximately by replacing & by &’= &—(n+4)eH/mc 
in the denominator. The third term of Eq. (B-1) 
vanishes from symmetry, and we have 


P? ; 1 P-x,P-2,; 
xe,"= ( Sr — )ortu(o-H). + 2 - . 


m mM” wu 


cr Cc 
© ~ Oxo 


1 (P-;,)(P-x,,)(P-2,,)(P-x,,) 


(B-5) 


m' wr (&'— Ey?) (8! — E0") (6’— &0°) 


Here » and Xd run over the 6 valence band functions. 
Except for the last term, the expressions are those in 
Appendix A [Eq. (A-4) ], except that &, is replaced by 
e+ &,", where ¢ is the energy relative to the conduction 
band edge. The last term can be evaluated by noting 


3. T, Kjeldaas, Jr., and W. Kohn, Phys. Rev. 105, 806 (1957). 
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that the expression 
1 P-x,,P +x, 
m» $§&—6,° 
is just the part of the effective-mass Hamiltonian for 
the valence band arising from bands other than the 
conduction band. (We may let &’ be the valence band 
edge &,°, since we assume 6,° to be far away.) This can 
be evaluated by the methods of DKK, using the 
constants (Table I) 


2 |(X|P2|5)|? 


gf ’ 


m &, 


(X|Pz|u)|? 
m wu(Tiz~) (08,0 ; 

2 (X| Pz] uu! P,| ¥) 

Saati ig ron Ae “+ 


. > ) 
m u(Ti2) 6,°— 6,° 


2 (X| P|)? 
ie e 


mui) 6&,°—6,° 


(B-6) 


(X|P2|uXu| Py| VY) 
m u(Tis~) &,°— &,° 
These are essentially the constants used by DKK 
except that we have made them dimensionless by 
multiplying by 2m. We are neglecting the difference 
between x and P (reference 30) and assuming that the 
band edges T'2.;- make no contribution (H.=0). The 
notation for the conduction and valence band edge 
functions is given in Appendix A. 
The result for the last term in Eq. (B-5) is 


—{ 1 ) 
2m? \ &'+ &,’ 
X {GP!+ (2H,—3G)[P2P7+P2P2+P/7P2)}. (B-7) 


We have neglected the noncommutivity of the compo- 
nents of P, as the result is important only for large n. 
&,’ is some average between &, and &,+A (see Ap- 
pendix A). We shall use the same average as in the 
effective mass. To obtain the contribution of Eq. (B-7) 
to the Landau level m, we shall take its expectation 
value and approximate for large n. 

For the case of germanium, in which y*, Eq. (A-4) is 
small, we can first solve for the average Landau level 
for the two spins, and then add and subtract u*H. The 
dominant term is the third term in Eq. (B-5). If only 
e+ &, appeared in the denominator, a quadratic equa- 
tion would result for «. It is convenient to use the 
solution to this quadratic equation and include the 
contribution from the split-off band by iteration. With 
some approximation, the resulting expression for the 
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energy level for k,=0 is then (expressing all energies in 
units of eH /mc) 


e=eteteste, 


4eo\! 
Pe a) 
& 
A 
«= —Fnt})(1- —-—- ), 
3(es+6,+A) 


€é2=n+}, 
er 3 cos*?—1? 
at 46—40.-36)(——— ) | (B-8) 


F 
—F6,A 
’ Slat &9) (e+ &,+A) 


g 


| (vity’)(N+3)+3k/2—€ 
+9 


—v3y a" 


} tt? 


6*y"'a 
(yi—y') (N+3)+«/2—« 


+9 


—v3y"'a 
—Vv2[y'(N+3)+3(k+1)] 


set b: 
6'y""a? 


where 1, etc., are defined in Table I and all energies 

are in magnetic units. —e here is the energy relative 

to the valence band. Here we have used creation and 

annihilation operators a‘ and a defined by 
at= (c/2e)}(P.+iP,), 
a= (c/2e)!(P,—iP,), 

{a,at}=N+4. 
These have the following properties when operating on 


the harmonic oscillator functions ®,: 


are, = (n+-1)'Bn 44, 


(B-11) 


a?,=n'®,_;. — (B-12) 


From the relations (B-12), the solution for Eq. (B-9) 

is given by Eq. (24), with, in addition 

(fsa=0). 

Similarly for Eq. (B-10), we have Eq. (27), with 
fsv=bPrn2, (fon=0). 

By substituting these solutions in Eqs. (B-9) and 

(B-10), we obtain sets of linear equations for the a’s 

and 6’s. The secular equation in each case is a cubic, 

and the following form is useful for iteration: 

se +P 


seal fi lama _ 
d 


fea= a3?,,(r), 


9 


P—s?\? 2s52\77! 
4{(s-— ) +e(1-—) , (B-13) 
d d 


MAGNETO-ABSORPTION EFFECTS 


—VvV3y"'a? 
(yi-¥') (N+3)—K/2—€ 
—v2[y'(N+3)— 
—v3y'"a? 
(yity’)(N+3)—3«/2 
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Equations (B-8) actually give a somewhat better result 
than second order in n. €3 is anisotropic; we have 
evaluated it for H in a (110) plane, with @ the angle 
with the [001 ] axis. 

For the valence bands, we shall neglect the fourth 
term in Eq. (B-1), as all the ‘‘v” bands for which the 
matrix elements exist are theoretically remote. This 
reduces the problem to that of solving the six effective- 
mass equations including the split-off bands, and in 
addition including ¢e in the denominators. 

It is possible to obtain a solution for the 6X6 equa- 
tions for nearly-spherical energy surfaces by a straight- 
forward generalization of the method used by Luttinger.® 
The 6X6 effective-mass Hamiltonian (Eq. (15)) breaks 
up into two 3X3 matrices involving columns and rows 
1, 2, 6 and 3, 4, 5, respectively, using the basis functions 
of Eqs. (21) and (A-3). Using the notation a and 6 to 
distinguish them, these can be shown to be 


64y"'a? fie 
—Vv2[7'(V+3)—3(k+1)]| | foa| =0 
A+yvi(V+3)—€ | fea} 


VAY WEDEHOED fas) 
64y"al? 


’ 


| ral =(0, (B-10) 


A+y7i(V+})—e } foo 


where : 
d=A+ro—€, (B-14) 
and 
set b 
3 eal it | am (371-7 +34), 
ro=71(n—3)— (x+3), 


set a 
n=yn— (avit+y'— 23k), 
ro=i(n+3)— (x+3), 
s=y'n— (a7 +1—-4«), = 7'n+ (ri — K-43), 
so=y' (n+3)—3x«+1, so=y' (n—3)+3«+1, 

t=—v3y"[n(n—1) }}, t= —V3y"[n(n—1) }}. 
(B-15) 


Equation (B-13) is used for light-hole levels; for the 
heavy-hole levels the effect of the split-off band can be 
neglected. 

We must now include the variation of the energy 
denominators in y;, etc. If all the constants in Eq. 
(B-9) [or Eq. (5) ] contained the factor 1/(e+6,), we 
could multiply the equation by (1+¢/6,), and would 
have the result 


(1+. GV = eo, (B-16) 


i.e., a quadratic equation, where ¢ is given by Eq. 
(B-13). This result is almost valid, since the principle 
contribution to the valence band parameters is from 
the k=0 conduction band, and we can make a small 
correction for the other band edges which we assume 
to be far away. We can then finally write for the energy 
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levels 


e=e,— (n+), 


Al € sl} 
o=46,|| 1+ - retetet ] -1. (B-17) 





Here the n+} appears from using &’ in Eq. (B-5), and 
€o is given by Eq. (B-13) with d redefined: 


d=A(1+,/6,)+re— €0. (B-18) 
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For ¢3, if the valence band effective mass Hamiltonian 
is 3¢(F,G,H;), using the parameters of Eq. (B-6), then 


€3= (e:/5,)((H(0,G,H;))+n+3), (B-19) 


where we can take the expectation value with respect 
to the wave functions in Eqs. (22) and (27) since this 
is a small correction. 

Finally ¢, is the contribution of D, in reference 4, 
and is obtained from second order perturbation theory, 
using Eqs. (22) and (27), since again this is a small 
correction. 
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New optical data are reported for nickel at 88°, 298°, and 
473°K and for tungsten at 298°, 1100°, and 1600°K in the wave- 
length range 0.365 to 2.65 microns. These data are shown to 
depend on wavelength in a way which is in good quantitative 
agreement with a formula initially proposed by Drude. By 
attributing different terms in Drude’s equation to the motion of 
different classes of free and bound electrons, one may conclude 
that several classes of each are present in both metals. Each class 
of free electrons accounts for a portion of the dc conductivity and 
has its own characteristic relaxation time or wavelength. From 
this analysis it appears that most of the de conductivity may be 
attributed to one class of free electrons, although optical properties 


I. HISTORICAL ORIENTATION 


Saki properties of thick metal specimens may 
be measured most readily by reflected light. The 
principles for doing this were worked out many years 
ago and were carried to a high state of refinement by 
Drude.' Drude? also showed that the observed optical 
properties depended on wavelength in a rational man- 
ner. On the basis of this analysis he claimed that there 
were at least two kinds of charged particles which 
could move freely in the metals he studied. He called 
them “ions” but was unable to give a satisfactory 
theory to account for them. Nevertheless, Drude’ did 
point out that other properties such as Hall effect and 
thermoelectric phenomena likewise indicated the pres- 
ence of two kinds of charge carriers. Drude’s “ion 
hypothesis,” however, was not well received by his 
contemporaries. In a recent paper (hereafter referred 
to as paper I) the author‘ appears to have been the 
first since Drude to recommend that serious consider- 

1 P. Drude, Ann. Physik 39, 481 (1890). 

2 P. Drude, Physik. Z. 1, 161 (1900). 

3P. Drude, Ann. Physik 1, 566 (1900); 3, 369 (1900); 7, 687 


(1902). 
4S. Roberts, Phys. Rev. 100, 1667 (1955). 


are strongly influenced by other classes as well. In both metals 
the characteristic wavelength \,, of the first class of free electrons 
proves to be proportional to the corresponding conductivity o, at 
different temperatures. In nickel the constant ratio o:/A,;1 accounts 
for the low temperature coefficient of optical properties through- 
out the visible and near infrared range. In tungsten this constant 
ratio contributes to the existence of the x-point or cross-over 
wavelength in the spectral emissivity. It is shown that the 
anomalous skin effect may not be a significant factor in the 
measured optical properties of a metal like nickel in the range of 
wavelength where these properties have only a small temperature 
coefficient. : 


ation be given to this interpretation of optical properties 
of metals. 

In paper I and in the present work the author reports 
that the interpretation depending on the implied 
existence of more than one class of free electrons, 
distinguished by their different relaxation times, is 
highly successful in describing the optical properties 
versus wavelength of a variety of metals. One might 
wonder, perhaps, why such a simple fact has remained 
so long in obscurity. It may be that an appropriate 
reason is suggested in these words of Lucretius: “. . . 
no fact is so simple that it is not harder to believe than 
to doubt at the first presentation.” The circumstances 
related below certainly indicate that the above fact 
was very difficult to believe in Drude’s time. 

Schuster’ appears to have been the first to have 
suggested that, since electrons in a metal were the same 
as those observed in cathode rays, they should all have 
the same charge, the same mass, and in each metal a 
single relaxation time. In the absence of quantum 
mechanics this argument seemed quite logical. In 


5 A. Schuster, Phil. Mag. 7, 151 (1904). 
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response to this criticism Drude‘ tentatively modified 
his interpretation by dropping from consideration all 
but one kind of free electrons. Lorentz’ also thought 
there were compelling reasons for admitting the exist- 
ence of only one kind of free electrons in metals, even 
though this was admittedly in contradiction to obser- 
vations of the Hall effect. 

It is the resulting simplified version of Drude’s 
treatment, with only a single “universal” relaxation 
time for free electrons, which has been transmitted to 
us by subsequent writers including Sommerfeld and 
Bethe,® Zener,?> Mott and Zener,’ Mott and Jones," 
Wilson,” Kronig,!* Seitz and so forth. The same version 
has been used more recently by Beattie and Conn'® 
and by Schulz.!* Nevertheless, it does not appear to the 
author that the optical properties of metals have ever 
been accounted for satisfactorily on the basis of only one 
type of free electrons. In tacit recognition of this fact 
Wilson,” in the second edition of “The Theory of 
Metals,” reluctantly omitted the entire section on 
optical properties which had appeared in the first 
edition. - 

The arguments in favor of the limitation to a single 
type of free electrons advanced by Lorentz and others 
have lost their force with the development of the energy 
band model for the behavior of different classes of 
electrons in solids. Furthermore, since Drude’s time 
there has been a substantial accumulation of additional 
nonoptical evidence!’ to support the conclusion that 
in various metals at least two distinct classes of electrons 
take part in the electrical conductivity. In view of the 
wide acclaim accorded to Drude’s ‘revised (1904) 
interpretation of optical properties, it does seem 
significant to point out even now that his original 
interpretation is in better agreement with both optical 


6 P. Drude, Ann. Physik 14, 936 (1904). 

7H. A. Lorentz, Koninkl. Akad. Wetenschap. Amsterdam 7, 
438, 585 and 684 (1905). 

8 A. Sommerfeld and H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), second edition, Vol. 24, Part 2, 
». 579, 

. 9C. Zener, Nature 132, 968 (1933). 

10N. F. Mott and C. Zener, Proc. Cambridge Phil. Soc. 30, 249 
(1934). 

N. F. Mott and H. Jones, The Theory of the Properties of 
Metals and Alloys (Oxford University Press, Oxford, 1936), p. 110. 

2A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1936 and 1953), first edition, p. 124; second 
edition, preface. 

1 R. DeL. Kronig, Proc. Roy. Soc. (London) A133, 255 (1931). 

4 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940) p. 638. 

15]. R. Beattie and G. K. T. Conn, Phil. Mag. 46, 989 (1955). 

16L. G. Schulz, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1957), Vol. 6, p. 102. 

17N. F. Mott, Proc. Phys. Soc. (London) 47, 571 (1935); Proc. 
Roy. Soc. (London) A153, 699 (1936); A156, 368 (1936); H. 
Jones, Proc. Roy. Soc. (London) A155, 653 (1936); A. H. Wilson, 
Proc. Roy. Soc. (London) A167, 580 (1938); E. H. Sondheimer 
and A. H. Wilson, Proc. Roy. Soc. (London) A190, 435 (1947); 
E. H. Sondheimer, Proc. Roy. Soc. (London) A193, 484 (1948); 
M. Kohler, Ann. Physik 5, 89, 99, 181 (1949); 6, 18 (1949); R. 
G. Chambers, Proc. Phys. Soc. (London) A65, 903 (1952); B. R. 
Coles and J. C. Taylor, J. Phys. Chem. Solids 1, 270 (1957); 
E. J. Moore, Australian J. Phys. 2, 235 (1958). 
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and nonoptical experimental evidence. Evidently 
Drude'* thought so too, for in the second edition of his 
Lehrbuch der Optik, completed in manuscript form just 
prior to his death, he once again put forward the 
proposition that more than one type of free electrons 
ought to be considered when accounting for the optical 
properties of metals [i.e., in Eqs. (41) and (44) on p. 
386 ]. 

In the ensuing years the electronic theory of metals 
has undergone many changes, but the experimental 
facts known to Drude have mostly remained the same. 
Additional optical data only reinforce Drude’s original 
interpretation. The details of metallic reflection do not 
appear to be understandable by any other approach. 
The theoretical climate now seems more favorable, as 
pointed out in paper I. In the present work the author 
offers further data which not only confirm Drude’s 
initial interpretation but which also lead to new 
conclusions in extension of it. 


II. FUNDAMENTAL CONSIDERATIONS 


The laws of refraction and reflection of polarized 
light by a plane interface between two isotropic homo- 
geneous media were originally worked out by Fresnel. 
These laws, when written with complex coefficients, 
apply to absorbing media as well as to transparent ones. 
They express the amplitude and phase of the refracted 
wave and the reflected wave relative to the incident 
wave for arbitrary angle of incidence depending on the 
nature of the two media. In the present instance, one 
of the media is to be vacuum and the second is to be a 
metal. The wave refracted into the metal is lost by 
absorption in a thick specimen, so that only the incident 
and reflected waves are accessible for control and 
measurement. 

If the incident wave is polarized at arbitrary azimuth, 
it may be resolved into two components with electric 
fields, respectively, parallel and perpendicular to the 
plane of incidence. Each of these components suffers a 
definite reduction in amplitude and a shift in phase 
upon reflection from an isotropic medium. A single 
complex reflection coefficient describes both changes in 
either component, but the two components of the wave 
have different reflection coefficients. Hence their ratio 
is a complex number different from unity. Drude! 
showed how to measure this ratio, namely that of the 
reflection coefficient for light polarized parallel to the 
plane of incidence to that for light polarized at right 
angles to this. He expressed this ratio in the form 
tanve'4. His notation is retained here, as is also his 
convention for the direction of positive vectors in the 
incident and reflected waves. 

Fresnel’s equations for reflection of light at a plane 
interface between two homogeneous isotropic media 


18P, Drude, Lehrbuch der Optik (S. 
second edition. 

P, Drude, The Theory of Optics (Longmans, Green and 
Company, New York, 1902) p. 361. 


Hirzel, Leipzig, 1906), 
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may be written as follows: 


R,=sin(¢2—¢1)/sin(¢@2+¢), 
R,= — tan(¢2—¢1)/tan(¢2+¢1). (1) 


In the above equations R, is the complex reflection 
ratio for light having its electric vector perpendicular to 
the plane of incidence and R, is the reflection ratio for 
light polarized parallel to that plane. ¢; is the angle of 
incidence in the vacuum and @» is the angle of the 
refracted wave in the metal. In an absorbing medium, 
such as a metal, the latter angle is a complex number 
as evidenced by the fact that planes of constant phase 
do not coincide with planes of constant amplitude. 

The following ratio is measured according to Drude’s 
procedure : 
R,p= R,p/Rs= —Cos(o2+¢1)/cos(d2—¢1) = tanye'. (2) 

The square of the complex index of refraction of the 
metal, or its ‘‘dielectric constant” K, is related to the 
angles ¢; and @» by Snell’s law: 

K=sin’g)/sin*¢o. (3) 

By elimination of ¢2 in Eqs. (2) and (3) one obtains 
the following result for K which should be a funda- 
mental property, specifically independent of the angle 
of incidence, ¢;: 


cot2y—i7 sind \? 
k= sin’ +n, (— — “—-) | (4) 
csc2y+cosA 


The dielectric constant K is to be resolved into real 
and imaginary parts in the following way: 


K=K'-iK". 


The propagation of electromagnetic waves in a 
homogeneous isotropic medium is described according 
to Maxwell by a set of equations involving only two 
parameters which characterize the medium at a given 
wavelength. These are the dielectric constant K and 
the magnetic permeability u. In deriving Eq. (4) it was 
assumed that the permeability of the metal is that of 
free space. This is generally thought to be a good 
approximation even in ferromagnetic metals such as 
nickel at the wavelengths under consideration. Fresnel’s 
equations themselves are a consequence of Maxwell’s 
hypothesis concerning the electromagnetic nature of 
light. 

If the surface of the metal is nonhomogeneous, if it 
is anisotropic, if its magnetic permeability is different 
from that of vacuum, or if there is any other factor 
that would bring about a significant deviation from the 
assumptions on which Eq. (4) is based; then it follows 
that the value of K as defined by Eq. (4) may not 
necessarily be independent of ¢;. Conversely, if meas- 
urements of y and A at different angles of incidence 
yield different values of K according to Eq. (4), then 
one may question the validity of Fresnel’s or Maxwell’s 
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equations for the surface being measured. Drude! 
studied this matter very carefully and he did observe 
deviations from Eq. (4) which he attributed to surface 
films and to fine scratches. Drude” also derived equa- 
tions for reflection from surfaces covered with thin 
films. From these equations it may be inferred that 
such surfaces would not be expected to have any fixed 
value of K at different angles of incidence, if K is 
defined by Eq. (4). A nonconstant value is actually 
observed for surfaces covered by films such as those 
produced by moisture, grease, oxide layers, etc. Drude 
noticed that the surface films which appeared on his 
specimens were of nonuniform thickness, a fact which 
resulted in nonuniform polarization in the light reflected 
from different parts of the specimen. By paying special 
attention to the preparation of the surface he was 
successful in eliminating these extraneous effects and 
in obtaining values of \/K which were independent of 
the angle of incidence and which were truly repre- 
sentative of the metal being studied. The square root 
of K is called the ‘complex index of refraction” and is 
generally written in one of the forms: 2(1—ix) or n—7k. 

Having defined K in the above manner and having 
measured it at different wavelengths, one is naturally 
led to inquire whether there is some simple formula 
which expresses the observed relationships in a concise 
manner. The following formula, adapted from Drude’s 
expression” [Eq. (39), p. 398] has proved entirely 
adequate for this purpose: 


K md? Xe on 
K=14+ ———"__ - —_y—_, 68) 
m N2—Ngm?ttbmAsmA  20C€ % Arn—1A 


where A is the wavelength in vacuum, c is the velocity 
of light, and € is the permittivity of vacuum (in mks 
units). The other parameters appearing in Eq. (5) are 
arbitrary coefficients which are adjusted independently 
to characterize any given metal. 

If one considers \ to be a complex variable, then 
Eq. (5) just states that K is given by an analytic 
function of A having only simple poles, including the 
pole at infinity. This equation is not quite the most 
general such function that one might conceive consistent 
with considerations of ‘‘physical realizability” as are 
employed, for example, in discussing driving point 
impedance functions of electrical networks ; but it seems 
to be sufficiently general to be adaptable to existing 
experimental data for optical properties of metals. 
Similar functions have been obtained in specific in- 
stances either by classical or by quantum mechanical 
theories. The really important common element in both 
of these treatments seems to be that the time depend- 
ence is introduced in the form of a linear differential 
operator. Equation (5) might apply just as well for any 
of a broad class of theories in which the time dependence 
is treated by the methods of linear operational calculus. 


2 Pp. Drude, Ann. Physik 36, 865 (1889). 
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On this basis Eq. (5) is not to be identified solely with 
some particular atomic theory, but instead it should be 
regarded as a mathematical hypothesis which stands 
by itself. 

One might hope that a finite number of terms in 
Eq. (5) would be sufficient in any given metal for 
complete accord with experiment. In this case the 
equation would also be a unique representation of the 
dielectric constant versus wavelength. If there is a 
unique relation, one may confidently expect any valid 
atomic theory to lead to it. It has been found that the 
above hope is fulfilled, and in consequence of these 
remarks it follows that, while Eq. (5) may not be a 
theory in itself, its application unquestionably may 
provide guidance in testing the relative appropriateness 
of different theories. It is fitting and proper that 
experimental results should be considered in this way 
in the eventual formulation of a theory. 

If one evaluates the parameters in Eq. (5) by fitting 
curves to experimental data, one might expect to find a 
clue concerning the natural laws which govern the 
values of these parameters. This was Drude’s approach, 
which led him into contradiction with the best theories 
of his day. His method remains valid today, but the 
contradiction with theory no longer exists, as noted 
initially in paper I. The author has now carried this 
method a step further and has shown that certain 
parameters in Eq. (5) are interrelated in a manner 
which was not known by Drude or others until now. 

The effective conductivity o at a wavelength \ may 
be defined by the relation 


= 2rcegk” rd, (6) 


where K” is the negative imaginary part of K. If Eq. 
(5) is extrapolated to very low frequencies, or long 
wavelengths, one obtains the limiting value: 


ver nOn- (7) 


This, then, is the de conductivity. In Eq. (5) each 
component ¢, of the de conductivity is characterized 
by a specific relaxation wavelength X,,. In the past it 
has been customary to attribute seeming inconsistencies 
between optical properties and dc conductivity to some 
surface condition of the metal. In the author’s interpre- 
tation no such inconsistency has arisen, for it has 
always been possible to choose a single set of parameters 
which gives good results both in Eq. (5) and in Eq. (7). 

In discussing Eq. (5) and in applying it, it is necessary 
to have names for the specific terms of which it is made 
up. The names which will be used carry the implication 
that all terms except unity are a result of the motion 
of electrons, and conversely that the motion of each 
electron contributes to one or another term in Eq. (5) 
at any given moment. Since the terms containing o, 
and X,» all contribute to the de conductivity, they may 
be attributed to the same electrons which give rise to 
the conductivity; i.e., “conduction” electrons or “free” 
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electrons. Likewise, since the other terms, those con- 
taining Kom, contribute nothing to the dc conductivity, 
they may be attributed to unfree or “‘bound”’ electrons. 
In the following discussion the expressions “free elec- 
trons” and “bound electrons” are meant to be names 
referring to specific terms in Eq. (5) and are not 
intended to have any deeper theoretical significance 
except where definite theories are mentioned. 

Stated in the above language, the principal conclusion 
of paper I was that the optical properties of a number 
of metals were consistent with Eq. (5), but that 
generally at least two free-electron terms were indi- 
cated, thereby implying the existence of two classes of 
conduction electrons. In the present paper a study of 
the temperature dependence of optical properties con- 
firms the above result and in addition shows that there 
is one class of free electrons, accounting for most of 
the dc conductivity, for which the ratio o;/A,1 is 
independent of temperature. This relation holds over 
wide variations of o; and \,; and plays a part in two 
seemingly diverse phenomena which have heretofore 
seemed rather puzzling. One of these is the fact! that 
the optical properties of certain metals in a range of 
wavelength have much smaller temperature coefficients 
than one would ordinarily expect if the dc conductivity 
had any direct bearing on the optical properties. The 
other effect is the crossover or x-point”! observed in the 
spectral emissivity of a number of refractory metals 
and metallic compounds. This is a single wavelength 
at which there is virtually no change in emissivity even 
over a wide range of temperature. At shorter wave- 
lengths the emissivity has a negative temperature 
coefficient and at longer wavelengths a positive one. 
Both the generally low temperature coefficient and the 
existence of a crossover point, observed in different 
metals, are here shown to be associated with the 
constancy of the ratio o1/A;1. 

Now that the constancy of the ratio o:/\,1 is recog- 
nized, it seems natural that this ratio should be con- 
stant. In Drude’s' theory, the ratio o)/A,; is propor- 
tional to .V,e?/m,, where JN, is the concentration of the 
primary class of free electrons, e is the electronic charge, 
and m, is the corresponding effective mass. When 
Drude’ revised his treatment so as to exclude all but 
one type of free electrons, he had to postulate that the 
parameters corresponding to o and A, were functions 
of wavelength. To explain the small observed temper- 
ature coefficient of optical properties he was led to 
assume, in effect, that both o and X, in the wavelength 
range of visible light were insensitive to temperature. 
This is quite different from the author’s interpretation 
according to which both o; and X,; depend a great deal 
on temperature, but not on wavelength, and just 
maintain a constant ratio as the temperature changes, 
In Drude’s revised interpretation NVe?/m, as determined 
experimentally, depends to a certain extent on wave- 


217). J. Price, Proc. Phys. Soc. (London) 59, 131 (1947). 
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length and is both numerically and conceptually 
different from the corresponding ratio N,e?/m, when 
two classes of free electrons are thought to be present. 

Sondheimer,” in reviewing work on electronic mean 
free paths, pointed out the constancy of the ratio of 
the conductivity to the mean free path. If two classes 
of free electrons are present and if one class accounts 
for most of the de conductivity, it seems almost a 
trivial step to infer from mean free path data that 
o:/A,1 should be independent of temperature; and yet 
it is a step that does not appear to have been taken 
until now. Certainly it has never been appreciated that 
the constancy of this ratio exerts a powerful influence 
on the optical properties of metals and that it therefore 
can be demonstrated by experiment. 

The experimental work upon which these conclusions 
are based consists of a study of the optical properties 
of two metals, each over a wide range of temperature 
and wavelength. Nickel is an example of a metal with 
optical properties having a low temperature coefficient. 
Tungsten is an example of a metal having a crossover 
or x-point in its emissivity. Tungsten turned out to be 
a rather complex metal to analyze by Drude’s method, 
yet after much labor both metals were found to be 
fully consistent with Eqs. (5) and (7) within limits 
which are thought to be attributable to experimental 
error. 


III. EXPERIMENTAL PROCEDURE 


In his experiments Drude used incident light polar- 
ized at an azimuth of 45° and he analyzed the reflected 
light by means of a Soleil-Babinet compensator in 
conjunction with a Nicol prism. In extending the 
wavelength range for observations in the infrared it 
has been found desirable to dispense with the compen- 
sator and to rely instead on photometric methods of 
measurement. The systematic procedure for doing this 
was worked out in recent years independently by 

2 FE. H. Sondheimer, Advances in Physics, edited by N. F. 
Mott (Taylor and Francis, Ltd., London, 1952), Vol. 1, p. 1. 
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Beattie® and by Hodgson.™% The method employed by 
the author involves a slight modification of their 
techniques in that a third polarizing element is em- 
ployed just in front of the monochromator. The third 
polarizing element insures that the measurements will 
be independent of the relative sensitivity of the mono- 
chromator to light polarized in different directions in 
addition to being independent of the state of polar- 
ization of the light source. 

The plan of the optical system is shown in Fig. 1. 
The light source is a tungsten lamp with a ribbon 
filament 2 mm wide. This was supplemented at shorter 
wavelengths by a mercury arc in order to obtain 
increased intensity. The light is reflected from a plane 
diagonal mirror M, and a spherical mirror M», which 
focuses an image of the filament on the slit S2, which 
has an opening 1 mm wide. The slit S; restricts the 
horizontal angular width of the beam to 2°. A rotating 
chopper is located in front of the slit S:. An image of 
the slit S, is brought in focus on the sample at the 
fixed angle of incidence, 80°, by means of the plane 
mirror M; and the spherical mirror M4. The slit S3 
again limits the horizontal angular width of the beam 
to 2°. 

The metal sample is mounted inside a metal vacuum 
chamber fitted with thick light-flint glass windows to 
pass the incident and reflected beams. The windows 
are not clamped in place, but are held by the air 
pressure against O-ring seals. In this way uneven 
strains are avoided and the windows do not alter the 
polarization of the light passing through them within 
the accuracy of the measurements. 

The main polarizing prisms, P; and P2, are mounted 
in rotators with scales readable to 0.1° and are located 
just outside the two windows in the path of the incident 
and reflected beams, respectively. These prisms are a 
modification of the prism attributed to Abbé by 


% J. R. Beattie, Phil. Mag. 46, 235 (1955). 
*4 J. N. Hodgson, Proc. Phys. Soc. (London) B68, 593 (1955). 
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Thompson.”> In this design a short prism of large 
aperture could be made with a uniform field of polar- 
ization and many of the other desirable features of the 
longer and more costly Glan-Thompson prism. The 
wide range of wavelength in which this prism may be 
used results from a fortuitous match of the indices of 
refraction of fluorite and of the E-ray of calcite. 

The beam reflected from the sample is brought to 
focus on the entrance slit S; of the monochromator by 
means of the spherical mirror M; and the plane mirror 
M;. This would ordinarily form a single image of the 
sample at this point; however, a cleavage plate of 
calcite P; is mounted as shown and this splits the beam 
so as to form two images of the sample. As indicated, 
the calcite crystal is inclined at an angle so that its 
optic axis is nearly perpendicular to the light path. 
One image consists of radiation polarized perpendicular 
to the horizontal plane, while the other image consists 
of radiation polarized parallel to that plane. Only a 
slight rotation of the calcite crystal is needed to bring 
either image into coincidence with the slit Ss. 

The monochromator is a standard Littrow-type 
instrument using a light-flint glass prism. The trans- 
mitted monochromatic radiation is focused by an 
ellipsoidal mirror onto a small lead sulfide photo- 
conductive cell. The ac component of the photocurrent 
from the lead sulfide cell is amplified and converted to 
to a de signal by a synchronous rectifying contact on 
the light chopper. The experimental method of deter- 
mining y and A, using the apparatus described above, 
will be described elsewhere. 

Two different methods are used for mounting the 
samples in these experiments. The experiments on 
nickel are done on a bar of dimensions 8X 5X50 mm. 
This is mounted inside a small copper box which is 
attached to a flange on the bottom of a well which is 
built into the center of the flat top plate of the vacuum 
chamber. The copper box has openings to transmit the 
incident and reflected radiation and it may be heated 
by an electric heater placed at the bottom of the well. 
Alternatively the box containing the sample may be 
cooled by pouring liquid nitrogen into the well. To 
prevent condensation on the surface of the sample, the 
openings in the copper box are covered by glass windows. 

The tungsten sample is in the form of a ribbon of 
dimensions 0.12 8X50 mm. This is clamped at each 
end in such a way that it can be heated by an electric 
current. The well, mentioned above, is used as an 
additional cold trap so that a good vacuum is maintained 
in all the measurements on tungsten. The rest of the 
vacuum system is of conventional design and therefore 
requires no special description. 


IV. OPTICAL CONSTANTS OF NICKEL 
The nickel used in the experiments described here 
was prepared from nickel carbonyl and was vacuum- 


25S. P. Thompson, Proc. Optical Conv., London, p. 216 (1905). 
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Fic. 2. Observed optical constants of nickel at 298°K. 


melted. This process normally produces material of 
about 99.98% purity, the principal impurity being 
carbon. The bar was machined to shape and was ground 
flat on one side. After being annealed in hydrogen at 
950°C, the bar was electropolished in a solution made 
according to the following recipe. 


H;P¢ ds (85%) 453.6 g; 
Als(SO4)3: 18H2O: 188.6 g; 
NiSO,4:6H.O 14.25 g. 


‘ 


The temperature of the electropolishing bath was 80°C 
and the current density was about 40 amperes/ (deci- 
meter)”. The cell was operated for 5 minutes at 6 volts. 
This treatment smoothed the surface, removed the 
tool marks and left a bright mirror finish which was 
sufficiently flat so that the reflected beam in the 
optical system retained the desired degree of collima- 
tion. On microscopic examination it appeared that 
different crystal grains were dissolved to slightly 
different levels. The surfaces of individual grains 
appeared very smooth and free of light-scattering 
defects. 

Measurements on nickel at room temperature, 298°K, 
gave the results indicated in Fig. 2. These data are 
mostly in accord with older results analyzed in paper I. 
However, the present analysis of the data is different 
in several minor respects. This time, with what are 
believed to be more accurate data, there seems to be 
definite evidence of a bound-electron term with its 
characteristic wavelength \,; at 0.85. This and the 
other parameters obtained by fitting curves to the 
experimental data at 298°K are shown in the second 
column of figures in Table I. It should be observed 
that a different scheme of notation is used here from 
that employed in paper I. If one omits the bound 
electron term involving Ko, while retaining Ko2, one 
obtains the dashed curves in Fig. 2. From the compari- 
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TABLE I. Results of analysis of optical data for nickel.* 


298°K 


13.64 
0.365 
0.195 

58.8 
0.70 


Temp. 88°K 
O71 136.2 
0.365 
0.195 
587.1 
0.70 
<0.36 <0.36 
1.05 ‘ 2.85 
1.2 : 1.2 
0.85 5 0.85 
<0.36 <0.36 
0.35 0.95 
0.232 0.232 
136.8 6.33 


473°K 


5.77 
0.365 
0.195 
24.9 
0.70 


« Conductivities (01, etc.) are in units of 106 ohm™'m™. The de conduc- 
tivity is oo. Wavelengths (Ari, As, etc.) are in microns. 


son between these and the solid curves it is evident 
that the bound electron term actually amounts to only 
a small perturbation on otherwise smooth curves for 
K' and K” versus wavelength. 

Values of relative conductivity of 99.97% Ni at 
different temperatures as reported by Potter®® and the 
absolute conductivity of 99.99% Ni at 0°C as reported 
by the National Bureau of Standards*’ were used in 
determining values of oo in Table I. The procedure of 
adjusting parameters in the formula so as to fit the 
experimental data made it possible to determine a2, a3, 
and o;/A,1. For reasons to be explained later neither o; 
nor A,; could be determined directly. Hence o; was 
chosen so as to satisfy Eq. (7) and A,; was then deter- 
mined from the known ratio o;/A;1. 

It may be significant to compare the observed values 
of K’ and K” with values that are calculated for a 
single free-electron term. Figure 3 shows curves for 


\° 
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26H. H. Potter, Proc. Phys. Soc. (London) 49, 671 (1937). 
27 Natl. Bur. Standards Circ. No. 485 (1950). 
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K"/X and (K’—1)/A which correspond to the same 
data represented by the smooth curves in Fig. 2. These 
may be compared with the curves for K,;'/A and 
K,'’/d, which are calculated for the single free-electron 
term which dominates the de conductivity. The real 
part, K,:’/X accounts for a major part of (K’—1)/), 
especially at longer wavelengths, but K,,’’ is orders of 
magnitude too small. K,:’’/X also shows the wrong 
dependence on wavelength, since it increases in the 
order of 50 times as \ goes from 0.365 to 2.65 micron, 
while the observed value of K’’/A only doubles. It is 
thus clear that the observed results cannot possibly be 
explained by a single free-electron term. 

The optical constants of the nickel bar were likewise 
measured at 88°K and 473°K. In similar fashion these 
data were used in the determination of sets of param- 
eters shown in the first and third columns of Table I. 
In each case the adjustment of parameters resulted in 
curves which fit the experimental data as well as the 
room temperature curves shown in Fig. 2. 
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In fact very little difference in optical constants 
could be observed at these extreme temperatures 
despite a 20:1 change in de conductivity. There was 
no observable change in K’ that could be attributed to 
the free-electron terms; however, the perturbation due 
to the bound-electron term was more clearly resolved 
in the low-temperature curve for K’, thereby indicating 
a smaller value of 6;. A somewhat greater change in 
K" could be observed and this is shown in Fig. 4. 

The validity of the analysis of nickel is upheld by 
its extrapolation to longer wavelengths. The optical 
constants calculated in this way are shown in Fig. 5 in 
a range which extends to five times the longest wave- 
length used in the measurements. The calculated curve 
agrees with the experimental results of Beattie and 
Conn'’ to within the differences they observed in 
different specimens. Older data?* are shown in Fig. 5 
for comparison at the shorter wavelengths. 

*8G. Quincke, Poggend. Ann. Jubelband 336 (1874); L. R. 


Ingersoll, Astrophys. J. 32, 282 (1910); A. Q. Tool, Phys. Rev. 
31, 1 (1910). 
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Not only are the extrapolated values of K’ and K” 
in close agreement with the experimental data of 
Beattie and Conn; but the calculated temperature 
coefficients of these properties are likewise in close 
agreement. At a wavelength of 11 microns Beattie and 
Conn observed K” to increase in a ratio 1:1.4 when 
the temperature was raised from 293°K to 533°K. In 
this same interval the conductivity decreases in a 
ratio 3.1:1. In the present interpretation it is perfectly 
clear why the value of K” should not change in the 
same ratio as the conductivity. At 2 microns it hardly 
changes at all, but at 12 microns, according to the 
above interpretation, it should change in a ratio 1:1.49 
when the temperature is raised from 298°K to 473°K. 
In this interval the de conductivity decreases by a 
ratio 2.24:1. According to this interpretation the 
changes in optical constants versus temperature ob- 
served by Beattie and Conn are in reasonably good 
agreement with the changes in de conductivity. 


V. OPTICAL CONSTANTS OF TUNGSTEN 


Tungsten ribbons were cut to a size 8X50 mm from 
a flat rolled sheet 0.125 mm thick and with the direction 
of rolling, respectively, parallel and perpendicular to 
the long dimension of different specimens. The direction 
of rolling made no difference in the results to be de- 
scribed. The sheet consisted of pure undoped tungsten 
supplied by the Lamp Wire and Phosphors Department 
and claimed to be of 99.99% purity. The ribbon to be 
measured was initially mounted in the evacuated 
measuring apparatus for a preliminary heat treatment. 
The heating current was increased slowly until the 
midpoint of the ribbon reached 2000°K. Then it was 
heated more rapidly to 2500°K. This treatment 
recrystallized the tungsten sufficiently so that its 
appearance and optical properties did not change 
significantly during subsequent measurements. 

The tungsten ribbon was removed from the vacuum 
system after the above heat treatment and was electro- 
polished at 25°C in a solution containing 30 g of NaOH 
per liter. The operating potential difference was seven 
volts, and the anode current density was 20 amp/dm?. 
A stainless steel cathode was used. 

The electropolished tungsten was bright and shiny 
and the beam reflected from it retained a satisfactory 
degree of collimation, although of course the surface 
was far from being optically flat. A small amount of 
scattered light could be observed under oblique illumi- 
nation and this was traceable to the fine network of 
grain boundaries. It is believed that the observed 
scattered light should have no effect on the intensity 
ratio measurements. The surface of individual grains 
appeared free of light-scattering defects. 

The results shown in Fig. 6 were obtained on the 
electropolished ribbon at room temperature. The data 
for K” show two maxima which were also characteristic 
of all preliminary work on various tungsten samples, 
including a thick bar which was not heat treated. 
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versus calculated curves. 


Likewise the unpublished work of Barnes® showed a 
few scattered points which, though insufficient by 
themselves to determine a smooth curve at room 
temperature, are consistent with the same maxima. 
The slight rise at short wavelengths makes it seem 
likely that more measurements in the ultraviolet might 
reveal another maximum there. 

It is only the bound-electron terms in Eq. (5) that 
can account for maxima in K”. Hence it is evident 
that at least three bound-electron terms are needed in 
the formulation of K for tungsten. The complete 
analysis of the data for tungsten at room temperature 
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TABLE IT. Results of analysis of optical data for tungsten.*:> 


1600°K 2000°K 2400°K 


(1.58) (1.19) 
0.16 Y (0.22) (0.25) 
9.3 t (4.63) (3.66) 
<0.36 (<0.36) (<0.36) 
10.9 
13.4 
12.0 
1.40 
0.57 
0.25 
1.0 


Temp. 298°K 


(0.341) 
1.80 


(0.325) 
1.44 


*(  ) indicates tentative estimates. 
» For units see note under Table I. 


led to the results summarized in the first column of 
Table II. These parameters are used in calculating the 
solid curves shown in Fig. 6. 

Tungsten at room temperature differs from nickel in 
that there is no clear evidence of more than one free- 
electron term on the basis of optical data alone. In 
fact the data may be fitted very well with a single 
such term in addition to the three bound-electron 
terms already mentioned. In this case the conductivity 
associated with the single term will be just half of the 
observed dc conductivity. The difficulty in satisfying 
Eq. (7) is removed by adding a second free-electron 
term. Without more complete data one can only guess 
tentative values for o2 and \,2, which are shown in 
parentheses in Table II. Perhaps this interpretation 
will have to be revised when data on optical constants 
at longer wavelengths or data on electronic mean free 
path become available. Note that the uncertainty 
about 2 does not exist at the higher temperatures. 

The experimental results for tungsten at 1100°K 
and 1600°K are shown in Figs. 7 and 8. In making these 
measurements a substantial amount of radiation was 
produced by the tungsten ribbon itself. This radiation 
did not pass through the light chopper, however, and 
thus produced no modulation of the current in the 
photocell. No output reading was obtained when the 
primary light source was turned off. The intensity of 
the radiation produced by the tungsten sample was 
checked independently by relocating the light chopper. 
In this way it was ascertained that the steady radiation 
from the sample would not overload the photocell or 
modify its sensitivity to the chopped primary radiation. 

A common set of bound-electron terms proved en- 
tirely adequate in the analysis of data at both 1100°K 
and 1600°K. These terms are not quite the same, 
however, as those adopted for room temperature. The 
parameters are listed in the appropriate columns of 
Table II. Two free-electron terms were indicated in the 
high temperature data. However, the second free- 
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electron term seemed to have a very short characteristic 
wavelength in comparison with that postulated at room 
temperature. The curves in Figs. 7 and 8 were calculated 
using the parameters given in Table II. 

The data at the higher temperatures seem to fall in 
a regular pattern, since the bound-electron terms appear 
relatively constant while oz and o;/A\,1 vary only a 
little. Hence it seems fairly safe to extrapolate these 
parameters to still higher temperatures. The dc conduc- 
tivity of tungsten shown in Table II is that reported by 
Forsythe and Watson.” From these values one can get 
a good estimate of o; at higher temperatures. \,1 may 
then be derived from the assumed ratio o;/A,1. Values 
of the free-electron parameters estimated in this way 
for 2000°K and 2400°K are given in the last two 
columns of Table II. These estimated parameters will 
be used in the following calculation of spectral emis- 
Sivity. 


VI. THE SPECTRAL EMISSIVITY OF TUNGSTEN 


The normal spectral emissivity of a heated plane 
surface is by definition the ratio of the energy radiated 
normal to the surface in a narrow range of wavelength 
to that which would be radiated by an ideal radiator 
or “blackbody.” By Kirchhoff’s law this is one minus 
the reflectivity at normal incidence. If the electro- 
magnetic fields obey Maxwell’s equations, then the 
reflection of light will be governed by the complex 
dielectric constant K in the manner already discussed. 
It is more convenient to express the emissivity as a 
function of the complex index of refraction, n—ik, 
which is simply the square root of K. Then the emis- 
sivity, é, is: 

4n 
repro (8) 


e= 
(n+1)P+k 


Appropriate values of m and & may be found by taking 
the square root of K as determined by experiment or as 
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calculated by Eq. (5). The emissivity of tungsten was 
calculated in this way using Eq. (5) with the parameters 
shown in Table II. The results of this calculation are 
shown in Fig. 9 for the temperatures 1100, 1600, 2000, 
and 2400°K. 

It is of interest to compare the calculated emissivities 
shown in Fig. 9 with the observations of De Vos.*! His 
data are not reproduced here, but are in close quanti- 
tative agreement at 0.4 micron and not quite so good 
agreement with ours at 1.0 micron and longer. The 
calculated curves intersect at a common point, thereby 
indicating a cross-over point similar to that observed 
by De Vos, but at a wavelength 1.13 micron instead 
of 1.27. Furthermore, the emissivities shown in Fig. 9 
are somewhat lower than the values observed by De Vos 
at the longer wavelengths. Notwithstanding these 
differences, the similarity of the two sets of curves is 
very remarkable considering the different sources of 
information on which they are based and the fact that 
the present work depends on an extrapolation to obtain 
data at temperatures above 1600°K, while De Vos 
depended on an extrapolation to get many of his data 
below 2000°K. 

The fact that emissivity curves in the present work 
are calculated from analytic expressions for K, makes 
it possible to find out what features in this analysis are 
responsible for a crossover of the type demonstrated in 
Fig. 9. This is a question of general interest because 
Price," Weale® and Marple* have observed similar 
crossover points or x-points in various other metals 
such as Pt, Pd, Mo, Ta, and Re. Marple* has observed 
an x-point in Nb at 0.7 to 0.75 w; and similar x-points 
in the following compounds: ZrN at 0.464, HfN at 
0.52 u, TaC at 0.73 wu, and ZrC at about 24. On the 
basis of these experiments it appears that the existence 
of an x-point may be a quite general phenomenon in 
metallic conductors. Some conflicting evidence appears 
in the above literature concerning possible «-points in 
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Fic. 9. Calculated spectral emissivity of tungsten. 


Ni and Cu as well as other metals with optical properties 
having generally low temperature coefficients. Since 
the changes in emissivity of these metals are quite 
small, the question of x-points in them may be largely 
academic until more precise methods of measuring 
emissivity are developed. 

The theory of Weil®® appears to be inadequate to 
explain the existence of x-points, because it indicates 
that the cross-over wavelength A, should be propor- 
tional to A,1, which depends on temperature. Both 
direct experiment and the calculated curves shown in 
Fig. 9 indicate that A, is independent of temperature. 
In the present interpretation, the temperature de- 
pendence of emissivity at wavelengths greater than \, 
appears to be almost entirely due to the free-electron 
term containing o; and X,;. While both of these param- 
eters depend upon temperature, they maintain a nearly 
constant ratio. If they did not do so, the calculated 
values would be inconsistent both with observed values 
of K and with observed emissivity. However, it seems 
quite definite that only a small part of the observed 
temperature dependence of emissivity at wavelengths 
less than A, might be attributed to changes in o; and 
Ar if their ratio were constant. This follows from the 
same reasons which explain the smallness of the 
temperature coefficient in nickel. At wavelengths below 
\z the temperature coefficient of emissivity seems to be 
largely influenced by the variations in a2 in the present 
analysis. Perhaps just as good an alternative case could 
be made in which the temperature coefficient in this 
wavelength range would be attributed to some other 
cause. It may be premature to try to settle this point 
at the present time. 


VII. DISCUSSION 


It seems to be true in general that most of the dc 
conductivity is contained in o;, and this is thought to 
be the only component of conductivity which depends 
significantly on temperature. The smallness of the 
~ %R. Weil, Proc. Phys. Soc. (London) 60, 8 (1948). 
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temperature dependence of K’ and K” in some metals, 
notwithstanding large changes of conductivity, must 
then be attributed to the small changes of the term in 
Eq. (5) which contains o;. Since in all the author’s 
measurements of nickel AA,;, one may simplify this 
term in the following way: 


01 (Ap1— 1A) 01 Anitio, Arr. (9) 


Now, if A,: varies with temperature in direct proportion 
to 1, it is evident that the real part of Eq. (9) will 
remain constant and likewise K’ will be independent of 
the temperature no matter how much o; may change. 
Likewise, if the imaginary part of Eq. (9) is much 
smaller than the imaginary part of o2/(A,2—7A), the 
changing values of o; and \,; with temperature may 
produce only relatively small changes in K’’. The 
smallness of K,;"" is evident, for example, in Fig. 3. 
The actual differences between the values of A” of 
nickel at 88°K and 473°K at 2 microns and above in 
the curves in Fig. 4 are mostly due to the small but 
finite differences in the imaginary part of Eq. (9). A 
similar explanation may be proposed for the vanish- 
ingly small temperature coefficient of optical properties 
of several other metals studied by Drude’ in a range of 
temperature spanning substantial changes of conduc- 
tivity. The foregoing arguments therefore support the 
deduction that in nickel at least, and perhaps also in 
some other metals, the ratio o;/A,: is independent of 
temperature despite large changes in @}. 

The anomalous skin effect has been proposed as a 
mechanism giving rise to deviations from Maxwell’s 
equations. Undoubtedly such deviations do exist and 
may be observed in any metal in an appropriate range 
of wavelength and temperature, i.e., microwaves at 
very low temperatures. Possibly there are some metals 
in which such deviations might be observed at infrared 
wavelengths and at room temperature. However, in 
regard to optical properties at ordinary temperatures 
in metals having two classes of free electrons, the effect 
may not be important at all. The reason for this is 
based on the same logic that explains the very low 
temperature coefficient of K’ and K” for nickel and 
certain other metals. The mean free path of the class 
of electrons which contributes most to the conductivity 
in these metals may have a sizable temperature coeffi- 
cient. But, when this mean free path is reduced by 
increasing the temperature, there is almost no change 
in the ratio o;/A,1 or in the optical properties, as has 
already been noted. Since these properties are inde- 
pendent of the mean free path it may be expected that 
they would also be independent of anomalies in the 
mean free path near the surface. As a corollary no 
difference between surface optical properties and bulk 
properties is to be expected in such metals. 

There is nothing in the foregoing analysis which 
refutes the excellent work on electronic mean free path 
in metals by Sondheimer” and others. However, in 
applying the mean free path concept to optical prop- 
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erties, it must be recognized that the mean free path 
of those electrons which contribute most to the dc 
conductivity may not have much influence on optical 
properties. It is evident that there is a great need for 
more experimental data both in regard to optical 
properties and mean free path effects in order to clarify 
the interrelation between these two phenomena. 

Several authors observed a superficial agreement of 
optical properties of certain metals with the simplified 
theory based on one type of free electron. But this 
treatment led to too low values for the conductivity. 
The alternative explanation leading to the correct 
conductivity is given in paper I. It was also recognized 
long ago that optical properties of another group of 
metals did not agree even superficially with the simpli- 
fied theory. Nickel appears to be such a metal according 
to measurements in the visible and near infrared wave- 
length range. In the author’s interpretation this be- 
havior results from the fact that the second class of 
free electrons has its region of dispersion centered in 
just this range. Beattie and Conn,'**6 by making 
measurements on nickel at much longer wavelengths, 
succeeded in establishing a superficial agreement with 
simple theory in that range, as might be expected. In 
their interpretation, the failure of simple theory at the 
shorter wavelengths was attributed to ‘resonance 
absorption,” i.e., bound-electron terms. Evidently they 
did not consider it important to back up this interpre- 
tation with any sort of quantitative test. 

Beattie and Conn in their simpiified treatment did 
not find agreement either with the observed dc conduc- 
tivity or with its temperature coefficient. The author’s 
treatment is in quantitative agreement with both. The 
analysis given here has the further virtue that, while 
it was based on measurements only up to 2.65 y, it is 
sufficiently accurate for extrapolation to much longer 
wavelengths, where it agrees rather well with the experi- 
ments of Beattie and Conn. 

It is not inherent in Drude’s analysis that the 
number of classes of free electrons should be limited to 
two, so that in principle there may be more than two 
such classes or there may be only one. In this connection 
it is interesting to note that Kent*’ and Schulz’® between 
them reported that the liquid metals Bi, Pb, Cd, Sn, 
Hg, and Ga all obey the simplified formulas derived 
under the assumption of a single class of free electrons 
and have a dc conductivity in agreement with that 
derived from optical data. There seems to be no 
question of any surface anomaly in these metals or of 
any deviation from Maxwell’s equations. 

The principal conclusions of this paper have to do 
with the free-electron terms. However, the analysis 
summarized in Tables I and II also indicates some 
regularities in the bound-electron terms. It seems that 
Asm does not change much with temperature, while 6» 


36 J. R. Beattie and G. K. T. Conn, Phil. Mag. 46, 1002 (1955). 
37 C, V. Kent, Phys. Rev. 14, 459 (1919). 
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is generally greater at higher temperatures. In nickel 
Ko, seems to increase in proportion to 6;, but a similar 
trend is not followed in tungsten. For the present, no 
explanation will be attempted for these observations 
concerning bound-electron terms, and they should be 
regarded as tentative. 

The very large contribution of bound electrons to 
the optical properties of tungsten might tend to indicate 
an unusually high electronic polarizability of the 
tungsten atom or ion. Note that (1+) m Kom) is of the 
order of 40 for tungsten as compared to about one-tenth 
this value for nickel. The indicated high polarizability 
of tungsten might explain the anomalous dielectric 
properties of certain of its compounds, as for example, 
WO. 


VIII. CONCLUSIONS 


Experimental data for optical constants of nickel and 
tungsten at different temperatures are interpreted 
according to a formula for complex dielectric constant 
given by Drude. If the various terms in this formula 
may be attributed to different classes of free and bound 
electrons, then it may be said that the formula allows 
for the existence of more than one class of free electrons. 
Each class of free electrons accounts for a portion of 
the dc conductivity and has its own characteristic 
relaxation wavelength, which appears as a parameter 
in the formula. Drude’s formula as interpreted here 
does not constitute a theory in itself, but the results of 
an analysis of experimental data based on this formula 
are conceived to be a likely effective source of quanti- 
tative information which it is hoped will be coordinated 
with nonoptical data in formulating a more specific 
and more complete atomic theory. 

Agreement is reached in all cases between the 
observed optical properties and the de conductivity. 
The interpretation of the results for nickel is tested by 
extrapolation to longer wavelengths where calculated 
optical constants and their temperature coefficients are 
in reasonably good agreement with the experiments of 
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Beattie and Conn. The data for tungsten are tested by 
calculating spectral emissivities at different tempera- 
tures from them. These results compare well with the 
measurements of De Vos. 

The analysis of experimental data in this manner gives 
the interesting result that most of the de conductivity 
may be attributed to one class of free electrons, 
although in some metals a second class and in nickel 
even a third class are needed in addition to the bound 
electrons in order to account for the observed optical 
properties. In both nickel and tungsten the character- 
istic wavelength \,; of the first class of free electrons 
proves to be proportional to the corresponding conduc- 
tivity o; at different temperatures. In nickel the 
constant ratio o;/A,1 accounts for the low temperature 
coefficient of optical properties throughout the visible 
and near infrared wavelength range. The optical 
properties of tungsten change more rapidly with temper- 
ature, but the constant ratio of o;/A,1 contributes to 
the vanishing temperature coefficient of the emissivity 
at a single wavelength. The constancy of this ratio is ° 
also supported by a theory in which the concentration 
and effective mass of the appropriate class of free 
electrons are thought to be independent of temperature. 
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Attachment of Low-Energy Electrons in Mixtures Containing Oxygen 
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Electron attachment to O2 has been studied for O:.—Nz and O.—C2H, mixtures over a wide range of 
pressures and electric fields. It was found that a, the probability of capture per cm and per mm Hg of Oz, 
depends on the partial pressures of both gases in the O:.—Ne mixture but only on the C2H, pressure in the 
O.—C2H, mixture. The data have been interpreted in terms of an extension of the mechanism postulated by 
Bloch and Bradbury, and by Bates and Massey, which involves first the formation of O.-* (excited O.~) 
with subsequent collisional stabilization. On this basis estimates were made of the cross section for stabiliza- 
tion of O,~* by collisions with various kinds of molecules. 





I. INTRODUCTION 


HE mechanism by which electrons are attached 

to Oz appears to depend critically on the energy 

of the electrons. At thermal energy the magnitude of 

the capture cross section is so low (10~-* cm?) that the 

mechanism may be the direct formation of O:- which 
is stabilized by radiation." 

At slightly higher energies the cross section increases 
to such a value (10-*% cm?) that stabilization by 
radiation can no longer be offered as a reasonable 
mechanism. Bradbury,? Doehring,* and Chanin and 
Biondi‘ have shown that starting at approximately 
0.4 ev, the capture cross section decreases with energy 
up to 1.2 ev. Bloch and Bradbury® have postulated that 
in this energy range the mechanism involves the 
formation of O;’ (i.e., virbationally excited O,-) 
which is subsequently stabilized by collision. Based on 
the experimental observation by Bradbury? that the 
cross section for attachment was independent of O2 
pressure even as low as 3.5 mm Hg, Bloch and Bradbury® 
reasoned that the cross section for stabilization of 
Os” by O2 would have to be about 100 times the 
gas-kinetic cross section. Bates and Massey® and 
Massey and Burhop’ have pointed out that the magni- 
tude of this cross section is difficult to understand, 
particularly in view of the fact that calculations by 
Zener® have shown that even in the case of exact 
resonance, a similar? energy transfer cross section 
must be much smaller than gas-kinetic. 


* This material will be submitted by G. S. Hurst as a part ofa 
dissertation for the degree of Doctor of Philosophy at the Univer- 
sity of Tennessee. 

1M. A. Biondi, Phys. Rev. 84, 1072 (1951). 

2,.N. E. Bradbury, Phys. Rev. 44, 883 (1933). 

3A. Doehring, Z. Naturforsch. 7a, 253 (1952). 

4L. M. Chanin and M. A. Biondi, Westinghouse Research 
Laboratories Research Report 6-94439-7-R5, October 1, 1957 
(unpublished). 

5 F. Bloch and N. Bradbury, Phys. Rev. 48, 689 (1935). 

®D. R. Bates and H. S. W. Massey, Trans. Roy. Soc. (London) 
A239, 269 (1943). 

7H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Clarendon Press, Oxford, 1952), pp. 262 and 
474. 

8 C. Zener, Phys. Rev. 37, 556 (1931). 

® Transfer of vibrational energy from the first excited level in 
Nz to a normal Ne molecule at room temperature. 


Many observers’-" have studied the capture of 
electrons in oxygen at still higher electron energies and 
several other mechanisms have been postulated for 
these energies. However, very little additional data 
have been obtained which add to our understanding of 
the low-energy process (i.e., in the energy range 
between thermal energy and 1.2 ev). A study of the 
attachment process in O: for electrons in this energy 
range is the subject of this report. 


II. METHOD 


Suppose an a@ particle forms mp electrons at a distance 
d from a positively charged electrode. Because of 
attachment, at a distance x from the point of formation, 
only » of the electrons are free (i.e., not attached). 
The number dn attached in a distance dx is given by 


dn=—anf,Pdx, (1) 


which defines a, the probability of attachment per cm 
of travel in the field direction and per mm of partial 
pressure (/1P) of the attaching gas. Let P= f,P+ f2P, 
where f,P is the partial pressure of the attaching gas 
and f2P is the partial pressure of a nonattaching gas. 
In this work, f:P&/2P; thus E/P refers approximately 
to the “reduced electric field” —volts per cm and per 
mm Hg of the nonattaching gas. 

The time variation of the electrostatic potential of a 
plane electrode ionization chamber, due to the motion 
of electrons in the uniform field, depends on the 
electron drift velocity and the attachment coefficient a. 
Suppose the resulting pulse is examined with a pulse 
amplifier having a step function response, 


V' (t)=(t/t)en"", (2) 


where ¢; is the “time constant” of the amplifier. If 4 
is chosen to be comparable to the collection time, 
to, for free electrons in the chamber and is much less 
than the time of collection of negative ions, then the 
maximum pulse height, V(r’), is a simple function of 


10M. A. Harrison and R. Geballe, Phys. Rev. 91, 1 (1953). 

4D. S. Burch and R. Geballe, Phys. Rev. 106, 183 (1957). 

12 Craggs, Thorburn, and Tozer, Proc. Roy. Soc. (London) 
A240, 473 (1957). 

13H. D. Hagstrum, Revs. Modern Phys. 23, 185 (1951). 
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t; and ro. Figure 1 shows the results of the evaluation of 
the expression for various values of 7/t; as a function 
of f=afPd. 

In one section of a plane electrode ionization chamber 
the pulse height due to the motion of electrons, produced 
by alpha-particle ionization, is measured. The drift 
velocity of electrons is measured in another part of the 
same ionization chamber. These two measurements 
furnish data from which the attachment coefficient is 
calculated. The method is convenient for studies where 
it is desirable to use very small amounts of Oz in larger 
amounts of nonattaching gases. This approach permits 
one to study the attachment to O: over a wide range of 
mean electron energy by proper choice of the non- 
attaching gas,!® and to investigate the behavior of the 
attachment process in O, in the presence of other kinds 
of molecules. 
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Fic. 1. Calculated dependence of pulse height on f for 
various values of 7o/f. 


III. MIXTURES OF OXYGEN AND NITROGEN 


Data for drift velocity in nitrogen have been 
reported,'® where it was found that (a) as much as 2% 
did not affect the measured drift velocity, and (b) the 
drift velocity of the electrons in the mixtures was a 
function of £/P but independent of total pressure P. 
Pulse-height data were taken for various pressures of 
nitrogen and oxygen as a function of E/P; a typical 
set is shown in Fig. 2. Data were also obtained for Ne 
pressures 600, 800, 1000, 1200, 1400, and 1600 mm Hg, 
and the same range of O2 pressure (1-8 mm Hg). 

Calculated results for a show dependence on the Oz 
pressure, /iP, as well as the Ne pressure, foP. Figure 3 
shows the results for E/ P=0.40. The analysis for a was 
performed at other values of E/P yielding the same 

144A complete description of the method and ,eryr is 
given in T. E. Bortner and G. S. Hurst, Health Phys. 1, 39 (1958). 

16 A convenient tabulation of mean agitation energy for various 
gases as a function of E/P may be found in R. H. Healey and 
J. W. Reed, The Behavior of Slow Electrons in Gases (The Wireless 
Press for Amalgamated Wireless Ltd., Sidney, Australia, 1941). 

16 Bortner, Hurst, and Stone, Rev. Sci. Instr. 28, 103 (1957). 
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Fic. 2. Pulse height vs E/P for mixtures of O2 and No». 


general type of dependence on f,P and f2P. The results 
are described by the empirical equation 


a=A fyP+BfoP+C iP foP, (3) 


where A, B, and C are independent of fiP and f2P, but 
depend on E/P as shown in Table I. In Fig. 3 the 
solid lines are calculated from Eq. (3), adjusted to fit 
the experimental data points. This is the first case 
where it is found that the cross section for the formation 
of stable O.- definitely depends on pressure. Bradbury’s® 
experiment failed to show the dependence of a on 
oxygen pressure, even with pressure as low as 3.5 mm 
Hg. It is worth noting, however, that only a meager 
amount of data were reported for values of E/P less 
than 2. Earlier work of Cravath!’ did, in fact, indicate a 
dependence of attachment cross section on oxygen 
pressure, which was more pronounced at low values 
of E/P. 

Because of the complexity of the result obtained for 
a, data were taken for two different source-to-plate 
separations, d. The values for a were the same for the 


m,a@ 














PROBABILITY OF CAPTURE PER mm Op & PERC 


PRESSURE OF O2 IN mm kg, f,P 


3. Attachment coefficient @ as a function of O2 pressure for 
various N2 pressures at E/P=0.40. 


A. M. Cravath, Phys. Rev. 33, 605 (1929). 
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TaBLe I. Empirical constants A, B, and C as a function of E/P 
for electron attachment in O2.—N2 mixtures. 


a1 (cm?) B 72 max (cm?) i 


2.210 
7.6X10 
2.4X 10 
9.0X 10 


64X10" 
6.8X 10" 
5.91077 
44X10" 


2.11075 
3.0X 10 
3.1K 107 
3.2X 107 


1.4X10 
5.3X10~5 
2.9K 10-5 
1.8X 1075 


normal separation of 6.0-cm and a 9.0-cm separation. 
This rules out the possibility of a nonuniform rate of 
attachment. Such an effect could arise for example, 
because of the finite distance required for the electrons 
created by the a@ particles to slow down to the equilib- 
rium energy distribution characterized by the E/P 
and the nature of the gas. 

To understand the pressure dependence of a, we 
will attempt to develop a model for the formation of 
stable O2-, which follows to some extend the original 
ideas of Bloch and Bradbury. The first step is assumed 
to be the formation of unstable O:-* according to the 
reaction 

(a) O.+e — O-*, 


or the direct formation of stable O2- by the process 
(b) O.+e°+X — 0.-+ X7, 


where X is the nonattaching member of the binary 
mixture and 7 designates a transfer of energy. The 
asterisk indicates that the Os ion has enough excited 
energy (either electronic or vibrational) to make the 
reverse of process (a) possible. The absence of the 
asterisk does not mean that O-7 is in its ground state, 
but merely that the ion is energetically stable. A 
reaction like (b) but where another O, replaces X 
would not be of importance since in general {iP f2P. 
We further postulate that O.-* may be stabilized by 
the reactions 

(c) O-*—>O-+hy, 

(d) O2-*+02— 02-+ 0,7, 

(ec)  Os*4+X30-+X7, 

(f) O2*+02+X — O-+027+X?, 
or the electron may be spontaneously emitted by the 
reaction 

(g) O-* > Oo+e-. 

The number of electrons, dza, which react to form 
O.-* [process (a)] while m electrons are moving a 
distance dx in the field direction is given by 

dng= —Bn fi Pdx, (4) 
where 8 is a constant. The number of electrons dn, 
attached by process (b) is given similarly by 

dny= —kn f, P f2Pdx, (5) 


where & is a constant. On the other hand, the coefficient 


AND 


c= 
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of attachment a is defined by Eq. (1). Clearly then, 
dn= f,dna+dn,, where f, is the fraction of the number 
of Os-* which are stabilized. Thus, 


a=f B+kfoP, (6) 
where the fraction f, is determined by processes (c) 


through (g). 
Defining the rates for processes (c), (d), (e), (f), 


and (g) by 
(dN/dt).=—N, 
(dN/dt).= —C2N foP, 


(dN/dt)a=—C.N fiP, 
(dN/d)j=—-KNAPfP, (7) 


and 
(dN/dt),=—)d2N, 


leads to f, such that 
( AitCifiP+CofeP+K fiP foP 
Ait+CifiP+CofeP+K fiP foP+re 





e+e fP. (8) 


Equation (8) reduces to the form required for the 
Oz—Ne case (Eq. 3) if A: is assumed to be negligible in 
the numerator of the first term and if \2>Ai+Ci/iP 
+CofoP+KfiPfoP. Then, 

Ci C28 K 
a=—apP+(—+k) P+ BfiP foP, (9) 


which is the form required by the experimental data, 
Eq. (3). The condition that A; be small is reasonable, 
since Biondi! has shown that only at thermal energies 
can an appreciable part of the attachment cross section 
be attributed to radiation stabilization. The condition 
that A» be larger than the pressure-dependent terms 
in the denominator of Eq. (8) would hold only at 
“low” pressures. The values of the empirical constants 
A, B, and C, Table I, may now be equated to Ci8/d2, 
(CoB/A2+k), and KB/Xe, respectively. 

In order to calculate the cross sections corresponding 
to the rate constants, we must determine 6/A:2. This 
will be done directly from the Bloch-Bradbury paper, 
although the principle of detailed balance could be 
used. Thus, 


B/d2= constant X f(E£*)/v(E*)}, 
f{(E*) 


where | is the energy distribution function 
evaluated at the particular electron energy E* at which 
the electron is captured by Os, and v is the mean 
agitation velocity of the electron. The cross-section 
estimates'® shown in Table I are based on the Bloch- 
Bradbury values for E* and f(£*). Thus, the cross 
section, o, for process (d) is approximately 3X10-™ 


(10) 


8 In relating the rate constant C; to cross section a1, we used 
the convention of A. C. G. Mitchell and M. W. Zemansky, 
Resonant Radiation and Excited Atoms (Cambridge University 
Press, London, 1934), p. 155. Other conventions [e.g., R. D. 
Present, Kinetic Theory of Gases (McGraw-Hill Book Company, 
Inc., New York, 1958), p. 153] would lead to cross sections which 
are II times those reported in Table I. 
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cm’, and the maximum value of the cross section, (02) max 
for process (e), for the N2—Oz case, is approximately 
6X 10-7 cm?. 

Uncertainties in the potential energy diagram of 
O: prohibit detailed interpretation of processes (d) 
and (e). In the Bloch-Bradbury work it was assumed 
that the excited energy of the O:-* ion was vibration 
only; thus, in this picture 7; would represent the cross 
section for the transfer of vibrational energy from 
O.-* to Oy. Theoretical arguments*!* are against 
vibrational transfer cross sections of this magnitude, 
even when the polarization effect” is included. Bates 
and Massey® argue that the electron affinity of O: is 
about 1 ev and point out the possibility that the 
O.-* ion may be in an O,~’(*2,~) state; i.e., vibration 
(designated by the prime) of O- in its (*2,-) electronic 
state.”! In this case the cross section o; may represent 
the sum of two distinct processes: (1) transfer of 
vibrational energy, and (2) transfer of electronic 
excitational energy by the reaction 


O--’ (43,7) +02(83,-) > Os’ 2M) +O2(1A,). 


This process may take place with large probability 
since the energy balance is almost exact if the (*2,~) 
energy level of Bates and Massey is adopted. 

Regardless of the potential energy curves of O-, it 
is likely that process (e) is simply the transfer of 
vibration from O.-* to Ne, since in Ne the first excited 
electronic level lies more than 5 ev above its ground 
state. Thus, the suggestion that O,~* is initially in an 
O.-’ (42,7) state is very attractive in view of our 
findings that the ratio 01/02 max is >1. 

In Table I it is seen that the cross section o; is nearly 
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Fic. 4. Pulse height vs E/P for mixtures of O2 and C2H4,. 
(0.0188 in figure should read 0.188). 


1990. K. Rice, Phvs. Rev. 38, 1943 (1931). 

” E. Vogt and G. H. Wannier, Phys. Rev. 95, 1190 (1954). 

21 See L. M. Branscomb, in Advances in Electronics and Electron 
Physics, edited by L. Marton (Academic Press, Inc., New York, 
1957), Vol. 9, p. 61, for revised potential energy curves for Os. 

t Strictly speaking, 8/A2 as given in Eq. (10) should be multi- 


plied by a factor of 2 if evaluated for the *2,~ state, making the 
cross sections o; and (¢2)max a factor of 2 smaller than those re- 


ported in Table I. 
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Fic. 5. Attachment coefficient @ as a function of O2 pressure for 
various C2H, pressures at E/P=0.10. 


independent of £/P (and hence the electron agitation 
energy) as, of course, it should be if we are dealing 
with the same excited states in O.-*. The fact that o; is 
not entirely independent of F/P can easily be explained 
by our lack of knowledge of f(£) and E*. The fact 
that o2 max, obtained by neglecting process (b), does 
depend on E/P may be taken as evidence that &, 
representing the rate constant for process (b), is not 
negligible in the O.— Ne mixtures. 

The most surprising result of fitting the above 
model of electron capture to the experimental data 
for N2—Oz is the large value of the constant K rep- 
resenting the rate process (/). The usual kinetic-theory 
criterion for three-body collisions” fails completely. 
A possible reason may be that O2-* and N» combine to 
form (O.-*—Ne) with a mean life against molecular 
dissociation which is much longer than the electron 
emission time.f 


IV. ATTACHMENT OF ELECTRONS IN 
ETHYLENE-OXYGEN MIXTURES 


An investigation, similar to the one conducted for 
O.—N. mixtures, was carried out for Os—CoH, 
mixtures. Drift-velocity data have already been 


2R. C. Tolman, Statistical Mechanics with Application to 
Physics and Chemistry (Chemical Catalog Company, Inc., 
New York, 1927), p. 243 ff. 

t Note added in proof.—Equating the experimentally determined 
rate of stabilization to the rate of triple collisions, with the assump 
tion that the electron emission time Az"! is much less than the time 
against molecular dissociation, leads to an estimate of A» '. When 
the cross sections for the processes O2 *+Nz2— (O2 *—N2) and 
(Oo-* — N2) +02 — Oo +Ne2+O,* are both set equal to 107 cm?, 
the value of \2! is approximately 5X10~" sec compared to the 
Bloch-Bradbury estimate of 10°" sec. The assumption that the 
ion-molecule “sticky time” is >>A2 is quite reasonable since an 
estimate of the ‘‘sticky time’ for O2 *—N2, following the sta- 
tistical mechanics approach [H. Eyring, J. Chem. Phys. 3, 107 
(1935); J. L. Magee, Proc. Nat’l. Acad. Sci. 38, 764 (1952); 
M. Burton and J. L. Magee, J. Phys. Chem. 56, 842 (1952) ], is 
5X10~ sec for a binding energy of 0.2 ev and 6 internal degrees 
of freedom. 
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Fic. 6. Attachment coefficient a as a function of C2H, pressure. 


reported.'® A sample of pulse-height data for total 
ethylene pressure of 250 mm Hg is shown in Fig. 4. 
Similar data were taken for CH, pressures 300, 400, 
500 and 600 mm Hg. 

A sample set of values for a@ is shown in Fig. 5 for 
E/P=0.10; similar sets were calculated for E/P values 
0.20, 0.30, 0.40, 0.50, 0.60, 0.80, 1.0, 1.2, 1.4, 1.6, 1.8, 
and 2.0. In all cases a was independent of the 02 pressure 
fiP, but did depend on the CH, pressure. Figure 6 
is a plot of a as a function of ethylene pressure, foP, 
for E/P=0.10. At all values of E/P the curve of a 
against foP is a straight line, which has a positive 
intercept for f2P=0. All the data can be represented 
with the simple empirical equation 


a=artk' foP, (11) 


where ap and k’ are independent of pressures fiP and 
feP but do depend on E/P, Fig. 7. 

Although the dependence of a on fiP and f2P for 
the case of O2—Co2H, is rather different from the case 
of O:—N, it is possible to retain the model which was 
postulated for the O.—N2 case. Assume that all the 
reactions (a) through (g) hold for O.—C2H, mixtures; 
i.e., let a CoH, molecule replaces the X molecules in 
every process. The attachment coefficient, a, given in 
Eq. (8), reduces to the form required by experiment, 
Eq. (11), with either of two conditions: (a) AD>Ci fiP 
+C2foP+KfiPfoP, or (b) AtiKCifiP+CofeP 
+KfiPf2P. For condition (a), 


a= [Ax/(Ar+A2) B+kfoP; 
while condition (b) gives 
a=B+kfoP. 


We have shown in connection with the O.—N» data 


(12a) 


(12b) 
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that Ai/(Ai+A2)<1; thus if condition (a) holds, ao 
[in Eq. (11)] would have to be less than 6 by a large 
factor. On the other hand, if condition (b) holds, ao 
would be of the same order as 8. When Bradbury’s 
value of h, the probability of capture per collision, is 
extrapolated to an electron energy of 0.08 ev (corre- 
sponding to E/P=1.2 in C2H,)" and used to obtain a, 
we find a=4X10~* as compared to ap=4X10~ at 
E/P=1.2. Thus 8 as determined from the Bradbury 
data is smaller than ao by a factor of 10, and one can 
conclude that condition (6) holds and the value of a, 
as determined from extrapolating Bradbury’s results, is 
a factor of 10 smaller than 8. Condition (b) will, of 
course, not hold at low values of fiP and f2P, but 
appears to hold over the entire pressure range covered 
by the present experiment (/iP ranged from 0.19 to 
1.0 mm Hg and f2P ranged from 250 to 600 mm Hg). 

We then set ap=8 and k’=k, where 6 and k are 
defined in Eqs. (4) and (5), respectively. The magnitude 
of k is not difficult to justify even on the basis of the 
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Fic. 7. Empirical constants ao and k’ X10? as a function of 
E/P for O2—C2H, mixtures. 


kinetic theory of gases for three-body reactions.” 
If one uses the approach of Tolman, it is found that the 
rate constant & is no larger than the rate of three-body 
collisions, even when gas-kinetic cross sections are 
used for all types of collisions involved. 


ACKNOWLEDGMENTS 


The authors are pleased to acknowledge the comments 
and criticisms of Professor R. D. Present (University of 
Tennessee), Professor A. H. Nielsen (University of 
Tennessee), Professor R. L. Platzman (Purdue Univer- 
sity), and Professor Milton Burton (University of 
Notre Dame). We are also indebted to R. H. Ritchie, 
J. A. Harter, H. F. Holzer, and R. H. Jones of Oak 
Ridge National Laboratory for their continuing 
contributions to this work. 





PHYSICAL REVIEW VOLUME 


114, 


NUMBER 1 APRIL 1, 1959 


Disintegration of Ag! ”} 


H. W. Taytor anp S. A. Scorr 
Physics Department, Queen's University, Kingston, Canada 


(Received August 14, 1958; revised manuscript received December 18, 1958) 


The gamma radiations of Ag" have been studied using a conventional scintillation coincidence spectrom- 
eter and the gamma-ray summing technique. The positions of the 1484-, 735-, and 1560-kev gamma rays 


in the decay scheme have been determined. 





INTRODUCTION 


HE 253-day! 116-kev isomeric state in Ag" has 

three principal modes of decay,’ a 116-kev 
gamma-transition to the ground state and two strong 
beta-transitions with end-point energies of 89 and 530 
kev leading to excited states of the daughter nucleus 
Cd", The de-excitation of these states involves at least 
15 gamma rays. Their average values as reported in the 
literature?* are 447, 575, 620, 656, 682, 706, 735, 760, 
815, 885, 940, 1385, 1484, 1510, and 1560 kev. Of these 
the 575-kev gamma ray has been reported twice,’ 
the 1560-kev transition once® and all others four or 
more times. Additional gamma rays at 437, 471, 499, 
and 541 kev have been observed by Cork ef al.,* but 
have not been confirmed by other workers. 

Several decay schemes have been proposed in the 
literature. .The first due to Siegbahn? has been checked 
a number of times and found to be correct as far as the 
intense gamma-ray cascades are concerned. The second 
level scheme put forward by Cork* contains a number 
of levels and gamma transitions whose existence 
remains to be verified. Both schemes place the 656-kev 
gamma ray as a transition from the first excited state to 
the ground state of Cd". Since this radiation is known 
to be electric quadrupole,’ the spin and parity assign- 
ments for the ground and first excited states of the 
even-even nucleus Cd" are 0+ and 2+, respectively. 

A modification of Siegbahn’s decay scheme has re- 
cently appeared in Nuclear Data Cards. It is similar to 
that due to Funk and Wiedenbeck” and the scheme 
presented here, but does not contain a number of well- 
established gamma transitions. 


+ Based in part on a thesis submitted by one of us (S.A.S.) to 
Queen’s University in partial fulfillment of the requirements for 
the M.A. degree. 
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The principal objection to Cork’s scheme is the 
locating of a level at 723 kev, just above the first excited 
state in Cd", The ground state transition from this 
level presumably involves the 735-kev gamma ray. 
(The discrepancy in energy here arises from the fact 
that the gamma-ray energy is a mean of three measure- 
ments. ) It is unlikely that the spin and parity assign- 
ment for such a level could be either 0+ or 1* in view 
of the systematics of even-even nuclei." If the spin is 
22, the ratio of the energies of the first two excited 
states in Cd" would be anomalously low. Of course, an 
alternative position in the decay scheme for the 735-kev 
radiation has been proposed by Dzhelepov® and the 
present work strongly supports that proposal. 

The position of the 815-kev gamma ray in the decay 
scheme was uncertain for some time. Siegbahn? in- 
terpreted it as a transition between levels at 2220 and 
1415 kev, Cork? as a transition between the 1540-kev 
level and the 723-kev level mentioned above. Recent 
Coulomb excitation work on Cd! by Stelson” seems 
to have resolved the difficulty. He reports a 2+ level 
at 1476+16 kev and identifies the 815-kev gamma ray 
as the first component of an 815-656-kev cascade 
leading to the ground state. Dzhelepov® had proposed, 
earlier, a level at 1480 kev fed by a 740-kev gamma ray 
from the 2220-kev level. He also suggested that the 
1484-kev gamma ray might be a crossover transition 
from the 1480-kev level to the ground state. The results 
of the coincidence measurements to be described here 
are the first direct pieces of evidence in support of this 
interpretation. 


EXPERIMENTAL PROCEDURE 


The Ag!°™ source material was produced by irradia- 
tion of spec. pure silver wire with thermal neutrons in 
the NRX reactor at Chalk River. Metallic and crystal- 
line sources ranging in strength from 0.1 to 5 microcuries 
were used in the study of this isotope. 

Two scintillation counters were used to study the 
gamma-rays associated with the decay of Ag!®™. The 
first consisted of a 3-inchX3-inch cylindrical NaI(TI) 
crystal with a }-inch diam X 1}-inch long well coupled 
to a Du Mont 6363 photomultiplier tube. This counter 
was used for the gamma-ray summing studies and for 


1G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953) ; G. Scharff- 
Goldhaber and J. Weneser, Phys. Rev. 98, 212 (1955). 
2 P. H. Stelson (private communication). 
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Fic. 1. Pulse-height spectrum 
of gamma rays emitted by 
Ag" obtained with a 3-in. 
X3-in. NaI (Tl) crystal. Source 
placed 10cm from crystal. All 
energies are in kev. 
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the single counting work. For the coincidence studies 
an additional counter, a 2-inchX2-inch cylindrical 
Nal (TI) crystal on an R.C.A. 6342 photomultiplier, was 


used. The two counters were mounted vertically with 
the crystals separated by an anti-Compton shield in 
which a hole had been drilled to locate the source 
material. The electronics system was of conventional 
design. Amplified pulses from the 2-inchX 2-inch 
counter were fed into a single-channel pulse-height 
analyzer whose gate could be located at any selected 
feature in the pulse height spectrum. The output of this 
analyzer was fed into one side of a coincidence unit 
(resolving time t=2.4X10~"sec). Pulses from the 
3-inchX3-inch counter, after suitable amplification, 
were fed through a 2.1-microsecond delay line into a 
Model 520 Atomic 20-channel pulse-height analyzer. 
The amplifier associated with this counter also supplied 
a gating pulse which was fed into the other side of the 
coincidence unit. The output pulses of this unit were 
used to gate the multichannel analyzer so that only 
those delayed pulses in coincidence with pulses accepted 
by the single-channel analyzer, were sorted and recorded 
by the 20-channel analyzer. 


RESULTS AND INTERPRETATION 


The pulse-height spectrum of the Ag"®” gamma rays 
obtained with the 3-inchX3-inch cylindrical NalI(T]) 
crystal is shown in Fig. 1. The source-to-crystal distance 
in this case was about 10cm. The resolution of the 
spectrometer at 662 kev was 9.0%. The pulse height 
positions of the photopeaks associated with the most 
prominent gamma radiations are indicated with arrows. 
Due to the complexity of the spectrum none of the 


peaks in it are due to single gamma rays; all are com- 
posite. The broad line near 447 kev is due primarily to 
Compton interactions in the crystal by 656-kev gamma 
rays. This Compton distribution would, of course, mask 
the photopeaks of any weak gamma radiations with 
energies below 450 kev. No attempt has been made to 
analyse this spectrum into its components because of 
the lack of reliable intensity measurements for all the 
gamma rays involved. 

Figure 2 shows a typical spectrum obtained with a 
(0.1-microcurie source placed inside the well. The pulse- 
height axis was calibrated in energy units using Cs!*, 
Zn, Hg, and Co® sources internally. The last of these 
gives a prominent sum line at 2502 kev. The sum peaks 
in the Ag!” spectrum above 1400 kev arise from the 
summing of the most intense gamma rays, as follows: 
1415+20 kev (656+760), 1540+20 kev (656+885), 
1830415 kev (885+940), 2050415 kev (656+ 1385), 
2270+15 kev (885+1385, 760+1510), 2940+15 kev 
(656+ 760+ 1510, 656+ 885+ 1385). In computing these 
sums the average gamma-ray energies have been used, 
which accounts for any discrepancy between a peak 
and a sum energy. 

Since only one calibration line of energy greater than 
1500 kev was available, it was felt, after an analysis 
of several spectra, that the best value for the energy 
of the last sum line given above was 2935+10 kev. 
Because of its superposition on the broad Compton 
maximum of the 2935-kev sum line, the peak energy 
(2500+15 kev) of the 2500-kev sum line is in only fair 
agreement with the sum energy 656+885+ 940. After 
consideration of the line shapes of several runs, it was 
concluded that our measurements were on the whole 
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Fic. 2. Pulse-height spectrum 
Observed with source placed 
inside the 3-in.X3-in. crystal. 
All energies are in kev. 
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consistent with a sum line energy of 2490+10 kev, 
which gives somewhat better agreement with the sum 
energy. 

In addition to the photopeaks already discussed, a 


fairly intense sum line at 1596 kev (656+940) is 
expected from Siegbahn’s decay scheme.? This line 
probably accounts for the asymmetry of the photopeak 
at 1540 kev. There is also some evidence for an addi- 
tional line corresponding to the sum 656+ 1510= 2166 
kev. The trough between the 2050- and 2270-kev photo- 
peaks in Fig. 2 is unusually high considering the 
resolution of the spectrometer used. It is evident that a 
2170-kev sum line of moderate intensity would account 
for the shape of the spectrum at this energy. 

On the whole, considering the complexity of the 
spectrum and the low resolution of the spectrometer, 
the agreement between energy sums and sum-line 
energies is remarkably good. The results agree with the 
coincidence work of Johansson and Almquist'’ in that 
they confirm the strong cascades of Siegbahn’s decay 
scheme. In order to investigate the weaker cascades a 
further study of the spectrum was undertaken using the 
scintillation coincidence spectrometer. 

With the gate of the 2-inchX 2-inch counter accepting 
pulses between 630 and 675 kev, that portion of the 
1280-1660-kev region of the spectrum in coincidence 
with the 656-kev gamma-ray was studied using the 20- 
channel analyzer. The resulting coincidence spectrum 
was compared with the pulse-height spectrum for the 
same region obtained with the 3-inchX3-inch counter 
used singly. The ratio of the height of the 1385-kev 


13S, A. E. Johansson and S. Almquist, Arkiv. Fysik 5, 427 
(1952). 
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peak to the 1495-kev peak was observed to increase 
quite markedly in the coincidence run, which suggests 
that a portion of the latter is not in coincidence with 
the 656-kev gamma ray. The radiation giving rise to 
this effect would have to be a ground state crossover 
transition from an excited state above 656 kev. However, 
since the fixed gate accepts some Compton pulses due 
to the 885-kev gamma ray in addition to those in the 
656-kev photopeak, some increase in the relative height 
of the 1385-kev photopeak in the coincidence spectrum 
is to be expected. After correcting for this, it was found 
that the ratio of heights was still greater than for the 
singles spectrum. In order to further analyze this result, 
it was assumed that the 1484-kev gamma ray is a ground 
state transition from a level of this energy in Cd", and 
the expected coincidence spectrum was obtained by 
subtracting a 1484-kev gamma component from the 
singles spectrum using Dzhelepov’s' relative intensities. 
The expected spectrum was then normalized to the 
experimental data on the 1385-kev photopeak and the 
remaining points compared to the curve. The results 
are shown in Fig. 3. The pulse-height spectrum for 
the region under discussion is shown in panel (a). The 
dashed curve of panel (b) is the normalized singles 
spectrum and the full curve is the expected coincidence 
spectrum if the 1484-kev gamma ray is not in coinci- 
dence with the 656-kev gamma ray. Since the experi- 
mental points lie close to this curve it is concluded that 
a ground-state crossover transition from the level at 
1480 kev does exist. Dzhelepov’s measurements give a 
> 2+ (815 kev) 
transition intensity of 0.66:1. This ratio seems rather 
large particularly if the second 2* state in Cd" is a 


ratio of the crossover intensity to the 2* - 
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Fic. 3. (a) Pulse-height spectrum from 1300 to 1650 kev ob- 
tained with a 3-in.X3-in. crystal. (b) Upper dashed curve: same 
as (a). Lower dashed curve: expected contribution of 1484-kev 
gamma ray. Full curve: expected coincidence spectrum with 
fixed gate on 656-kev photopeak. A correction for Compton 
pulses of 885-kev gamma ray in fixed gate has been applied. 
Experimental points are to be compared to the expected spectrum. 


vibrational level. However, ratios of comparable size 
for similar gamma-ray cascades appear in other level 
schemes, those of Pt! and Pt™ being recent examples. 

Figure 3 also suggests the existence of a gamma-ray 
component with energy above 1510 kev. Even allowing 
for pile-up, the high-energy side of the 1495-kev photo- 
peak falls far too slowly to be merely a superposition 
of the tails of 1484- and 1510-kev photopeaks. This 
shape is also evident in the coincidence spectrum of 
Fig. 3(b). The 1560-kev gamma ray found by Dzhelepov® 
could account for the shapes of both spectra if it is due, 
as suggested, to direct transitions from the 2220-kev 
level to the 656-kev level in Cd". The coincidence 
results of Fig. 3 would appear to support the proposal 
of a 1560-656 kev cascade. 

As a further check on the position of the 1484-kev 
gamma ray in the decay scheme, the single-channel 
analyzer was adjusted to accept pulses in the range 
1300 to 1650 kev, and the multichannel analyzer used 
to study the coincidence spectrum in the same energy 
range. No coincidences were observed which could not 
be accounted for by pileup, e.g., the 656- and 760-kev 
gamma rays being detected simultaneously in one 
counter, the 1510-kev gamma ray in the other. Absorp- 
tion measurements were carried out which were quite 
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conclusive on this point. Thus the possibility that the 
1484-kev gamma ray feeds the level at 1480 kev can be 
discounted on the basis of this result, and by the fact 
that a 1484-1480 kev cascade would give an energy 
sum greatly in excess of 2935 kev. 

Other strong cascades in Cd" were also examined 
with the coincidence spectrometer. Figure 4 shows the 
coincidence spectra obtained with the fixed gate located 
at three different positions on the high-energy photo- 
peaks in the gamma-ray spectrum (see inset). The 
norma! pulse-height spectrum in the range 600-1000 kev 
is shown in the top panel of the figure. Panel (a) gives 
the spectrum of the radiations in coincidence with the 
fixed gate at position (a) on the 1385-kev photopeak. 
The lines due to the 656- and 885-kev gamma rays are 
well defined but the latter is somewhat broader than 
expected due to a small contribution from the 940-kev 
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Fic. 4. (a) Pulse-height spectrum of gamma rays in coincidence 
with pulses in gate (a) set on the 1385-kev photopeak (see inset). 
(b) Coincidence spectrum for gate (b) (1500-1550 kev). (c) Coin- 
cidence spectrum for gate (c) (1570-1620 kev). The normal pulse- 
height spectrum for the energy range 600-1000 kev is shown in the 
top panel of the figure. 
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gamma ray. The additional coincidences are detected 
because gate (a) accepts some of the (656+885)-kev 
sum line. The appearance of a small peak in the coin- 
cidence spectrum at about 760 kev is due to the accept- 
ance by the fixed gate of pulses associated with the 1510- 
kev gamma ray. Any contribution from the 735-1484 
kev cascade proposed by Dzhelepov is included in this 
peak. It is evident also that some of the counts in the 
656-kev photopeak come from the 1510-656 kev cascade. 
After correcting the observed spectrum for all these 
effects, and for the energy dependence of the intrinsic 
photopeak efficiency of the counter, it was concluded 
that the 1385-kev gamma ray is in coincidence with 
the 656- and 885-kev gamma rays with equal intensity. 

Figure 4(b) shows the pulse-height spectrum of the 
radiations in coincidence with gate (b) on the high- 
energy side of the composite 1495-kev photopeak. If 
this peak were due solely to the 1510-kev gamma ray, 
the 656- and 760-kev gamma rays would be detected 
with equal intensity, after allowance for the variation 
of intrinsic peak efficiency with energy. The area under 
the 760-kev photopeak was found to be too large to be 
consistent with this interpretation of the 1495-kev 
photopeak. In order to analyze the coincidence spectrum 
it was assumed that the 1484-kev gamma ray con- 
tributes to the 1495-kev photopeak, and that a 735- 
1484 kev gamma cascade is present in the Cd" level 
scheme. Using the ratio of the contributions to the 
counting rate in gate (b) due to the 1484- and 1510-kev 
gamma rays, the expected relative intensities of the 
735- and 760-kev photopeaks were calculated for the 
coincidence spectrum. The observed 760-kev photopeak 
was analyzed using these intensities. (The components 
are shown with dashed lines in the figure.) The re- 
mainder of the 656-kev photopeak was assumed to be 
due solely to the 656-kev gamma ray. The areas of this 
photopeak and the one at 760 kev, after suitable correc- 
tion, were found to be in the ratio 1:1, as expected 
from the nature of the 760—-1510-656 kev cascade. This 
result lends further support to the proposal that the 
735-kev gamma ray feeds the 1480-kev level. 

A few coincidences at about 700 kev could not be 
accounted for by this analysis, and are probably due 
to the 706-kev gamma ray. In Siegbahn’s decay scheme 
this gamma ray is in coincidence with the (656+ 885)- 
kev sum line, and a small portion of the counting rate in 
gate (b) comes from this sum line. Additional coinci- 
dences were also observed on the high-energy side of 
the 760-kev photopeak, but no definite structure could 
be found in that region of the spectrum. These coinci- 
dences are probably due to weak sum lines. 

Figure 4(c) shows the spectrum of pulses in coinci- 
dence with gate (c), placed farther out along the falling 
edge of the 1495-kev photopeak. The ratio of the 
counting rates in gate (c) due to 1484- and 1510-kev 
gamma rays is quite different from that in gate (b). 
If it is assumed that a 1560-656 kev cascade exists, 
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Fic. 5. (a) Pulse-height spectrum of gamma rays in coincidence 
with gate (a) (865-890 kev). (b) Coincidence spectrum for gate 
(b) (810-840 kev). (c) Coincidence spectrum for gate (c) (760-785 
kev). The normal pulse-height spectrum between 600 and 1000 kev 
is shown in the top panel of the figure. 


then, after correction for, (i) the presence in gate (c) 
of some counts due to the 1484-kev gamma ray, (ii) the 
variation of intrinsic peak efficiency with energy, the 
expected ratio of photopeak areas for the 656- and 760- 
kev radiations is 1.5. The analysis shown in the figure 
leads to a ratio of 1.44 with a few coincidences left 
over at about 700 kev. (These are probably due once 
again to the 706-kev gamma ray.) A ratio of 1:1 is 
expected if no 1560-656 kev cascade contributes to the 
coincidence counting rate. Thus, the results strongly 
support the contention that the 1560-kev gamma ray 
is in coincidence with the 656-kev gamma radiation. 
The possibility of an intermediate transition between 
these two gamma-rays can be excluded because no 
additional gamma ray of the appropriate energy is 
available to complete the cascade. 

In spite of the complexity of the pulse-height spec- 
trum, a direct search for the 735-815-kev cascade was 
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Fic. 6. Proposed decay scheme for Ag!™. 


carried out with moderate success using the coincidence 
spectrometer. The upper panel of Fig. 5 shows that 
part of the spectrum containing the radiations of 
interest. The three gate positions used are labelled (a), 
(b), and (c). The spectrum indicated with a dashed line 
in each of the panels (a), (b), and (c) is the coincidence 
spectrum arising from Compton pulses of the 1510-, 
1484-, and 1385-kev gamma rays entering the fixed 
gate. Since the contributing Compton distributions are 
essentially flat over this energy range, the same back- 
ground spectrum was used for each gate position. It was 
obtained by placing the fixed gate at 1000 kev and 
measuring the resultant coincidence spectrum. This 
background has not, however, been subtracted from the 
observed coincidence spectra of Fig. 5. 

The pulse-height spectrum in coincidence with gate 
(a) on the 885-kev photopeak is shown in Fig. 5(a). 
Strong 656- and 940-kev photopeaks are in evidence, 
with the latter somewhat asymmetrical due to the 
presence of some 885-kev pulses. Figure 5(b) shows 
reduced 656- and 940-kev photopeaks in coincidence 
with gate (b), and an increased coincidence rate in the 
vicinity of 750 kev. The coincidence spectrum for gate 
(c) is shown in Fig. 5(c). The counting rate is reduced 
at 750 and 940 kev but increased at 815 and 885 kev. 
The decrease in counting rate at 940 kev for the three 
gate positions is a result of the fixed gate moving off 
the 885-kev photopeak. The rate at 885 kev decreases 
from (a) to (b), but increases at (c), a direct consequence 
of the gate moving off the 940-kev photopeak and onto 
the associated Compton maximum. The increase in 
the counting rate at 735 kev for gate (b) suggests a 
coincidence with a photopeak in gate (b) while the 
increase at 815 kev for gate (c) suggests a coincidence 
with a photopeak in gate (c). Thus it seems evident 
that a 735-815 kev cascade is present in the Cd"® level 
scheme. 
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On the basis of the present coincidence measurements, 
Siegbahn’s? basic decay scheme can now be modified 
to accommodate most of the observed gamma transi- 
tions. The result shown in Fig. 6 agrees with the scheme 
given by Funk and Wiedenbeck,” and differs only in 
minor respect from that due to Dzhelepov.® The spin 
of the 253-day state in Ag"® was established by the 
atomic beam method," that of the ground state by 
the log( ft) values for the allowed beta transitions to the 
first excited and ground states of Cd"°. The energies 
shown for these two beta transitions are about 40 kev 
higher than the averaged experimental values obtained 
from the literature. The slightly higher values seem 
necessary on the basis of the sum line energies reported 
here. 

The level at 2170 kev serves to incorporate the 620- 
kev gamma ray into the level scheme. It has some 
support from directional correlation studies.” 

Coulomb excitation studies with the cadmium iso- 
topes have established the E2 character of the 656-kev 
gamma ray® and the spin-parity assignment of the 
1480-kev level.” Since Cd" is an even-even nucleus 
with a ground-state spin 0*, the spins of both the 656- 
and 1480-kev levels must be 2+. Additional spins and 
parities for other levels in Cd"° have been determined 
by Knipper,!® Funk and Wiedenbeck” and by Taylor 
and Frisken." 

The use of a conventional coincidence spectrometer 
and the gamma-ray summing technique in the study 
of this isotope has confirmed the principal modes of 
de-excitation of the Cd" nucleus, and has made possible 
the first direct evidence for the proposed positions in the 
level scheme of the 1484-, 735-, and 1560-kev gamma 
transitions. This is the principal accomplishment of the 
present investigation. 

Unfortunately, the decay scheme of Fig. 6 is still 
deficient in one respect. It cannot accommodate the 
575-kev gamma ray without the introduction of extra 
levels and transitions. Whether or not the additional 
gamma rays and levels proposed by Cork ef al.’ will 
ultimately aid in the solution of this problem remains 
to be seen. 
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Directional correlation experiments have been performed for the 1385-885, 760-1510, and 940-885 kev 
gamma-ray cascades in Cd", Spins of 5, 6, 3, 4 have been assigned to the levels at 2935, 2490, 2170, and 
1540 kev in the Cd" level scheme. The 1385- and 1510-kev gamma rays are dipole-quadrupole mixtures. 





INTRODUCTION 


HE nuclide Ag"® has a 253-day isomeric state 116 
kev above the 24-sec ground state.! The beta- 
transitions from the latter to the ground and first 
excited states of Cd"° have allowed shapes with log(f#) 
values of 5.3 and 4.4, respectively. Since Cd"™° is an 
even-even nucleus, it is assumed that its ground state 
has zero spin and even parity. The spin-parity assign- 
ment of 1* to the ground state of Ag!” is consistent 
with the characteristics of the observed beta com- 
ponents, since the first excited state in Cd" is definitely 
a 2+ state. The multipole order of the 116-kev gamma- 
ray transition from the isomeric state has been classified 
in the literature as M4 on the basis of the lifetime of the 
state and the K/L ratio for the gamma ray. This leads 
to a spin-parity assignment of 5~ for the isomeric state. 
Recently,” however, a direct measurement of the spin of 
the state using the atomic beam magnetic resonance 
method, has given the value J=6, which suggests that 
the 116-kev gamma-ray is either E5 or M5. The K/L 
ratio for the radiation has been measured several times 
and is about 1.3.3 Using Rose’s tables of conversion 
coefficients, Sakai ef al.4 have calculated the ratio for 
several multipolarities. For £5 radiation of this energy, 
K/L=0.185, and for M5 radiation, K/L=1.03. The 
ratio for M4 radiation is 1.73, considerably higher than 
the observed value. Since the spin of the isomeric state 
is 6 units, the measured K/L ratio clearly supports an 
M5 classification for the transition. 

The isomeric state in Ag" also decays by the emission 
of two strong beta components: with end point energies 
of 89 kev and 530 kev, which lead to levels in Cd!" at 
2935 and 2490 kev,® respectively. Two intense gamma- 
ray cascades proceed from the former state to the first 
excited state at 656 kev. The de-excitation of the 2490- 
kev level takes place mainly through the strong 940 


+ Based in part on a thesis submitted by one of us (W.R.F.) to 
Queen’s University in partial fulfillment of the requirements for 
the M.Sc. degree, September, 1957. 
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885 kev cascade to the first excited state. The present 
investigation was undertaken to determine the spins 
of the 2935-, 2490-, 2170-, and 1540-kev levels in Cd" 
by means of directional correlation measurements with 
these strong cascades. 

Beyster and Wiedenbeck’ made directional correla- 
tion measurements with Ag!” using integral pulse- 
height selection, but were unable to assign spins to 
nuclear levels due to the complexity of the level scheme. 
Recently Sakai, Ohmura, and Momota‘ have performed 
similar experiments using differential pulse-height 
analysis. Spins were assigned to the levels mentioned 
above but, as will be shown later, their results disagree 
in part with the conclusions presented here. Some of this 
disagreement arises from Sakai’s spin and parity assign- 
ment of 4~ or 5~ to the 253-day isomeric state in Ag". 

Since the present investigation was completed, 
Knipper* has published the results of his directional 
correlation measurements in Cd"°. His conclusions are 
in general agreement with our own except for certain 
parity assignments. However, the bearing of the 
recent measurement of the spin of Ag!” on the spin 
assignments in Cd"° was not discussed. 

More recently Funk and Wiedenbeck® have carried 
out directional correlation studies with Ag”, obtaining 
results which agree in part with those presented in 
this paper. 


EXPERIMENTAL PROCEDURE 


The source material used in the directional correlation 
experiments was “spec. pure” silver metal (99.999% 
silver or better) which had been irradiated with thermal 
neutrons in the NRX reactor at Chalk River. Metallic 
sources with a strength of a few microcuries and a 
AgNO; source of comparable strength were used. The 
active material was sealed into polystyrene containers 
with walls about 3 mm thick. The containers were 
located on an aluminum post at the center of a detection 
system consisting of two scintillation counters mounted 
in a horizontal plane with their axes passing through 
the source position. One detector was movable, so 
that the angle @ between the counter axes could be 


7J. R. Beyster and M. L. Wiedenbeck, Phys. Rev. 79, 411 
(1950). 

8 A. C. Knipper, Proc. Phys. Soc. (London) 71, 77 (1958). 

9E. G. Funk and M. L. Wiedenbeck, Phys. Rev. 112, 1247 
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Fic. 1. Energy spectrum of the gamma radiation emitted by 
Ag™™, obtained with a 14-inchX1-inch NalI(TI) crystal. The 
gate positions used for the study of the 1385-885, 760-1510, 940- 
885 kev cascades are marked 1-1, 2-2, and 3-3, respectively. 


varied in 5° steps from 90° to 180°. The source to 
counter distance was 5 cm. 

Each of the two scintillation counters consisted of 
a 13-inch diam. X1-inch long NaI(T1) crystal mounted 
on a 2-inch photomultiplier tube. The energy resolution 
for the Cs’ gamma-ray peak was about 8.5% for each 
counter. One counter was stabilized against drift by 
means of a counting rate difference stabilizing circuit 
designed by de Waard.* The output pulses of the 
counters were fed into two linear amplifiers, each of 
which fed pulses to a single-channel pulse-height 
analyzer and a fast-slow coincidence circuit. The 
effective resolving time of the coincidence unit was 
7.75X10-* second. Three scalers permitted the simul- 
taneous measurement of the coincidence and single 
counting rates and the data so collected were perma- 
nently recorded on film. 

The experimental procedure was made fully auto- 
matic, with the movable detector being advanced from 
one angular position to the next after a predetermined 
number of coincidences had been recorded. The raw 
data, which were analyzed by the method of least 
squares, consisted of a set of values of the time required 
to collect a specified number of counts at the different 
angular positions used. 


EXPERIMENTAL RESULTS 


The pulse-height spectrum of the gamma radiation 
from Ag™®™ obtained with one of the scintillation spec- 


% H. de Waard, Nucleonics 13, 36 (1955). 
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trometers is shown in Fig. 1. The prominent line at 
about 660 kev contains the strong 656-kev radiation 
plus a number of weaker components.® A poorly resolved 
line on the high-energy side of the peak is due to the 
760-kev gamma ray and a much weaker 735-kev gamma 
ray. The line at 880 kev is due primarily to an 885-kev 
gamma ray, with the asymmetrical shape due to the 
presence of a 940-kev gamma ray of moderate intensity. 
Peaks at 1385 and 1495 kev are well defined, with the 
latter due to a superposition of two peaks, one associ- 
ated with the intense 1510-kev gamma ray and the 
other with the somewhat weaker 1484-kev gamma 
ray.°10-2 A backscatter peak at about 200 kev is also 
in evidence. 

A detailed study® of the decay scheme lead to the 
choice of gate positions for the spectrometers as shown 
in the figure. No correlation measurements were made 
with cascades involving the 656-kev gamma ray because 
of the large number of interfering cascades which 
would contribute to the coincidence rate. 

Position 1-1 was used in the study of the 1385-885 
kev cascade. With these gate positions, spurious coinci- 
dences can occur, however. A 1510-kev gamma ray may 
given a 1385-kev pulse in one counter, while the 
moderately strong 760-656 kev cascade contributes an 
885-kev sum pulse to the other counter. Although some 
interference was encountered in the measurements made 
with this cascade, it did not prevent an unambiguous 
spin assignment for the levels concerned. 

The 760-1510 kev cascade was studied with the gates 
at the positions labelled 2. A°1484-kev gamma ray has 
been reported in the literature, and has been interpreted® 
as a ground state transition from a level at 1476 kev 
established by Stelson. Some evidence has been 
presented which suggests that the 1476-kev level is 
fed by a 735-kev gamma ray associated with de-excita- 
tion of a level at 2220 kev.!:-® Although of low intensity, 
the 735-1484 kev gamma-ray cascade could contribute 
to the coincidence rate with the gates at positions 2. 
However, since the upper gate did not extend below 
1480 kev, it was estimated that the interfering cascade 
could not contribute more than 5% of the observed 
counting rate. 

The position labelled 3 was used to study the 940-885 
kev cascade. A substantial interference was expected 
from the 1385-885 kev cascade. However, a knowledge 
of the directional correlation of the latter and the 
relative intensities of the gamma-ray lines involved, 
permitted a correction to be made to the observed 
coincidence rate which eliminated the interference. 


1 Thomas, Whitaker, and Peacock, Bull. Am. Phys. Soc. Ser. II, 
1, 86 (1956). 

1 Antoneva, Bashilov, and Dzhelepov, Doklady Akad. Nauk 
S.S.S.R. 77, 41 (1951). 

2 Dzhelepov, Zhukovskii, and Kondakov, Izvest. Akad. Nauk 
S.S.S.R. Ser. Fiz. 21, 973 (1957); B. S. Dzhelepov and N. N. 
Zhukovskii, Nuclear Phys. 6, 655 (1958). 

18 P. H. Stelson (private communication). 





y-y DIRECTIONAL CORRELATION 


McGowan" has looked for isomeric states in Cd" 
and has placed an upper limit of 3X 10-° sec on the life- 
time of any state excited by the beta decay of Ag™™, 
Paul’® has carried out a similar search and reduced the 
upper limit to 6X 10—” sec. In view of these results, no 
study of the effect of the physical nature of the source 
material on the observed directional correlations was 
deemed necessary. 

For each of the three cascades studied, the coinci- 
dence rate was measued with the movable counter at 
angular positions of 90°, 110°, 130°, 145°, 160°, 170°, 
and 180° relative to the fixed counter. The results for 
the 1385-885 kev cascade after correction for the 
accidental rate are shown in Fig. 2. A total of 1.4105 
genuine coincidences were collected for this cascade 
using both metallic and crystalline sources. The ex- 
pression W’ (8) = 1+ A»’P2(cos@)-+ A,’ P,(cos6) was least- 
squares fitted to the experimental points, and is shown 
as a full curve in the figure. W’(@) is the correlation 
function for the cascade before correction for the finite 
angular resolution of the counters. This correction was 
applied to W’(6) following the method outlined by 
Rose,!* and gave the corrected correlation function: 


W (6) =1— (0.2837 +.0.0068) P2(cosd) 
— (0,0318+0.0096) P;(cos@). (1) 


Figure 3 shows the results obtained for the 760-1510 
kev cascade. About 5X10‘ coincidences were collected 


in the study of this cascade. The uncorrected correlation 
function is shown as a full curve in the figure. After 
correction for angular resolution, the function W(@) is 


W (6) =1— (0.1627 40.0063) P2(cos9) 
— (0.0031 +0.0098) P,(cosd). (2) 
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Fic. 2. Directional correlation of the 1385-885 kev gamma-ray 
cascade. The curve is the least squares fit of W’(0)=1+A2'P, 
(cosd)+-A 4’P,4(cosd) to the experimental points. No correction 
for finite angular resolution has been applied. 
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Fic. 3. Directional correlation of the 760-1510 kev 
gamma-ray cascade. 


A total of 4X 10° coincidences were recorded in the 
study of the 940-885 kev cascade. With the gates at 
positions marked 3, a large proportion of the observed 
coincidence rate is due to the interfering 1385-885 kev 
cascade. After subtracting the accidental rate from 
the observed rates at the seven angular positions used, 
a least-squares analysis of the data gave an uncorrected 
function 


W’ (6) =1+ (0.0022+0.0027) P2(cosd) 
+ (0.0023+0.0031)P,(cos@). (3) 


It will be noted that the observed angular distribution 
of coincidences is essentially isotropic. This situation is 
accidental in the present instance. The coefficients A,’ 
and A,’ are dependent on the degree of interference of 
the 1385-885 kev cascade. The choice of gate position 
for the experiment happened to give an interference 
which almost completely annulled the correlation being 
studied. By estimating the contribution of the inter- 
fering cascade and using its measured directional corre- 
lation [Eq. (1) ], the function W’ (6) for the 940-885 kev 
cascade was determined. W’(@) is given by 


W’(9) (940-885) 
= W’ (0) (observed) — kW’ (6) (1385-885), (4) 


where & is a constant determined from the relative 
intensities of the gamma-rays involved. W’(@), un- 
corrected for the angular resolution of the counters, is 
shown in Fig. 4 as a full curve. The large errors on the 
experimental points are due mainly to the uncertainty 
in k. When the resolution correction is applied to W’(@), 
the correlation function is 


W (0) =1+ (0.093 +0.023) P2(cos@) 
+ (0.015 +0.014)Ps(cosd). (5) 
INTERPRETATION OF RESULTS 


The spin of the 253-day isomeric state in Ag" is now 
known to be 6 units.” Since the 89-kev beta transition 
is allowed with log(ft) value 5.6, the spin of the 2935- 
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Fic. 4. Directional correlation of the 940-885 kev 
gamma-ray cascade. 


kev level in Cd" must be one of 5, 6, or 7 units. The 
530-kev beta component has an allowed shape but a 
log(ft) value between 7 and 8, suggestive of a first 
forbidden transition. Consequently, the spin of the 
2490-kev level in Cd" is restricted to one of the 
following values: 4, 5, 6, 7, 8. The last two possibilities 
can be excluded immediately since the 940-885 kev 
cascade leads from this level to the first excited 2+ 
state at 656 kev, and both gamma rays are intense. 
The spin sequences for the cascades studied can now 
be written down in the form 74 — J — Iz, as follows: 


(1-1) 
(2-2) 
(3-3) 


1385- 885 kev: 5, 6, 7 ~ 7(1540-kev level) — 2, 
760-1510 kev: 5, 6, 7 — 1(2170-kev level) — 2, 
940— 885 kev: 4, 5, 6 7(1540-kev level) — 2. 


The first two cascades have the 2935-kev level in 
common, while the first and third have the 1540-kev 
level in common. In seeking suitable values for the spin 
of the intermediate state in each cascade, radiations of 
multipole order higher than quadrupole have been 
excluded. This restriction is consistent with the fact 
that all the gamma rays involved are relatively intense, 
and that no state in Cd"° has a half-life greater than 
6X 10-" sec. 

The most reasonable values of J for cascades (1-1) 
and (2-2) are 3 and 4. The sequence 6(Q)4(Q)2 gives 
positive values for Ay and A, and can be discarded. 
A spin of 7 for the 2935-kev level is excluded since this 
would lead to octupole radiative transitions, as would 
the sequence 6(0)3(D,Q)2. The remaining possibilities, 
5(D,Q)4(Q)2 and 5(Q)3(D,Q)2, give negative values for 
A, and A, as required. 

Assuming that the spin of the 2490-kev level is either 
4 or 6, the sequences 4(D,Q)4(Q)2 and 6(Q)4(Q)2 are 
the most satisfactory ones for the 940—885-kev cascade. 
The sequences 4(D,Q)3(D,Q)2 and 5(Q)3(D,Q)2 must 
be rejected since a spin of 3 units for the level at 1540 
kev gives negative coefficients A, and A, for (1-1). The 
sequence 5(D,Q)4(Q)2 must also be discarded because 
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it gives coefficients which disagree with the experimental 
values as to sign. 

The presence of radiative transitions involving dipole- 
quadrupole mixtures leads to the introduction into the 
analysis of a new parameter 6, the mixing ratio, which 
is defined as the ratio of the reduced matrix element 
of the quadrupole transition to the reduced matrix ele- 
ment of the dipole transition." 6 is real but can be posi- 
tive or negative, the sign determining the relative phase 
of the reduced matrix elements. & is the ratio of the 
quadrupole intensity to the dipole intensity in a mixed 
transition. The coefficients A, and A, can be expressed 
as functions of the mixing ratio. For spin sequences in- 
volving dipole-quadrupole mixtures, these coefficients 
are quadratic functions of 6. Following a suggestion by 
Coleman,'* the spin sequence associated with a particu- 
lar measured correlation function was determined by 
plotting A, against A» using 6 as a parameter. For a 
dipole-quadrupole mixture, the A, vs A» curves are 
ellipses. To facilitate comparison of theory and experi- 
ment, the experimental results for a single cascade are 
plotted as a point in the “‘Ay-A, plane.” If the cascade 
studied has been free of interference effects, the experi- 
mental point should lie on or near that ellipse which 
corresponds to the correct spin assignment for the 
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Fic. 5. Plot of A, against A» using the quadrupole-dipole mixing 
ratio 6 as a parameter, for the spin sequences 4(D,Q)4(Q)2, 


5(D,Q)4(Q)2, and 5(Q)3(D,Q)2. 


17H. Frauenfelder, in Beta- and Gamma-Ray Spectroscopy, 
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levels concerned. The results for the three cascades 
studied in Cd" are shown as points in Fig. 5, together 
with the ellipses for the 5(D,Q)4(Q)2, 5(Q)3(D,Q)2 and 
4(D,Q)4(Q)2 spin sequences. The width of the rectangle 
drawn about each experimental point is twice the 
experimental error in A», the height twice the error in A. 

The location of the experimental point for cascade 
(1-1) confirms the possibility of interference by the 
760-1510-656 kev cascade mentioned earlier. However 
the magnitude of the interference was estimated to be 
not greater than 5%. The graphical display of the results 
in Fig. 5 over-emphasizes the interference, since A, is 
very sensitive to small perturbing effects. The 885-kev 
gamma ray is characterized as pure quadrupole in 
agreement with Bleuler e¢ al.!’ and the 1385-kev transi- 
tion as a dipole-quadrupole mixture. The mixing ratio 
in this case is not well defined due to the interference, 
but the value of 6 giving the best fit to the experimental 
data is +0.366. The correlation function for this 6 is 
W (8) = 1—0.2975P2(cos6é) —0.0068P4(cos#), correspond- 
ing to a transition which is 12% quadrupole, 88% dipole. 

The experimental result for the 760-1510 kev cascade 
is in good agreement with either the 5(Q)3(D,Q)2 
or 5(D,Q)4(Q)2 spin sequence. The latter choice gives 
the sequence 4(Q)2(Q)0 for the 1510-656 kev cascade, 
which is quite in keeping with the general properties 
of even-even nuclei. However, for this sequence, the 
1510-kev gamma ray would be pure quadrupole and the 
760-kev gamma ray a dipole-quadrupole mixture. Both 
assignments are in disagreement with the observed con- 
version coefficients for the radiations.” (Knipper® 
suggests that both the 1510- and 760-kev radiations are 
multipole mixtures and he sets upper and lower limits 
on the mixing ratio for each.) 

The spin sequence 5(Q)3(D,Q)2, on the other hand 
predicts a 760-kev gamma ray which is pure quadrupole 
and a 1510-kev gamma ray which is a dipole-quadrupole 
mixture. In view of the good agreement with the con- 
version coefficient measurements in this case, a spin of 
3 was assigned to the 2170-kev level. The choice leads 
to a quadrupole intensity for the 1510-kev transition of 
about 8.3%. 

The interpretation of the experimental results for the 
940-885 kev cascade is more straightforward. A 
5(D,Q)4(Q)2 spin sequence gives correlation coefficients 
in complete disagreement with experiment. How- 
ever, both the 6(Q)4(Q)2 sequence, the coefficients 
of which are indicated by the letter X in Fig. 5, and 
the 4(D,Q)4(Q)2 sequence give satisfactory coeffi- 
cients. The proximity of the experimental point to the 
4(D,Q)4(Q)2 ellipse makes a unique spin assignment 
difficult. The first sequence implies that both transitions 
are pure quadrupole. If the second assignment is the 
correct one, the best value of 6 for the mixed transition 
is —0.272, which gives a quadrupole intensity of 7.4%. 


19 Bleuler, Blue, Chowdarry, Johnson, and Tendam, Phys. Rev. 
90, 464 (1953). 
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The parities of the nuclear states studied during this 
investigation can only be inferred. If the 89- and 530- 
kev beta transitions are of a different degree of for- 
biddenness, the 2935- and 2490-kev levels in Cd!” 
should have opposite parity. The shell model predicts 
that the last proton and neutron in Ag" occupy the go/2 
and g7,/2 levels,” respectively, a prediction which is 
certainly consistent with a spin of 1+ for the ground 
state. The high spin of Ag"®™ can be accounted for by 
Nordheim’s weak rule if the last proton is in a gg/2 level, 
the last neutron in a d5/2 level.” This configuration fixes 
the parity of the isomeric state as even, and the multi- 
polarity of the 116-kev gamma ray as M5. This classi- 
fication of the isomeric transition is a reasonable one 
since Ag! has always been somewhat of an anomaly 
in the M4 group of isomeric transitions.” In addition, 
it determines the parities of the levels at 2935 and 2490 
kev in Cd". The former must have even parity, the 
latter odd parity. As a consequence, the 940-kev gamma 
ray must be either pure M2 or an E1+M2 mixture 
depending on whether the spin of the 2490-kev level is 
6 or 4 units. Both possibilities conflict with the measured 
K-conversion coefficient” for this gamma ray, which 
agrees very well with the theoretical value for pure 
E2 radiation. 

An alternative approach is to start with the shell- 
model predictions for Ag" and the measured multi- 
polarity of the 940-kev gamma ray. This procedure 
immediately fixes the spin of the 2490-kev level as 6 
units, and its parity as even. All the gamma rays in- 
volved in the present directional correlation measure- 
ments must then be either pure £2, or M1+ £2 mixtures. 
The 530-kev beta component is probably an allowed 
transition hindered by the additional selection rules 
associated with the beta decay of deformed nuclei.” 
Several examples of beta transitions which are hindered 
by factors of 10 or more have appeared in the litera- 
ture.**~*6 Since the level scheme of Cd! has been shown 
to exhibit many collective vibrational properties,” the 
similarities between the level schemes of Cd! and Cd™ 
suggest that Cd"° is also a deformed nucleus, and that 
hindered beta transitions from Ag!” are possible. 

The parities of the levels at 2170 and 1540 kev must 
also be even, since the multipolarities of the 760 and 
885-kev gamma rays have been determined.” 

The results of the present investigation are sum- 
marized in the simplified decay scheme for Ag"®™ shown 
in Fig. 6. Additional details of the scheme are available 
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Fic. 6. Simplified decay scheme for Ag” showing those gamma- 
ray cascades which were used in the directional correlation studies. 
All energies are in kev. 


in reference 6. Spins and parities consistent with the 
directional correlation measurements are indicated. Two 
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well-established levels are not shown: a 2+ level at 
1480 kev and a level at 2220 kev of unknown spin. 
The 1385-885 kev cascade has the spin assignment 
5+(M1+-E2)4+(E£2)2+, the 760-1510 kev cascade 
5+(£2)3+(M1+£2)2+, and the 940-885 kev cascade 
6+(E£2)4*+(E2)2*. The spin of the first excited state and 
the multipolarity of the 656-kev gamma ray have been 
determined from Coulomb excitation experiments with 
C028 
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Light-Particle Spectra from the Nitrogen Bombardment of Oxygen 
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Energy spectra and angular distributions were measured for protons and a particles resulting from the 
nitrogen bombardment of oxygen. It was found that the angular distributions of protons are reasonably 
isotropic whereas a particles are peaked in the forward direction. The energy distributions at various angles 
were compared with the predictions of a simple level density formula w=C exp[2(aE*)*]. The constant a 
was found to be a= 2.5+0.2 from proton spectra, a= 1.30.2 from a-particle spectra at all angles measured. 
The energy spectrum of deuterons was measured at 15 deg and a value of a=1.8+0.3 was found. Unex- 
plained structure was observed in the spectrum of a particles emitted at zero degrees. After correction for 
the phase space available and the barrier penetration, it was found that a particles are emitted on the order 
of ten times more copiously than protons, while deuterons are about half as abundant as protons. 


INTRODUCTION 


EAVY-ION-INDUCED nuclear reactions at the 
energies available at this Laboratory are gen- 
erally characterized by slow-moving incident particles, 
high energies of excitation due largely to the mass de- 
fects of the nuclei involved, and a variety of emitted 
particles. We concern ourselves here with protons, 
deuterons, and a particles which are produced from the 
nitrogen-oxygen reaction. The energy spectra of these 
particles, as well as their angular distribution in the 
forward hemisphere are reported here. The results are 
compared with predictions of a statistical evaporation 
process from a compound nucleus. 
Previous work at this Laboratory has been concerned 


* Operated for the U.S.A.E.C. by Union Carbide Corporation. 


with energy spectra of light particles from lithium,? 
beryllium,’ carbon,’ nitrogen,’ oxygen,’ and aluminum‘ 
targets. In the last case, angular distributions of the 
emitted particles were also investigated. The present 
work is an extension of the last-cited reference, and is 
similar to it except that oxygen was used as a target 
instead of aluminum. 
EXPERIMENTAL METHOD 

Thin oxygen targets were prepared by heating clean 
copper foil, approximately 5 mg/cm? thick, in a furnace 

1C, D. Goodman, Bull. Am. Phys. Soc. Ser. IT, 2, 52 (1957). 

2C. D. Goodman and J. L. Need, Phys. Rev. 110, 676 (1958). 

3C. D. Goodman, Proceedings of the Conference on Reactions 
between Complex Nuclei, Gatlinburg, Tennessee, Oak Ridge Na- 


tional Laboratory Report ORNL-2606, 1958 (unpublished). 
4A. Zucker, Nuclear Phys. 6, 420 (1958). 
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at 270°C for about half an hour. In this way oxide 
coatings containing approximately 0.1 mg/cm? oxygen 
were obtained. The amount of oxygen in the oxide 
layer was determined by weighing the foils before and 
after the heat treatment. Oxide layers were thus pro- 
duced on both surfaces of the copper foil, but the nitro- 
gen energy was sufficiently degraded after passing 
through the foil so that reactions with the oxygen on 
the back of the foil were rendered practically impossible 
by the Coulomb barrier. Reactions with the copper are 
similarly impossible because the beam energy is well 
below the Coulomb barrier of copper. 

The targets were mounted on a rotatable holder in- 
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PROTON ENERGY (Mev),LAB 
Fic. 1. Energy spectra of protons from the nitrogen bombard- 
ment of oxygen. The spectra at various angles are displaced from 
one another to avoid overlapping. Typical errors are shown. 


side a small cylindrical reaction chamber 2.5 in. in 
diameter. The beam direction was perpendicular to the 
axis of the cylinder, with the axis of rotation coinciding 
with the axis of the cylinder. A peripheral slit } in. wide 
and extending over an angular range of about 120 deg 
was covered with 0.5-mil Mylar foil through which 
reaction products could leave the chamber. After pass- 
ing through the target, the beam was stopped by a 
5.5-mg/cm? Ni foil. Light reaction products after leav- 
ing the chamber traversed a 4-cm air path and entered 
a proportional counter-scintillation counter telescope. 
The angular acceptance of this telescope, defined by a 
circular aperture, was +3 deg. The purpose of the 
telescope was to identify the particles and record their 
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Fic. 2. Energy spectrum of deuterons at 15 deg from the nitrogen 
bombardment of oxygen. Typical statistical errors are shown. 


energy at the same time by measurement of dE/dx and 
E. The operation of the counter system and its calibra- 
tion were described previously.?* The resolution of the 
NalI(TI) scintillation counter was about 2.2% for 20- 
Mev protons. The proportional counter resolution 
varied somewhat from one run to the next, depending 
on the cleanness of the counter and on the gas pressure 
used. At 1.1 atmos a typical resolution was 12% when 
used for proton detection. For @ particles, a pressure 
of 4 atmos was usually used to minimize the energy 
loss in the counter. 

The gain of the E channel, including photomultiplier 
tube, preamplifier, and amplifier, was calibrated at 
one- or two-hour intervals during all runs by means of 
the Zn® y ray. The complete energy distribution for 
the light particles of one type at a given angle was 
measured in two or three sections by repeated over- 
lapping runs with a 20-channel pulse height analyzer. 

The triply-charged N™ cyclotron beam was colli- 
mated to a 7%-in. diam circle, and typical beam currents 
were 0.05 to 0.1 wa. Larger currents deteriorated the 
target oxide layer. The incident beam energy was 27.6 
Mev. 

Energy spectra for a particles were taken every 15 
deg from 0 to 90 deg in the laboratory system. For 
protons, energy spectra were determined at four angles 
in the same interval. Because of the low yield of deu- 
terons, their spectrum was measured at 15 deg only. 
For angles smaller than 60 deg, the target was posi- 
tioned so that the observed particles emerged normal 
to the foil. For larger angles the target was at 45 deg to 
the incident beam. The effective target thickness was 
included in the calculation of the mean beam energy in 
the target and the differential cross section. A vibrating- 
reed electrometer was used to monitor and integrate 
the beam. 


RESULTS 


The spectra of protons, deuterons, and a particles 
given in Figs. 1, 2, and 3 are plotted as a function of 
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Fic. 3. Energy spectra of @ particles from the nitrogen bom- 
bardment of oxygen. The spectra at various angles are displaced 
from one another to avoid overlapping. Typical statistical errors 
are shown. 


the laboratory energy E. The number of counts per 
channel was corrected to number of counts per unit 
laboratory energy interval, using the energy vs pulse 
height calibration curves obtained by Goodman and 
Need.’ The abscissa has been corrected for energy lost by 
the particles before entering the scintillator. The errors 


4a 
Se 























oof, (orbitrory units) 


6 








40 50 60 70 80 90 100 
C.M. ANGLE (deg) 





Fic. 4. Angular distribution of protons from the nitrogen bom- 
bardment of oxygen. The relative cross sections at various excita- 
tion energies are correctly represented by the ordinate. 
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shown are statistical errors only and do not include 
systematic errors, such as short-time drifts of the pulse 
height analyzing system. The fact that the data were 
readily reproducible leads us to believe that such 
systematic errors were not important. 

The angular distributions of protons and a@ particles 
are shown in Figs. 4 and 5; the number of counts is 
given per unit excitation energy E* in the residual 
nucleus. The center-of-mass angle, £*, and the solid 
angle corrections are calculated on the assumptions 
that the target is O'* and that the particle observed is 
the first one emitted. The data were corrected for the 
nonlinearity of Z* as a function of E. Since runs were 
made on different targets whose thicknesses were not 
known precisely, the angular distributions were not 
calculated from the number of counts and the inte- 
grated beam intensity. Instead, every run at each 
angle was preceded and followed by a 0-deg run, and 
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C.M, ANGLE (deg) 
Fic. 5. Angular distribution of a particles from the nitrogen 
bombardment of oxygen. The relative cross sections at various 
excitation energies are correctly represented by the ordinate. 


all counting rates were normalized to a 0-deg run. The 
errors shown on the angular distributions include sta- 
tistical errors, as well as the uncertainties introduced 
by the normalization procedure. 

No attempt was made to correct any data for the 
finite angular aperture, which means that in each case 
E* and all necessary correction factors were calculated 
for the central ray only. 


DISCUSSION 

Nuclear reactions with heavy ions are undoubtedly 
very complicated and their mechanisms cannot at this 
time be rigorously described. It seems probable from 
the shape of the @ particle angular distribution that a 
reaction mechanism is involved here other than a sta- 
tistical breakup of a compound state. However, it is 
possible to extract some useful information even in a 
complicated situation. It has been the practice to in- 
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Fic. 6. Semilogarithmic plot of the normalized energy distribu- 
tion of protons, as a function of the square root of the excitation 
energy of the residual nucleus. The curves at different angles are 
displaced arbitrarily to avoid overlapping. 


terpret data such as these in the light of a statistical 
evaporation from a compound nucleus. Even though 
such a mechanism may not be the only one occurring, 
this type of analysis provides a method for examining 
the data after removing barrier penetration, phase- 
space factors, and similar other effects extraneous to 
the reaction mechanism. Thus we will present values of 
a (defined below) mainly in order that they may be 
compared with those obtained elsewhere. The relative 
probability of emission of various particles will also be 
examined. 

The energy spectra of light particles may be inter- 
preted as a statistical evaporation from a compound 
nucleus. A simple treatment is outlined by Blatt and 
Weisskopf.® It predicts the probability for emission of 
a particle with channel energy between ¢ and e+de to 
be 

N (e)de=consteo,(e)wde, 


where o, is the capture cross section for the inverse 
process,® i.e., the capture of the particle in question by 
the residual nucleus, and w is the level density in the 
residual nucleus in the energy interval corresponding to 
e+de. The value of ¢ is defined by «= Emax*— £*, where 

5 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 


(John Wiley & Sons, Inc., New York, 1952), Chap. VIII. 
6 M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
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Fic. 7. Semilogarithmic plot of the normalized energy distribu- 
tion of a particles, as a function of the square root of the excita- 
tion energy of the residual nucleus. The curves at different angles 
are displaced arbitrarily to avoid overlapping. 


F* is the excitation energy in the residual nucleus. The 
level density is approximately 


w=C exp[2(aE*)!]. 


Then In[ NV (e)/eo.] plotted as a function of \/E* is a 
straight line with slope 2\/a. 

Such plots are shown in Figs. 6, 7, and 8 for protons, 
a-particles, and deuterons. It may be seen that the 
data treated in this way do indeed produce straight 
lines. The slope does not vary with angle. The values 
of a are as follows: a=2.5+0.2 for Si, a=1.8+0.3 for 
Si?*, and a=1.3+0.2 for Al’. The errors assigned to 
the a values were determined visually by fitting lines 
of various slopes to the calculated points. 

The portion of the data at high excitation energy 
does not fit the straight lines. The deviation may be 
due to low-energy particles which have been emitted 
after the primary particle emission. 

A peculiarity in the a-particle spectrum must be 
mentioned. As can be seen in Fig. 2, the 0-deg a spec- 
trum exhibits structure. This structure was investigated 
in some detail in the course of the experiment. First, it 
was determined by placing absorbers in front of the 
counter telescope that the peaks are indeed due to 
alpha particles, i.e., the whole curve was shifted as 
would be expected for a particles, without a change in 
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Fic. 8. Semilogarithmic plot of the normalized energy distribu- 
tion of deuterons, as a function of the square root of the excitation 
energy of the residual nucleus. 


the structure. Second, by replacing the target with a 
clean nickel foil of equivalent stopping power it was 
found that the peaks originate from the oxygen target, 
and that they are not due to some reaction products 
from the entrance collimator or to some unsuspected 
contamination in the beam. The question naturally 
arises why this structure appears only at zero degrees. 
It is possible that similar structure occurs at other 
angles, but shows up clearly only at 0 deg because the 
range of angles accepted by the counter system there 
is only half as large as it is at other angles, and the 
variation of laboratory energy with angle for any 
given excitation energy is at a minimum. In heavy-ion 
reactions structure of this sort has not been previously 
observed in any other a spectrum. It may conceivably 
be caused by an a particle structure of the target O'*. 
Further work is required to clear this up. The structure 
of the 0-deg spectrum is reflected also in the »/ £* plot 
in Fig. 7 where dips appear between portions of the 
curve which have approximately the same slope as that 
observed at other angles. 

It is to be noted that the value of a=1.3 for a par- 
ticles from oxygen is lower than one would expect from 
a relationship such as a= A/f, where f is of the order 
of ten.’ 

Another piece of information which may be gleaned 
from an experiment such as this is the relative number 
of protons, deuterons, and a particles emitted. In order 
to eliminate a number of factors unrelated to the re- 
action mechanism, a corrected probability of emission, 


7 J. M. B. Lang and K. J. LeCouteur, Proc. Phys. Soc. (London) 
A67, 586 (1954). 
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P, is defined by 
1 


dI Mo,e(2s+1) 


where dN/dI is the counting rate per unit incident 
beam, M the reduced mass of the emitted particle, « 
its channel energy, s its spin, and o, the capture cross 
section obtained as before. Following these corrections, 
one may compare the value of P at any given excitation 
energy of the residual nucleus for various particles. 

It is evident from the nature of the angular distribu- 
tions of the a particles and the different values of a for 
protons, a particles, and deuterons that the ratios of 
the P values will vary widely both as a function of 
angle and as a function of energy. In Table I ratios of 


TABLE I. Reduced probability of emission of a-particles and 
deuterons relative to proton emission. 


P/P proton 


E* (Mev) 


Oia» (deg) 


Particle 





0 
30 
60 
90 

0 
30 
60 
90 

0 
15 


P for a particles and deuterons relative to protons are 
given at several angles and for typical values of E* at 
which yields of different particles could be compared. 
At forward angles a particles are between one and two 
orders of magnitude more probable than protons. Also 
high-energy alphas (corresponding to low £*) are more 
likely, relative to protons, than are low-energy alphas. 
It may be that in an oxygen target a particles are pro- 
duced by a mechanism characterized by a forward 
peak and an excess of high-energy particles, compared 
to a more isotropic distribution and higher @ which may 
be expected from a statistical evaporation process. 
However, even in the statistical evaporation from a 
compound nucleus a particles would be emitted more 
probably than protons because the residual nuclei are 
odd-odd and odd-A, respectively. Also, fewer deuterons 
than protons would be emitted since the residual nucleus 
for the former is even-even. 
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Low-Intensity Conversion Lines from Sm! and Sn"™+ 
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The electron spectrum of Sm'*! has been measured with a lens 
spectrometer and its gamma-ray spectrum with a scintillation 
spectrometer. The L-conversion coefficient of the 21.7+0.3 kev 
de-excitation of the first excited state of Eu" is 20+4, with 
(a1/am4n)=2.2+0.4 and ay/an=2.2+0.2 indicating M1 multi- 
polarity. The low intensity of the conversion electrons relative to 
the continuous beta spectrum of end point 75.9+0.6 kev implies 
the existence of a weak beta transition whose end point is 54.2+0.7 
kev. The beta branching ratio, 54.2-kev beta transitions/75.9-kev 
beta transitions, is 1.7/100. Logi ft values for the two beta decays 
are 7.60.2 for the 75.9-kev decay and 8.8+0.2 for the 54.2-kev 
decay. A partial analysis of the decay in terms of the Nilsson- 


Gottfried scheme has been made, but no definitive assignment for 
the 21.7-kev state appears to be possible. Measurements of the 
electron spectrum of Sn"’ with the lens spectrometer reveal the 
existence of a weak conversion line corresponding to a transition 
of 253 kev. The intensity of this conversion line is (2.81.0) X 10~% 
of the intensity of the conversion line from the 392-kev transition. 
This relative conversion electron intensity indicates that the 253- 
kev transition leads to the 392-kev state of In", implying the 
existence of an excited state at 645 kev. The existing uncertainty 
in the relative gamma-ray intensities for the two transitions makes 
it impossible to assign spin and parity to the 645-kev state; the 
decay scheme presented is therefore incomplete. 





I. INTRODUCTION 


HIS work grew out of certain discrepancies in the 
published literature on the decays 6:Sm"*! — 8 — 
esEu!® and 5oSn'8 — © — 4In"*, At the time this work 
was begun, the generally accepted schemes were those 
published in the Hollander-Perlman-Seaborg Table.’ 
Sm!*! was believed to decay by a 75-kev beta transi- 
tion to an excited state of Eu". This excited state, 
evidence for which came exclusively from gamma-ray 
spectra,?~ was supposed to lie about 20 kev above the 
ground state. Conversion electrons from this transition 
never had been found; indeed one group’ explicitly had 
stated the absence of any conversion electrons. This 
absence was somewhat surprising in view of the low 
energy of the transition. Rose’s tables of L- and M- 
conversion coefficients® predict that the total conversion 
coefficient for a transition of ~ 25 kev in Z=63 can be 
no smaller than about 2.3, which implies that the in- 
tensity of the conversion electrons must be at least 72% 
of the intensity of the beta spectrum. A possible expla- 
nation for the absence of the conversion electrons was 
that, because of their low energy, they might have been 
completely absorbed before reaching the detectors used. 
Sn" was believed to decay by a single electron capture 


¢ This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command, and in part under con- 
tracts with the U. S. Atomic Energy Commission. 

* Now at Texas Technological College, Lubbock, Texas. 
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§ Now at Michigan State University, East Lansing, Michigan. 

1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 469 
(1953). See this reference for the published literature prior to 1953. 

? Scharff-Goldhaber, der Mateosian, McKeown, and Sunyar, 
Phys. Rev. 78, 325 (1950). 

5 Wagner, Freedman, and Engelkemeir, Atomic Energy Com- 
mission Report AECD- '3304, February, 1952 (unpublished). 

“HH. Wilson and G. M. Lewis, Proc. Phys. Soc. (London) 

A65, 656 (1952). 

sd Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 

5M. E. Rose (privately circulated tables, 1955-1957). 
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to an isomeric state of In" lying 393 kev above the 
ground state. However, there had been some evidence?'* 
for another transition whose energy was about 255 kev. 
Contrary evidence had been presented by several 
workers.?“"' The uncertainty of the existing data evi- 
denced a need for further study. 

The electron spectra were obtained with a magnetic 
lens spectrometer of moderate resolution (~3%) which 
has been described elsewhere.’ To facilitate accurate 
measurements of relative intensities at quite low elec- 
tron energies the earth’s magnetic field was neutralized 
by a set of compensating coils.” The thin windows 
(~ 22 ug/cm*) used in the study of Sm'* were made of 
U.S.P. collodion supported on Lectromesh with an open 
area of about 49%. Pressure in the side-window Geiger 
tube was maintained at a constant value by a Cartesian 
Manostat. The photon spectra were obtained with a 
conventional single-channel scintillation spectrometer 
using a 2-mmX1-in. diam Nal crystal and a Du Mont- 
6292 photomultiplier tube. 


Il. THE DECAY OF Sm" 
A. Experimental Conditions 


The sample of Sm!* (2.6 mg Sm.0;) was loaned to us 
through the kindness of G. W. Parker of the Oak Ridge 
National Laboratory. The samarium had been separated 
(in October, 1953) from europium by use of a hot ion- 
exchange citrate column.” The europium-samarium 
mixture had been separated previously from other 
fission products. Analysis of the sample (furnished by 


7 Cork, Stoddard, Branyan, Childs, Martin, a nd LeBlanc, Phys. 
Rev. 84, 596 (1951). 
§ G. Gardner and J. I. Hopkins, Phys. Rev. 101, 999 (1956). 
® Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). 
10 Y. Deschamps and P. Avignon, Compt. rend. 236, 478 (1953). 
1 P, Avignon, Ann. phys. 1, 10 (1956). 
(1981 K. Haynes and J. W. Wedding, Rev. Sci. Instr. 22, 97 
51). 
18 G. W. Parker (private communication, 1957). 
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Parker") indicated that Sm'*' was present as 4.8% of 
total samarium. There was no Sm"® in the sample. Of 
the remaining four radioactive samarium isotopes three 
(Sm!5, Sm!®>, and Sm!**) have half-lives of less than two 
days, while Sm'’ decays by alpha emission with a half- 
life of ~ 10" years.' There was some Eu! (one part in 
10°) present, but this was too feeble to be detectable. No 
other impurities were reported in the analysis. Thus the 
only measureable activity was that due to Sm!*!, 

The sample of Sm,O ; was dissolved in 1 cc of ~4N 
HCl. The resulting SmCl; was dried drop by drop under 
vacuum onto a tantalum strip which served as a 
filament for vacuum evaporation in a cell such as that 
described by Broyles et al. SmCl; is known to decom- 
pose upon heating," and it is assumed that the sources 
made were in the form of elemental samarium. Two 
sources were used; their characteristics are recorded in 
Table I. The source thicknesses in Table I were calcu- 
lated from the percentage Sm!®™ in the sample, the half- 
life of ~93 years,’® lens spectrometer transmission 
factor, and lens spectrometer counting rates. The calcu- 
lated values were doubled to give the values appearing 
in the table to allow for the presence of some non- 
radioactive calcium in the sample.” 

The two sources used were extremely weak, the maxi- 
mum total lens spectrometer counting rate (source plus 
background) being 121 counts/min for the weaker 
source (B) and 205 counts/min with the stronger source 
(A). The background counting rate (checked every four 
hours) averaged 64 counts/min. While the total source 
counts per point was quite low (~ 6500 in the region of 
the conversion peaks, less elsewhere), the spacing of 
points was rather close (~0.5% separation in mo- 
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Fic. 1. Kurie plots for decay of Sm!!, Points were taken much 
closer together in the region of the conversion peaks than indicated 
in the figure. 

14 Comprehensive Inorganic Chemistry, edited by M. C. Sneed 
and R. C. Brasted (D. Van Nostrand Company, Inc., Princeton, 
New Jersey, 1955), Vol. 4, p. 173. 

18 Melaika, Parker, Petruska, and Tomlinson, Can. J. Chem. 33, 

830 (1955). 


HOPKINS, 


AND HAYNES 
mentum in the region of the conversion peaks, more 
widely space elsewhere). The range of energies studied 
was 6 kev to 85 kev. The work of Lane and Zaffarano'® 
plus unpublished work of the Vanderbilt beta-ray 
spectrometry group both indicate that a 24-ug/cm? 
collodion window (the thickest used) transmits all 
electrons whose kinetic energy exceeds 10 kev; therefore 
no correction was made for the conversion electrons, all 
of which have energies somewhat greater than this. 
The measured resolution obtained in this study was 
3.0% for the weaker source (B) and 4.3% for the 
stronger source (A). 


B. Experimental Results 


Data from the two sources were used to obtain Kurie 
plots. These are shown in Fig. 1. The slopes and end 
points initially were approximated by a least-squares fit 
of those points whose energies were greater than the 
energy of the highest energy conversion peak. The 
slopes and end points then were adjusted slightly in 
order to obtain approximate agreement between the two 
sources for the ratio of the intensity of the conversion 
electron groups (ZL and M+) to the intensity of the 
continuous beta spectrum. The weaker source end point 


Diameter 


10 mm 


Thickness Backing 


0.03 ug /cm? 


10 wg/cm? Formvar 
5 wg/cm? aluminum 





Source A 


0.06 ug/cm? 96 wg/cm? Formvar 4mm 


20 wg/cm? aluminum 


Source B 


was 75.8 kev; the stronger source gave an end point of 
76.0 kev; the disintegration energy is taken to be 
75.9+0.6 kev. Both Kurie plots are linear down to 
fairly low energies, the weaker source being linear down 
to about 17 kev and the stronger source being linear 
down to about 20 kev. The deviation upward of the 
Kurie plots below these energies leads to considerable 
uncertainty in the intensities of the conversion peaks. 

The conversion spectra are shown in Fig. 2, where 
curve A is the conversion spectrum of the stronger 
source and curve B that of the weaker source. Curve A 
is clearly much more poorly resolved. Both curves give 
a peak at 13.5+0.1 kev: this peak is interpreted as the 
L-conversion peak from the de-excitation of the state at 
about 20 kev in Eu!®!, The poorly resolved double peak 
is interpreted as the M- and N-conversion peaks of the 
same transition. For the weaker source (B) the energies 
are 19.7+0.3 kev and 21.7+0.3 kev, respectively, for 
the M- and N-conversion peaks. The corresponding 
figures for the stronger source are 19.8+0.5 kev and 
21.4+0.5 kev. 

The conversion intensity ratios are essentially the 

16 R. O. Lane and D. J. Zaffarano, Phys. Rev. 94, 960 (1954). 





CONVERSION LINES 


same for both sources. Combination of the data for both 
gives L/(M+N)=2.2+0.4,M/N=2.2+0.2, from which 
the ratio L/M =3.2+0.6 is calculated. 

The ratio of the conversion electrons to the continu- 
ous beta spectrum is 1.6%. This is some 45 times smaller 
than the minimum required by Rose’s tables® and the 
old decay scheme. The data thus imply the existence of a 
second beta transition of energy ~54 kev to populate 
the 22-kev excited state in Eu'®!, the 76-kev transition 
being to the ground state. The branching ratio (54-kev 
transitions/76-kev transitions) can be no larger than 
2.3%, again based on the minimum possible conversion 
coefficient from Rose’s tables. The actual branching 
ratio is smaller than this, as will be seen later. 

The L-conversion coefficient was determined through 
complementary measurements on the stronger source 
(A) with the single-channel scintillation spectrometer. 
The photon spectrum of that source is shown in Fig. 3. 
It is clear from this figure that there are no other 
gamma-rays between 22 and 100 kev. The intensity of 





6 T roy 


340 360 380 400 420 440; 460 480 500 520 540 
MOMENTUM (P) (GAUSS-CM) 


Fic. 2. Conversion spectra for decay of Sm!*!, All points taken are 
shown in this figure. 


the gamma-ray peak at 22 kev was obtained by as- 
suming the peak shape to be Gaussian; this assumption 
was used to draw in the low-energy side of the peak. 
Comparison of the gamma-ray intensity and the L- 
conversion electron intensity (after appropriate correc- 
tions for geometry have been made)" gives a value of 
20+4 for the L-conversion coefficient.’’ This value 

17 The conversion coefficient is calculated from the following 
equation: a, = (Cz/ez)/(Cy/ey), where Cz, and ey are the counting 
rate and efficiency (transmission) of the magnetic spectrometer, 
and C, and e, are the counting rate and efficiency [ (solid angle/47) 
X (intrinsic efficiency) ] of the NaI spectrometer. €y was calculated 
from the known geometry while ez was determined experimentally 
by comparing the count of a uniform Cs!*? source (identical in size 
to the Sm source) in the lens spectrometer with the count of the 
same source covered by a §-in. Al absorber with a @;-in. hole over 
the source directly in front of a thin end-window Geiger counter. 
The chief errors are in Cy, (determination of the baseline under the 
conversion peaks) and ey (estimation of scattering from the sides 
of the hole in the Al absorber). For further details see W. T. 
Achor, Ph.D. thesis, Vanderbilt University, 1958 (unpublished). 

18 Achor, Phillips, Hopkins, and Haynes, Bull. Am. Phys. Soc. 
Ser. IT, 2, 259 (1957). The value a,~12 quoted in this reference 
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indicates that the multipolarity of the 22-kev transition 
is M1. This is consistent with the measured energy 
separation and shapes of the conversion peaks (which 
are sensitive to the multipolarity because of the 
differences in the conversion ratios L1/Ly/Lu, and 
M1/My/Mui/My v/My for different multipolarities®), 
and the L/M conversion ratio. None of these properties, 
however, leads to the unique multipolarity determina- 
tion provided by the L-conversion coefficient.’ The 
assignment of M1 multipolarity, first made in the pre- 
liminary account of this work'* subsequently has been 
confirmed by the work of Shirley and Rasmussen” on 
the electron capture decay of 6,Gd'*!. With a resolution 
much superior to that of the present work they were 
able to show that, for the 22-kev transition, Z-conversion 
occurs predominantly in the Ly shell, to a considerably 
lesser extent in the Ly; shell, and with no detectable 
intensity in the Ly1 shell. 

The energy of the excited state in Eu! is 21.7+0.3 
kev. The intensity of the weak beta transition is too 
feeble to allow direct determination of its end point; 
subtraction of the energy of the excited state from the 
energy of the 75.9-kev beta transition between ground 
states shows the end point of the weak beta group to be 
54.2+0.7 kev. The branching ratio is determined from 
the total conversion coefficient (L+M-+.\) of 29+4 to 
was preliminary. Elimination of errors in the estimation and 
calculation of solid angles accounts for the difference between this 
value and the 20+4 quoted in this paper. 

19 The only alternative interpretation might be £1+M2. This 
interpretation was rejected on both experimental and theoretical 
grounds. The ratio, £1/M2~140/1, necessary to give a,=20 
when combined with the subshell conversion coefficients of Rose, 
gloes not fit the observed line shapes. From a theoretical point of 
view the conversion coefficient for E1 would need to be quite 
abnormally large in order for E1— M2 mixing to take place. While 
this phenomenon can occur for highly deformed nuclei, Eu'®! is 
not highly deformed (6~0.15). Therefore we have rejected the 
F1+M2 assignment in spite of the fact that the M1 assignment 
leads to difficulties of interpretation of the level scheme of Eu'®. 

*V. S. Shirley and J. O. Rasmussen, Phys. Rev. 109, 2092 
(1958). 
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be 1.7+0.3%. The logioft values, calculated with the 
help of the graphs of Feenberg and Trigg,” are 7.6+0.2 
for the 75.9-kev transition and 8.8+0.2 for the 54.2-kev 
transition. Such large values seem to indicate that the 
beta transitions are either first- or second-forbidden. 
The linearity of the Kurie plot shows that the 75.9-kev 
transition cannot be first-forbidden, unique. For the 
54.2-kev transition the value of logiol (W0?—1) ft] is 8.2 
and the value of logio fit is 6.8,” both of which are much 
lower than expected for a first-forbidden, unique beta 
decay. This, together with the M1 multipolarity for the 
de-excitation of the 21.7-kev state in Eu'®, indicates 
that both transitions are either first-forbidden, allowed 
shape, or (although the logioft values are rather large 
for such transitions) allowed. 


C. Interpretation 


Evidence for the ground-state spin of Eu! comes 
from hyperfine structure measurements. The magnetic 
moment™ is 3.4, and the spin is 3. The quadrupole 
moment” is 1.2 barns. The ground-state spin of Sm!* is 
not known ; however, the ground-state spins of Sm"“’ and 
Sm! both are §.2° The quadrupole moment of Sm! 
also has not been measured, but the quadrupole mo- 
ments of Sm"? and Sm" are known to be both less than 
0.72 barn.”* This indicates that in the decay under study 
both parent and daughter nuclei are weakly deformed. 
A calculation based on the procedure of Bohr and 
Mottelson*’ indicates that the deformation of the ground 
state of Eu’! is 60.10. The quadrupole moments of 
Sm"? and Sm" lead to a deformation no greater than 
5~0.05 for these two nuclei. On the other hand, the 
deformation of Sm’ determined from Coulomb excita- 
tion experiments” is 60.26. The sharp break in nuclear 
properties which occurs between N=88 and N=90 is 
well known. There is some evidence” that the break 
occurs between N=89 and N=90. This discontinuity 
makes an estimate of the deformation of Sm’ some- 
what uncertain, but a value of 5~0.10 seems reasonable. 

Because of the fairly small deformations involved, it 
seems reasonable to consider these nuclei in terms of 
both shell model and unified model. 

The shell-model interpretation of the nature of the 
ground state of Eu!® is that it is ds;2, which has positive 
parity. Since the calculations of Nilsson® and Gottfried* 

21 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 

2 J. P. Davidson, Jr., Phys. Rev. 82, 48 (1951). 

*°H. Schuler and T. Schmidt, Z. Physik 94, 457 (1935). 

*H. Schuler and T. Schmidt, Z. Physik 98, 430 (1935). 

25 R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 

26 R. J. Elliot and K. W. H. Stevens, Proc. Roy. Soc. (London) 
219, 387 (1953). 

274. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

#8 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). 

*® L. Grodzins, Bull. Am. Phys. Soc. Ser. IT, 1, 163 (1956). 

*S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955), and private communication, 1957. 

81K. Gottfried, Phys. Rev. 103, 1017 (1956). 
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indicate that this state must have negative parity in 
order that the large difference in the magnetic moments 
of Eu’! and Eu'®* be explained, the shell model seems 
inappropriate. 

If the unified model as proposed by Nilsson and 
Gottfried be used, one has a wider variety of states from 
which to choose. In addition to the increased number of 
individual particle states which results from the removal 
of the degeneracy of the undeformed shell-model states, 
one also has both rotational and vibrational excited 
states. 

In the Nilsson-Gottfried scheme the ground state of 
Eu!* must be A112, 5/2. Although this implies a deforma- 
tion of 6=0.19 to 0.20, considerably more than the 
calculated value 6~0.10, this discrepancy among meas- 
ured spin, measured quadrupole moment, the calcula- 
tion of the deformation from the quadrupole moment, 
and the level predictions is probably not of a major 
character. 

There are four possible choices for the Sm'* ground 
state: Sr2, 7/25 frye, 5/25 hg/2, 3/2) and 7113/2, 3/2+ The deforma- 
tion of the last of these is too large (6>0.22) for serious 
consideration. The measured spins of Sm’ and Sm" 
favor the choice of the f7/2,7/2 state ; in the absence of any 
evidence in favor of the other two possibilities this one 
has been selected. 

There does not seem to be any individual particle 
state of negative parity which is suitable for the 22-kev 
state. The other substates of /11/2 are too greatly sepa- 
rated in energy, and no other negative-parity states 
exist in the region. Likewise there is no pure rotational 
state which could occur at an energy so low as 22 kev. 
With a deformation 6~0.10, the lowest rotational state 
should be at least several hundred kev above the ground 
state. 

There remains either some form of configuration 
interaction or some combination of an individual par- 
ticle state with some collective excitation. One such 
possibility suggested to us by Nilsson® is that Eu!® be 
considered as a Sm‘ core plus a proton with spin $. The 
Sm! core undergoes vibrations giving rise to a one- 
phonon state of spin 2 and energy ~300 kev. To the 
vibrational state with angular momentum 2 may be 
added the odd-proton spin of $ to obtain five different 
states scattered around the ~300 kev level; all these 
five have the same parity as the ground state. One of 
these states may be the 22-kev excited state in Eu!®! 
while two of the others may be states of Eu!®! which are 
Coulomb-excited.*:* It is interesting in this connection 
to note that Shirley and Rasmussen, in their work!® on 
the decay of Gd'*!, found evidence for five excited 
states in Eu!*!, They feel, however, that at least one of 
their levels is of different character than the Coulomb- 


#S. G. Nilsson (private communication, 1958). 

33. N. P. Heydenberg and G. M. Temmer, Phys. Rev. 104, 981 
(1956). 
%C, M. Class and U. Meyer Berkhout, Nuclear Phys. 3, 656 
1957). 
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Fic. 4. Partial decay scheme for decay Sm'*! - 8 — Ey!5!, 


excited level at 304 kev. It is not clear yet whether the 
above scheme would explain the large logioft values for 
allowed beta transitions or the large difference in the 
logioft values for the two beta spectra. Present knowl- 
edge of the decay scheme is given in Fig. 4. Further 
investigation of the levels of Eu! would appear to be 
necessary. 


Ill. THE DECAY OF Sn" 
A. Experimental Conditions 


The Sn"* used for making sources was obtained by 
irradiation for three weeks in the intense neutron flux 
of the LITR at the Oak Ridge National Laboratory of 
a 2-mg sample of SnO: enriched (72.49%) in Sn". A six 
weeks waiting period between termination of irradiation 
and data taking sufficed to insure that no other activity 
was present to more than one part in 10° of Sn" 
activity. The sample was dissolved (only partial solution 
was effected) in ~4N HCI. A fairly strong source was 
made by placing upon the source backing four drops of 
the dissolved Sn"* one at a time and allowing each drop 
to dry slowly. The backing, an aluminum foil 1.6 
mg/cm? thick covered with a Mylar film 1.7 mg/cm? 
thick, had been treated previously with insulin to aid in 
uniform spreading. The source is estimated to be 
~ 100 pg/cm? thick. 

Because of the limited objective of this study, data 
were taken only in the vicinity of the conversion 
electrons from the 393-kev transition and from the 
possible 255-kev transition. In the latter region about 
7000 counts per point were taken. Of these, at the 
maximum counting rate for the small conversion peak 
found there, about 1900 were source counts. In the 
region of the 393-kev conversion peak, total counts per 
point ranged from 2000 to 20000, At the maximum 
counting rate, the contribution of background to the 
counting rate is almost negligible. Points in both regions 
studied were spaced about 1.1% apart in momentum. 


B. Experimental Results 


The conversion spectrum from the decay of Sn" is 
shown in Fig. 5. It can be seen in this figure that the 
weak conversion peak does not have a zero counting 
rate baseline after the subtraction of background. This 
is due to a small amount of tailing from the strong 
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conversion peak. The uncertainty in the baseline posi- 
tion for the weaker peak makes the determination of its 
intensity relative to the stronger somewhat crude. The 
error in the area under the peak has been estimated to be 
35% by adjustment of the possible positions of the 
baseline and by consideration of the probable errors of 
the individual points. This estimate is felt to be quite 
conservative. 

Comparison of the areas under the two peaks shows 
that the intensity of the 253-kev conversion line is 
(2.8+1.0)X10- of the intensity of the 393-kev con- 
version line. This is less than the upper limit of one 
percent set by Broyles et al.® and by Avignon." The 
energy of the transition is 253+4 kev, while the energy 
of the stronger transition is 392+4 kev. 

The data obtained above verify the existence of the 
253-kev transition (found originally by Cork ef al.’) 
from the conversion-electron point of view. It is useful 
also to know the conversion coefficient associated with 
the transition. Knowledge of the relative conversion- 
electron intensities and the relative gamma-ray in- 
tensities, together with the conversion coefficient for the 
392-kev transition, enables one to calculate the con- 
version coefficient for the 253-kev transition. There have 
been several measurements of the conversion coefficient 
for the 392-kev transition"™:**-*’; of these, Avignon’s" 
value of 0.52+0.05 has been adopted for calculations. 

The relative intensity of the two gamma rays is a 
matter of some uncertainty. Gardner and Hopkins (in 
their revised value**) found the 253-kev gamma-ray to 
be 3.341% of the intensity of the 393-kev gamma-ray. 
Avignon" set an upper limit of 1% for the same ratio, 
while Bhatki et al. found a ratio of 5%. These various 
values lead to different conversion coefficients for the 


85 T. B. Cook, Jr., and S. K. Haynes, Phys. Rev. 86, 190 (1952). 

36 J, Antonova and U. Estulin, J. phys. radium 16, 534 (1955). 

37]. V. Estulin and E. M. Moiseeva, J. Exptl. Theoret. Phys. 
tis6e) 33, 9 (1957) [translation: Soviet Phys. JETP 1, 463 
(1955) ]. 

38 G. Gardner and J. I. Hopkins (private communication, 1958). 
( % Bhatki, Gupta, Jha, and Madan, Nuovo cimento 6, 1461 
1957). 
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Fic. 6. Partial decay scheme for decay Sn" — © — In", 


253-kev transition and consequently to different branch- 
ing ratios for the two capture transitions (it will be 
shown later that capture must occur to levels at 645 kev 
and 392 kev in In") and also to different multipolarities 
for the 253-kev transition.” The effect of variation in 
the value of the 253-kev conversion coefficient is shown 
in Table II. Grench et al.“ also have studied the decay of 
Sn'*, They obtained, for the 253-kev transition, a 
conversion ratio K/(L+M)~4, and a K-conversion 
coefficient of 0.065. From their result it is possible to 
calculate both a branching ratio and a gamma-ray ratio. 
These also appear in Table IT. 


C. Interpretation 


The ground-state spin of In"* has been measured” to 
be 9/2, while the spin of the isomeric state at 392 kev 
has been measured” as 3. The ground-state spin for Sn" 
has not been measured, but the measured”* ground-state 
spins for Cd!" and Sn"* both are 3. Calculation of the 
deformation of the In™* ground state using the method 
of Bohr and Mottelson?’ and the measured quadrupole 
moment®® gives 6~0.10. There is no direct evidence 
which would allow determination of the deformation of 
Sn"8, but it might be expected to be fairly small. 

The data obtained in this study indicate that the 
392-kev transition follows the 253-kev transition. For 
the opposite ordering to occur, the conversion coefficient 
for the 253-kev transition could be no larger than 
~9X10-, which is a factor of ten smaller than the 
smallest possible conversion coefficient.°“ It should be 
noted that the calculation upon which this upper limit is 
based is independent of the measured ratio of gamma- 
ray intensities. The absence of a strong K-conversion 
line for a transition of ~140 kev’ shows that the 
253-kev transition cannot be part of a 139-kev, 253-kev 
cascade de-excitation of the 392-kev state. The data 
thus require capture to both the 645-kev and 392-kev 
states on In', 


Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL 1023, June, 1951 (unpublished). 

41 Grench, Burson, and Schmid, Bull. Am. Phys. Soc. Ser. IT, 3, 
207 (1958). 

# W. J. Childs and L. S. Goodman, Bull. Am. Phys. Soc. Ser. II, 
1, 342 (1956). 

“8 Thomas, Haynes, Broyles, and Thomas, Phys. Rev. 82, 961 
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TABLE II. Relationship among gamma-ray intensity ratio, branch- 
ing ratio, and conversion coefficient for 253-kev transition. 


re —) 253 
0.05 2.9X 107? 
0.033 44X10 

8.1107 


0.018 
0.01 15 X10? 


Branching 
ratio*® 
3.5X 107 
2.2X 10? 
1.310 
0.8X 10? 


Multipolarity 


M1 
M1 (E2) 


E2 
M2 (3) 


* Branching ratio=(captures to 645-kev state)/(captures to 392-kev 
State). 


The 392-kev transition has been identified previously*® 
as M4. The character of the 253-kev transition is some- 
what uncertain as indicated by the first three values in 
Table II. Likewise the capture energies to the 392-kev 
and 645-kev states are not known with certainty, 
although Bhatki ef al. have assigned a value of 36 kev 
for the capture to the 645-kev state, based on their 
measured L/K capture ratio of 2.23. Jung and Pool" 
earlier obtained by measurement of inner bremsstrahlung 
a capture energy of ~ 100 kev, presumably to the 392- 
kev state. This latter result is completely inconsistent 
with the existence of the 645-kev state. 

Until the above uncertainties are eliminated, specula- 
tion concerning the spins and parities of the 645-kev 
state of In" and the ground state of Sn'’ necessary to 
fit this decay scheme seems unprofitable. This study, 
along with others’:***-!.4° seems to establish the exist- 
ence of the 645-kev level (Fig. 6). Since indium is only 
one proton removed from a complete proton shell, the 
question of whether this level is interpretable on the 
shell model or not is of considerable interest, and further 
investigation is indicated. 
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Gamma-Ray Excitation of the 15.1-Mev Level in C’}* 
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The parameters of the 15.1-Mev level in C have been determined. The angular distribution of scattered 
photons has been determined to be dipole. A scatterer-associated background to the scattering from this 
level has been demonstrated. The peak absorption cross section of 29.7+1.1 barns has been determined from 
a self-absorption experiment. The self-absorption measurement and a production experiment combine to 
give values of 64.5+10.4 ev and 59.2+9.7 ev for the total level width and radiative width to the ground 
state, respectively. The combination of the value of the integrated elastic scattering cross section from the 
absolute measurement, and those values calculated from the self-absorption and production experiments 
gives for this integrated cross section the value 2.33+0.19 mb-Mev. The radiation width to the 4.43-Mev 
state of C” is determined to be 3.2+2.5 ev by fitting the detector resolution function to observed pulse- 
height spectra. A value for the inelastic scattering in the giant resonance region of C” is determined. 


INTRODUCTION 


CATTERED photons from the 15.1-Mev level in 
C” are easily observed because the scattering cross 
section of this level is large and it is situated in an 
energy region that is relatively free of other scattering 
processes. It is therefore desirable to have available an 
accurate determination of the parameters of this level 
for calibration purposes. 

Scattering of photons from the 15.1-Mev level in C” 
was first observed by Fuller, Hayward, and Svantesson 
at the National Bureau of Standards! The dipole 
nature of the angular distribution of the scattered 
photons,? and the azimuthal asymmetry about the 
beam direction resulting from the elastic scattering of a 
polarized photon beam,’ serve to determine the spin 
and parity of the level as (1+). While alpha-particle 
emission is energetically possible, it is observed to be 
strongly inhibited.‘ This, coupled with the fact that 
the energy of this level matches the (corrected) energies 
of the ground states of N” and B®, establishes the level 
as one of isotopic spin T= 1. 

In the present experiment, angular distribution 
measurements are extended over a wider angular range 
than those previously reported, and the result indicates 
that this is a predominantly dipole transition. 

This paper describes a detailed study of the 15.1-Mev 
level in C®, as excited by bremsstrahlung of maximum 
energy from 19-42 Mev. The peak absorption cross 


t Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

* A thesis submitted to the Department of Physics, the Uni- 
versity of Chicago, in partial fulfillment of the requirements for 
the Ph.D. degree. 
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1, 21 (1956); E. Hayward and E. G. Fuller, Physica 22, 1138 
(1956). 
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section of the level, o,°, and the ratio, 6/I’ of thermal 
Doppler broadening divided by level width are deter- 
mined by observing the attenuation of the yield of 15.1- 
Mev photons scattered by a target of fixed thickness, 
when graphite (or polystyrene) absorbers are placed in 
the incident bremsstrahlung beam. The thermal Doppler 
broadening is to be distinguished from the recoil 
Doppler energy shift, which here amounts to more than 
30 kev at 135° to the beam. That the observed attenua- 
tion is a function of both 6/T and a,” is easily seen by 
considering the effect of Doppler broadening on the 
shape of the assumed cross section, in this case the 
Breit-Wigner shape. The effect of Doppler broadening 
is to reduce the effective peak height of the cross section 
while maintaining the area under the cross section curve 
constant. This results in a lessened attenuation, for a 
given a,°, over the case with no broadening. From a,,° 
and the energy of the level the ratio, ',/l, of the 
elastic radiative width to the total width can be de- 
termined, and the integrated scattering cross section 
may then be calculated. 

A second determination of 6/T leading to a value of 
the integrated cross section is obtained by observing 
the growth in yield of 15.1-Mev photons as the scatterer 
thickness is increased. 

Finally, the integrated scattering cross section is 
determined directly by measuring the absolute number 
of 15.1-Mev photons scattered from a target irradiated 
by a bremsstrahlung beam of known intensity. This is 
the only part of the experiment requiring absolute 
knowledge of beam and detector parameters. 

This level parameters which are obtained in this 
experiment differ from those of a previous experiment,® 
as may be seen by reference to Table I. The major 
factor in this difference seems to involve the correct 
subtraction of backgrounds. In particular, this ex- 


periment demonstrates that there is a small yield of 
scattered gamma rays from C” in the range 11-17 Mev. 
This yield is not strongly affected by absorbers and so 
will be called the nonresonant contribution to the 


scattering. 
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EXPERIMENTAL ARRANGEMENT 


The arrangement of shielding around the beam area 
of the University of Chicago 100-Mev betatron is 
shown in Fig. 1. The iron beam stop prevents low- 
energy photons and electrons from back-scattering 
from the back wall into the NaI(T1) counter. The borax 
shields the counter from neutrons coming from the 
main shield wall, while the litharge secondary collimator 
near the doughnut shields the ionization chamber from 
bremsstrahlung formed in the doughnut wall instead 
of on the betatron target (0.010-in. Pt). The sweep 
magnet (10.75-in. pole diameter, 6000 gauss field) and 
subsequent vacuum pipe maintain an electron-free 
beam up to the thin ionization chamber located near the 
scatterer. The energy-sensitive counter is a 5-in. diam, 
4-in. long NaI(TI) crystal shielded by lead walls 4 in. 
thick and 16 in. long. Its effective solid angle was 
determined by a 2.8-in. diam hole in a 5-in. lead colli- 
mator placed before it. No radiation shielding was 
found necessary on either the top or bottom of the 
counter. The crystal and its phototube were incased in 
Styrofoam and placed inside a double shield of high 
permeability magnetic material 12 in. long. An anticoin- 
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cidence counter (}-in. plastic scintillator) was placed 
between the NaI(TI) crystal and the collimator in order 
to discriminate electronically against electrons. In addi- 
tion, 2.16 g/cm? of Pb and 4.7 g/cm? of Be were placed 
at the collimator entrance to remove low-energy photons 
and electrons which would otherwise contribute to 
pileup in the counter. 

The counter was set at 135° to the photon beam for 
all measurements described in this paper, with the sole 
exception of the angular distribution determination. 

All absorber and scatterer thicknesses considered are 
measured along the direction of the photon beam, thus 
eliminating cosine factors from the discussion. 


ENERGY SCALE 


Energy control of the betatron was accomplished by 
electronically integrating the voltage from a single 
turn of wire around the betatron pole (flux integrator) 
and triggering the ejection pulser when the integrated 
voltage reached a given level. This integrator was 
calibrated at the 10.83-Mev Cu®(y,n)Cu® threshold,® 
and by suitably calculating the correction for the delay 
in emergence of x-rays after the trigger pulse, furnished 
an energy scale for the machine. This delay correction 
takes into account the gain in energy of the circulating 
electron beam due to the fact that the betatron field 
continues to increase in magnitude in the interval 
between the triggering of the ejection pulser and the 
emergence of x-rays. The energy scale was also checked 
by an absolute energy measurement obtained by inte- 
grating the output of a small search coil of known 
parameters, located at the target radius, and measuring 
the integrated voltage at the time of emergence of 
x-rays. The agreement between the two energy scales 
over the range 19-42 Mev was within 2% which was 
adequate for this experiment. 


MONITORING 


All runs were monitored in terms of the charge 
collected from the thin (total thickness 0,004-in. Fe, 





* See reference 5. 


6 Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
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0.006-in. Al) three-plate transmission ionization chamber 
shown in Fig. 1. This charge was collected on a poly- 
styrene capacitor and read by an Applied Physics 
Corporation model 30Z vibrating reed electrometer. 

The ionization chamber was originally located im- 
mediately after the primary collimator, but it was then 
observed that the chamber was sensitive to low-energy 
radiation sprayed backward from the inside of the 
betatron main shield wall. The chamber was therefore 
placed outside the main shield wall at the end of the 
vacuum pipe. Absorbers are placed on the shelf before 
the lead secondary collimator shown in Fig. 1. Although 
the ionization chamber actually is located in the beam 
after the absorbers, it is convenient to transform the 
chamber readings to the values they would have if the 
chamber were located in a collimated beam before the 
absorbers. The factors required for the above trans- 
formation are empirically measured for the various 
absorber thicknesses at each betatron energy employed. 

Since this paper is concerned only with the specifically 
nuclear nature of photon absorption and scattering at 
15.1 Mev, it is convenient to calculate the attenuation 
of photons of this energy by electronic processes 
(photoelectric effect, Compton scattering, and pair 
production) in the absorbers,’ and to reduce the trans- 
formed ionization chamber reading by the amount of 
this calculated attenuation. This procedure gives a 
corrected ionization chamber reading which corre- 
sponds, for each absorber thickness, to the number of 
photons (in a one-Mev bin centered at 15.1 Mev) 
incident on the scatterer, assuming that the nuclear 
absorption in the absorber has no effect on this number. 
(For this case, the nuclear absorption is less than 1% 
of the electronic absorption, when averaged over a 
one-Mev bin.) 

To obtain the absolute number of 15.1-Mev photons 
in the beam, the thin chamber was compared in the 
same bremsstrahlung beam with a thick ionization 
chamber of the Kerst-Edwards type® which had been 
calibrated calorimetrically at the National Bureau of 
Standards. The calibration is in terms of energy in the 
incident beam emerging through a given doughnut 
thickness in units of Mev per coulomb collected from 
the chamber, as a function of bremsstrahlung energy. 
At the Chicago betatron, the beam emerges through 
the same doughnut thickness as at the National Bureau 
of Standards, and no correction need be made for the 
effect of the doughnut, although with a different 
machine this might not be so. To determine the number 
of photons (in a one-Mev bin centered at 15.1 Mev) in 
the beam for a given charge collected from the Kerst- 
Edwards type chamber, the number of Mev in the beam 
is calculated from the calibration of the chamber, and 
multiplied by a factor obtained from a tabulation of 


7G. R. White, National Bureau of Standards Report, NBS- 
1003, 1952 (unpublished). 

8P. D. Edwards and D. W. Kerst, Rev. Sci. Instr. 24, 490 
(1953). 
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the Schiff spectrum’ for the given machine operating 
energy. To check that the bremsstrahlung spectrum 
from this machine was not grossly distorted, the 
Cu®(y,n)Cu® yield curve was constructed by applying 
the bremsstrahlung tables’ to the averaged curve ob- 
tained from the values of this cross section" reported 
by many laboratories. An experimental yield point was 
obtained by absolute 8+ counting and the comparison 
between this point and the yield curve above was used 
to infer the energy in the beam, per coulomb collected 
from the Kerst-Edwards type chamber. This value 
agreed with the National Bureau of Standards calibra- 
tion within the +10% estimated error on the #* 
counting. 

Because, in the past, values of cross sections deter- 
mined at various machines have varied by about +10% 
for reasons not well understood, an error of +10% 
is assigned to the knowledge of the absolute beam 
intensity at this betatron. 


ELECTRONIC PULSE PROCESSING 


The main features of the electronic equipment" em- 
ployed in this experiment are shown in Fig. 2. The 
current pulses from the Dumont type 6364 photo- 
multiplier are integrated at the grid of cathode follower 
1. The differentiator in the fast branch of the circuit 
delivers a prompt pulse proportional to the ultimate 
height of the integrated pulse passed by the slow branch 
of the circuit. The anticoincidence circuit produces an 
output pulse (only in the absence of a charged particle 
pulse) which may be transmitted by the betatron beam 
gate and used to trigger the linear gate. The pulse can 
pass through the betatron beam gate only during a 
time encompassing the betatron beam pulse. This 
reduces the cosmic-ray background by the duty cycle 
of the betatron beam gate. Pulses which pass through 
the linear gate are presented to the 50-channel pulse- 
height analyzer for analysis. The threshold above 
which pulses are analyzed is set by the step attenuator 
in the fast branch of the circuit. 

Should the pulse exceed channel 50 in the analyzer, 
it does not appear in the memory or memory totalizer, 
but instead on the over-bound scaler. The analyzer 
circuitry is so arranged that only one pulse per betatron 
burst may be accepted. To quantitatively reconstruct 
the pulse-height spectrum, the spectrum in the analyzer 
is multiplied by the ratio of the difference of counts in 
the gate and over-bound scalers to the number of counts 
in the memory totalizer. The threshold for pulse process- 
ing is always adjusted (in the fast branch) so that the 
low-energy cutoff of the spectrum is well above channel 
one in the analyzer, guaranteeing that no pulses are 
lost due to thresholds set in its internal circuits. The 


9A. S. Penfold and J. E. Leiss, “Bremsstrahlung Tables,” 
University of Illinois Report (unpublished). 

10 From a compilation by A. S. Penfold (private communication). 

11 A more detailed description of the equipment will be pub- 
lished separately. 
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Fic. 2, Electronics block diagram. 


differential linearity of the system was determined to 
be constant to about 1%, from channel 10-50. 

The equipment had a parallel branch from the output 
of cathode follower 1 to the anticoincidence circuit on 
the fast side, and to the linear gate on the slow side. 
Pileup checks were performed by feeding this parallel 
branch from a pulser triggered at the peak of the 
betatron photon pulse, and triggering the linear gate 
only on pulser pulses. Since pulser and phototube pulses 
were added at the linear gate, the resulting pulse-height 
spectrum yielded a direct measure of pileup at the given 
beam intensity. Throughout this experiment, the maxi- 
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Fic. 3. The pulse-height spectrum produced in the NalI(TI) 
crystal at 135° to the beam, when a 0.483-g/cm? polystyrene 
scatterer is irradiated in a 42-Mev bremsstrahlung beam for 110 
minutes. The solid line indicates the extrapolation used to obtain 
the total number of interactions produced in the crystal by 15.1- 
Mev photons. The region between the two arrows is that region 
over which the distribution is summed. The factor relating photon 
energy and pulse-height analyzer channel number is 0.45 Mev/ 
channel. 


mum pileup tolerated was a broadening of +} channel. 
No gross shift of pulser peak position occurred because 
the pulses from the pulse shaper were bipolar. 


PHOTOMULTIPLIER GAIN 


In order to monitor the gain of the photomultiplier, 
a spectrum of a radioactive source (Na”) was taken by 
connecting cathode follower 1 to the amplifier shown 
in Fig. 2. The position of this peak (11% wide at half- 
height) coincided exactly in the analyzer with the 
position of the 15.1-Mev peak observed in the experi- 
ment. The position of the Na” peak was determined 
immediately before and after each run, and the average 
taken to indicate the position during the run. The 
largest variation in Na* peak position over a run was 
observed to be 2%. The betatron was always operated 
for about 10 mintues at the intensity to be used during 
the run before taking a Na” spectrum. This procedure 
was necessary because an increase (5% maximum) in 
gain of the photomultiplier with high counting rate was 
observed. After the beam was shut off, the gain decayed 
to its original value with about a 10 minute half-life, 
allowing ample time to make the half-minute Na” peak 
positioning run without any significant change in gain. 


A TYPICAL PULSE-HEIGHT SPECTRUM 


A typical pulse-height spectrum for the 15.1-Mev C” 
level, corrected for counting losses, is shown as a semi- 
logarithmic plot in Fig. 3. This spectrum was obtained 
by irradiating a 0.483-g/cm? polystyrene scatterer 
(0.342 g/cm? at 45° to the beam) for 110 minutes in a 
42-Mev bremsstrahlung beam. The counter was at 
the usual 135°. The solid line in the figure shows the 
extrapolation used to obtain the total number of inter- 
actions in the crystal due to the 15.1-Mev level. The 
sharp edge in the spectrum near channel 20 can be 
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ascribed to photons, for the attenuation in the spectrum 
measured by placing lead absorber before the counter 
collimator agrees with the calculated attenuation in 
lead for photons of energy corresponding to the position 
of the rise in the spectrum. The two arrows indicate the 
region over which the spectrum is summed for sub- 
sequent analyses. The flat valley at about channel 24 
corresponds to transitions to the first excited state of 
C” at 4.43-Mev. 


BACKGROUNDS 


In this experiment, there are three backgrounds con- 
tributing to the summation interval of Fig. 3: cosmic- 
ray background, beam-induced scatterer-out back- 
ground, and the so-called nonresonant contribution. 

The cosmic-ray backgrounds as determined by apply- 
ing the calculated betatron gate duty cycle to an un- 
gated cosmic-ray spectrum, or by pulsing the betatron 
gate with the beam off and observing the resulting 
spectrum, are found to agree. The cosmic-ray contribu- 
tion to the spectrum of Fig. 3, for instance, is essentially 
flat over the interval of summation, and amounts to 
about 6 counts per channel. 

The scatterer-out background at 135° to the photon 
beam and with 42-Mev bremsstrahlung is essentially 
flat from channel 38 to channel 23. Below channel 23 
it follows the spectrum of Fig. 3 but is a factor of three 
lower. The contribution of the scatterer-out back- 
ground over the region of summation is about 21 counts 
per channel in Fig. 3. The scatterer-out background 
was determined for each absorber thickness and energy. 
These measurements show that some of this background 
is due to radiation leakage through the betatron shield 
wall. 

The nonresonant contribution is about 61 counts per 
channel over the summation interval of Fig. 3. 

Henceforward, it shall be assumed in all discussions 
that the known cosmic-ray and scatterer-out back- 
grounds have been subtracted from the observed yields, 
and that all yields are corrected for counting losses. 
All yields are normalized to a fixed number of photons 
(in a one-Mev bin centered at 15.1 Mev) incident on 
the scatterer. 


THE ANGULAR DISTRIBUTION 


The angular distribution of photons scattered from 
the 15.1-Mev level in C” has been measured by a 
difference technique made possible by the fact that the 
nuclear absorption of 15.1-Mev photons in 6 g/cm? 
graphite is 83%, while electronic absorption is only 
10%. Figure 4 shows the difference of yield of counts in 
the summation interval with no absorber in the beam, 
and with about 6 g/cm’ of graphite in the beam plotted 
for the various angles of observation. All effects of 
electronic absorption in the 0.483-g/cm? polystyrene 
target are calculated away. The plotted difference is 
therefore due to nuclear scattering. For reference, 
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Fic. 4. The angular distribution of photons scattered 
from the 15.1-Mev level in C”. 


Fig. 4 shows the angular distributions expected for 
dipole J=1 and quadrupole J=2 transitions. It is 
apparent that the transition is dipole. 


THE NONRESONANT CONTRIBUTION 
TO THE SCATTERING 


The width of the peak in the pulse-height distribution 
shown in Fig. 3 is principally due to the response of the 
Nal counter to the photons scattered from the 15.1- 
Mev level in C”. All calculations of the parameters of 
this level were based on a summation of the counts 
taken over the region between the arrows in Fig. 3. 
It was experimentally demonstrated that not all of 
the counts in the summation region were due to scatter- 
ing from the 15.1-Mev level, and that this was true not 
only for 42-Mev bremsstrahlung (as in Fig. 3) but for 
all energies at least down to 19 Mev. 

This extraneous yield is called the nonresonant con- 
tribution to the scattering (NRC), since it is not 
strongly affected by carbon absorbers placed in the 
main beam, and it increases linearly with the thickness 
of the scatterer. 

If the channel by channel differences of the pulse- 
height spectra from a target without and with absorber 
in the beam be formed, the result is the resolution func- 
tion for the resonant level only. The resolution function 
so obtained was checked by performing such subtrac- 
tions for many sets of absorber-in absorber-out runs. 
The resolution function obtained by the subtraction 
process was narrower than the peaks in the spectra. 
This indicated the presence of some nonresonant scatter- 
ing. The addition of counts (uniform over the summa- 
tion region) to the resolution function gave a good fit 
to the pulse-height spectra for all values of beam 
absorber. Thus the NRC to the sum could be 
determined. 

Figure 5 indicates the contributions of the NRC to 
the summation interval obtained from resolution func- 
tion fitting (for irradiation of a 0.483-g/cm? polystyrene 
scatterer in a 42-Mev bremsstrahlung beam, per 1.04 
X10 photons in a one-Mev bin at 15.1 Mev). Since 
the contribution is constant as a function of absorber 
thickness, the nonresonant nature is demonstrated, 
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Fic. 5. The nonresonant contribution to the interval of summa- 
tion, versus absorber thickness for which the contribution was 
determined by fitting the resolution function to the observed pulse- 
height spectrum. Scatterer, beam energy, and detection angle 
were as for Fig. 3. 


i.e., it absorbs like the electronic processes at energies 
near 15 Mev. 

A byproduct of the determination of the NaI resolu- 
tion function was the branching ratio for transitions 
from the 15.1-Mev level to the first excited state at 
4.43 Mev, and to the ground state. The branching ratio 
is found to be 0.05 +0.04, consistent with determinations 
of 0.095 +0.014 by Waddell” and <0.10 by Fuller and 
Hayward.® 

When the number of g/cm? of C” in the scatterer was 
increased by a factor of 13.6, the NRC increased by a 
factor 12.4 from 112+10 to 1380+136. Since the 
electronic absorption in the thicker scatterer is about 
8%, this demonstrates that the NRC is not self- 
absorbed by the scatterer. 

Figure 9 shows theoretical curves for the attenuation 
of the 15.1-Mev photons as a function of absorber 
thickness. (The derivation of these curves is discussed 
in the section on the self-absorption experiment.) It 
can be seen that for thick enough absorbers the curves 
are concurrent, independent of the parameter ¢. By 
assuming a reasonable value for ¢,° (obtained by ap- 
proximately fitting exverimental points for thin ab- 
sorbers), an estimate of the photon attenuation due 
to the resonant level at large absorber thicknesses can 
be made. For example, assuming ¢,°=30 barns and a 
graphite absorber of 26.1 g/cm*, the curves imply that 
5.9% of the original 15.1-Mev photons should remain. 
Experimentally, it is found that 19.8% remain. at this 
absorber thickness. The difference may be attributed 
to the NRC." Calculation shows this 13.9% difference 

#2 C, N. Waddell, University of California Radiation Laboratory 
Report UCRL-3901, 1957 (unpublished). 

8 Tt is not difficult to calculate the upper limit of scattering into 
a bin of width ¢ at 15.1 Mev, due to Compton processes in the 
absorber. For the geometry of this experiment, @max=1.2°. 
h(vo—v) =hvhvo(1—cosé)/me, so h(vo—v) =0.14 Mev. The differ- 
ential cross section for Compton scattering into a bin of width 
e Mev is 6.5€X10™ barns. For 100 g/cm? of graphite absorber 
there are 3X10 electrons/cm*, so the ratio of the number of 
nye scattered into ¢ to the number originally in the bremsstrah- 
ung bean is N/No=6.5€X 10° X3X 10°°X0.14/e=2.7 X10, as- 
suming no re-absorption of the scattered photons. This process is 
therefore negligible in the experiment. 
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corresponds to an NRC of 109+5 for the conditions of 
target, photon dose, and bremsstrahlung energy of 
Fig. 5. It is seen that this value is consistent with the 
measurements of NRC from spectral shape fitting. It is 
of interest to note that without removal of approxi- 
mately the above amount of NRC, the experimental 
points fit none of the theoretical curves of Fig. 9. The 
NRC shall be taken as 109+5 under the conditions 
prevailing in Fig. 5. This is close to the average value 
of 112 shown in Fig. 5, and within the error on that 
average. 

The NRC was determined as a function of brems- 
strahlung energy in a manner which will now be 
described. Let the yield from a scatterer in the 42-Mev 
strahlung beam with no absorber in the beam, Y (0,42) 
and with graphite absorber in the beam, Y (7,42), be 
determined. Since the value of NRC at 42 Mev, B(42), 
is known, a value of the ratio, R, of pure resonant yields 
without and with absorber may be calculated: 


R=[Y (0,42) —B(42) /[¥ (7,42)—B(42)]. (1) 


This ratio does not change as the bremsstrahlung energy 
is varied so the NRC for bremsstrahlung energy Eo, 
B(Eo), could be determined by measuring only Y (0,Eo) 
and Y(T,Eo): 


B(Eo)=(RY(T,Eo)—Y(0,Eo) /[R—-1]. (2) 


Figure 6 is a plot of B( Eo) for a 0.483-g/cm? polystyrene 
scatter (per 1.04X 10" incident photons in a one-Mev 
bin centered at 15.1 Mev) versus maximum energy of 
the incident bremsstrahlung beam. The horizontal 
lines indicating the smaller errors on each point were 
derived assuming B(42)=109+0, while the lines in- 
dicating the larger errors on each point were calculated 
assuming B(42)=109+5 and show the systematic dis- 
placement (all points shift up or down together) 
introduced under the latter assumption. 
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Fic. 6. The nonresonant contribution to the interval of summa- 
tion, versus betatron energy. Scatterer, beam energy, and detec- 
tion angle were as for Fig. 3. 
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The uniformly dashed horizontal line corresponds 
to NRC from levels near 15.1 Mev, while the dotted 
curve corresponds to NRC from levels assumed to 
have the shape of the C"(y,”) giant resonance. This 
curve is calculated from the bremsstrahlung tables,® and 
normalized to constant 15.1-Mev photon flux. These 
curves have been normalized to give the best fit to the 
data points. The solid curve is the sum of the dotted 
and the dashed curve. It is seen that the data points 
are consistent with this decomposition of the NRC. 

The dashed curve corresponds to an integrated cross 
section of 0.10 mb-Mev due to levels near 15 Mev, 
while the dotted curve corresponds to an integrated 
cross section of 0.21 mb-Mev arising from levels in the 
giant resonance leading to the emission of 11-18 Mev 
photons. These values are based on the integrated 
scattering cross section for the 15.1-Mev level of 2.33 
mb-Mev, from Table I. 

The point on Fig. 6 at Eo=20 Mev was directly 
checked by an attenuation measurement and reference 
to the curves of Fig. 9, as discussed earlier. The value of 
NRC so obtained was 45+8, which is consistent with 
the value in Fig. 6. 

To demonstrate that the correct NRC was indeed 
determined, the total yield of counts in the summation 
interval was measured as a function of betatron energy. 
The upper set of points in Fig. 7 is the yield from a 
5.98-g/cm? graphite scatterer at various betatron 
energies, while the lower set of points is derived from 
the upper set by subtracting the NRC of Fig. 6, 
multiplied by a factor 12.7 to correct for the increased 
thickness and electronic absorption of this scatterer. 
The expected yield from the 15.1-Mev level appears as 
the solid curve in Fig. 7. This curve is normalized to 
make a best fit with the lower set of points. The upper 
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Fic. 7. Yield from a 5.98-g/cm® scatterer as a function of 
betatron energy. The upper points are raw data. The lower points 
have had the appropriate nonresonant contribution (NRC) 
subtracted. 


4B. C. Cook, Phys. Rev. 106, 300 (1957). 
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Fic. 8. Yield from a 5.98-g/cm? scatterer with 6.35-g/cm? 
absorber in the incident beam as a function of betatron energy. 
The upper and lower sets of points have the same significance as 
in Fig. 7. 


set of points in Fig. 8 is the yield from the scatterer of 
Fig. 7 with 6.35 g/cm? graphite absorber in the incident 
beam. The lower set of points is obtained from the 
upper set as in Fig. 7. In both these figures the original 
data points do not fit a horizontal line, while the final 
points fit such a line well. This is regarded as a good 
test of the correctness of the NRC of Fig. 6. Hence- 
forth, it shall be assumed that the NRC has been 
subtracted from all yields under discussion. 


THE SELF-ABSORPTION EXPERIMENT 


The self-absorption experiment consisted in observing 
the attenuation in the number of photons scattered by 
135° from a polystyrene target in a 42-Mev brems- 
strahlung beam, as a function of the thickness of 
absorber placed in the incident beam. 

The nuclear cross section, ¢,(), is assumed to be 
given by folding a Gaussian distribution for the thermal 
motions of the scatterer nuclei into the Breit-Wigner 
one-level formula!®: 


expL— (x—y)?/4¢] 
—_———____--——dy, 
1+’ 


(3) 


where: x=2(E—E,)/T, t=(6/T)*. on°, Eo, E, T, and 
5 are the peak absorption cross section at exact reso- 
nance, the resonance energy, the actual energy, the full 
level width at half-maximum, and the “Doppler width,” 
respectively. For photons of energy £ incident on a 
nucleus of mass M, the Doppler width may be given by 

5= EL2kT’/Mc* }}, (4) 


where & is the Boltzmann constant, c is the velocity 
of light, and 7” is an effective temperature which 
takes account of the vibration of the scatterer atoms 


15H. A. Bethe, Revs. Modern Phys. 9, 71 (1937), Sec. 61. 
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due to their binding in a chemical lattice.’® The value 
T’=456°K is obtained for graphite from the graph 
of T’/T versus T/@ in the article by Lamb by assigning 
a value"’ of 1000°K to the Debye temperature 6. Thus, 
the value of 6 obtained for graphite from (4) is 5=40 ev. 
This value of 6 is assumed to be correct for both 
polystyrene and graphite, since it has been shown in a 
previous experiment® and verified in this laboratory 
that graphite and polystyrene can be permuted as 
scatterer and incident beam absorber, with no effect on 
the observed nuclear absorption. Also, on theoretical 
grounds, Montroll'* has stated that the mean energy 
of carbon atoms in these materials will be determined 
chiefly by the presence of the carbon-carbon bond, so 
that the Doppler widths for these materials are expected 
to be nearly equal. 

The yield of scattered photons, Y (A), from a scatterer 
whose thickness in the direction of the incident beam 
is T, with absorber of thickness A in the incident beam is 


¥(a)=C f esi eer YE, (5) 


where C is a constant of proportionality and the 
effects of electronic absorption processes (less than 1%) 
in the scatterer are neglected. In this case, the level 
width is some 500 times less than the recoil Doppler 
shift, so that nuclear re-absorption in the scatterer does 
not occur. The effect of electronic absorption in the 
absorber on (5) has been removed as described in the 
section on “Monitoring.” 

In order to put (5) in a form which does not involve 
T, construct: 


y(a~ar)=c fe on(E)Sg, (E)T 


[o.(E)TP 
x{1+ See ete ae (6) 


4 


Assuming the values of level parameters stated in the 
conclusions, and taking into account the effective re- 
duction of about a factor two in a,° due to Doppler 
broadening,” the value of [o,(/o)T ]?/24 for the 0.483 
g/cm? polystyrene scatterer used is 7X10~*. To the 
accuracy required in the experiment, this quantity is 
negligible, so that: 


Y(A—}T)/V(—}T) 


~wa= fe wimg, (EVAE | f on( EME, (7) 


16 W. E. Lamb, Jr., Phys. Rev. 55, 190 (1938). 

17W. De Sorbo and W. W. Tyler, J. Chem. Phys. 21, 1660 
(1953); J. Krumhansl and H. Brooks, J. Chem. Phys. 21, 1663 
(1953). 

18 FE. Montroll (private communication). 

19 James Rainwater, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1957), Vol. 40, pp. 377-381. 
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The right-hand side of (7) is independent of 7, and has 
the further property that it is expressible solely as a 
function of the product ¢,,(#)A. The data give values of 
Y(A), so that when Y(—}T7) is determined, the left- 
hand side of (7) is obtained from the data. The pro- 
cedure for obtaining Y(—}7) from the data will be 
described. 

Calculations of the right-hand side of (7) for various 
values of ‘=(6/T)? were kindly carried out by E. 
Hayward and E. G. Fuller on a computer at the 
National Bureau of Standards and sent to this lab- 
oratory. The theoretical curves obtained from these 
calculated points are shown in Fig. 9. These curves 
are universal in the sense that they do not depend 
implicitly on o,,° or on target thickness for a sufficiently 
thin target. 

It is observed for all values of ¢ that plots of logW (A) 
versus o,°A are straight lines for o,°A<1.35. The value 
of Y(—}3T), needed to construct the left-hand side of 
(7), corresponds to the yield for a scatterer of thickness 
T, but which has no self-absorption of photons, i.e., it 
only scatters. Y(—3T7) is found by performing a least- 
squares fit to a straight line of logY (A) versus o,°A for 
the first 13 data points, corresponding to o,°A<1.35. 
The extrapolation of this line then yields Y(—}7), and 
the data may be put in the form W(A) versus A. The 
data are plotted in Fig. 9 with the value of ¢,.° assumed 
to be 29.7 barns, obtained from the results of the fitting 
procedure which will now be described. (The first point 
plotted corresponds to A=0.248 g/cm?, and the last 
to A=49.2 g/cm?.) 

The fit of the data to the theoretical curves was 
determined by the following method, described for 
only one of the curves of the family in Fig. 9. The value 
of W(A) belonging to a given datum point was located 
in the curve in Fig. 9. The value of ¢,°A at this point 
on the curve was read off the abscissa, as were the value 
of o,,"A corresponding to the extremes of the statistical 
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Fic. 9. Theoretical attenuation curves for a Doppler-broadened 

Breit-Wigner level. The abscissa is the product of the peak 

absorption cross section and the effective absorber thickness. The 

individual curves correspond to the marked values of t= (6/T)?. 

The points plotted are the self-absorption data with the non- 
resonant contribution subtracted, assuming o,,°=29.7 barns. 
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error on W(A) for that datum point. These values of 
g,°A were then divided by the known A for the point 
to render a value for o,°, with errors, corresponding to 
that one datum point. This procedure was then re- 
peated for all other data points, and a mean value for 
on, &,", weighted according to the reciprocal of the 
square of the error on each point, was constructed. This 
is shown in Fig. 10 for several values of 6/7. For the 
curve in Fig. 9 corresponding to the true level param- 
eters, the o,° determined should be constant for all 
data points, if there were no errors. The spread of 
values of the individual o,° about ¢,° was expressed by 
calculating x?. This x? calculation was repeated for 
each of the curves of Fig. 9. The position of the minimum 
in x? was taken to indicate the best fit of data to theory. 
Figure 11 shows the values of x? obtained for the fit to 
the 32 data points, plotted against 6/T, with a parabola 
fitted to the points. The 6/'=0 point is not fitted to the 
parabola because it is quite far from the minimum. The 
errors indicated in Fig. 11 are due to the contributions 
to x? arising from inaccuracies in reading Fig. 9. The 
standard deviation of the measurement is indicated 
by arrows on Fig. 10 and Fig. 11, and is given by those 
values of 6/f at which x? is one greater than the value 
of x? at the minimum. The value obtained is seen to be 
6/f =0.59+0.12 from Fig. 11. As seen in Fig. 10, this 
implies a value for ¢,° of 29.7+1.1 barns. 

For a dipole transition I',/T is given by o,,°/6n4*, so 
the value ¢,’=29.7+1.1 barns implies I',/f=0.92 
+0.034. From the value of 6/f=0.59+0.12 coupled 
with the previously discussed value of 5=40 ev, I is 
determined to be 67414 ev. [',/f! and I combine to 
determine ',=62+11 ev, where the correlation between 
r',/T and T indicated by Fig. 10 is taken into account 
in determining the error. It is to be noted that both 
I’, and I are directly proportional to 6, and a systematic 
error in estimating it directly affects them, as well as 
the calculated value for the integrated scattering cross 
section discussed below. 

The integrated scattering cross section, 7, may be 
expressed as 


I= f (EME ia ,o2°, (8) 





Fic. 10. The weighted 
mean of the peak cross 
section of the level de- 
termined from the self- 
absorption data for each 
of the theoretical curves 
of Fig. 9. 
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Fic. 11. x? obtained 
from the data, for each 
of the theoretical curves 
of Fig. 9. The parabola 
is least-squares fitted 
to the points (except 
6/f'=0). The mean and 
standard deviation of 
the measurement are in- 
dicated by arrows. 
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where o,(£) is the scattering cross section, and is 
o,(£)',/l. I may be calculated from the parameters 
determined in the self-absorption experiment to be 
2.92+0.41 mb-Mev, with the correlation between o,° 
and I’, taken into account in determining the error 
estimated. 


THE PRODUCTION EXPERIMENT 


The production experiment consisted in studying 
the growth in the number of 15.1-Mev photons as a 
function of scatterer thickness. The bremsstrahlung 
energy was 42 Mev, and the counter was set at 135° 
to the photon beam. It is assumed that the nonresonant 
contribution is subtracted in the yield under discussion. 

The yield, A (7), of scattered photons from a scatterer 
of thickness T in the direction of the photon beam is 
given by (5), with A=0: 


A(T)=C f [1—e-o (TE, (9) 


Curves of logA (T)/6 vs log(To,°'/5) for various 6/T are 
available.” If ¢,° is taken to be 29.7 barns from the 
self-absorption measurement, the data points may be 
fitted to the various curves, and a value of x? for the 
fit to each of the curves may be plotted as a function of 
6/1’. The data points, corrected for electronic absorption 
in the scatterer and with the nonresonant contribution 
subtracted, are plotted in Fig. 12. The solid curve is the 
theoretical curve for 6/f'=0.7. Figure 13 is a plot of 
the values of x? versus 6/T, fitted to a parabola to obtain 
the minimum. The value obtained from this measure- 
ment is 6/'=0.67+0.16, which is consistent with the 
value 6/f!'=0.59+0.12 obtained from the self-absorp- 
tion experiment, and is nearly independent of that 
experiment; i.e., changing ¢,° by +1 barn does not 
affect the position of this minimum in x’. 

Using the value of 6=40ev previously discussed, 
from this experiment a total level width of 60+15 ev is 
obtained. The value 7=2.56+0.16 mb-Mev for the 
integral scattering cross section (8), is obtained from 
this I! and the o,° from the self-absorption experiment. 
Both J and are proportional to the value of 6 assumed, 
as was the case in the self-absorption measurement. 





GARWIN 











i A 4 


4 
Toi l/s 





4 
€ 8 ) 20 


Fic. 12. One theoretical production curve for a Doppler- 
broadened Breit-Wigner level, corresponding to 6/f=0.7. The 
points are the production data less the nonresonant contribution, 
plotted assuming ¢,°=29.7 barns. 


THE INTEGRATED SCATTERING 
CROSS SECTION 


The number of photons, S, scattered from a target of 
thickness T (in which electronic absorption is a negli- 
gible process) is given by 

AQ r, 
S=—n(15.1)— fu-eorue, (10) 
11.2 r 


where AQ is the effective solid angle for detecting a 
15.1-Mev photon scattered at 135°; the number 11.2 
is the ratio of the total cross section to the differential 
cross section at 135° for an angular distribution of the 
form (1+ cos*#); and (15.1) is the number of photons 
in a one-Mev bin at 15.1 Mev incident on the scatterer. 
Denoting the number of scattered photons in the 
absence of self-absorption by S’, (10) becomes 


AQ 
S'= —n(15.1)T f 0 (EAE, 
11.2 


(11) 


which explicitly contains the integrated scattering cross 
section, J, defined in (8). Rearranging (11), one obtains 


T=11.2S’/[AQn(15.1)T ]. (12) 


Thus, measurement of J requires the determination of 
S’, AQ, and n(15.1). 

In the discussion of the absorption experiment, it was 
demonstrated that Y(—}7), the yield from a scatterer 
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of thickness T but with no self-absorption, could be 
obtained. Since the same scatterer was employed in 
this experiment as in the self-absorption experiment, 
the value of Y(—}7) may be taken from that experi- 
ment to be 726+7.7, for n(15.1)= (1.04+0.10) x 10" 
photons in a one-Mev bin, centered at 15.1 Mev. 

The effective solid angle, AQ, is 10% larger than the 
geometrical solid angle due to the fact that not all 
photons are stopped by the lead collimator in front 
of the Nal crystal. Numerical integration gives 0.0359 
stearadian for AQ. 

From the extrapolation in Fig. 3, it is found that 
(75+8)% of the interactions from 15.1-Mev photons 
occurring in the Nal crystal lie within the interval of 
summation, and that the contribution to the summation 
of transitions from the 15.1-Mev level to the 4.43-Mev 
first excited state of C® amount to (2.44+2)%. To 
determine the absolute number of interactions in the 
crystal, Y(—}7) must therefore be multiplied by 
1.30+0.14. 

It was experimentally shown that the effect of 
electronic absorption in the Pb and Be absorbers before 
the counter collimator may be calculated by using 
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Fic. 14. The value of the 
integrated scattering cross 
section, plotted to corre- 
spond to the experiment 
from which it was deter- 
mined. The horizontal line 
indicates the weighted mean 
of the measurements. 
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narrow beam absorption coefficients (see also reference 
5). The correction factor to be applied to Y(—}7) for 
electronic absorption in the lead and the beryllium 
is 1.257. 

The absorption efficiency of the NaI crystal for 15.1- 
Mev photons, calculated by using the narrow beam 
absorption coefficients, is 75.6%. 

After applying all the above corrections to Y(— 47), 
it is found that S’=1570+168 where the main contri- 
bution to the error is the uncertainty in the extrapola- 
tion of the pulse-height spectrum below channel 23 
(see Fig. 3). 

The target thickness, 7, was 2.22 10” C” atoms/cm? 
when the 98.9% natural abundance of C” was taken 
into account. 

Incorporating the above quantities into (12), the 
value of the scattering integral is found to be /=2.11 
+0.31 mb-Mev. 

The values of J calculated from the self-absorption, 
production, and absolute measurements are plotted 
in Fig. 14. The horizontal line shows the average of the 
points, weighted according to the reciprocal of the 
square of the error on each point. The average is 2.33 
+0.19 mb-Mev, and the value of x? for the deviation 
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of these three points from the average is 2.79, corre- 
sponding to a confidence level of about 25%. 


PHOTON CASCADES FROM THE GIANT 
RESONANCE REGION 


By lowering the gain of the counter the giant reso- 
nance region of the C” can be seen in the same pulse- 
height spectrum as the 15.1-Mev level. The cross 
section for scattering of photons of energy roughly cor- 
responding to the energy of the giant resonance may 
then be estimated relative to the 15.1-Mev peak by 
assuming all the transitions to be dipole. For 27-Mev 
bremsstrahlung, the integrated cross section so esti- 
mated from this experiment is 0.24+0.05 mb-Mev. 
The integrated (to 27 Mev) elastic scattering cross 
section for the C” giant resonance is 0.19+0.05 mb- 
Mev.” The difference, 0.05+0.07 mb-Mev, is assumed 
to be due to inelastic processes leading to photons in 
the energy range 18-25 Mev, which corresponds to the 
interval of summation for the giant resonance in the 
pulse-height spectrum. 


SUMMARY 


The angular distribution of scattered radiation from 
the 15.1-Mev level has been determined to be dipole, 
over a wide angular range. The magnitude of a non- 
resonant background to the scattering from the 15.1- 
Mev level has been determined by fitting the resolution 
function of the Nal crystal to pulse-height spectra of 
the 15.1-Mev line, and also by requiring that the self- 
absorption experiment fit the theoretical attenuation 
curves for thick absorbers. This background (assumed 
dipole) as a function of bremsstrahlung energy may 
be assigned to two causes: (1) scattering from a level 
near 15 Mev with an integrated scattering cross section 
0.10 mb-Mev, and (2) inelastic scattering (leading to 
11-18 Mev photons) from levels in the C” giant reso- 
nance and having an integrated cross section for this 
inelastic process of 0.21 mb-Mev. 

In the determination of the parameters of the 15.1- 
Mev level in C”, three distinct experiments were per- 
formed. The self-absorption experiment determined the 
value of the peak cross section and of the ratio of 
Doppler broadening to level total width. The produc- 
tion experiment gave another determination of that 
ratio. The absolute cross section measurement deter- 
mined the value of the integrated elastic scattering 
cross section for this level. 

A summary of the parameters determined for the 
level is given in Table I with a column indicating the 
results of the National Bureau of Standards experi- 
ment.® The second entry is an average of values of 6/T 
determined in the self-absorption and production ex- 
periments. The level total width is derived from the 


2” From a slide presented by E. Fuller at the 1957 Photonuclear 
Conference in Chicago (unpublished). 
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second entry by assuming a value of 40 ev for the 
Doppler width for the scatterers and absorbers em- 
ployed in the experiment. The radiation width to the 
ground state of C® is determined from the first and 
third entries in the table in the manner described at 
the end of the self-absorption experiment section. The 
radiation width to the first excited state of C” is found 
by applying the branching ratio for this transition 
(obtained from fitting the counter resolution function 
to the pulse-height spectrum for the scattering with 
the nonresonant background subtracted) to the fourth 
entry in the table. The alpha-particle width to the 
2.9-Mev (1+) state of Be® (decay to the 0+ ground 
state is forbidden by conservation of angular momentum 
and parity) is determined as the difference between 
the total level width and the radiation widths to the 
ground and first excited states. This is to be regarded 
as an upper limit since radiative transitions to higher 
excited states in C” would not be detected in this 
experiment. It is noted that entries 3-6 (all the width 
estimates) are derived more or less directly from the 
assumed value of 6=40 ev, and are directly propor- 
tional to this value. The values of the integrated 
scattering cross section calculated from the parameters 
of the self-absorption and production experiments are 
also proportional to 6 and those values, averaged with 
the absolute determination, constitute entry 7 in the 
table. On the basis of a x* test, the average value in 
entry 7 has a confidence level of about 25%. 

A value of 0.05+0.07 mb-Mev for the integrated (to 
27 Mev) inelastic scattering cross section for producing 
18-25 Mev photons has been determined. This compares 
to the elastic scattering cross section (integrated to 
27 Mev) for the C” giant resonance region of 0.19+0.05 
mb-Mev.” 

Wilkinson has tabulated”! values of the transition 
strength | M|?*, the ratio of level radiative width to the 
quantity 0.021£,° (the well-known Weisskopf estimate 
on an independent-particle model for the M1 radiative 
width). Wilkinson finds a flat distribution of values for 
|M|*, ranging from about 0.005 to 5.0, with 15% of the 
40 tabulated values greater than 0.84. The value of 
|M|? obtained for the 15.1-Mev transition from the 
results of this experiment is 0.84, indicating that this is 
not an unusually strong transition. 

Kurath” has calculated the transition strength A for 
the M1 transitions from the 15.1-Mev level to the 
ground and first excited states of C” on the basis of an 
intermediate coupling shell model. A is presented as a 
function of a parameter a/K, which measures the 
relative strength of spin-orbit and central energies in- 
troduced in the model. He defines A=T',/(2.76X 10 EF), 
so for the ground state transition, this experiment 


2171). H. Wilkinson, Phil. Mag. 1, 127 (1956). 
21). Kurath, Phys. Rev. 106, 975 (1957). 
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implies A(G.S.)=6.2+1.0, and for the transition to the 
4.43-Mev first excited state, A(4.43)=0.9+0.7. From 
Table I in Kurath’s article, one has A(G.S.)=5.74, 
A(4.43)=0.66, for a/K=6.0. The transition to the 
first excited state is calculated to be more than 95% 
M1 for a/K>4. The theoretical and experimental 
results agree when a/K lies between about 5.5 and 6.7, 
which Kurath states is a reasonable value for nuclei of 
mass number 12. 
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Excitation Functions of Bismuth and Lead* 
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Cross sections for the reactions Bi®*(He‘*,2n) At®", Bi? (He*,3m) At?”, and Bi (He*,4n) At® were measured 
with helium ions of energies from 20.6 to 43.3 Mev. Cross sections for the reactions Bi?°(d,p)RaE, 
Bi? (d,n) Po”, Bi%9(d,2n)Po, Bi%*(d,3n)Po®, and Pb8(d,p)Pb”® were measured with deuterons of 
energies from 6.3 to 21.5 Mev. Some information is presented on the Bi®*(He‘,t) Po?” reaction. A half-life 
of 7.23+-0.04 hr was measured for At?". The Bi®°(d,3n) Po” threshold energy is 12.0+0.3 Mev (center-of- 
mass system). The compound nucleus reaction cross sections are compared with the predictions of the 
Jackson model, and good agreement is obtained. The (d,n) and (d,) stripping cross sections are discussed 


briefly. 


INTRODUCTION 


HE direct comparison of nuclear reactions of 
fissionable with nonfissionable materials allows 
one to draw certain conclusions about the mechanisms 
of these reactions. The elements lead and bismuth have 
extremely small fission cross sections! at the charged- 
particle bombarding energies used in this study, whereas 
isotopes of thorium, uranium, and other heavy elements 
have relatively large fission cross sections. 

Bismuth is a convenient target for excitation function 
work with light projectiles since the resulting polonium 
and astatine isotopes are alpha emitters. In an earlier 
paper we reported results obtained from the bombard- 
ment of bismuth with 10.65-Mev protons.? Other in- 
vestigators have bombarded bismuth with 19-Mev 
deuterons and 38-Mev helium ions.* However, it seemed 
worthwhile to extend the (d,3n) and (He‘,3”) measure- 
ments to slightly higher energies and to study the 
(He‘,4n) reaction cross sections as a function of helium- 
ion energy. In addition, the (d,2m) excitation function 
was established more accurately by examining the alpha 
activities of the target samples three years after the 
completion of bombardment. Since Po”, the product 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1A. W. Fairhall, Phys. Rev. 102, 1335 (1956); E. 
and A. W. Fairhall (private communication). 

2 Andre, Huizenga, Mech, Ramler, Rauh, and Rocklin, Phys. 
Rev. 101, 645 (1956). 

3. L. Kelly and E. Segre, Phys. Rev. 75, 999 (1949). 
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of the Bi*(d,2m) reaction, has a long half-life compared 
with Po”, a quantitative assay of Po” by alpha-par- 
ticle energy analysis is possible for some bombarding 
energies only after the gross polonium alpha activity 
has decayed by many factors. 

The (d,p) excitation function obtained for bismuth 
represents only the reaction leading to the 5.0-day RaE 
isomer of Bi#!°. The 2.6X10®-yr isomer of Bi*!’ has too 
long a half-life for detection in the present experiments. 

A study of the reaction Pb*°*(d,p) Pb was made in 
order to compare its excitation function with (1) the 
(d,p) excitation function of a fissionable material and (2) 
the excitation function obtained for the Bi? (d,p)RaE 
reaction in search for indirect evidence that part of the 
bismuth reaction resulted in the long-lived isomer of 
Be. 


EXPERIMENTAL PROCEDURE 


The bismuth plates were prepared by the technique 
previously described.? Bismuth metal was evaporated 
onto aluminum disks of 0.0005-inch thickness. The 
amount of bismuth on each target varied from 50 to 
100 ug/cm*®. The weight of bismuth was determined, 
after the necessary counting data had been taken, by a 
colorimetric procedure.? The lead samples were lead 
foils of about 11 mg/cm? thickness. 

The stacked-foil technique was used to obtain the de- 
sired energies of the bombarding particles. Blank alumi- 
num foils of known weight were inserted between the 
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samples to give the desired amount of reduction in the 
energy of the beam. Using this procedure, cross sections 
at many different energies of the bombarding particles 
could be obtained in a single experiment. 

The deuterons and helium ions used in these experi- 
ments were accelerated in the Argonne 60-in. cyclotron. 
The target arrangement was similar to the technique 
previously described.” The average current on the target 
for the helium-ion bombardment was 0.18 wa, and for 
each of the deuteron bombardments the current was 
about 0.23 wa. The charge input was obtained by an 
electronic integrator, with an accuracy of +1%. Total 
fluxes of 24.9, 52.0, 31.2, and 7.5 wa-min were recorded 
in the helium-ion bombardment, deuteron bombard- 
ments No. 1 and No. 2 of Bi, and the deuteron bom- 
bardment of Pb”, respectively. 

The energies of the bombarding helium ions and deu- 
terons were determined by aluminum absorption tech- 
niques.? For each bombardment an energy determina- 
tion was made before and after the run, with two or 
three intermediate checks during the irradiation. From 
these data, mean ranges of 192.2+-3.0, 376.8+2.5, and 
378.0+3.0 mg/cm? of aluminum were obtained for the 
helium and the deuterium ions in the first and second 
bombardments of Bi’, respectively. The above ranges 
were converted to the following energies, 43.3+0.4 Mev 
(Het*), 21.4+0.1 Mev (d+, bombardment No. 1) and 
21.5+0.1 Mev (d+, bombardment No. 2), using 
published range-energy curves.‘ The straggling S 
= (Rextr—Rmean)/Rmean Was 1.3% for the helium ions 
and 1.4% for the deuterons. 

Although no energy calibration was made in the 
deuteron bombardment of lead, it was assumed that 
the full energy of the deuterons was 21.5 Mev. 


Excitation Functions of Bi?°? Bombarded 
with Helium Ions 


Immediately after the completion of the helium-ion 
bombardment of the bismuth, the target was dis- 
assembled, the foils were separated, and routine alpha 
counting of the individual samples was initiated. A 
decay curve of the gross alpha activity of each sample 
was obtained by making several alpha counts of each 
sample over a 17-day period. At the higher bombarding 
energies, astatine isotopes of masses 212, 211, 210, and 
209 are produced by (He'‘,z), (He*,2n), (He*,3n), and 
(He‘,4n) reactions, respectively. Since the half-life of 
At?” is too short (0.22 sec) for its activity to be observed 
in our experiments, and since the radiations of Bi’, the 
daughter of At?”, have too long a half-life® to be ob- 
served in these experiments, we obtained no direct in- 
formation on the Bi®(He',) excitation function. Ex- 
citation functions of other reactions® such as (He‘,p) Po?!”, 


4 Aron, Hoffman, and Williams, University of California Radia- 
tion Laboratory Report, UCRL-121, second revision, 1948 
(unpublished) ; J. H. Smith, Phys. Rev. 71, 32 (1947). 

5 Roy, Eastwood, and Hawkings, Can. J. Phys. 36, 18 (1958). 

6 F, N. Spiess, Phys. Rev. 94, 1292 (1954). 
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(He',pn)Po*", etc., were also not observed, either due 
to the short half-lives of the products or due to low 
reaction yields. 

The product of the Bi?(He‘,2n) reaction is 7.2-hr 
At*", This isotope decays by the emission of 5.86-Mev 
alpha-particles (41%) and by electron capture (59%) 
to 0.52-sec Po” which decays chiefly by emitting 7.44- 
Mev alpha-particles.’? The gross alpha activity from 
each sample is mainly from At”" and Po”"!. The (He‘,2n) 
cross section is still about 100 mb at the highest bom- 
barding energy and individual samples contained up to 
10° dis/min of At? and Po”, The product of the 
Bi (He',3n) reaction is 8.3-hr At?” whose alpha to 
electron-capture branching ratio’ is only 0.0017. The 
energies of the three known alpha-particle groups of 
At?! are 5.52 Mev (32%), 5.44 Mev (31%), and 5.36 
Mev (37%).7 The electron capture of At?” gives 138.4- 
day Po?” which decays by emitting 5.30-Mev alpha- 
particles. Because of this long half-life, Po?! is only a 
minor fraction of the total alpha activity during the 
first several hours after bombardment. The product of 
the Bi?(He',4n) reaction is 5.5-hr At? which decays 
mainly by electron capture (95%) to? 103-yr Po. 
At” was detected in these experiments by its alpha- 
particles (5%) of 5.65-Mev energy.’ 

The (He',2), (He‘,3), and (He'‘,4m) cross sections 
of Bi were determined by the following method. 
Shortly after the gross alpha counting, the alpha-active 
isotopes produced during the bombardment were identi- 
fied by their characteristic alpha energies with an 
ionization chamber and a fifty-channel pulse-height 
analyzer. The first two samples in the stack (bombard- 
ing energies of 43.3 and 41.0 Mev) contained a sizable 
alpha-particle group at 5.65 Mev of At. From the 
intensity of this alpha group and the reported alpha 
branching ratio of 5% for At, the cross sections for 
the Bi (He',4n)At™ reaction were calculated at these 
two highest bombarding energies. The (He‘,2”) cross 
section at each bombarding energy was calculated 
from the gross alpha-activity multiplied by the ratio, 
(At? @’s+Po*! a’s)/total a’s. Except for the samples 
containing At”, the major share (>98%) of the alpha 
activity on each sample at the time of alpha pulse 
analysis was due to the 7.44-Mev alpha particles of 
Po"! and the 5.86-Mev alpha particles of At". In the 
samples that were bombarded at helium-ion energies 
below the threshold of the (He‘,3m) reaction, the decay 
of the gross alpha activity gave an average half-life of 
Po*" of 7.23+0.04 hours. This value is in good agree- 
ment with previous half-life? determinations of At*!! 
and was used in making the decay corrections. 

The alpha particles of At?!” were observed by alpha 
pulse-height analysis of several of the samples bom- 
barded at the higher energies. A quantitative deter- 


7 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958); W. H. Sullivan, Trilinear Chart of Nuclides, Atomic 
Energy Commission Report (U. S. Government Printing Office, 
Washington, D. C., 1957). 
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Taste I. Experimental values of the cross sections in milli- 
barns for the helium-ion induced reactions of Bi® at various 


Reaction (Het*,2n) (Het,3n)* 
Helium-ion\ Product At" At™0 
energy (Mev) 


0.05 
0.09 
0.10 
0.07 
0.11 
0.13 








(Het,4n) 
At™ 





20.6 1.4 
21.8 42 
22.6 113 
23.6 205 
24.0 291 
24.7 406 
25.5 521 
26.1 576 
27.4 701 
28.6 811 
29.3 837 
29.8 

30.4 

31.0 

33.0 

34.2 

35.7 

37.3 

38.6 

40.1 

41.0 

43.3 


1116 
1179 
1168 
1172 

977 


151 
391 











® These cross-section values include the following reactions: Bi™[(He‘,t), 
(Het,dn), (He*,p2n) ]Po™, and Bi (He+, He) Bi™?, 


mination of the small percentage of the At®° alpha 
particles in the samples was not attempted, since it 
appeared more attractive to determine the At?” yield 
by another procedure. After the At®, At”, and At”! 
activities had decayed for two weeks, the samples were 
recounted for their Po” content. As previously men- 
tioned, At?" decays mainly by electron capture (99.8%) 
to Po, The quantitative assay of Po” is very simple, 
and the corresponding (He‘,3m) reaction cross sections 
were calculated with the assumption that all of the 
Po” was formed by the electron capture of At”®. 
Cross sections of reactions like Bi*(He‘,p2n)Po”, 
Bi®™(He',dn)Po””, and Bi®(He‘/)Po?” are therefore 
assumed to be negligible compared with the Bi™- 
(He‘,3n)At?” reaction cross section. This assumption 
is not entirely valid for bombarding energies below 
28.4 Mev, the threshold’ of the Bi?(He',3n)At?” re- 
action, because we observed Po?” alpha activity down 
to the lowest bombarding energy of 20.6 Mev. The 
thresholds for the (He‘,p2n), (He‘,dn), (He',t), and 
(He‘,He*) reactions are 23.7, 21.4, 15.0, and 16.2 Mev, 
(laboratory system), respectively.* The cross section 
for making Po” varies from 0.05 mb with 20.6-Mev 
helium ions to 2.9 mb with 28.6-Mev helium ions, and 
in this energy range the Po*® is made directly. Since 
Po” activity has been observed below the (He‘,p2n) 
and the (He‘,dw) thresholds, in this experiment, the 
most attractive mechanism for producing the Po”? is 
the (He‘,/) reaction.® The magnitude of the cross section 


8 J. R. Huizenga, Physica 21, 410 (1955). 
® Wade, Gonzales-Vidal, Glass, and Seaborg, Phys. Rev. 107, 
1311 (1957). 
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for the reaction (or reactions) producing the Po” 
in the helium-ion energy range of 25 to 30 Mev is com- 
parable to the cross section for producing Np* from 
U8 bombarded with helium ions,’ and the cross sec- 
tions of this same reaction with other target materials.° 
Bombarding U** with 35-Mev helium ions, for example, 
we obtained a cross section of 15 mb” for the production 
of Np*®, 

The cross sections of the (Bi®-+-He‘) reactions are 
summarized in Table I. From the magnitude of the 
cross section values given in Table I, it is evident that 
most of the Po”® atoms are produced by the 
Bi (He*,32) At” reaction at helium-ion energies greater 
than 30 Mev. The cross sections of the (He‘,2mn), 
(He‘,3m), and (He‘,4m) reactions are plotted as a func- 
tion of energy in Fig. 1. The contribution of reactions 
other than (He'‘,3m) to the Po” yield at the lower 
bombarding energies is readily seen in Fig. 1. In general, 
the (He‘,2n) and (He‘,3m) excitation functions agree 
quite well with those obtained by Kelly and Segré.* 


Excitation Functions of Bi?°* Bombarded 
with Deuterons 


Two deuteron bombardments of Bi?” were made. The 
first deuteron bombardment was made in April of 1954 
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Fic. 1. Experimental cross sections of Bi® as a function of 
helium-ion energy. The solid circles below 30.0 Mev represent the 
Bi® (He*,H*) Po” reaction. The dashed line gives the (He*,3n) 
cross sections below helium-ion bombarding energies of 30.0 Mev. 


Wing, Ramler, and Huizenga (unpublished results, 1955); 
S. Ritsema, University of California Radiation Laboratory Re- 
port, UCRL-3266, 1956 (unpublished). 
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and will be referred to as bombardment No. 1, while 
bombardment No. 2 was made in January of 1957. The 
experimental details are discussed in an earlier section 
of this paper and in a previous publication.” 

The activities produced by approximately 21-Mev 
deuterons on bismuth are (d,)Po?, a 138.4-day 
alpha emitter with 5.30-Mev alpha particles; (d,p) RaE, 
5.00-day 8- emitter; (d,2m)Po™, a 103-year alpha 
emitter? with an alpha-particle energy of 4.88 Mev; 
and (d,3n)Po*, a 2.93-year alpha emitter with an 
alpha-particle energy of 5.11 Mev. The (d,42)Po” re- 
action, although energetically possible at the higher 
deuteron energies, was not studied since the alpha 
branching ratio of Po*”’ is very small and its alpha- 
particle energy is nearly identical with that of Po’.” 

Shortly after the completion of the bombardment, 
the gross alpha activity of each sample was followed for 
several days. This activity represented the sum of (1) 
the alpha activity of the polonium isotopes produced in 
the bombardment, and (2) the activity of Po”” resulting 
from the decay of RaE. Since the half-lives of Po? 
and Po™ are relatively long, their activities were 
essentially constant during this period of alpha count- 
ing. From the increase in the gross alpha counting rate, 
we were able to obtain the cross sections for the 
Bi (d,p)RaE reaction, without directly counting the 
B- particles of RaE. 

The relative amount of each polonium isotope present 
in each of the samples was determined from the alpha- 
particle energy spectrum obtained with the alpha pulse- 
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Fic. 2. Alpha energy analysis of a polonium sample produced 
by a 12.6-Mev deuteron bombardment of bismuth, at energy 
near the (d,3m) threshold. 
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Fic. 3. Experimental cross sections of Bi® as a function of 
deuteron energy for the (d,2n) and (d,3m) reactions. O and @ 
are data from bombardment No. 1; * and X are data from 
bombardment No. 2. Note.—The word “ion” beneath the figure 
should be deleted. 


height analyzer mentioned above. The Po half-life is 
very long compared with the half-lives of Po** and 
Po*’, and, as a result, the determination of the amount 
of Po by alpha pulse-height analysis at most of the 
bombarding energies is subject to considerable error. 
In order to obtain a more accurate determination of 
Po™, we allowed the polonium isotopes in the samples 
of bombardment No. 1 to decay for approximately 
three years before analysis. The alpha spectra of these 
samples contained only a small intensity of the 5.30 
Mev (Po) peak, and the intensities of the two alpha 
groups of 4.88 Mev (Po) and 5.11 Mev (Po”*) were 
determined with greater accuracy. 

We also analyzed by a slightly different technique the 
alpha spectra of three samples from bombardment No. 2 
which had been bombarded by deuterons of energies 
12.1 to 12.9 Mev. These measurements were made since 
bombardment No. 1 contained no sample near the 
(d,3n) threshold. A collimator" placed over these 
samples enabled us to resolve the alpha groups at 5.11 
and 5.30 Mev, and to obtain information on the (d,3n) 
cross sections at bombarding energies slightly above 
the (d,3m) threshold. The alpha spectrum of the sample 
bombarded with 12.6-Mev deuterons is shown in Fig. 2. 
At this deuteron energy Po™® is still produced. No 
detectable amount of Po”* was found in the sample 
bombarded with 12.1-Mev deuterons. The threshold 
for the (d,3m) reaction derived from the data is 


11 JT), W. Engelkemeir and L. B. Magnusson, Rev. Sci. Instr. 26, 
295 (1955). 
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TABLE II. Experimental values of the cross sections in millibarns for the deuteron-induced reactions of 
Bi® at various deuteron energies. 


\ Reaction (d,p) (d,n) 


Product Rz 


ake Poze 
Deuteron Bombardment Bomb. No. 2 Bomb. No. 2 


a. 
"ar 0.26 
1.8 
5.3 
11 
19 


23 


32 


29 
31 


31 
31 


29 


34 
31 


34 
34 


31 
32 


27 
31 


(12.1+0.3) Mev in the laboratory system or (12.0+0.3) 
Mev in the center-of-mass system. This value is in good 
agreement with the previously determined threshold 
of the Bi*(p,2n) Po”* reaction.” 

The cross sections of the (Bi%-+d) reactions are 
summarized in Table II and plotted as a function of 
deuteron energy in Figs. 3 and 4. Our experimental 
cross section values of the (d,2m), (d,n), (d,p), and 
(d,3n) reactions agree well with those of Kelly and 
Segré.’ 


Pb?"*(d,p)Pb?’® Excitation Function 


Approximately two hours after the completion of a 
bombardment, the Pb” activity was counted in a gas- 
flow proportional counter. Counting measurements con- 
tinued for a period of time equal to several half-lives 
of Pb*. Impurities in the lead gave rise to short-lived 
activities, e.g., 17-min Sb”, but in the above counting 
interval it was easy to resolve the high intensity of 


Bomb. No. 1 





(d,3n) 


(d,2n) ae 
0? 


Po™ 
Bomb. No. 2 


Bomb. No. 2 Bomb. No. 1 





9.1 
45 
116 


Pb component from the decay curve. The intensity of 
other lead and bismuth activities were low compared 
with the Pb™ activity. 

The effective geometry of the gas-flow proportional 
counter was experimentally measured by comparing the 
observed counting rates of lead samples with the count- 
ing rates of the same samples in a 4x counter. For the 
4r counting, the lead foils were dissolved and a small 
measured aliquot was mounted on a very thin film. 

The cross sections of the Pb*’’(d,p)Pb*™ reaction are 
given in Table III and plotted as a function of deuteron 
energy in Fig. 5. 


DISCUSSION 


Nuclear reactions occurring at excitation energies 
below 50 Mev are commonly described by a mechanism 
of compound nucleus formation. This mechanism con- 
sists of two independent processes: (1) the interaction 
of the projectile and the target nucleus to form a com- 
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pound nucleus in an excited state with a lifetime much 
longer than the nuclear interaction time, and (2) the 
subsequent de-excitation of the compound nucleus by 
successive emission of nucleons, preferentially neutrons, 
in a manner predicted by statistical theory. Our experi- 
mental results of the Bi?(d,vn) and Bi?®(He',«n) re- 
actions show the general features of this compound 
nucleus formation mechanism, i.e., the rapid rise of 
cross sections of a given mode of neutron emission with 
increasing bombarding energy above its threshold, and 
the subsequent rapid drop of cross sections at higher 
energies due to competition with emission of one more 
neutron. 

The Bi (d,n) Po?” excitation function, however, does 
not have the characteristic sharp peak. The cross sec- 
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Fic. 4. Experimental cross sections of Bi®® as a function of 
deuteron energy for the (d,p) and (d,n) reactions (bombardment 
No. 2). Note-——The word “ion”? beneath the figure should be 
deleted. 


tions for this reaction are essentially constant with 
deuteron energy from 12 to 21.5 Mev (see Fig. 4). 
The large values of the (d,m) cross sections above 12 
Mev can be explained by the mechanism known as the 
stripping process,” in which the loosely bound proton 
of the deuteron is absorbed by the target nucleus while 
the neutron carries away most of the available energy. 
The neutron binding energy of Po” is 7.67 Mev and 
the proton binding energy is 5.06 Mev.*® Protons with 
kinetic energies up to 2.61 Mev may be captured by 
Bi without leading to subsequent neutron evapora- 
tion. The magnitude of Bi?®(d,n)Po?” reaction is ex- 
pected to depend in some way on the number of levels 
in Po?” below 7.67 Mev. The I!?’(d,n)Xe® excitation 


27). C. Peaslee, Phys. Rev. 74, 1001 (1948). 
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TABLE III. Experimental values of the cross sections in milli- 
barns for the Pb®8(d,p)Pb™ reaction at various deuteron energies. 


( 
Pb™ 


Deuteron Product 
energy (Mev) 


5.24 0.7 
5.6 1 
6.58 6 
6.8 8 
7.88 24 
8.1 32 
8.94 65 
9.2 81 

10.28 140 

10.2 

11.2 

11.6° 188 

12.1 

13.0 218 
13.78 200 
14.0 214 

14.7 

15.4 

16.2 183 
16.6* 

17.0 177 
17.8 158 
18.4 161 
19.0 

19.7 142 

20.5 133 

20.6 137 

20.8% 

aA 


*® Data from the 4x counting experiments. 


function also exhibits a plateau with deuterons of 
energies greater than 9.5 Mev." The cross section of 
180 mb for the I'?’(d,n) reaction is, however, consider- 
ably larger than that of 30 mb for the Bi®(d,n) re- 
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Fic. 5. Experimental cross sections of Pb®* as a function of 
deuteron energy for the (d,p) reaction. O indicate 4r counting 
data. 


"18, J. Balestrini, Phys. Rev. 95, 1502 (1954). 
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Fic. 6. Total reaction cross sections of Bi® as a function of 
helium-ion energy. The dashed and the solid lines represent theo- 
retical compound-nucleus formation cross sections calculated with 
the values given in references 16 and 17, respectively. Data from 
reference 3 are included for comparison. 


action. The large neutron binding energy of 9.75 Mev" 
for Xe! may qualitatively account for the large (d,n) 
cross section, although in a quantitative comparison of 
(dn) cross sections, one must, among other things, 
consider the dependence of level density on the nuclear 
type of the intermediate nuclei. Several (d,) cross sec- 
tions of nuclides with Z>90 have been measured. In 
general, the shapes of their excitation functions are 
similar to that observed for Bi®®. The magnitudes of 
these cross sections are less due to the fact that the 
fission activation energy for many of the very heavy 
elements is considerably smaller than the corresponding 
neutron binding energy.’® 

As one might expect, the (d,p) cross sections are 
higher than the (d,m) cross sections at the corresponding 
excitation energies. The effect of electrostatic repulsion 
on the deuteron renders the neutron in a more favorable 
position to reach the surface of the target nucleus than 
the proton. The (d,p) reaction cross sections measured 
in this work represent that part of the stripping process 
which leads to neutron capture in bound states. Both 
the Pb**(d,p)Pb™ and the Bi™(d,p)RaE excitation 
functions have maximum cross sections with deuterons 
of energies 13 to 15 Mev and show a regular decrease 
in their cross sections at higher energies. This means 
that the probability of neutron capture to bound states 
decreases as the deuteron energy is increased above 14 
Mev. 


44 A. H. Wapstra, Physica 21, 367 (1955). 
18 Wing, Ramler, Harkness, and Huizenga, following paper 
[Phys. Rev. 113, 163 (1959). 
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At comparable excitation energies, it is interesting to 
note that the Pb*8(d,p)Pb™ cross sections are larger 
than the Bi®(d,p)RaE cross sections by a factor of 
about two. This is probably due to the formation of a 
long-lived isomer of Bi”, resulting from part of the 
Bi? (d,p) reaction, which was not observed in this 
study. From a comparison of these two (d,p) excitation 
functions, one obtains indirect evidence that the high- 
spin Bi” isomer is formed with a probability about 
equal to that of RaE. 

Numerical calculations have been made of cross sec- 
tions for the formation of compound nucleus by charged 
particles at various barrier heights of many elements.!*!8 
Good agreements between the calculated and the ex- 
perimental cross sections have been found.'® We have 
interpolated at Z=83 the values of Blatt!® and Weiss- 
kopf'’ for the calculation of the total absorption cross 
sections of the (Bi+He‘) reaction and Shapiro’s!® 
values for the (Bi+d) reaction, and compared the 
results with our experimental data (Fig. 6 and Fig. 7). 
The (d,p) cross sections are not included in the experi- 
mental points since they do not represent the compound 
nucleus formation mechanism. The theoretical curves 
with ro= 1.5 10-* cm fit the experimental data better 
than those with r>=1.3X10-" cm. The experimental 
(Bi*”+He*) cross sections at helium-ion energies less 
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Fic. 7. Total reaction cross sections of Bi® as a function of 
deuteron energy. The dashed lines represent theoretical com- 
pound nucleus formation cross sections calculated with the values 
given by reference 18. The (d,p) cross sections are not included in 
the experimental points. Note.—The word “‘ion” beneath the figure 
should be deleted. 


16 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 

17 AEC-MDDC 1175, Atomic Energy Commission Report 
(unpublished). 

18M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
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than 23 Mev lie below this theoretical curve. The 
omission of the (He‘,) cross sections probably accounts 
for these low experimental values of the total cross 
sections at these energies. Similarly, at deuteron 
energies above 14 Mev, the experimental (Bi+d) 
cross sections lie below the theoretical curve of ro=1.5 
X10-" cm. This may be due in part to the neglecting 
of the (d,4m) reaction at the higher energies. 

For the calculation of the individual (He‘,xn) and 
(d,xn) cross sections as a function of bombarding en- 
ergy, we have applied the schematic model of nuclear 
reactions devised by Jackson.” This model divides the 
nuclear reactions into prompt (cascade) and evapora- 
tion processes. In our calculations, we assume no 
prompt multiple-collision processes and treat all the 
particle emission as nucleon evaporation. The cross 
section of a reaction at a particular energy is given by 
Jackson" as 


o(A,xn)=o-[ 1 (Az, 2x—3)—I(Azy1, 2x—1) ], 
where 


A,= (E-D B,)/T, 


i=] 


and A is the bombarding particle (helium or deuterium 
ions), £ is the initial excitation energy, B the neutron 
binding energy of the intermediate nuclide during 
neutron evaporation, 7 the nuclear temperature, o, the 
total compound nucleus formation cross section, and 
the quantities inside the brackets are Pearson’s in- 





10000 


TTT TIT 


T 


CROSS SECTION (mb) 
ee | 


RD | 


° Bi 209( Het 2n) 
@ Bi 29% He 3n) 
4 Bi 299 (He’,4n) 








20 24 28 32 36 40 
HELIUM ION ENERGY (Mev) 





Fic. 8. Comparison of calculated and experimental excitation 
functions for (He‘,xn) reactions of Bi®*. The smooth curves repre- 
sent the cross sections calculated by the Jackson model. 


19 J. D. Jackson, Can. J. Phys. 34, 767 (1956). 
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Fic. 9. Comparison of calculated and experimental excitation 
functions for (d,xn) reactions of Bi”. The smooth curves represent 
the cross sections calculated by the Jackson model. Note.—The 
word “ion” beneath the figure should be deleted. 


complete gamma functions. The first term of these 
Pearson’s functions gives the probability that at least 
x neutrons will be evaporated from the compound 
nucleus, and the second term gives the probability 
that at least (x+1) neutrons will be evaporated. The 
difference of these two terms gives the probability that 
the compound nucleus will emit only x neutrons. In 
this model, only the energy dependence upon the mode 
of decay of the compound nucleus is considered. The 
following assumptions are made and discussed by 
Jackson :® (1) The neutron energy spectrum is given by 
e exp(—e/T), where ¢ is the kinetic energy of the evapo- 
rated neutron, (2) €max>>7, where €max is the maximum 
neutron energy in the neutron spectrum, (3) neutron 
emission occurs whenever it is energetically possible, 
(4) proton and other charged-particle evaporations are 
neglected. 

For the numerical calculations, the neutron binding 
energies were obtained from the tables of Wapstra™ 
and Huizenga.*® Values of o, were obtained from the 
experimental curves of the total compound-nucleus 
formation cross sections as a function of excitation 
energy. The experimental curve for the helium-ion 
bombardment was drawn parallel to the theoretical 
curve at low helium-ion energies since the (He‘,) 
cross sections were not measured. A constant value of 


the nuclear temperature of 1.50 Mev was used in the 


calculations. 

Comparisons of the calculated (He',an) and (d,xn) 
cross sections with our experimental data are shown in 
Figs. 8 and 9. In general, the agreements are quite 
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good, which suggests the applicability of Jackson’s 
model at these bombarding energies. The excitation 
energies of the compound nuclei produced in the deu- 
teron and helium ion bombardments range up to 28.7 
and 33.0 Mev, respectively. Although it is desirable to 
attempt to fit the experimental data with an energy- 
dependent temperature, the Jackson equation can be 
evaluated only with the assumption of constant tem- 
perature. The excitation functions of the (d,2n), (d,3n), 
(He‘*,2n), and (He‘,3n) reactions calculated with a 
nuclear temperature of 1.50 Mev agree quite well with 
the experimental data except for the “tail” on the 
(He‘,2n) reaction. A nuclear temperature of 1.35 Mev 
gives results less agreeable with the experimental data. 
The agreement between the experimental (He‘,4n) 
cross sections and theory is improved with a nuclear 
temperature larger than 1.50 Mev. This would not, 
however, improve the agreement between the calculated 
(He‘,2n) cross sections and the experimental values. 
Nuclear temperatures calculated from the equation 
T= (E/a)*, where a is a constant,'® would vary by a 
factor of 3.0 for extreme values of the excitation energies 
reached in our experiments. The nuclear temperature 
of 4 Mev for Po* obtained previously” from a study of 
the competition between (p,m) and (p,2m) reactions on 
Bi is probably too large due to the fact that the ex- 
citation energy in this experiment only slightly ex- 


ceeded the (p,2m) threshold energy, and therefore the 
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energy excess above the Po™ neutron binding energy 
was not large compared with T. 

The direct interaction mechanism in the Bi®(d,n) 
reaction is clearly indicated in Fig. 9 at deuteron 
energies greater than 12 Mev. The “tail” in the 
Bi™(He‘,2n) excitation function at helium-ion energies 
greater than 35 Mev has also been observed in the same 
reaction of many other heavy elements and becomes 
especially significant for fissile targets. These large 
(He‘,2m) cross sections (compared with the evaporation 
model predictions) at the large helium-ion energies are 
probably due to a direct interaction in which one high- 
energy neutron is ejected, leaving the residual nucleus 
with an amount of excitation energy sufficient to 
evaporate only one neutron. Since the magnitude of 
the maximum (He’‘,2m) cross section is greatly reduced 
for fissile targets (due to the competition of fission 
with neutron emission),'° it is apparent that the direct 
interaction will, on a relative basis, give a larger con- 
tribution to the cross section for a fissile target. 
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Cross sections were determined for the reactions U8 (He‘,m) Pu™! [including U*** (He‘,p) Np™!—8- > Pu™!], 
U8 (Het,2n) Pu, U8 (He*,3n) Pu, U8 (Het,4n) Pu’, U258 (Het, fission), U235(Het,n) Pu8, and U55(Het,3n) 
Pu** induced by helium ions of energies from 18.0 to 43.0 Mev. The yields of Pu, Pu, and Pu™! were 
determined by a mass spectrometric technique. Cross sections were measured for the reactions U***(d,p) U2, 
U8 (d,2n) Np**, U%8(d,4n) Np*°(22 hr), U*8(d,t; d,p2n)U?, U85(d,n)Np*°(22 hr), U5(d,2n)Np*, and 


U*55(d,3n) Np™4 


induced by deuterons of energies from 5.8 to 21.5 Mev. The above excitation functions are 


compared with similar excitation functions of nonfissile nuclei to show the effect of fissionability on spalla- 
tion cross sections. Mean values of I’,/I’y are derived for several heavy nuclides by fitting the experimental 
excitation functions with theoretical cross sections calculated from the Jackson model modified for fission. 
In addition to the discussion on the compound-nucleus formation mechanism, some discussion of the experi- 


mental evidence for direct interactions is given. 





INTRODUCTION 


N the preceding paper, results of some excitation 
functions of bismuth bombarded by helium and 
deuterium ions and of lead bombarded by deuterium 
ions were reported. In the present paper, we shall com- 
pare these results with the excitation functions of 
fissionable nuclei. Targets of U** and U**® were bom- 
barded with helium and deuterium ions in the Argonne 
cyclotron. For these reactions the yields of many 
spallation products as well as a typical fission product 
were measured by various procedures. 

Although other studies'* have also been made on 
helium-ion induced reactions of U8, no previous meas- 
urement of the (He‘,m), (He*,2”) and (He'*,3m) reaction 
cross sections have been made. The determination of 
the yields of Pu™® and Pu? in the (U¥*+ He‘) reaction 
is complicated by their long half-lives and similarity in 
their alpha energies. The determination of the yield 
of Pu*" is difficult due to its small beta-particle energy. 
However, by spiking the dissolved uranium target with 
a known amount of Pu™ and subsequently measuring 
the isotopic ratios of the chemically separated plu- 
tonium with a mass spectrometer, one can obtain the 
yields of the above three plutonium isotopes. A mass- 
spectrometric determination of Pu™* in our samples is 
far less reliable due to the possibility of impurity at 
mass 238 from the natural uranium in the target. The 
Pu*8 was assayed by counting its characteristic alpha 
particles. The sensitivity of the mass-spectrometric 
method of analysis used in these measurements is 
approximately 10-" gram of a particular plutonium 
isotope. Sample masses varied from 10-" to 10~ gram 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. Preliminary results were reported 
at the Chicago Meeting of the American Physical Society, March, 
1958 [Huizenga, Wing, Ramler, Henderson, and Harkness, Bull. 
Am. Phys. Soc. Ser. IH, 3, 103 (1958) ]. 

1 Vandenbosch, Thomas, Vandenbosch, 
Phys. Rev. 111, 1358 (1958). 

2 J. A. Coleman, University of California Radiation Laboratory 
Report UCRL-8186, 1958 (unpublished). 

3 J. Jungerman, Phys. Rev. 9, 632 (1950). 
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of plutonium. The production of these quantities of 
plutonium necessitated the bombardment of thick 
(0.001 inch) uranium foil targets. 

As mentioned in the preceding paper, we were inter- 
ested in the comparison of excitation functions of 
fissionable with nonfissionable materials. For this pur- 
pose, we have determined the excitation functions of 
uranium for several reactions which presumably pro- 
ceed by the compound nucleus formation mechanism 
and for several other reactions which probably do not 
involve compound nucleus formation. 


EXPERIMENTAL PROCEDURE 


Targets of U** of about 0.5 mg/cm? thickness were 
made by electroplating enriched U** (99.94%) onto 
aluminum foils. The U*** targets consisted of natural 
uranium electroplated onto aluminum foils (for the 
deuteron bombardments), or of metallic natural ura- 
nium foils of about 30 mg/cm? (for the helium-ion 
bombardments). 

The stacked foil technique of inserting weighed 
aluminum foils between target plates was used to ob- 
tain the desired bombarding energies. Bombardments 
were done in the Argonne 60-inch cyclotron which 
provided helium and deuterium ions with energies up 
to 43.8 Mev and 21.5 Mev, respectively. The general 
features of such bombardments with this accelerator 
have been described in the preceding paper. As was 
done in our work on excitation functions of Bi®™, the 
beam energies were determined from the measured 
mean ranges of the projectile in aluminum. These 
ranges in aluminum were converted to bombarding 
energies with the use of the range-energy curves of 
Aron ef al., which are based on Smith’s theoretical 
range-energy values for protons in aluminum.® The 
experimental range-energy relation of Bichsel et al. was 


4 Aron, Hoffman, and Williams, University of California Radia- 
tion Laboratory Report UCRL-121, second revision, 1948 
(unpublished). 

5 J. H. Smith, Phys. Rev. 71, 32 (1947). 
6 Bichsel, Mozley, and Aron, ’Phys. Rev. 105, 1788 (1957). 
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Taste I. Nuclear properties of some spallation products. 








Target projectile Reaction and decay 


Product 
isolated 


Principal mode 


Alpha energy 
of decay (Mev) 


Half-life 





‘U"*+Het (Het, fission) 
(He‘,n) 

(Het,p) Np™!(8-) 
(Het*,2n) 

(Het,pn; Het,d)Np™ (6-) 


(Het,3n) 

(Het,t; Het,p2n)Np™(8-) 
(Het,He*) U™ (8-) Np*® (8) 
(He*,4n) 

(Het,tn; Het,p3n) Np**(8-) 
U™5(Het,n) 


U™*+d 


(d,p) 
(d,t; d,p2n; n,2n) 
(d,2n) Np** (8) 


(d,4n) 
U5 (d,n) Np**(22 hr) (8-) 


U*5+ Het (He‘,n) 

(He*,p) Np**(8-) 

(Het,3n) 

(Het,t; He*,p2n) Np**(22 hr) (8-) 


(dn) Np**(22 hr) (8~) 
(d,2n) 


(d,3n) 


12.80 days ¥ 
13.0 yr 


Ba!” ii 


Pu! B 
Pu 6580 yr 


24360 yr 


86.4 yr 


U9 
U2 
Pu*8 
Pu?*6 


23.54 min 
6.75 days 

86.4 yr 
2.85 yr 


Pu 86.4 yr 


Pu 


Pu 


Nps 
Np™ 











not used here since we wished to compare our experi- 
mental results with those of other investigators who 
also used the range-energy curves of Aron ef al.‘ for the 
beam energy calculation. 

In calculating the energies received by the targets 
in the stack, a stopping power of uranium equivalent 
to 0.52 times the stopping power of aluminum’ was 
used. This correction was very small for the electro- 
plated targets in that essentially all the mass of the 
foils in the stack was of aluminum. The projectile 
energies for the uranium foil targets are less certain. 
The ranges in the target stacks were computed to the 
center of each uranium target. 

The electroplated uranium targets, with a collimator 
of known area, were alpha counted before the bombard- 
ment in a gas flow ionization chamber to establish the 
uranium activity per unit area on each plate. The 
atoms/cm? of uranium on each target plate were calcu- 
lated from the gross alpha activity and an alpha energy 
analysis. The uranium foil targets were assayed by 
weighing. 

The total fission cross sections were obtained from 
the Ba activity. The percent yields of Ba™ in total 
fissions of U** were estimated at corresponding helium- 
ion bombarding energies from a previous investigation.! 
Isolation of Ba’ from the target solution involved pre- 
cipitation of Ba(NO;)2 by fuming nitric acid, scaveng- 


TE. Segré, Experimental Nuclear Physics (John Wiley and Sons, 
Inc., New York, 1953), Vol. I, p. 201. 


ing Fe(OH); precipitates, and precipitation of BaCrO,, 
BaCl, and finally BaCO3. The BaCO; was weighed and 
then counted in a beta proportional counter. 

Isolation of the spallation products (isotopes of 
neptunium and plutonium) was achieved in general by 
co-precipitations with LaF; and with La(OH)s, in the 
proper oxidation states of Np and Pu ions, followed by 
extraction into benzene with thenoyltrifluoroacetone 
(TTA). Special chemical procedures will be described 
in the sections below for the isolation of a few specific 
nuclides. The isolated products were examined by vari- 
ous techniques including the use of a Nal scintillation 
spectrometer with a 256-channel analyzer, an alpha 
ionization chamber with a 50-channel analyzer, and a 
60° 12-inch mass spectrometer. 

In many of the reactions studied, a given product 
nuclide may be formed directly from more than one 
spallation reaction and, in addition, from the subse- 
quent decay of other spallation products; the yield of 
a chemically separated nuclide then represents, in 
many cases, the combined yield of several reactions. In 
several cases we were able to measure the cross section 
of a single reaction as a function of energy. In other 
cases we must separate the yields due to individual 
contributions by subtracting out the undesired re- 
actions. This can be done because data are available 
from previous investigations for the subtraction. In 
Table I are listed the various reactions and decay 
processes through which the isolated products in a 
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TABLE IT. U** spallation and total fission cross sections (mb) as a function of helium-ion energy. 








Reaction (He4,f) (He4,n) 


(Het,p) 


Pu™! 


(Het,d) 


iS 
Helium-ion\ Product 
energy (Mev) \. 


(Het,2n) 
(Het,pn) 
Pu 


(Het,4n) 

(Het,p3n) 

(Hé+,tn) 
Puxs 


(He4,3n) 

(He+,t) 

(He*,p2n) 
Pu 


J 
Spallation 





43.0 
36.2 
34.0 
32.5 
28.5, 


20.2 
20.7 


20.0 

28.0 

48.5 
6.5 
0.88 


97.1 
~% 


7.6 
70.6 1.24 95.4 
49.1 1.03 81.0 
4.9 55.4 
<0.8 <7.6 
Sli <2.86 
<0.2 


50 22.4 
48.4 








given projectile-target system may be formed. The 
principal mode of decay and the half-lives of these 
products are also included, together with the energy of 
the alpha particles of the alpha-emitters. Most of these 
nuclear properties are taken from Strominger et al.® 


A. Excitation Functions of U?*? Bombarded 
with Helium Ions 


The stacked foil technique of arranging target plates 
was not used in this experiment. Instead, each uranium 
foil was bombarded individually in a target holder with 
appropriate aluminum absorbers to degrade the helium 
ions to selected energies. The integrated current on each 
foil was 200 ywa-min (microampere-minutes). In this 
experiment the helium-ion beam made an angle of 
71.5° with the surface of the target. In the target 
assembly of this experiment, only the uranium foils 
were effectively cooled, and, as a result, the aluminum 
absorbers were heated up during the bombardment. A 
correction was made for the temperature effect of the 
density (hence the range) of aluminum in the energy- 
range calculations. 

Shortly after the completion of the bombardment, 
the uranium foils were dissolved in 6N HNOs, and the 
solutions were divided up for the determinations of 
total fission and spallation cross sections. A total cross 
section for fission of 1.5 mb (millibarns) was found at 
several helium-ion energies below 20 Mev. This cross 
section may be explained by fission induced by neu- 
trons produced in the target assembly and in the 
cyclotron. 

Isolation of the spallation products was made ap- 
proximately two years after the completion of the bom- 
bardments. The relatively short-lived neptunium iso- 
topes of masses 238, 239, 240, and 241 and U*® have 
decayed into their corresponding plutonium daughters 
and granddaughter. The yields of plutonium isotopes of 
masses 238, 239, 240, and 241 include the yields of 
many reactions as shown in Table I. 

Since these plutonium isotopes have relatively long 

8 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 
585 (1958); W. H. Sullivan, Trilinear Chart of Nuclides, Atomic 


Energy Commission Report (U. S. Government Printing Office, 
Washington, D. C., 1957). 


half-lives, their decay during these two years are 
negligible except for Pu. The yield of Pu”* was deter- 
mined by spiking part of the target solution with Pu™*® 
and separating the plutonium fraction by co-precipita- 
tions with LaF; and with La(OH); and then extraction 
with TTA. The resulting plutonium sample was ex- 
amined by alpha pulse-height analysis for the amount 
of Pu* and Pu*™®, 

The spallation yields of Pu, Pu, and Pu were 
determined by spiking the remaining target solution 
with Pu? and measuring the isotopic ratios of the 
plutonium isotopes. The plutonium spike material (en- 
riched to 97.3 atom percent Pu? by neutron irradiation 
of Pu?* in the Material Testing Reactor) was purified 
by repeated co-precipitations with LaF; and with 
La(OH); and by extraction with hexone. The isotopic 
composition and the alpha activity of the spike plu- 
tonium was analyzed by mass spectrometer and alpha 
pulse-height analyzer, respectively. 

In the mass-spectrometric analysis of the samples, it 
was necessary to reduce the mass (e.g., the U** in target) 
of the samples by many factors, thus requiring special 
precautions in the chemical separations. After the co- 
precipitations of the plutonium with LaF; and La(OH); 
had been completed, the hydroxides were dissolved in 
12M HCI containing 0.5M NH4I. This solution was run 
through a column containing Dowex anion exchange 
resin. Plutonium was eluted from the column by the 
12M HCI solution containing NH,I. The NH,I was 
subsequently destroyed and the plutonium extracted 
with TTA. 

The experimental values of the cross sections for the 
production of Pu®®, Pu, Pu’ and Pu*" and for fission 
are summarized in Table II. The fission cross sections 
and the sum of spallation cross sections are shown in 
Fig. 1 as a function of the initial excitation energy 
which is given by Eem.(Het+)—M(Pu*)+M(U*) 
+M (He), where M represents atomic mass. The fission 
cross sections compare quite well with those determined 
by Jungerman* using ionization chamber, as shown in 
Fig. 1. In addition, the percent of spallation in the 
(U*8+ He’) reactions is shown as a function of the ini- 
tial excitation energy in this figure and compared with 
those of U5 and U**, The experimental total reaction 
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Fic. 1. Excitation functions for fission and sum of spallation 
reactions of U** bombarded with He‘. The dashed lines represent 
the percent of spallation reactions in the helium-ion induced re- 
actions of U**, U5, and U8, and show the increase of percent 
spallation with mass number. O, @, 0) Present experimental re- 
sults. %, a, A Experimental data taken from reference 1. 
+ Selected experimental points from reference 3. 


(fission and spallation) cross sections are compared 
with the theoretical absorption cross sections of Blatt 
and Weisskopf? in Fig. 2. The theoretical cross sections 
with r9=1.5X 10-* cm fit our experimental data. 

The cross sections for charged-particle emission, 
measured previously! for the (U***+ He’) reaction, have 
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Fic. 2. Total reaction cross sections of U™* as a function of 
helium-ion energy. The dashed lines represent theoretical absorp- 
tion cross sections of reference 9. 


®J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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been subtracted from our spallation cross sections at 
the corresponding helium-ion energies. The resulting 
differences give the (He‘,xn) cross sections (*= 2, 3, 4), 
which are plotted as a function of helium-ion energy in 
Fig. 3. 


B. Excitation Functions of U*** Bombarded 
with Deuterium Ions 
The targets were bombarded by deuterium ions of 
21.49+0.16 Mev energy and received an integrated 
current of 118.0+1.2 wa-min. The product of the (d,2m) 
reaction is Np**, which beta decays with a half-life of 
2.10 days* to Pu**, Since the half-life of U?* is very 
short compared with that of Np, an accurate deter- 
mination of the (d,n) cross section depends on a cor- 
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Fic. 3. Excitation functions of U** bombarded with helium 
ions. A\ Coleman’s experimental data taken from reference 2. The 
smooth curves represent the cross sections calculated from Eq. (1). 


rection for the large (d,p) cross section. We therefore 
did not obtain any information on the cross sections of 
the (d,n) reaction. 

One of the products of the (d,4m) reaction is the 
22-hr isomer® of Np**. No information was obtained 
on the cross section for production of the long-lived 
isomer of Np**. The Np*® is also produced from the 
small amount of U*** in the target material through the 
U*5(d.n) reaction. The 22-hr isomer of Np” decays 
partly by beta emission to alpha-emitter Pu*¥® and 
partly by electron capture to U**, with a branching 
ratio, 8-/EC, of 1.13 [experimental 6-/Kgc branching 
ratio of 1.33 altered by the assumption L/(L+K) 
=().15 ]. For the determinations of the (d,2m) and (d,4) 


10H. Jaffe, University of California Radiation Laboratory Re- 
port UCRL-2537, 1954 (unpublished). 
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reactions we alpha counted the targets approximately 
one week after the completion of the bombardment; 
the alpha activities in each sample then were examined 
by the alpha pulse-height analyzer. The (d,4”) cross 
sections for producing the 22-hr isomer of Np*® have 
been corrected for the small contributions due to the 
U*5(d,n) Np”*6(22 hr) reaction. 

The product of the (d,/;d,p2n) reactions of U™** is 
U*7; fast neutrons produced in the target form addi- 
tional U**" through the (7,2) reaction. The yield deter- 
mination of U**’, following the decay of U* and appro- 
priate chemical separations, was made by beta counting 
the U*7, After the (d,2n) and (d,4n) cross-section 
determinations were completed, the U** targets were 


TABLE III. U™8 spallation cross sections (mb) as a 
function of deuteron energy. 





(d,4n) 
Np*6 (22 hr) 


(d,p) (d,t; d,p2n) 
(n,2n) 


ag» lt aa Us U27 
energy (Mev) 


21.5 132 97 
20.7 100 
20.0 92 
19.2 160 72 
18.9 165 
18.4 
17.6 
17.2 239 
16.9 217 
16.7 
15.7 
15.0 178 
14.9 
13.9 
13.1 
12.8 


(d,2n) 
Np%38 


Reaction 





31.5 
26.2 
16.2 
10.3 


66.6 4.1 
67.8 0.94 


0.20 
0.014 


66.7 
64.0 


65.0 
49.7 


42.7 








dissolved in 6N HNO; and uranium was precipitated 
as hydroxide. The precipitate was dissolved in diluted 
HNO; containing Fe**, and the uranium separated by 
ether extractions. The uranium in the ether was back 
extracted into water. The uranium activity was counted 
with a 6.86-mg/cm? aluminum absorber, in a gas flow 
proportional counter and followed for several weeks. 
The counting efficiency in this arrangement was estab- 
lished by comparing the counting rate of a U*? standard 
sample in the proportional counter with that in a 474 
counter. 

For the (d,p) experiment we used another set of 
uranium targets. The U** targets were bombarded with 
deuterium ions of 21.5-Mev energy. Each set of targets 
received approximately 0.5 wa of deuterons for about 
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Fic. 4. Excitation functions of deuteron-induced reactions of 
U*8 involving direct interactions. @ Experimental data of Slater 
using thick targets (reference 11). 


15 minutes. Following chemical separations the uranium 
samples were counted, with a 5.02-mg/cm? aluminum 
absorber, in a gas flow proportional counter. At very 
low deuteron energies, a constant amount of U™® was 
produced from neutron capture on U™*. The (d,p) cross 
sections were corrected for this “background” of about 
0.4 mb. 
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Fic. 5. Excitation functions of U** bombarded with deuterons. 
The smooth curves represent the cross sections calculated from 
Eq. 1 
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The experimental results on the cross sections of the 
(d,p), (d,t;d,p2n), (d,2n) and (d,4n) reactions of U*** 
are summarized in Table III and plotted as a function 
of deuteron energy in Figs. 4 and 5. The (d,2n) curve 
shows a “tail” at high energies. For comparison, the 
(d,p) cross sections of Slater" using thick (160 to 600 
mg/cm?) uranium targets are included in Fig. 4. Slater’s 
data appear to be many times higher than our results 
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Fic. 7. Excitation functions of U%* bombarded with helium 
ions. O Present experimental results. @, & Experimental data 
taken from reference 1. The smooth curve represents the cross 
sections calculated from Eq. (1). 


L. M. Slater, University of California Radiation Laboratory 
Report UCRL-2441, 1954 (unpublished). 
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at low deuteron energies and somewhat lower than ours 
at deuteron energies above 13 Mev. Slater" pointed 
out that his cross-section values near the peak are 
accurate to within 20%, and at lower deuteron energies 
his data become increasingly unreliable. 

Figure 6 is a comparison of (d,p) excitation func- 
tions of fissile and nonfissile target materials. The 
(d,p) cross sections of U**, Bi, and Pb” are meas- 
ured in our experiments; those of Np*” are measured 
by Vandenbosch.” 


C. Excitation Functions of U?** Bombarded 
with Helium Ions 


The targets were bombarded by helium ions of 43.8 
+0.4 Mev energy and received an integrated current 
of 86.2 wa-min. The product of the (He'‘,n) reaction is 
Pu**, The nuclide Pu®® is also formed from Np*8 
which is produced in the (He‘,p) reaction. The product 
of the (He*,3) reaction is Pu®*®, The reactions (He‘,p2n) 
and (He‘,t) produce the 22-hr isomer of Np** which 
beta decays® into Pu**®. Thus, the yield of Pu** in- 
cludes the contributions of the (He',z) and (He',p) 
reactions in our experiment, while the yield of Pu? 
includes, in addition to the (He‘,3m) reaction, the 
partial contributions of the (He‘,p2n; He',t) reactions, 
i.e., those reactions which lead to the 22-hr isomer of 
Np”, 

Approximately six months after the completion of 
the bombardment the targets were dissolved in nitric 
acid, spiked with Pu, and the plutonium isotopes were 
isolated from the solution by co-precipitations with 
LaF; and with La(OH); and by extraction with TTA. 
The chemically isolated plutonium fractions were alpha 


TABLE IV. U5 spallation cross sections (mb) as a 
function of helium-ion energy. 








Reaction (Het,n) (Het,3n) 
(Het,t; Het,p2n) 
Pu%6 


Helium-ion\ Product 
energy (Mev) \. 


40.5 
39.9 
38.9 
38.2 
37.1 
36.1 
35.0 
34.2 
33.0 
31.8 
30.6 
28.9 
28.2 
26.9 
25.8 
24.5 
22.8 
21.6 
20.0 
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14R. Vandenbosch, University of California Radiation Labora- 
tory Report UCRL-3858, 1957 (unpublished). 
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counted and examined with an alpha pulse-height 
analyzer. 

The experimental results of the cross sections for 
helium-ion induced reactions of U** are listed in Table 
IV. By subtracting the (He‘,p) and (He‘,p2n) (22-hr 
Np™®) cross sections of U™ given in reference 1, we 
obtained the cross sections for the (He‘,n) and (He‘,3n) 
reactions. The (He‘,z) and (He'‘,3m) cross sections are 
comparable in magnitude to those found previously! 
(Fig. 7). 


D. Excitation Functions of U?*> Bombarded 
with Deuterium Ions 


The maximum energy of the deuterons was 21.5+0.1 
Mev. The targets received an integrated current of 
30.0+1.6 wa-min. The products of the (d,n), (d,2n), 
and (d,3n) reactions are Np**, Np*®, and Np*4, re- 
spectively. The (d,m) cross sections represent only the 
production of the 22-hr isomer of Np*® and were ob- 
tained by determining the yields of Pu** in the samples. 
Four days after the completion of the bombardment, 
the targets were alpha counted and analyzed in the 
alpha pulse-height analyzer. Since products of (d,2n) 
and (d,3n) reactions are not alpha emitters, no plu- 
tonium separation was necessary here. In the calcula- 
tion of the (d,n) cross sections we have again assumed a 
B-/EC branching ratio of 1.13 (see Sec. B). 

The L/K and M/L electron capture branching ratios 
of Np** have been determined to be 36.7 and 0.46," 
respectively. We measured the activities of Np™ as 
soon as the (d,m) cross-section measurements were com- 
pleted (22-hr Np*® had decayed through at least 5 
half-lives), and then allowed the Np** to decay for 
approximately eight months to negligible amounts be- 
fore analyzing the Np** activities. The neptunium iso- 


TABLE V. U** spallation cross sections (mb) as a 
function of deuteron energy. 














(d,2n) 
Np25 


Reaction 
Deuteron\ Product 
energy (Mev) \. 


21.5 
20.3 
20.0 
19.3 
18.6 
17.8 


(d,n) 
Np*6 (22 hr) 





19.6 
14.5 
16.2 
14.3 
18.0 
20.7 
18.3 
18.9 
24.4 
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19.4 
16.3 
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13 Gindler, Huizenga, and Engelkemeir, Phys. Rev. 109, 1263 
(1958). 


AND U#388 





000 Eos 


T 
u235 (4. n) No®3622-nnf u235(g, 3) Np234 


§ 95m 6 
phe? : 


on * 


} 


(mb) 





1 it 1 1 L 1 


12 14 16 18 20 22 24 





CROSS SECTION 











1.0 
8 10 12 14 16 18 20 22 


DEUTERON ENERGY (Mev) 

Fic. 8. Excitation functions of U** bombarded with deuterons. 
© Present experimental results. @ Lessler’s experimental data 
taken from reference 16. The smooth curves represent the cross 
sections calculated from Eq. (1). 


topes were isolated from the target solutions, after 
spiking with Np*’, by co-precipitations with LaF; and 
La(OH); and by extractions with TTA. 

The K and L x-rays of Np™ were counted in a scintil- 
lation spectrometer equipped with a §-inch thick sodium 
iodide crystal and a 256-channel analyzer. The fluores- 
cence yield of the K x-rays in Np*4 was assumed to be 
0.97." In calculating the yield of Np, we assumed one 
K x-ray per disintegration. 

The L x-rays of Np” were counted in the same in- 
strument mentioned above. The L-fluorescence yield of 
Np*® was assumed to be 0.42.'° It was necessary to 
subtract the L x-rays emitted by the spike Np*’ from 
the counting rates of the L x-rays of Np*®. It was ex- 
perimentally found that approximately 0.4 L x-ray was 
associated with each alpha disintegration of Np”. 

The experimental results on the (d,m), (d,2n), and 
(d,3n) cross sections of U* are summarized in Table V 
and plotted as a function of deuteron energy in Fig. 8. 
Lessler’s data!® are included for comparison in this 
figure. Again the characteristic “tail” of the (d,2n) ex- 
citation function at high energies is apparent. The sum 
of the (d,xm) cross sections (where x=1, 2, and 3 and 
only the 22-hr isomer is measured for x«=1) of U*" is 
compared with that of nonfissioning Bi® in Fig. 9. 


14 P, R. Gray, Phys. Rev. 101, 1306 (1956). 

16 B, B. Kinsey, Can. J. Research 26A, 404 (1948); B. L. 
Robinson and R. W. Fink, Revs. Modern Phys. 27, 424 (1955). 

16R. M. Lessler, in University of California Radiation Labora 
tory Quarterly Report UCRL-3710, 1956-57 (unpublished), p. 87. 
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Fic. 9. Experimental total cross sections for the (d,xn) reactions 
of U** and Bi®™ as a function of deuteron energy. 


DISCUSSION 


The (He'‘,xn) and (d,xn) cross sections of U™* and 
U™* as shown in Figs. 3, 5, 7, and 8 are many times 
smaller than the corresponding ones of Bi® reported in 
the preceding paper. The lowering of the cross sections 
of uranium can be explained by competition of fission 
with spallation reactions in the charged-particle re- 
actions of this fissionable material. The comparison of 
the total spallation cross sections of Bi®” with those of 
U*® and U** bombarded by helium and deuterium ions 
(Fig. 6 of the preceding paper and Figs. 1 and 9) shows 
the difference in fissionability between bismuth and 
uranium. Most of the intermediate nuclides during 
successive neutron evaporations of the compound nu- 
cleus formed from uranium have fission activation 
energies smaller than their respective neutron binding 
energies. Fission will compete with neutron evaporation 
whenever energy of excitation exceeds the fission thresh- 
old in these intermediate nuclides. The increase of the 
amount of fission over spallation reactions with in- 
creasing excitation energy is clearly indicated in Fig. 1. 
At high energies of helium ions, the total spallation 
cross sections of U8, for example, amount to only 
about 10% of the total reaction cross sections. 

One of us!’ has correlated earlier the fissionability of 
heavy compound nuclei with the nuclear parameter, 
Z*/A, where Z is the atomic number and A is the mass 
number of the compound nucleus. From the tables of 

17 J. R. Huizenga, Phys. Rev. 109, 484 (1958) ; Proceedings of the 


International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Vol. 2, p. 208. 
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Wapstra and Huizenga'® and the curves of fission 
barrier vs Z?/A, one observes the increase of fission 
activation energy with A for a given Z, while the neu- 
tron binding energy decreases with A. The difference 
between the neutron binding energy and the fission 
activation energy becomes smaller as A increases for 
constant Z. This means that fission competes less 
favorably with spallation reactions for isotopes of 
higher mass number. This effect is clearly shown in 
Fig. 1 by the increase in percent of spallation of uranium 
isotopes with the mass number. Comparison of cross 
sections for individual spallation reactions, such as 
(He‘,2n) and (d,2n) reactions of uranium isotopes” in 
Figs. 10 and 11, respectively, also reveals the same 
tT f4 
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Fic. 10. Comparison of the (He*,2m) excitation functions of 
U%8, U5, and U*%, showing the increase of (He‘,2m) cross sections 
with mass number of the uranium isotopes. The experimental 
data for U** and U™* are obtained from reference 1. 


effect. On the other hand, for a given A, fissionability 
increases with the atomic number of the compound 
nucleus at relatively low energy of excitation. In Fig. 12, 
the percent of spallation in each of the reactions, 
(U*8+ He’), (Pu™°+d),”4 and (Pu*8+ He'),” is plotted 
as a function of initial excitation energy. The compound 
nuclei produced in these reactions are isobars. The de- 


18 A. H. Wapstra, Physica 21, 367 (1955); J. R. Huizenga, 
Physica 21, 410 (1955). 

J. D. Jackson, in Proceedings of the Symposium on the 
Physics of Fission Held at Chalk River, Ontario, CRP-642-A, 
1956 (unpublished), p. 132. 

* W. M. Gibson, University of California Radiation Laboratory 
Report UCRL-3493, 1956 (unpublished). 

21 E. V. Luoma, University of California Radiation Laboratory 
Report UCRL-3495, 1956 (unpublished). 

* Glass, Carr, Cobble, and Seaborg, Phys. Rev. 104, 434 (1956). 





EXCITATION FUNCTIONS OF U##s 


crease of the amount of spallation reactions as the 
atomic number of these isobars increases is easily seen 
in Fig. 12. 

The effect of fission competition in the charged- 
particle reactions of fissile materials requires modifica- 
tions in Jackson’s schematic model for nuclear reac- 
tions.” In addition to the assumptions discussed in the 
preceding paper, we make the assumption first intro- 
duced by Vandenbosch ef al.! that fission competes with 
neutron emission whenever it is energetically possible. 
The competition is controlled by the neutron-emission 
to fission width ratio, (I',/I'y), characteristic of each 
intermediate nucleus in the neutron evaporation chain.” 
The cross section of any one mode of neutron evapora- 
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Fic. 11. Comparison of the (d,2n) excitation functions of U8, 
U5, U4, and U8, showing the increase of (d,2n) cross sections 
with mass number of the uranium isotopes. The experimental 
data for U4 and U8 are obtained from references 16 and 20, 
respectively. Lessler’s data (reference 16) are included in the 
curve for U5, 


tion of the compound nucleus is expressed by 
o(V,xn)=0.P"(E,x) ((Pn/T tw), (1) 


where P’(E,x) has the same meaning as P(E,x) de- 
scribed in the preceding paper except for a slight 
modification to be discussed later, and (I',/I':)s4 ac- 
counts for the fission competition; Y is the bombarding 
particle (helium or deuterium ions), x is the number of 
evaporated neutrons, o, is the total cross section for 
the formation of compound nucleus, and l';=I',+T'y. 

The Pearson’s incomplete gamma functions in the 
Jackson model are slightly modified for fissile nuclides 
to account for the possibility that the fission activation 

% J. D. Jackson, Can. J. Phys. 34, 767 (1956). 

4 R. Vandenbosch and J. R. Huizenga, Proceedings of the Second 


International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1958 (United Nations, New York, 1958), p. 1688. 
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energy of the residual nucleus (original compound 
nucleus minus x neutrons) is smaller than its neutron 
binding energy. The modified function is given by! 


P'(E,x)=[T (Az, 2x—3)—1(A,/, 2x—1)], 
where 


A,/= (E->- B;—E,,)/T. 
i=1 


E is the initial excitation energy, B is the neutron bind- 
ing energy, 7 is the nuclear temperature of the ith 
excited nucleus, and Ey, is either the neutron binding 
energy of the (i+1)th nuclide or its fission activation 
energy, whichever is the smaller. 

De-excitation by gamma emission for fissionable 
nuclei is assumed to occur only when the residual ex- 
citation energy is insufficient for neutron emission 
and/or fission. Residual nuclei with excitation energy 
insufficient for neutron emission but sufficient for fission 
are assumed to decay by fission. 

By comparing the quantity o,P’(E,x) with the ex- 
perimental cross sections, it is possible to derive values 
of ((,/l's)w from Eq. (1). Values of (I'./I's)w were 
calculated for several fissionable nuclides from the ex- 
citation functions reported in this paper. In the calcu- 
lations, we used T=1.35 Mev, the neutron binding 
energies of Wapstra and Huizenga,'*® and the fission 
activation energies from the interpolations of the 
curves given in reference 19. The total cross sections for 
compound nucleus formation for the helium-ion and 
deuteron reactions of uranium were calculated from the 
data of Blatt and Weisskopf® and of Shapiro,” re- 
spectively, using ro= 1.5X10-" cm. The smooth curves 
in Figs. 3, 5, 7, and 8 represent the calculated quantities 
o,P’(E,x), normalized with the experimental excitation 





T T T T T T T 


o (U238 + He) 
a (Pu24% + gd) 
(Pu238 + Het) 








PER CENT SPALLATION 

















18 22 26 34 
EXCITATION ENERGY (Mev) 


Fic. 12. Percent of spallation as a function of initial excitation 
energy in the charged-particle reactions of U**, Pu, and Pu™*. 
The compound nuclei produced in these reactions are isobars of 
mass 242. The data for the (Pu**+He'‘) reaction are obtained 
from reference 22. The points for the (Pu%+d) reaction are esti- 
mated by including the Pu**(d,n) cross sections to the total 
spallation cross sections experimentally measured in reference 21. 


26M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
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Fic. 13. Comparison of the (d,m) excitation functions of I”, 
Bi™, U2, U5, Pu%*, and Pu. The data for I'?”7 and Pu*® are 
taken from references 26 [S. J. Balestrini, Phys. Rev. 95, 1502 
(1954) ] and 21, respectively. The data for U** and Pu™ are ob- 
tained from reference 20. 





functions to give the neutron-emission to fission width 
ratios. In the fourth column of Table VI are listed the 
results of our computation of (I',/I'y)w. These results 
compare quite well with the values deduced by inter- 
polation of the curves in Fig. 2 of reference 24. No result 
is given to Np**> from the U™*(d,4n) reaction, since 
only the yield of the 22-hr isomer of Np*® was experi- 
mentally measured and the (d,4m) excitation functions 
so obtained do not possess a peak necessary for the 
normalization. 

One observes in Table VI the general increase of 
(I',/T'y) with the mass number of the average fission- 
ing nucleus of a given Z, in consistence with the correla- 
tion'”** that fissionability decreases with the mass 
number of the compound nucleus. The values of ([',/T's) av 
increase from 0.33 for Pu™* to 1.15 for Pu®"-*, and in 
the case of neptunium, these values increase from 0.37 
for Np” to 0.85 for Np**-. 

It has been pointed out earlier!’ that a comparison 
of the (I',./I'y)w values of a given average fissioning 
nucleus, produced under various conditions of excita- 
tion, will reveal any dependency of (I',/I'y)m on ex- 
citation energy. A value of (I',/I's) of 0.74 for Pu at 
excitation energy of about 9 Mev was derived™ from 
the fission cross sections of Pu” excited by 3-Mev 
neutrons. This value is in good agreement with the 
(T/T) value of Pu obtained from the U**(He‘,3m) 
reaction and representing an average excitation energy 
of approximately 21 Mev. These results do not indicate 
that Ty is decreasing relative to I’, as the excitation 
energy increases. 
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TaBLE VI. Geometric mean values of ratio of 
neutron emission to fission width. 








Average 
fissioning 


Target 
nucleus* 


nucleus Reaction (P'n/T's)ay 


(He*,2n) 
(Het,3n) 





Pu™! 6 
Pu! 
Pu” 
Np*-5 
Pu 
Np*6-5 
Np** 








® The average fissioning nucleus is defined as the nucleus having $(x —1) 
neutrons less than the original compound nucleus, where x is the number of 
evaporated neutrons in a given spallation reaction. 


We have compiled existing experimental data on ex- 
citation functions of charged-particle reactions of many 
nuclides at bombarding energies below 50 Mev, and ob- 
served the following phenomena among the heavy 
elements: (1) The (He‘,z), (He*,2”), and (d,2) excita- 
tion functions show the presence of a “‘tail’”’ (relatively 
high cross sections) at high bombarding energies. (2) 
The (d,n) excitation functions do not exhibit cross sec- 
tions which are characteristic of compound nucleus 
decay. These excitation functions are relatively flat at 
high bombarding energies. (3) In general, for the 
same target nuclide, o(He‘,2n)>o(He',n), and o(d,2n) 
>a(d,n) at the “tails.” 

The (He‘,z) reaction may be described by a direct 
interaction mechanism” in which the ejected neutron 
carries away most of the incident energy and leaves the 
residual nucleus (target plus He*) with energy insuffi- 
cient for fission or further neutron emission. As a result, 
the (He‘,) cross sections are relatively large compared 
with predictions from the compound nucleus-evapora- 
tion mechanism (Figs. 3 and 7). If the residual nucleus 
following the direct interaction is left with energy 
enough for neutron emission, then competition between 
fission and neutron evaporation will occur in the re- 
sidual nucleus. The result is the presence of the “tails” 
in the (He‘,2m) excitation functions (Fig. 8 of the pre- 
ceding paper and Figs. 3 and 10). The fact that the 
cross sections in the “tail” of a (He*,2) excitation func- 
tion, even with fission competition, are larger than those 
of the (He‘,m) reaction at the same bombarding energy 
(Fig. 3) suggests the following: a large number of the 
ejected neutrons (direct interaction) carry away only 
part of the incident energy, leaving the residual nuclei 
with sufficient energy for subsequent neutron evapora- 
tion or fission. 

The comparable cross sections of the (He‘,p) and 
(He'‘,m) reactions of U*® (Fig. 7) at high bombarding 
energies suggests the same direct interaction mechanism 
for the (He‘,p) reaction. At bombarding energies below 
30 Mev, one observes that o(He‘,n) >o(He',p). Similar 
phenomena are observed in U™*.! At these low energies, 
the compound nucleus-evaporation mechanism may 
account for the larger o(He',). 

The stripping nature in the (d,m) reaction has been 
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mentioned in the preceding paper. In this reaction, most 
of the energy is carried off by the neutron, and the re- 
sidual nucleus (target plus proton) is left with energy 
insufficient for neutron evaporation or fission. The 
(d,2n) cross sections remain relatively large at high 
bombarding energies, contrary to expectations from 
compound nucleus decay. At the higher deuteron en- 
ergies, therefore, we interpret the fact that o(d,2n) 
>a(d,n) to indicate that direct interaction, with the 
ejection of a neutron, leaves the residual nucleus a large 
percentage of the time with enough energy to fission or 
to evaporate a neutron. From this explanation of the 
“tails” in the (d,2m) excitation functions, one expects 
the more fissionable nuclei to have smaller cross sec- 
tions in the “tails” due to the competition between 
fission and neutron evaporation following the direct 
interaction. This is in qualitative agreement with the 
experimental results (Fig. 11) on uranium isotopes. 
There is evidence (Fig. 13) that the (d,m) cross sec- 
tions of fissionable U2, U®, Pu’, and Pu™® are smaller 
than the (d,m) cross sections of nonfissile I!’ and Bi?®. 
The proton binding energy of the residual nucleus 
formed in the (d,n) reaction for each of the above 
targets is smaller than the corresponding neutron bind- 
ing energy. Assuming proton evaporation to be negli- 
gible at small excitation energies, the (d,m) reaction will 
occur not only for proton capture to bound states, but 
also for the case when the proton kinetic energy plus its 
binding energy is insufficient for neutron evaporation or 
fission. For nonfissionable targets, the (d,m) cross sec- 
tions are expected to be proportional to the number of 
levels below the neutron binding energy of the residual 
nucleus. For example, the neutron binding energy of 
Xe!’ is considerably larger than that of Po”, and the 
I?7(d,n)Xe"® cross sections are greater than the 
Bi®®(d,n)Po” cross sections. In the case of fissionable 
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targets, the (d,m) cross sections will be proportional to 
the number of levels in the residual nucleus below its 
fission activation energy or its neutron binding energy, 
whichever is the smaller. Since the fission activation 
energies are usually smaller than the neutron binding 
energies, one can account qualitatively for (1) the 
smaller (d,m) cross sections of the fissile targets shown 
in Fig. 13, and (2) the similarity in (d,n) cross sections 
for the even-neutron (Pu”’) and odd-neutron (Pu**) 
fissile targets (similar fission activation energies for 
Am?* and Am™®), 

Closer examination of Fig. 4 in the preceding paper 
and Figs. 4, 6, and 8 reveals that the (d,p) excitation 
functions drop slightly at high excitation energies 
(>20 Mev) while the (d,m) cross sections remain fairly 
constant at these energies. 

As shown in Fig. 6, the (d,p) cross sections for fissile 
and nonfissile targets of heavy elements are of the same 
order of magnitude. The fission activation energy of the 
residual nucleus (target plus neutron) for each of the 
targets shown is in all cases at least as large as its neu- 
tron binding energy. The (d,p) cross sections will 
therefore be proportional to the number of levels below 
the neutron binding energy and independent of fission- 
ability for these residual nuclei in which Ey >B,. This 
explains the absence of any marked difference in the 
(d,p) cross sections of the fissile and nonfissile targets 
(Fig. 6). 
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Polarization of Neutrons from Li’(p,n)Be’ and from n-d Scattering* 


L. CRANBERG 
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The polarization of neutrons produced in the reaction Li’(~,n)Be’ has been examined by using n-He' 
scattering as an analyzer and the pulsed-beam time-of-flight technique as a neutron spectrometer. Results 
are reported up to 4.95-Mev proton energy. The data include results on the neutron groups corresponding 
to beryllium-7 being left in its ground state and first excited state. Using neutrons of 2.1 Mev which are 
polarized 38%, the polarization for n-d scattering at several angles has been found to be less than 0.07, 
which is consistent with a prediction by Christian and Gammel of negligible polarization. 





O study the polarization of fast neutrons produced 

in nuclear reactions and the effects of the scatter- 
ing of polarized neutrons by nuclei, the pulsed-beam 
time-of-flight technique is particularly advantageous 
because it affords a favorable combination of energy 
resolution, signal-background ratio, and counting rate. 
In particular this technique lends itself readily to the 
utilization of n-He‘ scattering as a means of determin- 
ing the polarization of neutrons produced in target 
reactions. In this paper results are presented on the 
application of n-He* scattering to measurements of the 
polarization of neutrons produced in the reaction 
Li’(p,n)Be’. These neutrons are used in turn to study 
the polarization of n-d scattering at 2.1 Mev neutron 
energy. 

The helium scatterer is contained in a spherical steel 
shell 14 inches in diameter with walls 35 inch thick at 
5000 psi. The apparatus is identical with that used 
previously for time-of-flight studies.’ 

Figure 1 illustrates the time spectra observed for 
scattering from a helium-filled sphere and from an 
identical evacuated sphere for a scattering angle of 
+100°, using neutrons from the Li’(p,n)Be’ reaction 
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Fic. 1. Time spectra for neutrons from the reaction Li’ (p,m) Be? 
scattered from a thin-walled evacuated steel vessel (triangles), 
and from a similar vessel filled with He‘ (circles). The proton 
energy was 3.5 Mev. The primed and unprimed lines are due to 
neutrons from the target corresponding to excitation of the first 
excited state and the ground state in Be’, respectively. 


; * Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
1L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956). 


which are produced at 50° to the direction of the pro- 
tons. (The plus sign means the scattering angle is meas- 
ured in the same sense as the angle between the direction 
of the incident neutrons and the direction of the protons 
incident on the target.) The average proton energy was 
3.50 Mev, target thickness 120 kev, flight path 46 
inches, target-to-scatterer distance 5 inches, time per 
channel 2.2X10-* sec, running time 1000 seconds per 
spectrum at an average target current of 1 wa. At this 
proton energy and angle two neutron groups are pro- 
duced, corresponding to transitions to the ground state 
and first excited state in Be’, whose mean energies 
are 1.5 and 1.0 Mev, respectively, the intensity of the 
latter group being approximately 10% of that of the 
ground state group. 

The peaks in Fig. 1, reading from right to left, are 
readily identified as follows for the evacuated sphere 
(triangles) : a gamma ray due primarily to de-excitation 
of the 850-kev level excited by inelastic neutron scat- 
tering in iron, followed by neutron groups due to elastic 
scattering of 1.5-Mev neutrons by the steel sphere, 
elastic scattering of 1.0-Mev neutrons (designated Fe’.)) 
and inelastic scattering of 1.5-Mev neutrons correspond- 
ing to excitation of the 850-kev level in Fe. The gamma 
ray to the left belongs to the next cycle of data. The 
spectrum for the helium-filled sphere (circles) shows 
superimposed on the spectrum for the evacuated sphere 
two lines readily identified as those due to elastic scat- 
tering of 1.5- and 1.0-Mev neutrons by helium-4. The 
difference between these two curves is shown plotted in 
Fig. 2 together with the results obtained in a similar 
manner at —100°. 


TABLE I. Polarization of neutrons from Li’(p,n) Be’. 





6 (degrees) Pi 


5045 0.44+0.03 
50+5 0.00+0.15 
5045 0.37+0.05 
3545 0.28+0.03 
3545 —0.09+0.1 

3545 0.38+0.03 
3545 0.31+0.07 
3545 0.16+0.03 


Ey (Mev) 
3.48 
3.48 
3.98 
3.48 
3.48 
3.98 
4.50 
4.95 


En (Mev) 


1.494+0.057 
1.062+0.057* 
1.953+0.051 
1.613+0.057 
1.165+0.057" 
2.094+0.051 
2.592+0.047» 
3.032+0.043° 








8 Second neutron group. 

b Ground-state neutron group not resolved from second neutron group. 
Polarization calculated assuming the second group is 10% of the main 
group and is unpolarized. 
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POLARIZATION OF NEUTRONS 


TABLE IT. Neutron polarization in n-d scattering. 





Scatt. angle 
(degrees c.m.) P2 


44.5 0.02+0.02 
72.5 0.03+0.02 
98.0 0.00+0.03 
120.0 0.04+0.02 
0.02+0.03 














The difference in shape between the He! lines for the 
plus and minus sides is due to the dependence of neutron 
energy on angle of emission from the source. When the 
detector is in the positive position, it is nearer that 
part of the scatterer which is illuminated by less 
energetic neutrons and farther from that part which is 
illuminated by more energetic ones. Thus, there is a 
time-focusing effect on the plus side, and the inverse 
situation prevails on the minus side, but this does not 
affect the yield obtained by integrating over a line. 

From the left-right asymmetry in yield, and the 
polarization calculated for n-He‘ scattering by Levin- 
tov ef al.,? the polarization of the neutrons produced in 
the Li’(p,2)Be’ reaction is given in Table I for angles of 
neutron production, 0, of 35° and 50°. The values of 
polarization obtained are of the same magnitude as 
have been reported previously® for the ground-state 
neutron group at lower proton energies, that is, be- 
tween 30 and 50%. An estimate of the polarization has 
also been obtained at one proton energy for the second 
group, and a much smaller value is indicated for it. 
(Note that the convention used here for the sign of the 
polarization is opposite to that of Striebel et al.*) 

The full spread in neutron energy for which these 
data were taken is given in Table I. The spread in the 
angle 6 of 5° is essentially the spread in scattering angle 
because of the small target-scatterer distance. The 
value of 5° encompasses 90% of the scattering mass. 
Correction for the anisotropy of the source is negligible 
because of the large scatterer-to-detector distance and 
because the variation of the differential scattering 
cross section with angle is relatively slow. All data were 
taken at scattering angles larger than 90°, where the 
polarization for n-He* scattering is in excess of 60%. 
Multiple-scattering corrections, which amounted to 
about 10% of the observed counting rates, were made 
on the basis of the observed excess of foreground over 
background on the low-energy side of the lines due to 
single scattering. Errors in the polarization values given 
are primarily statistical, with some contributions from 
the uncertainty in the multiple-scattering correction. At 
2.5 Mev and above the second group was not resolved 
from the main group, and the polarization values given 
are based on the assumption that the second group ex- 
hibits negligible polarization. 

These results on the reaction Li’(p,) Be’ confirm the 
results of Striebel et al.* that strong polarization of the 
neutrons from the reaction Li’(p,m)Be’ is not confined 


2 Levintov, Miller, and Shamshev, Nuclear Phys. 3, 221 (1957). 
3 Striebel, Darden, and Haeberli, Nuclear Phys. 6, 188 (1958). 
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Fic. 2. The net yield obtained due to scattering of neutrons 
from the Li’(p,)Be? reaction by helium-4, for scattering angles 
of plus and minus 100°. The two lines observed in each case are 
due to the two neutron groups produced in the lithium target. 
The pair of lines corresponding to the weaker neutron group are 
primed. 


to the region of the prominent resonance in this reaction 
at a proton energy of 2.25 Mev, but extends well beyond 
it. However, there is a marked drop in polarization at 
4.95 Mev proton energy corresponding to a known 
resonance’ in Be® at 21.5 Mev. 

An important consequence of these results is that 
they establish the feasibility of using the neutrons from 
this reaction to investigate polarization effects in other 
nuclei at higher energies than have been covered in 
previous work.’ Using neutrons of 2.10 Mev mean 
energy at an angle of 35° to the proton direction, an 
investigation has been undertaken of n-d scattering 
using a scatterer of solid CD». For five center-of-mass 
angles from 45° to 138° (Table II) the polarization ob- 
served is less than 0.07. This is in disagreement with the 
result of 0.48+0.05 reported® for E,=2.26 Mev and a 
center-of-mass scattering angle of 90°, but in agreement 
with a theoretical prediction by Christian and Gammel.’ 
Recent work at 3.27 Mev® has given values for n-d 
polarization similar to those reported here. 
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T(p,p)T Scattering near the T(p,n)He*® Threshold* 


NELSON JARMIE AND RoBERT C. ALLENT 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received November 7, 1958) 


The absolute cross section of T(p,p)T elastic scattering at center-of-mass angles of 58° 38’ and 109° 31’ 
has been measured as a function of energy near the T(p,m)He’ threshold. Small but distinct perturbations 
are observed near the threshold and are discussed in the light of theoretical predictions. The bearing of the 
data on a possible excited state in He‘ at 20 Mev is discussed. 





INTRODUCTION 


ONSIDERABLE interest has developed about the 

effect of a reaction threshold on the energy 
dependence of the scattering cross section, or another 
reaction cross section. Wigner, in a study of reaction 
thresholds,! mentions the possibility of a perturbation 
and Breit,” Baz’,’ Prosser and Biedenharn,‘ and Newton® 
have considered the effect in more detail. 

Experimental observations have been made on such 
perturbations in Li’(p,p)Li’ elastic scattering®” and in 
the Li’(p,p’y)Li’ reaction® near the Li’ (p,m) Be’ reaction 
threshold. An effect on the T(p,p)T scattering cross 
section near the T(p,m)He* threshold was indicated in 
the proton-triton scattering studies of Hemmendinger, 
Jarvis, and Taschek® and of Ennis and Hemmendinger.” 
The present work was done as a verification and a 
detailed study of this perturbation. 

The cross sections measured also have bearing on 
the question of a possible excited state at about 20 
Mev in He‘. Studies” of the reaction T(p,m)He*® and 
its inverse He*(n,p)T indicate that this excited state 
would show as a resonance in the excitation function of 
T(p,p)T below 1 Mev. Since in the present experiment 
protons were accelerated from 0.7 to 1.4 Mev, one 
might be able to see some evidence for such a resonance. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
t Presently employed by Atomics International, Canoga Park, 
California. 
1E. P. Wigner, Phys. Rev. 73, 1002 (1948). 
2G. Breit, Phys. Rev. 107, 1612 (1957), 
communication. 
$A. 1. Baz’, Zhur. Eksptl. i Teoret. Fiz. 33, 923 (1957) [trans- 
lation: Soviet Phys. JETP 6, 709 (1958) ]. 
ais W. Prosser and L. C. Biedenharn, Phys. Rev. 109, 413 
(1958). 
5 Roger G. Newton, Ann. of Phys. N. Y. 4, 29 (1958). 
6S. Bashkin and H. T. Richards, Phys. Rev. 84, 1124 (1951). 
7™P. R. Malmberg, thesis, State University of Iowa, 1955 
(unpublished) ; and Phys. Rev. 101, 114 (1956). 
8 Newson, Williamson, Jones, Gibbons, and Marshak, Phys. 
Rev. 108, 1294 (1957). 
®Hemmendinger, Jarvis, and Taschek, Phys. Rev. 76, 1137 
(1949). 
; M. E. Ennis and A. Hemmendinger, Phys. Rev. 95, 772 
1954). 
4 R. L. Macklin and J. H. Gibbons, Phys. Rev. 109, 105 (1958). 
2 Bergman, Isakov, Popov, and Shapiro, Zhur. Eksptl. i 
(1988) Fiz. 33, 9 (1957) fesondation Soviet Phys. JEPT 6, 6 
(1958) J. 
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EXPERIMENTAL METHOD 


The apparatus used was identical with that described 
in a previous paper.” Briefly, protons accelerated by a 
2-Mev electrostatic accelerator bombarded a gaseous 
tritium target. The scattered protons were analyzed 
by a 16-in. double-focusing magnetic spectrometer. 
Details and dimensions are given in reference 13. In 
the present case, however, a different method was 
necessary to determine the absolute cross section from 
the yield of the detector at the output of the spec- 
trometer. It may be shown (see Appendix) that the 
differential cross section, o(@), is proportional to 
S,V (6,p)dp/p, where p is the central momentum of 
the particles in the spectrometer and Y(6,p) is the 
observed yield of the spectrometer detector. The 
accuracy of this method was tested with p-p scattering 
and was found to be better than 2%. 

The differential elastic scattering cross section was 
measured at a number of proton energies between 0.7 
and 1.4 Mev at a laboratory angle of 45°. A similar set 
of measurements was made between energies of 0.8 and 
1.4 Mev at an angle of 90°. Higher angles were not 
inspected because the energy of the scattered protons, 
for bombarding energies near threshold, was too low 
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Fic. 1. Differential cross section in the c.m. system for an angle 
of 58° 38’. Relative errors are shown. 


18 N. Jarmie and R. C. Allen, Phys. Rev. 111, 1121 (1958). 
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Fic. 2. Differential cross section in the c.m. system for an 
angle of 109° 31’. Relative errors are shown. 


for the protons to be detected reliably with this 
equipment. 

The full yield curve Y (6,p), from which /,Y (0,p)dp/p 
is calculated, was not taken for each energy. At a 
number of places where the points were densely spaced, 
only the peak height of the curve was determined and 
carefully normalized, using a peak-to-area ratio of 
nearby energies where full curves were taken. The error 
introduced by this approximation was found to be not 
more than 2%. The relative error (standard deviation) 
between the points was determined to be 2%. A con- 
servative estimate of the standard deviation for 
absolute values of the cross section is 4%. 

The accuracy of the energy scale is of interest because 
the relative positions of the perturbation and the 
threshold energy for the neutron reaction" (1.020 Mev) 
are of importance in the theoretical interpretation. The 
error in the energy scale was conservatively estimated 
to be +5 kev. As a critical check on this error, the 
neutron yield was measured simultaneously at 0° with 
a BF; “long counter.” The observed threshold (see 
Fig. 1) agrees with the threshold predicted by the 
energy scale within 5 kev. 


RESULTS 


The experimental results are shown in Figs. 1 and 2. 
Figure 1 shows the differential cross section for T(p,p)T 
scattering in the center-of-mass system for a c.m. angle 
of 58° 38’ (45° in the lab system). Plotted on the 
abscissa is the laboratory energy of the bombarding 
proton. The bars shown are the relative errors. Figure 
2 shows the data for a c.m. angle of 109° 31’ (lab angle 
of 90°). Also shown are the position of the T(p,m)He’ 
threshold and the long counter yield. 


44 Taschek, Argo, Hemmendinger, and Jarvis, Phys. Rev. 76, 
325 (1949); T. W. Bonner and J. W. Butler, Phys. Rev. 83, 1091 
(1951). 
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DISCUSSION 


Near threshold, the energy dependence of the pertur- 
bation is predicted? to vary linearly with |E—Ey,|}. 
However, the sign and magnitude of this term are not 
determined. Theoretical analysis of the experimental 
observations of these latter quantities should give 
definitive information? on the phase-shift analysis'® of 
the scattering. It is interesting to note that a singularity 
in the polarization is also predicted.* A measurement 
of this perturbation could give information on the spins 
and parities involved in the scattering. 

The 58° data show a small but definite convex 
“cusp” around threshold. The 109° data have a less 
definite but distinct break at threshold. The 109° effect 
is so small that is is difficult to guess at the detailed 
shape of the perturbation. The absolute values can be 
compared to the results in references 9 and 10. This 
is shown in Fig. 3. The sudden rise in the cross section 
values of reference 9 below 1.1 Mev, which indicate a 
minimum at threshold and a possible resonance in He' 
compound state, has since been shown to be due, 
probably, to a systematic error involving collection of 
the beam.'* Otherwise the data of reference 9 are in fair 
to good agreement with ours. The perturbations near 
threshold indicated by the data of reference 10 have 
been shown not to be statistically significant and should 
not be used to indicate an effect. Comparison with their 
absolute values is again shown in Fig. 3. The values 
of reference 10 on the 109° graph were actually extra- 
polated from their 120° data, but the difference is small 
and the extrapolation should be quite good. 
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Fic. 3. Comparison of absolute values with reference 9 and 
reference 10. The errors indicated are absolute standard deviations. 
The absolute standard deviation of the solid line (present data) 
is 4%. The vertical line indicates the T(p,n)He’ threshold. 


16 R. M. Frank and J. L. Gammel, Phys. Rev. 99, 1406 (1955). 
16 R. C. Allen and N. Jarmie, Phys. Rev. 111, 1129 (1958). 
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Fic. 4. Center-of-mass data plotted as a ratio to 
Rutherford scattering for 58° 38’. 


A significant plot of the present data is shown in 
Fig. 4. Here the ratio of the differential cross section to 
the calculated Rutherford scattering cross section (in 
the c.m. system) is plotted vs bombarding proton lab 
energy, for a c.m. angle of 58° 38’. The cusp near 
threshold stands out sharply. Since the barrier height 
for this reaction is around 0.5 Mev, the ratio should 
probably go to a value of 1 at low energies, near 100 
or 200 kev, as indicated by the horizontal line on the 
graph. How smoothly one can extrapolate the present 
data to a value of 1 at low energy, taking Coulomb- 
nuclear interference effects into account, might be an 
indication of a possible resonance, as discussed in the 
introduction. About all one can say from Fig. 4 is that 
there seems to be no indication of a very large resonance 
effect, at least near 700 kev.!” A good experiment to 
explore this question of an excited state in He‘ at 20 
Mev would be a careful measurement of proton-triton 
scattering from 0.1 to 1.0 Mev. 


APPENDIX 


We wish to prove the following relationship between 
the yield, Y(0,p,,), of the spectrometer and the cross 


section, o(@): 
sin 7 dpm 
=— rf Y (0,Pm)—, (1) 
mNG Yo Pm 


w where the symbols are defined in reference 13. 


17 ‘Some r recent measurements affecting the validity of the 
conclusions of reference 12 concerning a level in He‘ are to be 
published. S. J. Bame, Jr., and R. L. Cubitt (private communi- 
cation). 
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For the case where the resolution (R) of the spec- 
trometer is determined by the exit or detector slit, the 
yield can be written as an integration over this slit 


as follows: 
nNG premtArpm/2) 
fr aoa, 


$1n8 Y pm—(Apm/2) 


Y (6,pm) 


where o(,p) gives the spread in momentum of the 
particle group entering the spectrometer and is related 
to a(@) by o(6)= fo%a(0,p)dp. The momentum width 
of the slit, Apm, is related to the resolution by 
R= pn/Apm: 

Letting C=1/2R and substituting for Y(6,p,) in 
Eq. (1) from Eq. (2), we have 


oO d Pm(1+C) 
“-—f = = | 
P 


om (I—C) 


o(0,p)dp. 


When we interchange the order of integration, we 


obtain 
1 x p/(1-C) dpm 
-—f[ oopapf 
2C pI(+C) Pm 


-—f 6,p)dp| in —In c Jip 
1+C. 


1 1+C 
= in( —— 
2c NM-C 


f a(0,p)dp=a(8), 
0 


so that (expanding the natural logarithm) 


o(6)=(1+3C°+5C'+ -- -)o(8), 


a false identity; thus we see that Eq. (1) is mot true 
in general and holds only when C is small. In the present 
experiment, the resolution was measured to be 194.5; 
giving 3C°=2X10-* and making Eq. (1) an excellent 
approximation in this case. 

The help and advice of G. Milton Wing and Alois 
W. Schardt concerning this calculation is gratefully 
acknowledged. 
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Distribution of the Angular Momenta, Level Spacings, and Neutron Widths of Al’*}* 


Car T. Hispon 
Argonne National Laboratory, Lemont, Illinois 


(Received November 7, 1958) 


The neutron total cross section from about 1 kev to 450 kev shows the presence of sixty-six peaks, seven 
of which are of the s-wave variety. Thirteen resonances are attributable to J=0, twenty-one to J=1, 
eighteen to J=2, ten to J=3, and three to J=4. This distribution is in agreement with the theoretical 
distribution for a value of 2cr=2c?=6. The density of all levels for this energy interval is 146 Mev~ and the 
average level spacing of the nucleons is 0.48 Mev. The neutron widths vary from 1 to 7 kev and the dis- 
tribution of the reduced widths appears to agree with an exponential distribution and is also in fair agreement 
with the Porter-Thomas distribution. The level spacings also agree with an exponential distribution. As 
obtained from the reduced widths averaged over both values of J, the value of the strength function for 
1=0 is 0.05, averaged over all values of J for /=1 it is 0.49, and for /=2 it is too large in comparison with 
the p-wave strength function. The particularly low value of the cross section below 30 kev and the shape 
of the wings of the 35-kev resonance can be explained by a multiple-level computation of the interference 
of the s-wave levels. On the basis of the results of the present analyses, the levels are about equally divided 


between the odd and even values of I. 





1. INTRODUCTION 


IRTUAL nuclear energy levels of nuclei can be 

located and studied by measuring the variation 
of the neutron total cross section as a function of 
neutron energy. With the resolution now achieved, it is 
possible to obtain sufficiently detailed information to 
study the level spacings, resonance parameters, strength 
functions, and the distribution in size of the neutron 
widths and of the angular momenta among the levels 
of the compound nucleus. 

The present paper is concerned with measurements 
on Al’ from about 1 to 450 kev. Previous measurements 
indicated the presence of a number of resonances in the 
low-energy region.’~* It was shown later that these 
resonances were due to a manganese impurity.’ Recent 
measurements at Columbia University and at Harwell® 
do not show any resonance structure from 1 ev up to 
4 kev. One resonance, variously quoted at from 5.5 to 
9 kev, does persist.*~* 


{t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

*For the preliminary results of the measurements on Al, 
some results of analyses of its resonances, and the distribution 
of angular momenta among its nuclear levels, see C. T. Hibdon, 
Bull. Am. Phys. Soc. Ser. IT, 2, 232 and 354 (1957) ; 3, 48 (1958). 

1 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955); and Supplement No. 1, com- 
piled by D. J. Hughes and R. B. Schwartz, 1957; and the second 
edition, compiled by D. J. Hughes and J. A. Harvey, 1958. These 
compilations will be referred to as BNL-325. 

2 Coster, Groendijk, and DeVries, Physica 14, 1 (1948). 

3 Goldsmith, Ibser, and Feld, Revs. Modern Phys. 19, 259 
(1947). 

4C. T. Hibdon and C. O. Muehlhause, Phys. Rev. 76, 100 
(1949). 

5 A. W. Merrison and E. R. Wiblin, Proc. Roy. Soc. (London) 
A215, 278 (1952). The measurements at Columbia University 
apparently have not been published but the results are shown 
in BNL-325, Supplement No. 1 (reference 1). 

6 Lichtenberger, Nobles, Monk, Kubitschek, and Dancoff, 
Phys. Rev. 72, 164(A) (1947); L. E. Beghian and H. H. Halban, 
Nature 163, 366 (1949). 


The cross section of aluminum up to 800 kev was 
first measured by Seagondollar and Barschall? by use 
of neutrons with a large energy spread and with most 
points taken at intervals of approximately 10 kev. A 
dozen or so resonances were observed. Later measure- 
ments of the (n,y) cross section by Henkel and Bar- 
schall' also showed a number of resonances up to 500 
kev. Some of these capture resonances (notably near 
40, 215, and 370 kev) coincide with resonances previ- 
ously found by Seagondollar and Barschall’ but others 
do not. From this, it was concluded that the trans- 
mission measurements missed a number of resonances 
that smaller neutron energy spreads currently in use 
could resolve and the resonances which were previously 
observed could be resolved better. The group at Duke 
University" has studied the resonance at 35 kev and 
near 90 kev but reported no measurements at higher 
energies. 


2. EXPERIMENTAL METHOD 


The experimental procedure and techniques are the 
same as were used previously and described in detail 
in the paper on Fe and Cr.” The counting equipment, 
however, has been modified further so that the 86 
counters of Fig. 1 in reference 12 are replaced by a 
similar arrangement of 50 larger proportional counters 
in a longer cylinder of paraffin. Each neutron counter 
now in use has a diameter of 1.5 in. and an active length 
of 20 in. and is filled to a pressure of 45 cm Hg with 
boron trifluoride gas in which the boron is enriched to 
96% B. Each group of 12 or 13 counters feeds into 

7 Roher, Newson, Gibbons, and Cap, Phys. Rev. 95, 302(A) 
(1954). 

8 Good, Neiler, and Gibbons, Phys. Rev. 109, 926 (1958). 

®L. W. Seagondollar and H. H. Barschall, Phys. Rev. 72, 439 

¢ 
ORL, Henkel and H. H. Barschall, Phys. Rev. 80, 145 (1950). 

4 Crutchfield, Haeberli, and Newson, Bull. Am. Phys. Soc. Ser. 


II, 2, 33 (1957). 
12 C, T. Hibdon, Phys. Rev. 108, 414 (1957). 
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Fic. 1. Neutron total cross section of aluminum up to 70 kev. 
(A) Solid circles in the region of the 6-kev peak show data 
obtained with a neutron energy spread of about 400 ev. (B) Peak 
heights of resonance No. 2 attained by neutron energy spreads 
of 450 ev (squares), 400 ev (open circles), and 325 ev (solid 
circles). (C) Data obtained by self-detection. Neutron energy 
spreads are the same as for (B). 


one of four amplifiers. This modification improves the 
ratio of counts to background so that data can be 
collected about twice as fast. 

In addition to the vertical slits mentioned in reference 
12, a horizontal slit 0.125 in. wide has also been placed 
a few inches before the entrance to the electrostatic 
analyzer, a second similar slit just before the vertical 
exit slits, and a third one just ahead of the lithium 
target assembly. These slits permit a viewing of the 
proton beam for alignment purposes and allow very 
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Fic. 2. Neutron total cross section of aluminum” from 70 to 
130 kev. The point marked by a cross above resonance No. 7 
was obtained by self-detection. The crosses from 70 to 114 kev 
represent points computed as explained in the text. 
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little vertical movement of the proton beam on the 
lithium target. 

Samples of aluminum purporting to be of 99.9% 
purity were used for the measurements. Up to 30 kev, 
the data do not show any reasonable structure to indi- 
cate the presence of impurities. The small peak at 6 kev 
alone cannot be attributed to any known isotope that 
might be present as an impurity. A further check was 
made by a spectrochemical analysis in which the only 
detected impurities were 0.05% Fe and 0.05% Si. 

The first measurements were made up to 415 kev by 
use of neutron energy spreads ranging from 400 to 
700 ev. During various later runs these measurements 
were repeated and extended up to 450 kev by use of 
neutron energy spreads ranging between 300 and 400 ev. 
A number of the resonances were also studied by the 
self-detection technique.” The neutron energy spreads 
were estimated by the method outlined in reference 12. 
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Fic. 3. Neutron total cross section of aluminum from 130 to 
196 kev. The point marked by a cross above resonance No. 9 
was obtained by self-detection. 


At the higher energies it is expected that the energy 
spreads become somewhat larger than those quoted. 


3. EXPERIMENTAL RESULTS 


Figures 1 through 7 show the observed neutron 
total cross section of aluminum as a function of neutron 
energy from about 1 to 450 kev. All of the dozen 
or so levels previously observed by Seagondollar and 
Barschall® and by Henkel and Barschall" were observed 
along with many additional ones. Variations in the 
cross section show a complicated level structure for 
the nuclide Al?*. Most of the peaks do not appear to 
be s-wave resonances (/=0). These are identifiable by 
two distinguishable characteristics: the presence of low 
minima on the low-energy sides of the resonances and 
an asymmetrical shape. Moreover, adjacent pairs of 
reasonably well separated resonances of this type are 
expected to show marked interference minima between 
them. Actually, indications of these expectable minima 
are found with only a relatively small number of 
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resonances. For the others / must be greater than zero 
(p and d wave, etc.) because of the observable features 
of the data, so one expects a profusion of p- and d-wave 
resonances. The various peak heights seem to indicate 
the presence of an assortment of values of J. 

Only a few of the resonances are sufficiently well 
isolated to obtain values of J and I directly, and even 
these can be analyzed better by taking account of the 
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Fic. 4. Neutron total cross section of aluminum from 193 to 
265 kev. The point marked by a cross above resonance No. 23 
was obtained by self-detection. 
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Fic. 5. Neutron total cross section of aluminum 
from 265 to 330 kev. 


interfering wings of other resonances. Most of the 
resonances occur in overlapping clusters and the inter- 
fering wings must be considered. It proves possible to 
do this and to make fairly unamiguous analyses of these 
clusters, principally because of the very limited number 
of possible values for the peak cross sections. 

The reactions Al*’(,n’)Al? and Al?’ (n,p)Si?” will not 
contribute to the cross section in the present measure- 
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Fic. 6. Neutron total cross section of aluminum 
from 328 to 393 kev. 


ments because their thresholds are at higher energies.'*:4 
Measurements by Henkel and Barschall" showed that 
radiative capture contributes to some but not all of the 
resonances of aluminum. They estimated the neutron 
absorption widths of the resonances to be no more than 
15 ev. In the present measurements the total width of 
all observed levels, except the level at 6 kev, ranges 
from 1 to 7 kev. Thus one can ignore the capture and 
treat the resonances of aluminum in this energy region 
as simple elastic-scattering resonances. 

The neutron beam contains a second group of low- 
energy neutrons that arises from the formation of the 
residual nucleus Be’ in the 430-kev excited state. 
Because of this the various resonances at low energies 
may produce small peaks at higher energies.’* When the 
main group of neutrons has an energy of 333 kev, the 
low-energy component has an energy of 35 kev. There- 
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Fic. 7. Neutron total cross section of aluminum 
from 387 to 450 kev. 


18 P, M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

14 FE. Bretscher and D. H. Wilkinson, Proc. Cambridge Phil. Soc. 
45, 141 (1949). 
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fore, the 35-kev resonance re-appears as a spurious 
peak (No. 40A in Fig. 6) at 333 kev, which thus can 
be accounted for by assuming that about 3% of the 
beam of neutrons is in the low-energy group. Similarly, 
if above 390 kev the low-energy group constitutes 4 to 
5% of the beam, the irregularities there (small peaks 
46A, 46B, and 46C in Fig. 7) may be spurious reflections 
of the group of resonances (No. 3 through No. 6) near 
90 kev. The small peak just below resonance No. 54 
can be attributed to resonance No. 7 at 120 kev if the 
beam of neutrons exciting it consists of about 8% of 
the low-energy group of neutrons. These small peaks 
are, therefore, not considered to represent levels of Al?* 
and are excluded from the analyses. The abundances 
of low-energy neutrons found here for the three dif- 


waghtitendS: ee i ig 
| : (E—E,)*+4l 


CARL TT. 


HIBDON 


measurements. These abundances and references to the 
original papers are collected on page 420 in reference 12. 


4. IDENTIFICATION OF THE RESONANCE LEVELS 
(A) Preliminary Considerations 


The analyses of the resonances are based on the 
multiple-level neutron scattering dispersion formula!® 
which, except for levels whose widths are larger than 
or about equal to the level spacing, is given in the form 

ip, 2 
+e sind;|. (1) 


o,=4rX > as > £uy,1 om ee eer 
iv ' E-E,4+3i7, 


The subscript r designates a particular level of the J,/ 
type. For a group of levels having the same values of 
J and 1, Eq. (1) expands into the form 


r'2(1—2 sin*6,)+41,(E—E,) sind, cosé, 


20's 





+ 


Each term of the first summation inside the curly 
braces is identical with the single-level expression and 
represents the contribution of a single resonance and 
its interference with the potential scattering. There are, 
then, as many single-level terms as there are resonances. 
The second summation represents the mutual inter- 
ference of the different pairs of resonances and there 
is a term for each possible pair. The potential scattering 
is given by op= )-1(2/+1)4rX? sin’5,. For a single iso- 
lated level, Eq. (1) or (2) reduces to the familiar 
form known as the Breit-Wigner single-level dispersion 
formula: 


I?(1—2 sin’6,) +40 (E—E,) siné; cos6, 
ane, te 
(E—E,)?+4T? 


(3) 


The symbols in these formulas have their customary 
significance.” Possible values of J are computed by the 
method of Blatt and Weisskopf.'* by defining ¢=0+-4), 
where tand= (E—E,)/(31), Eq. (3) reduces to the form 


0,=0p+4rh’g,, 1(cos*p—sin’*s;), (4) 
which for a maximum reduces to 


Omax — 4r[_ gy, l cos’6,+ >- (21+ 1) sin’5; |. (5) 


‘6 The multiple-level formula in this or a similar form has been 
used by various experimenters for a number of years. See, for 
example, H. A. Bethe, Revs. Modern Phys. 9, 69 (1957); Harris, 
Hibdon, and Muehlhause, Phys. Rev. 80, 1014 (1950); Feshbach, 
Porter, and Weisskopf, Phys. Rev. 96, 448 (1954); J. A. Moore, 
Phys. Rev. 109, 417 (1958), Eqs. (10) and (11). 

16 J, M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 426. 


—__——————§(4i1r,I',+(E—E,)(E—E,)]}. (2) 


~ £- — 
tree) [(E—E, 2-440 2 (E—-E,)° +30 2] 





Equation (5) is then used for the purpose of computing 
the possible single-level peak heights of resonances for 
the various values of J and J. The minimum of a 
resonance is then given by the equation 


Omin= 0 p—4rh’gz, 1 sin, (6) 


which is very nearly (1—g)o, for /=0 because con- 
tributions from other values of / are negligible. 

The number of compound levels that can be formed 
depends on the number of possible values of J and 
parity. Aluminum has only one isotope, Al*’; hence all 
observed resonances are levels of the compound nucleus 
Al’, The nuclear spin™:!” of Al?’ is J= } and the parity 
of the ground state is listed as even by King'* and by 
Endt and Braams." If the neutrons involved in the 
interaction are s-wave neutrons (/=0), the levels of the 
compound nucleus have a possible J of 2 or 3 and even 
parity; if p-wave (J=1), the values of J are either 1, 
2, 3, or 4 and the levels have odd parity; and if d wave 
(l=2), the values of J are 0, 1, 2, 3, 4, or 5 and the 
levels have even parity. Hence, for <2, one may 
possibly see any of ten types of resonances differing in 
J or parity. 

The observed width of the small peak (No. 1 in 
Fig. 1) is not distinguishably different from the neutron 
energy spread of 400 ev used for its measurement. 
Therefore, the level must be very narrow. On several 
different occasions the data indicated high points in 
this region. During two different runs the region was 
investigated by closely spaced points. This small peak 


17 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
18 R. W. King, Revs. Modern Phys. 26, 327 (1954). 
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Fic. 8. Analysis of the 35.2-kev resonance of aluminum. The plot is shown for both J=2 (solid circles) and J=3 (open circles). 
See text and reference 12 for a description of the method and the definition of the complicated quantity Y. 


was observed both times at 6 kev. Other experimenters 
have observed it also.”'* 


(B) Analysis of the 35-kev Resonance 


Resonance No. 2, whose peak is at 35.2 kev, clearly 
shows a pronounced minimum on the low-energy side 
and the asymmetrical shape characteristic of an s-wave 
resonance. A number of measurements were made in 
the region of this resonance in order to distinguish 
between the two possible values of J/=2 and 3 corre- 
sponding to peak heights of 34.5 and 47 barns, respec- 
tively. Three different thicknesses of lithium targets 
were used during the latest measurements. Figure 1 
shows the results for all three thicknesses and also the 
self-detection measurements for the same neutron 
energy spreads. The highest peak obtained by the 
thinnest target was 32.742 barns and by self-detection 
by the same target a value of 43.7+-6 barns. Therefore, 
J is taken to be 3. To obtain the width of this resonance, 
it was analyzed by the method used by Hibdon” to 
analyze isolated s-wave resonances. This method, which 
uses a larger fraction of the points than do former 
methods, is described in detail in reference 12 and is 
based on the single-level formula, Eq. (3). Briefly, the 
method consists of arranging the equation in such a 
form that a plot of a quantity Y vs E over the region 
of the resonance is a straight line for a perfectly 
resolved, completely isolated resonance. This is done 
by expressing the parameters £,, I’, and 6 in terms 
of their values for which o, has its maximum value. 
Then the potential scattering can be obtained from 
the slope of the straight line and the width from 


the ordinate of the line at the energy for which the 
scattering is a maximum. Figure 8 shows such a plot 
for each value of J and it is obvious that this plot 
makes no selection between the two values of J. The 
line for J=3 yields a value of '=1.7 kev and a value 
of 1.07 barns for 42A?(7/12) sin’éo, that part of the 
apparent potential-scattering cross section correspond- 
ing to J=3. The ‘alue of the cross section at the 
minimum is 0.5 barn .nd corresponds to 4mA\?(5/12) 
Xsin*5o, the apparent contribution to the potential 
scattering for J/=2. Since these two contributions are 
in a ratio of 2.1 to 1 instead of the theoretical value of 
7 to 5, it is clear that the effective value of 59 is different 
for the two values of J. These different apparent values 
for the potential scattering presumably are to be 
accounted for by different interference contributions 
from remote resonances of the two types. Later in this 
paper the low value of the potential scattering deter- 
mined here, the shape of the lower parts of the wings 
of this resonance, and the deviation of the points in 
Fig. 8 from the straight line will be accounted for by 
including the wings of all contributing s-wave resonances 
and their mutual interference. 

If resonance No. 2 were attributable to a value of 
J=2, one obtains a width of 2.2 kev and a value of 
1.0 barn for 44?(5/12) sin*5o, the apparent contri- 
bution to the potential scattering for J=2. Then in 
this case the value of 0.5 barn at the minimum would 
be interpreted as the contribution for J/=3. The ratio 
is then 2 to 1 rather than 5 to 7 as it should be for 
hard-sphere scattering. 
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Fic. 9. Analysis of the 120-kev resonance. Points shown by 
crosses represent the resonance scattering after the wings (A) 
of other resonances have been subtracted from the data. The 
triangles represent points obtained by the single-level formula for 
J=2, '=3 kev and /=1. 


(C) Analysis of the 120- and 257-kev Resonances 


Two other resonances, No. 7 located at 120 kev and 
No. 28 at 257 kev, can be fairly well analyzed directly 
by estimating the backgrounds upon which they sit 
and obtaining the resonance scattering by subtracting 
this background from the data. Because of their ap- 
parent symmetrical shapes and the absence of pro- 
nounced minima in their low-energy wings, one can be 
reasonably sure that they are not s-wave resonances. 
The measured peak height of the 120-kev resonance is 
11.3 barns (including the potential scattering) and the 
height by self-detection is 11.7 barns. These are to be 
compared with possible values of 12 and 16 barns for 
J=2 and 3, respectively. Use of smaller neutron energy 
spreads would not be expected to resolve a resonance 
of this apparent width to any appreciably higher peak 
value. Therefore it is considered well resolved and J 
has a value of 2. By a direct examination, one can see 
that the width of this resonance is very nearly 3 kev. 
This is confirmed by subtracting off the apparent 
background upon which it sits and making a single-level 
plot for this width by use of Eq. (3) and also using J=2 
and /=1. A slightly better agreement with the single- 
level plot occurs for the low-energy wing if the combined 
wings of the s-wave resonances Nos. 4, 6 and 9 obtained 
by multiple-level computations are used as the back- 
ground, the higher energy wing being in very good 
agreement and unchanged by this background. This 
background is shown in Fig. 9 by curve A. The result 
of subtracting curve A from the experimental curve is 
shown in Fig. 9 by the curve with points indicated by 
crosses. The curve with points indicated by triangles is 
the single-level plot for J/=2, ['=3 kev, and /=1. 

Because of the width of the 257-kev resonance (No. 
28), it is considered well resolved. The best estimate of 
the background upon which this resonance sits (although 
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less accurate than for No. 7, principally because of 
resonance No. 27) is sufficient to obtain the value of J 
and a fair estimate of the width. A better analysis can 
be obtained by taking the background to be the sum of 
the wings of the nearby s-wave resonances, principally 
No. 31. The combined effect of the wings of these 
resonances is shown by curve A in Fig. 10. This curve 
which was obtained by the multiple-level formula, Eq. 
(2), was subtracted from the data to obtain the residual 
curve B. The peak height of the resonance is then 2.65 
barns, compared with possible heights of 2.8 and 4.5 
barns for J=1 and 2, respectively. The value of J is 
then taken to be 1. Curve C is the single-level plot 
obtained by using J=1, I'=5 kev and /=1. By sub- 
tracting curve C from B, one obtains the adjacent peaks 
Nos. 27 and 29, shown as the two parts of curve D. 


(D) Analysis of the Resonances in the 
Region from 355 to 390 kev 


Except for a few small peaks, all of the other reso- 
nances tend to occur in clusters. It has been found 
possible to analyze these clusters by a “‘peeling-off”’ 
process. To give the detailed analyses of every group of 
resonances represented here would involve voluminous 
discussion and a prohibitive number of figures. A 
detailed analysis of one of the simpler groups is, 
therefore, given here. This is followed by a short 
description of the salient features necessary for the 
analysis of the other groups with the figure; omitted. 
The successive steps for this type of analysis are illus- 
trated in Figs. 11 and 12 for one of the less complicated 
groups. Because of the distinctly asymmetrical shape 
and the pronounced minimum on the low-energy side, 
resonance No. 46 in Fig. 11 is taken to be an s-wave 
resonance. Its peak height is very near the theoretical 
value for J/=2. By trial and error it was found that a 
width of !'=4 kev gives a reasonable fit to the data if 
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Fic. 10. Analysis of the 257-kev resonance. Points represented 
by solid circles show the resonance scattering after subtracting 
the wings (A) of other large resonances from the data. The 
crosses represent points obtained from the single-level formula 
for J=1, f=5 kev and /=1. The two parts of curve D are the 
results obtained by subtracting curve C from curve B. 
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one assumes the potential scattering in this region to 
be 2 barns, the value indicated by the low-energy wings 
of resonances Nos. 43 and 46. In Fig. 11, points com- 
puted by use of the single-level dispersion formula, Eq. 
(3), are shown in curve A, which is subtracted from 
the data to obtain curve B. Curve B is then transferred 
to Fig. 12, the points being shown as open circles. The 
symmetrical resonance No. 43 is a close fit to points 
obtained by using the parameters '=5 kev, J/=4 and 
1=1 in the single-level formula as shown by the dotted 
curve with points marked by triangles. The high-energy 
wing of No. 43 is subtracted from curve B to obtain 
curve C, which is then transferred to the insert of Fig. 
12 where it is shown by open circles. The peak height 
of resonance No. 45 is 2.5 brans, compared with theo- 
retical heights of 1.9 and 3.1 barns for J=1 and 2, 
respectively. Hence a value of /=2 appears to be the 
correct one. Points obtained by the single-level formula 
by use of '=3.5 kev, J=2 and /=1 are shown as solid 
circles and appear to be a best fit to resonance No. 45. 
The difference between the low-energy wing and curve 
C shows the small peak No. 44 with points represented 
by triangles. The height of this peak is near 1.3 barns 
compared with values of 0.6 and 1.8 barns for /=0 and 
1, respectively. Undoubtedly /=1 is the correct value. 
The curve with its points represented by crosses was 
computed from the single-level formula for '=2 kev, 
J=1 and /=1 and differs little from the same curve for 
1=2. It will be shown later that /=2 is probably the 
better choice. 


(E) Analysis of the Resonances in the 
Region from 60 to 110 kev 


To obtain a satisfactory analysis of this group (Figs. 
1 and 2) it is necessary to proceed more or less by trial 
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Fic. 11. Analysis of the resonances in the region from 355 to 390 
kev. See the text for a description of the method. 
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Fic. 12. Analysis of the 366-kev resonance No. 43. The insert 
shows the analyses of resonances Nos. 44 and 45 at 370 and 374 
kev, respectively. See the text for the results. 
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and error until a reasonably satisfactory analysis has 
been obtained. The following noticeable features are 
useful aids in the analysis of this group: (@) Three peaks 
(Nos. 4, 5, and 6) are clearly present and a fourth one 
(No. 3) near 84 kev is indicated by a slight bulge. 
(b) The fact that the cross section between any pair of 
peaks does not go to a lower value than it does indicates 
that the width of each peak must be at least as large as 
2 kev. On the other hand, the observed degree to which 
these peaks are resolved shows that the widths are 
unlikely to be greater than about 5 kev. (c) The 
theoretical value of the potential scattering cross 
section in this region [given by >> ,(2/+1)4A? sin’6,, 
where 6; is computed using R=RjA! and Ro=0.14 
X10-" cm] is 2.17 barns. The value of the potential 
scattering indicated by the analysis of the 35-kev 
resonance is 1.57 barns and there is no reason to expect 
a lower value in this region. (d) The very low value of 
1.4 barns near 70 kev is, therefore, indicative of s-wave 
interference. The absence of a deeper minimum closer 
to one of the peaks suggests that the indicated resonance 
near 84 kev is contributing more to the cross section 
than appears at a first glance. (e) The asymmetrical 
shape of this group of resonances, with high values of 
the cross section on the high-energy side, is also indica- 
tive of the presence of s-wave scattering. 

For s-wave scattering, the possible values of J are 
2 and 3. No pair of adjacent resonances in the group 
can have /=0 and the same J since there is no indication 
of any deep interference minimum such as this would 
produce. There are then the following provisional pos- 
sibilities for s-wave scattering: (a) There is only one 
s-wave resonance for which J/=2 or 3. (b) There are 
two present with J=3 and 2, respectively. (c) There 
are three present with J values of either 3-2-3 or 2-3-2 
for resonances Nos. 4, 5, and 6. Of the two possibilities 
listed in (c), the first is ruled out by the low observed 
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TABLE I. Summary of the levels of Al** derived from neutron 
reactions with Al’, The parameters J, I’, and / are probable 
values obtained as a best fit to the data. See text for the distinction 
between /=1 and 2. 
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peak height of resonance No. 6. For either of these 
assignments, the constructive interference of the two 
resonances of the same J would be expected to cause 
the cross section on the high-energy side of the group 
to exceed the observed value and to produce a minimum 
close to the low-energy side of the resonance of lower 
energy. This minimum, however, would be masked by 
the presence of No. 3 near 84 kev. Since there seems to 
be no straightforward method of reaching unambiguous 
conclusions, one can only test various trial assumptions 
by comparing their consequences with experiment. The 
set of parameters for the various resonances shown in 
Table I are the only ones that were found to yield 
reasonable results. However, in view of the numerous 
parameters involved, it cannot be claimed that this is 


There are appreciable mutual interference effects 
among Nos. 2, 4, and 9 (J=0, J=3) and also between 
Nos. 3 and 5 (/=1, J=1). No way was found to account 
for the peculiar shape of the low-energy wing of No. 3 
unless its mutual interference with No. 5 was included. 
Finally the computed contributions of all resonances 
from No. 2 to No. 9 inclusive, including the mutual 
interference effects, account very closely for the cross 
section of the wings from 60 to 114 kev. This is shown 
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in Figs. 1 and 2 where computed points are represented 
by crosses. 


(F) Analysis of the Resonances in the 
Region from 130 to 195 kev 


The analysis of this group (Fig. 3) up through 
resonance No. 12 is very similar to the previous group 
from 60 to 110 kev. (The small peaks above No. 12 are 
reserved for later consideration.) The following obser- 
vations provide clues for the analysis: (a) Four peaks, 
Nos. 9, 10, 11, and 12, are clearly present and a fifth, 
No. 8 is indicated near 140 kev. (6) A common value 
of J and / does not appear possible for any two adjacent 
resonances because of the absence of any deep minimum 
which would indicate the mutual interference of such a 
pair. (c) Resonance No. 12 certainly has a higher value 
of J than any other peak and it obviously has a width 
of about 4 to 5 kev, making allowances for the wings 
of adjacent peaks. The shape of its low-energy wing 
does not indicate s-wave scattering and also its peak 
height is several barns above either possible peak 
height for s-wave scattering. (d) The very low value 
of 1.3 barns for the cross section at 129 kev is indicative 
of s-wave scattering by at least one resonance in this 
group. The absence of a deeper minimum closer to one 
of the peaks suggests that resonance No. 8 is con- 
tributing strongly to the cross section. (e) Because of 
the various peak heights and the absence of deep 
minima, only one of Nos. 9, 10, or 11 can be due to 
S-wave scattering. 

To obtain a successful analysis it was first necessary 
to locate the s-wave resonance and its parameters. It 
soon was found that No. 9 would lead to best results. 

The observed height of this peak (11.2 barns, resolved 
to 12 barns by self-detection, compared with possible 
heights of 9.4 and 12.3 barns for /=2 and 3, respec- 
tively) indicates a value of J/=3. By trial and error it 
was found by Eq. (3) that the width should be between 
3 and 4 kev. By including the mutual interference with 
Nos. 4 and 31 (J=3, /=0), it was found that a width 
of 3.5 kev provides a best fit compatible with the data 
and the other resonances. By subtracting this mutual- 
interference curve from the data, the wings of No. 12 
are left sufficiently revealed to obtain its width of 4 kev 
for /=4 and /=1. The three p-wave peaks, Nos. 8, 10, 
and 11, then can be fitted by the following parameters: 
(a) For No. 10, J=2 and '=3 kev. (6) For Nos. 8 and 
11, J=1 and '=5 and 3 kev, respectively. To account 
for the shapes of these last two resonances and to leave 
No. 10 as little distorted as possible, it was necessary 
to include their mutual interference. No way was found 
to account for the low-energy wing of No. 8 unless this 
interference was included. The high-energy wing of 
No. 11, which is left after subtracting the wings of 
Nos. 9 and 12, can also be better accounted for by the 
multiple-level computation than by single-level plots. 

In the region between Nos. 12 and 19 the cross- 
section during early measurements appeared to be 
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unexplainably high, with a number of irregularities and 
small peaks in the curve. During the latest measure- 
ments with a neutron energy spread of about 350 ev, 
this region was re-studied. The results are shown in 
Fig. 3 where the variation in the cross section is suffi- 
cient to show the presence of a number of small reso- 
nances, Nos. 13 through 18, inclusive. This group of 
resonances is also shown in Fig. 13 after the wings of 
larger neighboring resonances, including the mutual 
interference of s-wave resonances, are subtracted off. 
The loci of the possible peak heights for /=0 and 1 are 
also shown in Fig. 13 and from these and the heights 
of the peaks in this group it appears that Nos. 13, 14 
and 15 are attributable to J=1 and Nos. 15A, 16, 17, 
and 18 to J=0 (/22). From the high-energy wing of 
No. 18 and the low-energy wing of No. 13 one finds a 
width of 2 kev for each resonance. Single-level plots for 
Nos. 13 and 18 are also shown by dashed curves in 
Fig. 13. The residual curve obtained by subtracting 
the high-energy wing of No. 13 shows a peak No. 13A 
which is attributable to J=1 and has a width near 
2 kev. 

To continue the analysis it was found best to estimate 
the widths of Nos. 14 and 15 and compare the con- 
sequences with the data. After a number of adjustments 
it was found that a width of 2 kev for each of these two 
resonances for /=1 provides a best fit. Their wings are 
then compatible with the overlapping wings of other 
adjacent resonances. A better analysis of the various 
resonances is obtained by including the mutual inter- 
ference of the wings of those p-wave resonances. This is 
particularly true for finding reasonable parameters for 
resonances Nos. 13B, 14A, and 15A. Except for the 
peak heights in the region of Nos. 13 to 15, the param- 
eters shown in Table I for these ten resonances account 
very well for the data in this region. 


(G) Analysis of the Resonances from 
195 to 272 kev 


Since the low-energy sides of the resonances show no 
pronounced minima and the high-energy wings have no 
apparent asymmetry, there does not appear to be an 
s-wave resonance present in this group (Fig. 4). How- 
ever, the wings of the s-wave resonances Nos. 9, 31, 
and 38 in adjacent groups do extend into this region; 
but because of their remoteness, the cumulative mutual 
interference of the wings of these three resonances 
differs but little from the potential scattering, particu- 
larly over the lower half of this region. Their combined 
wings, which provide the background upon which the 
group sits, were first subtracted from the data. 

Because of its larger width, it appears that No. 19 
could be due to two or more peaks. However, during the 
latest measurements data points at 500-ev intervals 
with a neutron energy spread of approximately 350 ev 
failed to show the presence of more than one resonance. 
Its peak height exclusive of potential scattering is 5.7 
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Fic. 13. Resonance structure of aluminum from 158 to 200 kev. 
The wings of the large neighboring resonances including the wings 
of s-wave resonances obtained by mutual interference calculations 
have been subtracted from the data leaving only the resonance 


, scattering of the group of resonances shown here. The lines showing 


possible peak heights for J=0 and J=1 do not include the poten- 
tial scattering. 


barns (compared with possible heights of 3.5 and 5.8 
barns for /=1 and 2, respectively) so the value of J 
is taken to be 2. On the assumption that this is a p-wave 
resonance, a width of 7 kev was obtained from the low- 
energy wing. The single-level plot fits this wing well 
and because of the very large width of this resonance, 
its wings extend an appreciable distance from the 
resonance. Hence, these wings were subtracted from all 
neighboring resonances before any further analyses were 
performed. 

The peak height of No. 23 exclusive of potential scat- 
tering is 4.25 barns and by self detection 4.8 barns 
(shown by a cross in Fig. 4 before the wings of other 
resonances are subtracted) compared with possible 
values of 3.25 and 5.1 barns for /=1 and 2, respec- 
tively. Hence J is taken to be 2. The resonance appears 
to be symmetrical in shape and is, therefore, assumed 
to be due to a p-wave interaction. The wings are suf- 
ficiently revealed to obtain a width of 3 kev. The other 
three levels between Nos. 19 and 23 then peel off rather 
easily and yield the parameters shown in Table I. The 
mutual interference of Nos. 20 and 22 depresses the 
cross section by about 0.3 barn near the peak of No. 21. 
This aids in assigning a value of /=2 to No. 21. 

The region from 225 to 272 kev is shown separately 
in Fig. 14. In the upper part of the figure are shown the 
data from the latest measurements for a neutron energy 
spread of about 350 ev. The points shown by crosses 
were obtained in a different run with a sample 0.6 as 
thick and a neutron energy spread of about 325 ev. In 
the lower part of the figure, curve A shows the results 
obtained when the wings of the s-wave resonances 
shown in Fig. 10 and the wings of Nos. 19, 23, and 28 
are subtracted from the data. The fact that the cross 
section shown by curve A is not zero everywhere in the 


region shows that considerable level structure exists. 
The loci (exclusive of potential scattering) of the pos- 
sible peak heights for J=0 and 1 are shown and indicate 
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Fic. 14. Resonance structure of aluminum in the region from 
225 to 272 kev. The wings of the 257-kev resonance No. 28 
obtained by the single-level formula and those of the s-wave 
resonances obtained by the multiple-level formula have been 
subtracted from the data leaving in the lower part of this figure 
only the resonance scattering of the group shown here. Points 
represented by crosses were obtained with a neutron energy 
spread of 325 ev and a sample of aluminum 0.7 in. thick. The lines 
y sah possible peak heights for J=0 and J=1 do not include 
the potential scattering. 


that Nos. 27, 29, and 30 are attributable to /=0. The 
others appear to have a value of J no less than 1. 

A single-level plot of No. 27 for a width of 3 kev is 
shown in Fig. 14 and appears to account for this peak. 
Also a single-level plot of No. 24 obtained by the 
parameters J=1, /=1, and !'=2 kev is shown. For a 
value of J=2, No. 24 could hardly be attributed to a 
p-wave interaction, because mutual interference with 
No. 23 would then be expected to show a much deeper 
minimum between the two resonances. The spacing of 
6 kev between the two levels is ample to observe such 
a minimum if it exists. One would expect the observed 
peak heights to be somewhat higher if any of the peaks 
Nos. 24 through 26C had a value of J/=2. Measure- 
ments were made over this region on three different 
occasions and the highest peak cross sections obtained 
are shown in Fig. 14. 

The set of parameters shown in Table I for this group 
was obtained as far as possible by the “peeling off” 
process and the two or three remaining resonances by 
trial and error. One can see from Fig. 14 that the 
average width could not be expected to be more than 
2 kev. A multiple-level calculation then shows that 
the fully resolved minimum between Nos. 24 and 25 
would be a little less than a barn (curve A). 


(H) Analysis of the Group of Resonances 
from 272 to 355 kev 


There are indications of s-wave resonances in this 
region (Figs. 5 and 6). The pronounced minimum of 
1.35 barns at 272 kev on the low-energy side of reson- 
nance 31 would be expected to be even lower in the 
absence of the small peak No. 30. This minimum is very 
close to resonance No. 31 and, along with a rapid rise 
to the peak, identifies No. 31 as an s-wave resonance. 
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The observed peak height is 5.6 barns compared with 
possible heights of 5.3 and 6.6 barns for J=2 and 3, 
respectively. Resonance No. 32 appears to be narrow 
and, with the high-energy wing of No. 31 as a back- 
ground, it must have a relatively low peak and is, 
therefore, expected to contribute little to the peak of 
No. 31. The next s-wave resonance is apparently No. 
38 and it is expected to depress the cross section in the 
region of No. 31 by about 0.5 barn. This amount added 
to the observed height of No. 31 indicates a value of 
J=3. From the low-energy wing one expects a width 
of about 5 kev. 

The cross section is unusually large in the region 
above ‘resonances Nos. 38 and 39 with no apparent 
group of peaks to account for it. To be sure that no 
additional detectable peaks exist in this region, further 
measurements were made. Although the measurements 
were repeated over the entire region with a neutron 
energy spread of about 350 ev, no resonance structure 
other than what is shown in Figs. 5 and 6 was observed. 
This region has the general asymmetrical shape of the 
high-energy wing of an s-wave resonance with the 
small peaks shown in Figs. 5 and 6 superimposed on it. 
The wings of the group of resonances Nos. 32 through 
37 can contribute only slightly to the cross section in 
this region unless there be s-wave resonances present, 
and even then these could account for no more than a 
small fraction of the cross section. There does not then 
appear to be any way to account for this region except 
to take it to be the asymmetrical wing of a strong s-wave 
resonance together with possible interference with No. 
31. It remains then to rule out either peak No. 38 or 
No. 39 as an s-wave resonance. 

The observed peak heights of Nos. 38 and 39 uncor- 
rected for contributions from other resonances are 5.7 
and 4.9 barns, compared with possible single-level 
heights of 4.75 and 6 barns for /=2 and 3, respectively. 
Resonance No. 39 can be ruled out as an s-wave 
resonance by the following observations: (a) The width 
of No. 38 for any value of / appears to be 3 to 4 kev 
and consequently contributes so much to the peak 
height of No. 39 that the true peak height of No. 39 
is much too low for even a value of /=2. (6) Even for 
a value of J=2 (l=0) for No. 39 (or No. 38), a further 
complication would arise. The mutual interference with 
No. 46 (J=0, J=2) would reduce the high-energy wing 
of Nos. 38 or 39 much more rapidly and reduce it below 
potential scattering (2 barns) in the region above 345 
kev. Except for the small peak No. 42, contributions 
from other resonances are known to be small in this 
region. (c) Because of its height No, 39 would neces- 
sarily have a value of J=2 if due to s-wave interaction. 
(d) The low-energy wing of No. 38 appears to rise 
rapidly to its peak in a way similar to that of No. 31. 
Therefore, No. 38 is taken to be an s-wave resonance 
with J=3. 

By use of the multiple-level formula, Eq. (2), 
assuming level widths from 3.5 to 5.5 kev, it was found 
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that the best set of parameters for the two s-wave 
levels is E,=278 kev and '=5 kev for No. 31, and 
E,=311.8 kev and '=4 kev for No. 38. After sub- 
tracting the multiple-level plot of these two resonances 
from the data, it was found that the remainder of the 
resonances in this region peel off rather easily and yield 
the parameters shown in Table I. 


(I) Analysis of the Group of Resonances 
from 390 to 450 kev 


All of the resonances of this group (Fig. 7) appear to 
be symmetrical in shape, with no pronounced dips on 
their low-energy sides. One, then, concludes that no 
S-wave resonances are present in the group. The high- 
energy wing of the s-wave resonance No. 46 does, 
however, extend into this region and provides a back- 
ground upon which the group sits. This background is 
a little above the potential scattering (2 barns) and is 
first subtracted from the data. The remaining curve, 
then, represents only the resonance scattering of the 
various p and d wave resonances. 

It is convenient to begin the analysis with resonance 
No. 54 because it is the widest one of the group and 
its wings are sufficiently well defined to obtain a 
reasonable width of 4 kev. The peak height is a few 
tenths of a barn below the possible value for J/=4; and 
when the single-level plot of this resonance (obtained 
by the parameters J/=4, '=4 kev and /=1) is sub- 
tracted from the data, the region is divided into two 
groups. The low-energy wing of No. 55 is then well 
defined so it can be peeled off. The next two, Nos. 56 
and 57, also peel off readily. Because Nos. 57 and 58 
were assigned common values of J and /, a multiple- 
level calculation was performed over the entire region 
of these two resonances. The result showed each reso- 
nance to be repelled by about 200 ev from the other and 
that there was an increase in peak height of each reso- 
nance by a few tenths of a barn and a small rise in the 
lower part of the extreme lower and upper wings of the 
two resonances. The depression between the two 
resonances is so narrow that one cannot observe the 
low minimum experimentally. The same effects were 
found for Nos. 55 and 56 as for Nos. 57 and 58. 

Turning now to the resonances in the region below 
No. 54, one can begin the peeling-off process with No. 
53 but it was found that, because of the relatively wide 
peak No. 50, less adjusting of the widths for a best fit 
was needed if the peeling-off is begun with No. 49. 
The parameters J=3, '=2 kev and /=2 account for 
No. 49. The peeling-off process then proceeds with a 
minimum of adjustments for a best fit. An adjustment 
was made to take into account the mutual interference 
of resonances Nos. 52 and 53. 

The parameters shown in Table I for the dozen p- 
and d-wave resonances found in this region are the ones 
that were found to give a best over-all fit. The data 
indicate by the minimum above No. 58 that the next 
level is sevarel kev above this resonance and is not an 
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TABLE II. The number of levels and their distribution among 
the various values of the angular momentum J. The relative 
numbers are the ratios of the densities of levels to the density 
for J=1. 


J 0 2 3 4 


Number of levels 13 21 18 “a 
Relative numbers 0.61 1.00 0.86 0.48 0.14 


§-wave resonance. One then concludes that the high- 
energy wing of No. 58 is little affected by the next 
unmeasured peak. The presence of another nearby 
S-wave resonance at higher energy would, because of its 
intereference with potential scattering (and a greater 
interference with No. 46 if J=2 for the s-wave reso- 
nance), depress the cross section in this region— 
particularly around Nos. 54 to 58. Should such an 
s-wave resonance exist, the spacing between it and No. 
46 has to be at least 75 kev, and no drastic interference 
effects can be expected to occur to upset the value of 
J assigned to the various resonances of this group. 

A common value of J=3 is assigned to resonances 
Nos. 49, 50, and 51 and, if the same value of / is associ- 
ated with all three resonances, deep interference 
minima should be observed between each pair of 
resonances, particularly between Nos. 49 and 50. This 
minimum is so wide that it could easily be resolved to 
a much lower depth if mutual interference of Nos. 49 
and 50 is present. The absence of this deep minimum 
suggests a value of /=2 for Nos. 49 and 51 and a 
value of /=1 for No. 50, which is the widest of the 
three. The ratios of the Wigner limit of these three 
resonances to the reduced widths are 13.7, 7.6, and 
19.3, respectively. The multiple-level plot for Nos. 52 
and 53 shows a deep minimum between them but the 
wings of adjacent levels raise this minimum by a barn 
or more. This, along with a relatively narrow minimum, 
prevents one from observing a minimum much deeper 
than is shown. A common value of J and / for Nos. 52 
and 53 cannot, therefore, be ruled out on this basis. 

Table I shows a summary of the parameters of sixty- 
five of the sixty-six resonances determined from these 
analyses. Table II shows the number of levels assigned 
to each value of J (not including the one at 6 kev) and 
their distribution among the various values of J. This 
distribution and the values of I’ and / for the various 
resonances are only as valid as the analyses. The 
parameters are those that give a best fit to the data. 

It is expected that the widths of resonances with high 
values of / should become progressively smaller (refer- 
ence 16, page 464) with increasing /. However, there 
appear to be no really definite rules or characteristics 
that distinguish clearly between resonances with /=1 
and 2. A comparison of the measured reduced width ” 
with the Wigner limit, h?/M R? can be used as a rough 
guide.” From fairly well isolated resonances having 

19 C, E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 


2 R. G. Thomas, Phys. Rev. 97, 224 (1955). See also S. E. 
Darden, Phys. Rev. 99, 748 (1955). The latter used 77R for the 
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values of J=0 (122), it was found that a d-wave 
resonance was indicated when the ratio of the Wigner 
limit to the measured reduced width was about 8 or 
larger. This finding was further strengthened in a 
number of cases in which J>0 and no deep minimum 
occured between a pair of resonances to indicate a 
common value of J and / for these pairs. The spacings 
are so great in many cases that these interference 
minima could have been detected easily if they were 
present. Therefore if the resonances of such a pair have 
the same J, they must differ in /. On this basis the 
levels are distributed approximately equally between 
the odd (/=1) and even (/=0 and 2) parities. 


5. CROSS SECTION BELOW 30 KEV 


Except in the region below 30 kev, the indications 
are that the potential scattering is about two barns, a 
value close to that given by ¢p)=)- 1(2/+1)422? sin’6;. 
The region below 30 kev is the largest one free of 
observed levels and one might at first expect to find 
the observed cross section here to be equal to the 
potential scattering cross section. However, throughout 
this region the cross section is consistently below the 
expected potential scattering. Moreover, although the 
shapes of the lower parts of the wings of the 35-kev 
resonance suffice to establish an s-wave interaction with 
certainty, they deviate somewhat from the usual shape 
for a single-level Breit-Wigner plot—particularly in the 
region around the minimum. Further, instead of the 
observed minimum of this resonance occurring at a 
rather definite energy close to the resonance and being 
followed by a rapid rise to the peak of the resonance, 
it is spread over a fairly large energy region and shifted 
to a lower energy than what is usually observed. This 
behavior of the cross section is presumed to be due to 
the cumulative mutual interference of the various 
s-wave resonances. According to Eq. (6), for a potential 
scattering of about 2 barns one would expect a minimum 
of about 1.2 barns for /=2 or 0.9 barn for /=3. The 
observed minimum of 0.5+0.05 barn is lower than 
either of these expected values. The 0.9 barn attrib- 
utable to J=3 will be unaffected by interference between 
a level (J=3) in the negative energy region and the 
35-kev level if the latter has a value of J=3. The 
observed minimum of 0.5 barn, therefore, indicates 
that another resonance for which J =2 has a low-energy 
wing which extends into the region around 30 kev so 
that interference with the potential scattering lowers 
the cross section in this region. According to the present 
analyses, resonance No. 6 is attributed to an s-wave 
reduced width and consequently his strength functions are 
expressed in units of 10-8 cm. The expression I’,,°/D, used for the 
strength function in low-energy neutron work, is subject to some 
error at higher energies because of an approximation made to 
obtain this form as discussed in reference 12. For a further dis- 
cussion see reference 9 on page 484 of reference 19. The upper 
limit of y* is approximately h?/MR?® or 40/R? Mev where R is in 


units of 10~ cm. The upper limit for aluminum is then about 2.2 
Mev. 
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neutron interaction with J=2 and, because of its 
relatively wide width (4 kev), can account for the unex- 
pectedly low minimum of the 35-kev resonance. 

The mutual interference was computed by Eq. (2) for 
the various s-wave resonances having a value of J=3. 
These results are then combined with the potential scat- 
tering cross section and the low-energy wing of the s-wave 
resonance No. 6 (J=2) computed by Eq. (3) but do not 
quite account for the data. They do, however, show a 
cross section lower than the expected potential scat- 
tering and a shape similar to the observed shape of 
resonance No. 2. A level is also known to be present 
near —23 kev.'* The mutual interference was recom- 
puted by including this level, assumed to be an s-wave 
level with J=3 and '=3 kev. The results of these com- 
putations combined with the low-energy wing of No. 6 
and the potential scattering are shown from 10 to 50 
kev in Fig. 1, where the computed points are repre- 
sented by the crosses. These points account for the 
low cross section below 30 kev and duplicate closely the 
observed shape of the wings of resonance No. 2. If the 
assumed width of the real level at —23 kev is altered 
to either 2.5 or 3.5 kev, a definitely poorer agreement 
with the data results. 

These results also account for the deviations of the 
points from a straight line at low energies in Fig. 8 
which shows the analysis of the 35-kev resonance. The 
observed cross sections in the region of the minimum 
are too low and those in the high-energy wing slightly 
too high for a single-level isolated resonance. Hence, 
since Y is too small when the cross section is too large 
and vice versa, the lines of Fig. 8 have too small a slope 
and thus indicate too small a value of the potential 
scattering. However, the widths determined by these 
lines are little affected by this because the principal 
effect of interference with other resonances was to 
cause a small clockwise rotation of the lines about some 
point near the center (peak) of the resonance. 


6. DISTRIBUTION OF THE ANGULAR MOMENTA 
AMONG THE NUCLEAR LEVELS 


The density of levels, as a function of the total 
angular momentum J, is given for the single-particle 
model by the expression”! 


pe(U,J)=p(U){expl —J?/2cr ] 
—exp[— (J+1)?/2cr]}, (7) 


where cr is sometimes written as o” by different authors, 
p(U) is the density of all levels for the energy region in 
question, U is the excitation energy, 7 is the so-called 
nuclear temperature that varies slowly with energy, and 
c is a constant having the value (1/55) B?A*/* Mev for 


21C. Bloch, Phys. Rev. 93, 1094 (1954). See also H. A. Bethe, 
Revs. Modern Phys. 9, 69 (1937), formula (301); J. M. B. Lang 
and K. J. LeCouteur, Proc. Phys. Soc. (London) A67, 586 (1954) ; 
T. D. Newton, Can. J. Phys. 34, 804 (1956). The expression for 
p(U,J) is written by various authors in the approximate form 


e(U)L(2I +1) /2cr] expl — (J +4)?/2cr]. 
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a nuclear radius given by R=0.144!X10-” cm. Lang 
and LeConteur*! found the constant B to have a value 
of 0.55 for a fit to observed level densities. 

The number of levels of a single nuclide assigned 
experimentally to each different value of J hitherto has 
been too small to permit verification of the theoretical 
expression. In the present work a sufficient number of 
levels of aluminum have been identified with the various 
values of J to give a rough experimental check of the 
theoretical distribution. When Eq. (7) is used to com- 
pute the ratios of the densities of levels for different 
values of J to the density for /=1, the plots for 2cr=5, 
6, and 7 are as shown in Fig. 15. The experimental 
points for the relative numbers shown in Table II are 
also shown in the plot and a reasonably good fit is 
given for 2cr=6. The constant c has a value of 1.4 
Mev" so the corresponding value of 7 is 2.1 Mev, which 
is reasonably close to the values indicated by the dis- 
tributions of energy of neutrons emitted by various 
excited nuclei in the experiments discussed by Lang 
and LeCouteur.”! 

The foregoing analysis is based on the assumption 
that no great proportion of very narrow resonances of 
high J values have been missed. It is impossible to be 
perfectly sure on this point but the fit of the experi- 
mental points to a curve having the theoretical shape 
and the reasonable value of the quantity cr required 
to obtain this fit suggest that no large number of such 
resonances have been missed. 

The density of all levels for a particular excitation 
energy U’ is given by the summation 


Ls e(UJ)=p(U), (8) 

where p(U’) is given by Bloch” in the form 
p(U)=[eU (96r)' }“! expla (2U/38)! ], (9) 

and 6 was shown by Ross” to be given by 


1/5=1/6,+1/6). (10) 
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Fic. 15. Distribution of the angular momenta among the 
resonance levels of Al?*. Experimentally determined points are 
shown by solid circles. The curves are plots of Eq. (7) for values 
of 2cr=5, 6, and 7. 


2 A. A. Ross, Phys. Rev. 108, 720 (1957). 
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The quantity 6 is the average level spacing of the 
individual nucleons in the nucleus, 6, the spacing for 
neutrons and 6, for protons. 

From the present measurements the experimentally 
determined density of all levels is p(U)=146 Mev. 
For a mean value of U=7.95 Mev and the value of 
o=1.73 obtained from the distribution of the angular 
momenta, one obtains a value of 6=0.48 Mev. Figure 1 
of reference 22 gives a plot of the theoretical value of 
the average single-nucleon spacing 6. From this figure 
it appears that the theoretical value of 6 for A= 28 is 
about 0.45 Mev. 


7. DISTRIBUTION IN THE SIZE OF 
THE NEUTRON WIDTHS 


The reduced widths obtained from the neutron 
widths of the resonances by the relation® y?=I',/(2P1) 
fluctuate rather violently among the levels of Al**. 
Among various suggested theoretical expressions for 
these fluctuations, Porter and Thomas” expect the 
distribution x~} exp(— X/2) to be more reasonable on 
theoretical grounds. The quantity X=vy’/(7’)w is 
evaluated for a given J and /, where (y*)w is the average 
for the particular J and /. In studies made by Hughes 
and Harvey* at low energies for intermediate and 
heavy nuclei, they find reasonable agreement with the 
Porter-Thomas distribution but do not rule out the 
exponential distribution. For convenience the Porter- 
Thomas distribution can be given in the form 


y=CX~ exp(—X/2), 


(11) 


where C is a constant which depends on the number of 
levels and y is the number of levels per interval AX. 
In addition to the Porter-Thomas distribution, a 
number of others (such as the exponential, the Bethe, 
and other distributions) have been compared with the 
present data. Figure 16 (a) shows AX, the number of 
levels per interval, plotted as a function of X for the 
present data. The straight line shown in the figure is 
an exponential plot for an arbitrarily chosen value 
C=33. This distribution appears to agree with the 
data. However, the Porter-Thomas distribution shown 
in Fig. 16 (b) is also in fair agreement with the data 
and is a better fit to the data than the Bethe dis- 
tribution X~! exp(—X!) shown in Fig. 16 (c). Plots 
of the distributions exp(—X?/2) and X exp(—X?) 
yield curves instead of straight lines and do not agree 
with the data. The points represented by crosses in 
Fig. 16 show the effect of including the narrow level at 
6 kev with the assumed parameters J=2, /=0, and 
r=10 ev. 

Although the plots shown in Fig. 16 do not decide 


In(X!y)= —X/2+1nC, 


23 The penetrability factors P; are given by kRv; and the »; are 
given in reference 16, p. 361. 

41. J. Hughes and J. A. Harvey, Phys. Rev. 99, 1032 (1955), 
and 109, 471 (1958). 
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Fic. 16. Distribution (per 0.3 in AX) in the size of the reduced 
neutron widths of Al’. (a) Exponential distribution, (b) Porter- 
Thomas distribution, and (c) Bethe distribution. See text for an 
explanation of points represented by crosses. 


definitely in favor of any one of the three distributions, 
they do tend to favor the exponential distribution. As 
a further check, the percentages of resonances with 
widths smaller than a particular value of X have also 
been plotted and compared with plots of the integral 
Jo €-* for the exponential distribution and the integral 
So” X~4e-*"*dX for the Porter-Thomas distribution. It 
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was found that the exponential distribution lies between 
the data and the Porter-Thomas distribution for small 
values of X but each distribution approaches the experi- 
mental points as X increases and practically coincides 
with them for the largest values of X. Thus both dis- 
tributions indicate either that a few more narrow levels 
should have been observed or that the observed widths 
of the narrow levels are too large. Four to six additional 
narrower levels could lead to a very good agreement 
with the exponential distribution but a larger number 
would be necessary for an agreement with the Porter- 
Thomas distribution. 


8. DISTRIBUTION OF THE LEVEL SPACINGS 


Some attempts have been made to discover the law 
which governs the distribution of spacings of adjacent 
energy levels of the same spin and parity.”® The assump- 
tion has also been made that one would expect the 
probability of a certain spacing to be an exponential 
function of the spacing. For convenience this can be 
expressed in the form 


(12) 


where S=S/D. The quantity S represents the level 
spacing and D the average level spacing for a given J 
and parity. The quantity c is a constant and N is the 
number of level spacings per interval AS. The number 
of level spacings per interval AS is plotted as a function 
of § in Fig. 17 for the present data. For comparison, 
the exponential distribution for a value of c= 28 is also 
shown. The exponential distribution appears to agree 
with the data. 
Recently Wigner*® proposed the distribution 


N=c exp(—S), 


N=cr(8/2) exp(—78?/4) (13) 


on the basis that, at least for small values of S for 
zero-spin nuclei, the probability of finding a level in an 
interval dS is proportional to (S dS/D). If this prob- 
ability should also hold for large values of S, Eq. (13) 
could be used for all values of S and for convenience is 
expressed in the form 


In( VS") = — (wS?/4)+1n(cr/2). (14) 


Since the various values of $ for the present data are 
computed for a given J and parity, S should not depend 


25 Fujimoto, Fukuzawa, and Oaki, Progr. Theoret. Phys. 
(Kyoto) 16, 246 (1956); I. I. Gurevich and M. I. Pevsner, J. 
Exptl. Theoret. Phys. U.S.S.R. 31, 162 (1956) [translation: 
Soviet Phys. JETP 4, 278 (1957)]; Nuclear Phys. 2, 575 
(1956/57); E. P. Wigner, Proceedings of the Conference on 
Neutron Physics by Time-of-Flight, Gatlinburg, Tenn., 1956 [Oak 
Ridge National Laboratory Report ORNL-2309 (unpublished) J; 
E. P. Wigner, Proceedings of International Conference on Neutron 
Interactions with Nuclei, Columbia University, 1957 [Atomic 
Energy Commission Report TID-7547 (unpublished) ]; L. Landau 
and Y. Smorodinsky, Lectures on Nuclear Theory (English trans- 
lation) (Consultants Bureau, Inc., 227 West 17th Street, New 
York), see second paragraph at top of p. 55; N. Rosenzweig, Phys. 
Rev. Lett. 1, 24 (1958); S. Blumberg and C. E. Porter, Phys. 
Rev. 110, 786 (1958). See also J. A. Harvey and D. J. Hughes, 
Phys. Rev. 109, 471 (1958). 
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on the spin of the target nucleus. However, a plot of 
In(NS~) vs $? for the present data yields a curve instead 
of a straight line and does not agree with the data. 

The percentages of spacing smaller than a particular 
value of $ have been plotted also and compared with a 
plot of the integral /(* exp(—8)dS. The data follow the 
general trend of the exponential distribution except for 
a small hump near the middle of the curve. The entire 
curve for the integral (/2)/%° $ exp(—S8?/4)dS falls 
far below the data. A plot of the data was also made in 
which the various values of $ were computed without 
regard to J and parity. This plot does not agree with 
either of the foregoing distributions. 


9. STRENGTH FUNCTIONS 


The strength function is (7*)4/D, the average ratio” 
of reduced width to spacing, where the reduced width* 
y’=T,/(2P,) and D are averaged for a given value of /. 
Averaged over both values of J for the s-wave resonances 
in the present measurements, the strength function is 
0.05; and averaged over all values of J for the p-wave 
resonances it is 0.49, which is approximately ten times 
as large as for s-wave resonances. These results are in 
accord with the complex square-well model of Feshbach, 
Porter, and Weisskopf® who, for a nuclear well depth 
of 40 Mev, predict a p-wave maximum near A = 27 and 
a low value for s-wave resonances. The sum rule of 
Lane, Thomas, and Wigner suggests that the sum of 
the reduced widths of a given group of resonances in 
an energy interval comparable with the spacings of 
giant resonances for a given value of / should not exceed 
h?/MR’. For the p-wave resonances in the present 
measurements, this sum is 0.35 of the Wigner limit and 
indicates that this interval of energy is near the maxi- 
mum for the strength function for /=1. The strength 
function calculated for the d-wave resonances found 
here appears to be too high in comparison with the 
p-wave strength function. This could be the result of 
having assigned too many resonances to a value of 
l=2. This possible error would have little effect on the 
p-wave strength function because a calculated value for 
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the latter is only a little more than 0.6 even if all 
resonances in question are interpreted as p-wave reso- 
nances. Because of the nuclear shell effects, it is con- 
ceivable that the expression for Py» is incorrect and 
could cause a large value of the strength function for 
the d-wave resonances. 


10. DISCUSSION 


The results have shown the feasibility of resolving 
the complicated level structure of a nuclide to such an 
extent that reasonable values of the angular momentum 
J can be determined. Initial measurements with neutron 
energy spreads ranging between 400 and 700 ev revealed 
the presence of many resonances. It was thought that 
the distribution of the values of J among the resonances 
might possibly show a larger fraction of the higher 
values of J. Several recent experiments with neutron 
energy spreads ranging from 300 to 400 ev have failed 
to do more than increase some of the peak heights by 
small amounts and lower some minima between peaks 
by small amounts. The results of the recent experiments 
are shown in the various figures and show the highest 
peak values obtained. Although one might expect to 
resolve some of the peaks to somewhat higher values 
by even smaller neutron widths, it is not expected that 
any drastic changes would occur in view of the observed 
widths of the levels. The degree to which resonances of 
different widths are resolved appears to agree with 
measurements on other elements for which the level 
spacings are greater. 

The quantitative estimates of the components of 
low-energy neutrons in beams of three different energies 
are in agreement with previous measurements. (See 
the last paragraph of Sec. 3 and reference 12 for a 
discussion and references to original papers.) 

It is expected that any errors which may have 
occured in evaluating the widths of resonances would 
tend toward values that are too wide, particularly for 
the narrow resonances. There are two indications of 
this. A high value of the strength function for the d-wave 
resonances might be due in part to this and in part to 
assigning too many resonances to a value of /=2. The 
size distribution of the neutron widths, although ap- 
parently in agreement with the exponential distribution 
and less well with the Porter-Thomas distribution, 
would be in even better agreement if the narrow 
resonances should show a trend toward somewhat 
narrower widths. 

In view of the limited number of observed levels and 
the limitations of the analyses in consequence of the 
difficulties in resolving the narrow levels to heights 
nearer their true peak heights, the conclusions drawn 
from the results can be expected to be somewhat 
tentative. In particular it appears that a tremendous 
number of levels for many isotopes will be needed to 
definitely decide between the exponential and the 
Porter-Thomas distribution for the size distribution of 
the neutron widths. Further developments in the theory 
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and the observation of many more level spacings are 
expected to lead to a better understanding of the level 
spacings. 

It has been pointed out by Sailor*’ that for s-wave 
neutron resonances the compound nucleus appears to 
be formed preferentially by the spin state J=/+} 
rather than by an even distribution between the states 
J=I+4 and J—}. The present results tend to agree 
with this observation. Five of the seven s-wave reso- 
nances were assigned to the spin state J=7+}3 and the 
level at —23 kev appears to be an s-wave level having 
this same value of the spin. 

Finally, it was found after offering an explanation for 
the low cross section in the region below 30 kev that 
the potential scattering cross section of this nucleus is 
very closely given by the expression 

O p= 2 1(2/4+-1) 4X? sin*s;, 

27, V. L. Sailor, Phys. Rev. 104, 736 (1956). 
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and one could have proceeded just as well with the 
analyses by tacitly assuming this value of the potential 
scattering cross section. 
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Differential Elastic Scattering of Neutrons from Neon 


H. O. Coun anp J. L. Fow.er 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received November 12, 1958) 


Neutron elastic scattering from neon of natural abundance has been investigated in the energy range 0.8 
to 1.9 Mev. The total cross section was measured by the standard method of attenuating a neutron beam 
by a sample, which in this case was neon gas contained in a meter-long steel cylinder at high pressure. 
Differential cross sections were observed both by measuring neon recoil energies in a proportional counter 
and also by detecting neutrons with an anthracene crystal in coincidence with neon recoils. The combination 
of techniques shows up resonances at the following energies (in Mev) with spin and parity assignments given 
in parentheses: 0.91 (—); 1.28 (}—); 1.31 ($—); 1.37 (3 or $+); 1.62 (3—); 1.68 (3+); and 1.85 (---). 
These resonances have reduced widths of the order of one percent of the Wigner limits. 


INTRODUCTION 


LASTIC scattering of neutrons from zero-spin 
nuclei is of special interest. Since, in such cases 
as the scattering of neutrons from Het) CP?" 
O25 and Ne”,'*'8 there is only one channel spin 


1 P. Huber and E. Baldinger, Helv. Phys. Acta 25, 435 (1952). 
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634 (1955). 
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*M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 
 Muehlhause, Bloom, Wegner, and Glasoe, Phys. Rev. 103, 

720 (1956). 

4 Wills, Bair, Cohn, and Willard, Phys. Rev. 109, 891 (1958). 
"= R. K. Adair, Phys. Rev. 92, 1491 (1953). 

'8 A. Okazaki, Phys. Rev. 99, 55 (1955). 

4 J. L. Fowler and H. O. Cohn, Phys. Rev. 109, 89 (1958). 

16 Striebel, Darden, and Haeberli, Nuclear Phys. 6, 188 (1958). 
16H. O. Cohn and J. L. Fowler, Phys. Rev. 99, 1625 (1955). 
17H. O. Cohn and J. L. Fowler, Bull. Am. Phys. Soc. Ser. II, 
, 175 (1956). 

18 C, P. Sikkema, Nuclear Phys. 3, 375 (1957). 


state, a unique phase-shift analysis of differential 
scattering data is possible, at least at low energies. 
Phase shifts so obtained in the case of He* neutron 
scattering,’ and also in the case of O'*," can be discussed 
in terms of a single-particle picture, for in these cases 
one is dealing with the interaction of a neutron with 
closed-shell nuclei. This type of analysis seems to hold 
approximately even for neutron scattering from C™." 
It is of some interest, then, to investigate neutron 
scattering from Ne” which is a nucleus rather far 
removed from a closed shell. Such an investigation, of 
course, leads to detailed knowledge of virtual states 
of Ne”. Furthermore, a phase-shift analysis of neutron 
scattering from light zero-spin nuclei furnishes one a 
tool to measure the polarization of neutron 
sources,4~6-11.15,19—23 


19 E. Baumgartner and P. Huber, Helv. Phys. Acta 26, 545 (1953). 

20 Adair, Darden, and Fields, Phys. Rev. 96, 503 (1954). 

*1 Willard, Bair, and Kington, Phys. Rev. 95, 1359 (1954). 

2 Levintov, Miller, and Shamshev, Nuclear Phys. 3, 221 (1957). 

%3 Levintov, Miller, Tarumov, and Shamshev, Nuclear Phys. 3, 
237 (1957). 
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NEON RECOILS 


For a preliminary study of the scattering of neutrons 
from neon, the technique of pulse-height analysis of 
nuclear recoils in a proportional counter was used for 
the neutron energy region 0.8 to 1.7 Mev.!® Neutrons 
were produced by bombarding a rotating zirconium 
tritiated target with analyzed protons from the 5.5-Mv 
electrostatic generator.* 

The neutron energy resolution at 1-Mev neutron 
energy was approximately 10 kev as determined by the 
rise at threshold of the yield from the tritium target. 
The proportional counter, which has been described 
elsewhere in connection with its use in analyzing 
nitrogen recoils,”* is illustrated in Fig. 1 as it was 
aligned for this experiment. It was filled to 2 atmos- 
pheres with purified neon gas of natural abundance to 
which was added 2% COs. Neutrons were monitored 
with a long counter at about 120° to the forward neutron 
direction. 

With low bias settings, the integral counts (Fig. 2, 
right-hand side) show up prominent resonances at 
neutron energies 0.91, 1.31, 1.38, 1.62, and 1.68 Mev. 
Subsequent measurements to be described further on 
in this article have shown the level at 1.31 Mev to be 
distorted by the presence of a resonance at 1.28 Mev, 
and the position of the third level is nearer 1.37 Mev. 

Some of the nuclear-recoil energy spectra found by 
analyzing the amplified recoil pulses from the pro- 
portional counter with a 20-channel pulse-height 
analyzer are shown on the left-hand side of Fig. 2. 
The arrows indicate the energy at which the spectrum 
was measured. In the absence of inelastic scattering, 
the angular distribution of elastic scattering of neutrons 
can be deduced from the energy distribution of recoil 
nuclei.?*??7 The energy of the recoil nucleus is propor- 
tional to 1—cos¢, where ¢ is the neutron scattering 
angle in the center-of-mass system. In this system the 
number of recoils in the energy interval AE is propor- 
tional to the differential scattering cross section times 
the interval A(cos#). In Fig. 2, the upper edge of the 
recoil-energy distribution has been adjusted to corre- 
spond to cosp= — 1 and the pulse-height scale is labelled 
also as cos?. The lower energy portion of the recoil 
energy spectrum is very distorted ; however, an approxi- 


% Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 (1955). 

25 J. L. Fowler and C. H. Johnson, Phys. Rev. 98, 728 (1955). 

26 Baldinger, Huber, and Staub, Helv. Phys. Acta 11, 245 
(1938). 

27 H. H. Barschall and M. H. Kanner, Phys. Rev. 58, 590 (1940). 





mate interpretation can be made for the large angle 
neutron scattering ¢>90°. From these data, one con- 
cludes that the 1.37- and the 1.68-Mev levels are 
characterized by large backscattering of neutrons. As 
will be seen later, these levels correspond to d-wave 
neutron scattering. The other levels turn out to be due 
to p-wave scattering. Recently, at somewhat higher 
energies, >1.9 Mev, Sikkema'*® has made the neon- 
recoil techniques reliable by introducing an anti- 
coincidence ring in the proportional counter which 
enables one to remove much of the background due to 
gamma rays. In the case of low-energy neon recoils, 
another technique described in a following section 
allows one to greatly improve the quality of the data 


NEON TOTAL CROSS SECTION 


The absolute total neutron cross section of neon was 
measured for neutron energies from 0.8 to 1.9 Mev by 
a transmission experiment.” Li’(p,)Be’ neutrons were 
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Fic. 2. Results of the neon recoil experiment. The left-hand 
graphs give the pulse-height distribution observed for neon recoils 
at neutron energies indicated by the arrows. The right-hand curve 
shows the integral of the neon recoil curves as a function of 
neutron energy. 


28 H. O. Cohn and J. L. Fowler, Bull. Am. Phys. Soc. Ser. II, 3, 
18 (1958). 
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Fic. 3. Experimental arrangement for total 
cross-section measurement. 


produced at a rotating Li target with protons from the 
ORNL-5.5-Mv Van de Graaff. The detector was a 
1-atmosphere propane recoil counter. A 39 in. long and 
; in. (i.d.) thin-walled (;*, in.) stainless steel tube, shown 
in Fig. 3, filled to 1200 Ib/in.? with natural neon gas 
served as the scattering sample. The tube was filled by 
first freezing neon gas in a container of small volume 
immersed in liquid helium, and then allowing the gas 
to expand into the sample tube. Spectroscopic analysis 
of neon taken from the sample tube showed it to contain 
no more than 0.09% impurities. A similar tube, but 
evacuated, was used to correct experimentally for the 
effects due to the stainless steel. 

The total cross-section curve, shown in Fig. 4, was 
obtained with neutrons of about 13-kev energy reso- 
lution. The errors shown arise from statistics. The 
uncertainty in the neutron energy scale was less than 
5 kev.“ The points have been corrected for the second 
group of neutrons from the Li’(p,n)Be’ reaction, as 
well as for a small background as measured with a 
Lucite shadow cone. In-scattering corrections were 
less than 3% and were neglected. All resonances that 
were obtained from the recoil counter experiment by 
integrating the differential cross section (Fig. 2) were 
observed as well as a resonance at 1.85 Mev not covered 
by the other method. 

Fluctuations of some of the points on the total 
cross-section curve were due to small resonances also 
observed by the integrated differential cross-section 
measurements. Because neon of natural isotopic 
abundance was used, however, such resonances could 
be due to the ~10% abundant isotope Ne”, and were 
ignored in this analysis. 

Neutron energies for which resonances were observed 
in Ne” are: E,=0.91, 1.28, 1.31, 1.37, 1.62, 1.68, and 
1.85 Mev. Three additional analyzed resonances at 
neutron energies not covered by this experiment were 
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Fic. 4. Total cross section of neon. 
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reported by Sikkema'* at E,=1.94 and 2.00 Mev, and 
by Walt” at about 0.5 Mev. 

The energies of the resonances as well as their spin 
and parity assignments (to be discussed later on) from 
the present work, as well as from Sikkema’s and Walt’s 
measurements, are summarized in Table I. 


NEUTRON-NEON RECOIL COINCIDENCES 


Because of the difficulty of interpretation of the neon 
recoil information given in Fig. 2, a method was devised 
for measuring more directly the differential elastic 
scattering cross section for nuclei in a gaseous form." 
Figure 5 shows the experimental apparatus. Here again 
the neutron source is the T(p,m) reaction produced by 
protons bombarding a zirconium tritiated target. The 
LiF-impregnated paraffin shield has a rectangular slot 
to allow source neutrons to be incident upon the 2-in. 
diameter, 5-in. long counting volume of the propor- 
tional counter adapted from the neon recoil experiment 
shown in Fig. 1. Real coincidences were observed 
between proton recoils in the anthracene crystal and 
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Fic. 5. Experimental arrangement for measuring the differential 
cross section of neon gas. The construction of the proportional 
counter is shown in Fig. 1. 


neon recoils in the proportional counter. A typical 
proton recoil spectrum in the anthracene crystal is 
given in Fig. 6. In this case the primary neutron energy 
was 1.56 Mev. The window of a single-channel analyzer 
was adjusted to accept pulses between the limits indi- 
cated in Fig. 6, and the output was gated in a coin- 
cidence circuit. The pulse from the integral bias 
discriminator of the neon-counter amplifier furnished a 
gate for the other channel of the coincidence circuit. In 
order to improve the ion collection time in the Ne 
counter, 2% CO: was added to the neon gas. 

In setting up the experiment, the coincidence rate 
was measured as a function of the delay of one channel 
relative to the other. The curve obtained indicated 
that the width of the coincidence gate was adequate for 
the collection time of the neon counter. With a suffi- 
ciently long delay (4.7 usec) in one channel, the acci- 
dental resolving time which was controlled by the 
coincidence gate was found to be about 2.6 ysec. This 
resolving time measurement was repeated periodically 

*M. Walt (private communication) ; Vaughn, Imhof, Johnson, 


and Walt, Bull. Am. Phys. Soc. Ser. II, 3, 165 (1958). 
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throughout the experiment. The beam current was 
adjusted during most of the subsequent runs to give 
an accidental rate the order of one-half the real coin- 
cidence rate. Bias curves for the neon recoil counter 
were obtained by measuring the coincidence rate as a 
function of the integral bias of the neon amplifier. For 
each angular setting for the differential cross section 
measurements, the integral bias was set well on the 
plateaus of these bias curves. 

Absolute differential cross sections were obtained 
from the coincidence data by measuring the direct 
neutron flux with the neutron detecting crystal, rotated 
into the direct beam. For calculating the absolute cross 
section, the relative efficiency of the neutron detector 
is needed as a function of energy over the range of 
neutron recoil energies as well as knowledge of the 
geometry of the experiment and the number of neon 
nuclei in the active volume of the neon counter. As in 
the case of scattering from solid samples, the relative 
efficiency of the crystal as a function of neutron energy 
was determined by comparing the response of the biased 
crystal with a long counter,*:* both of which were at 
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Fic. 6. Distribution of pulses in the anthracene crystal resulting 
from 1.56-Mev neutrons. Bias limits are indicated by arrows. 


proof.—Dr. C. P. Sikkema informs us that more recent measurements give the widths of the 1.94 and 2.00 Mev levels to be, respec- 


5° to the forward neutron direction of the T(p,n) 


source. 

Background other than that due to accidental 
coincidences was evaluated by removing the direct 
neutrons with a 7-in. thick LiF-impregnated plug 
inserted in the slot in the shielding. This type of 
background, presumably arising from y rays producing 
real coincidences by Compton scattering, amounted to 
about 30%. It was measured periodically during the 
course of the experiment at each of the several angular 
settings of the crystal. At the neutron energies below 
1.43 Mev, the absolute cross-section measurements 
corrected for background as described above, agreed 
rather well with that expected from the total cross- 
section curve of Fig. 4. (See Figs. 7 and 8.) Between 
1.57 and 1.76 Mev, however, there appeared to be an 
additional source of background. The fit of the data, 
both for the resonances as well as for the positions 


RESONANCE PARAMETERS 
Eo= 0.913 kev 


Fic. 7. Center-of-mass differential cross sections of neon in the 
vicinity of the 0.91-Mev level. Energy is laboratory energy of 
neutron. The solid curves are calculated from the set of parameters 
indicated in figure, and with the potential phase shifts listed in 


Table I. 





S. @.0cCOR N 


EXPERIMENTAL ENERGY 
RESOLUTION = 12 kev 


Y 1312 


¥1307 ——~£,=1308 kev 


* 1303 
y 1297 
* 1292 


* 1283 


t* 1274 ——= &,=1275 kev 
* 1269 
y 1265 


between the resonances, to the theoretical curves of 
Fig. 9 which give the measured total cross section was 
obtained only after a constant background of ~100 
millibarns was subtracted from the original differential 
data. Part of this background could arise from neutrons 
being inelastically scattered from the steel in the neon 
counter, and from the lead in the vicinity of the slot 
through the shield, in which case the inelastically 
scattered neutron could give a neon recoil which is in 
coincidence with the inelastic y ray detected by the 
organic crystal. Or y rays produced along with neutrons 
at the source could Compton-scatter an electron in the 
neon counter and be detected in coincidence in the 
organic crystal. Real coincidences due to either of these 
causes should be expected to decrease rapidly with 
decreasing energy. The detection efficiency for the 
inelastically scattered neutrons falls off rapidly with 
decreasing energy as well as the inelastic scattering 
cross section itself, and the number of y rays from the 
source should decrease considerably with decreasing 
proton energy. In any case, there seemed to be no 
appreciable background present in the case of the 
differential curves at lower energies (Figs. 7 and 8). 
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Fic. 8. An extension of 


the differential cross sections 
as described in Fig. 7 into 
region of the 1.28-, 1.31-, 
and 1.37-Mev resonances. 
The solid curves in the vi- 
cinity of the 1.37-Mev level 
are calculated under the 
assumption that this level is 
a J=$-+ resonance of 9-kev 
width; the dashed curves 
are for a J=$+ level of 
5-kev width. 


RESULTS AND CONCLUSIONS 


For resolved resonances, measurements of the 
neutron total cross section allow an assignment of the 
total angular momentum associated with the resonance. 
The value of the cross section at resonance is given by 


4nX*[(2I+1)/(20+1)(25+1)\(P/P), 


where J is the total angular momentum quantum 
number, J and s are the spin of the target and neutron, 
respectively, A is the neutron wavelength divided by 
2r, andI’,,/T is the ratio of the neutron resonance width 
to the total width. For the system Ne*-+m in the 
energy range 0.8 to 1.9 Mev, the only effective com- 
petition for neutron emission is a emission, which is 
observed to be very small. Thus the total cross section 
presented in Fig. 4, corrected for the energy resolution 
of the neutron source (13 kev), identifies the three 
broad resonances as J=$ at 0.91 Mev, J=} at 1.31 
Mev, and J=$ at 1.62 Mev. With less certainty because 
of the larger correction for energy resolution, the level 
at 1.68 Mev is assigned a J value of 3. Additional 
information is necessary to give the parity of these 


*® Johnson, Bockelman, and Barschall, Phys. Rev. 82, 117 
(1951). 
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Fic. 9. An extension of 
the differential cross sec- 
tions of neon, as described 
in Fig. 7, into the region of 
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levels and to assign the quantum numbers to the other 
levels. 

Such additional information is available from the 
differential scattering cross section measurements 
obtained from the coincidence experiment described in 
the previous section. The results are plotted in Figs. 7, 
8, and 9. The vertical scales of the figures give the cross 
sections in barns per steradian in the center-of-mass 
system. The horizontal scales give the cosine of the 
center-of-mass angle. Neutron energy in the laboratory 
system is given on the skew scales. Errors shown are 
due to statistics. The solid lines are calculated by use 
of the Breit-Wigner resonance formalism.*!:> Resonance 
width variation with energy and the effect of the 
experimental energy and angular resolution are included 
in the theoretical curves as well as an estimate of the 
effects of isotopes in the recoil counter (Ne”!, Ne”, C, 
and QO) other than Ne”. The assumption was made that 
the scattering due to these isotopes, except in the case 
of oxygen, was the same as the nonresonant scattering 
of Ne”. For oxygen in the vicinity of the 1-Mev 
resonance, the measured differential cross section was 
used in making the correction. In calculating the reso- 
nance width variation with energy as well as the 
reduced widths estimated for Table I, the radius of 


31 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 
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interaction for Ne was taken as R=1.4(A!+1)X10-" 
cm. 

In the vicinity of 0.91 Mev, the differential meas- 
urements (Fig. 7) are fit rather well under the assump- 
tion that the J=3 level of width 14 kev is due to 
p-wave neutrons interfering with s-wave potential 
scattering. An s-wave phase shift of about —73° at 
0.91 Mev and its variation with energy was assumed 
in order to fit the total cross section shown in Fig. 4 
(Table I). 

For the next energy region, Fig. 8, three resonances 
are involved. Only one can be assigned a J value from 
the total cross section alone. Since this level at 1.31 
Mev has J=3, it can only be a s or p resonance. The 
lack of interference with s-wave potential scattering 
in the total cross section indicates a p-wave level, and 
the differential measurements of Fig. 8 confirm this 
assignment. Asymmetry about cos#=0 in the center- 
of-mass system indicates the 1.28-Mev resonance is 
also a p-wave level, and hence has J=} or 3. The 
observed width of this level, which is only slightly 
more than the experimental resolution of 13 kev, shows 
that the level is very narrow, probably under 8 kev 
wide. For such a narrow level, the height of the reso- 
nance observed under an energy resolution of 13 kev, 
if J=4, would be less than 0.9 barn. The total cross- 
section data in Fig. 4 favors a J= $ assignment for this 
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1.28-Mev level. Furthermore, two levels having the 
same angular momentum and parity cannot overlap 
in the manner in which the 1.28 and the 1.31-Mev level 
appear to overlap in Fig. 4. The differential cross-section 
data in Fig. 8 are consistent with the assignment of 
J=%, l=1, '=6 kev for the 1.28-Mev level, and J=} 
/=1, !'=32 kev for the 1.31-Mev level. In addition to 
a s-wave potential scattering phase shift of about — 78° 
at 1.31 Mev, p-wave potential phase shifts both for the 
p state as well as the p! state were assumed in order 
to fit the total cross section and the nonresonant 
differential scattering data shown in Fig. 8. p! potential 
phase shifts were taken slightly larger in absolute 
magnitude in order to allow for the tail of the lower 
energy, J = 3 resonance (Table I). 

For the 1.37-Mev level, the nonisotropic but approxi- 
mate symmetric differential cross section about cos#=0 
(Fig. 8), indicates a J>} even parity level, almost 
certainly a d level. From the value of the total cross 
section, Fig. 4, the resonance is either a 9 kev J=3 
level or a somewhat narrower (5 kev) J=$ level. The 
expected differential cross sections for the J=}3, /=2, 
I'=9 kev are shown as solid lines in Fig. 8 from 1.35 
to 1.41 Mev. Dashed lines are for the J=$, /=2, 
I'=5-kev assignment. Even the angular distribution 
data does not differentiate between these two cases, 
although the J=$+, I'=9 kev assignment seems 
slightly favored by the data. 

In the last energy range covered by the differential 
cross section measurements, 1.56 to 1.75 Mev, two 
resonances are observed. The one at 1.62 Mev has a 
width sufficiently large that its J value= can be 
obtained from the total cross section. The angular 
distribution is that due to p-wave scattering so that the 
resonance is identified as a J= 3, /=1, ! =27-kev level. 
Theoretical curves calculated for such a resonance are 
in agreement with the experimental differential data 
(Fig. 9). The angular distribution information at the 
1.68-Mev resonance indicates an even parity level with 
J>4, that is, a d level, so that the possibilities are 
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J=§+ or J=$+. The observed width in the total 
cross section is consistent for a '=10-kev level. A 
J =} level of this width observed with 13-kev energy 
resolution would have a resonance peak total cross 
section of 1.6 barns; a J=$ level would have 2.4 barns. 
The observed resonance peak cross section of 1.70.4 
barns definitely favors the J = 3 assignment. The calcu- 
lated curves for a J/=3, J=2, [=10-kev level at 1.68 
Mev agree with this assignment. For the range of 
energies covered in Fig. 9, the s-wave potential phase 
shifts are taken to be about —80°; the p-wave potential 
phase shifts about —10° (Table I). 

Table I summarizes the results of this analysis as 
well as other information available in the literature on 
scattering of neutrons from Ne”. It is of interest to 
examine this information in the light of what is known 
about neutron scattering from other light nuclei. In 
the case of He* and O'*, and to a less extent in the case 
of C®, there are states observed by neutron elastic 
scattering which have large, almost single-particle 
reduced widths. This is particularly true for the odd- 
parity states of He®* and the even-parity states of O'” 
and C®." For Ne”, the maximum reduced width is only 
of the order of 1% of the Wigner limit (Table I). In 
Ne”, one is filling the 1d and 2s shells far from a closed 
shell. There is as a consequence a great deal of con- 
figuration mixing, and hence one observes a relatively 
large number of reasonably narrow resonances. 
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The reactions Li®(n,a)H*, F°(n,y)F®, and I'?"(n,y)I were 
studied using scintillating crystals both as targets and as detectors. 
The neutrons were produced by the Li?(p,n)Be? and T?(p,n)He*® 
reactions. A redetermination of the Li’(/,n)Be? differential cross 
section was made in the proton energy range 1.9 to 3.0 Mev at 0° 
and the cross section observed at 2.27 Mev was 154 mb. Cross 
sections for this reaction were determined at 120° for proton energies 
below 2.4 Mev and at 60° for energies below 2.1 Mev. The 
Li®(n,a)H? reaction cross section was studied for neutron energies 
between 0.025 and 4 Mev. The resonance at 0.255 Mev was 
observed to have a width (lab) of 0.125 Mev and a maximum 


cross section of 2.80 barns. A fit of the dispersion theory to this 
resonance yielded the following parameters in the center-of-mass 
coordinates: ,?=0.41 Mev-cm, ya?=0.015 Mev-cm, A,=0.17 
Mev, £,=0.039 Mev, and '=0.188 Mev at the resonant energy. 
Sixteen resonances were observed in the F(n,y)F” reaction at 
neutron energies of 0.027, 0.048, 0.100, 0.177, 0.270, 0.308, 0.388, 
0.425, 0.500, 0.600, 0.760, 0.865, 0.950, 1.125, 1.290, and 1.635 
Mev. The radiative widths I’, of twelve of these resonances vary 
between 1.1 and 8.6 ev. A monotonically decreasing cross section 
was observed for the I'?’(n,y)I'8 reaction between 0.025 and 0.500 
Mev. 





INTRODUCTION 


N the reactions presented in this paper, the capture 
of a fast neutron is followed by the emission of a 
particle or a photon. The wide range of atomic number 
represented by the three target nuclei manifests itself 
in the radically different number and character of the 
energy levels observed in each experiment. The dis- 
integration of Li® by neutrons exhibits only one reso- 
nance between 0.020 and 4.0 Mev, whereas the exci- 
tation curve for the radiative capture of neutrons in F” 
shows sixteen narrow resonances below 2.0 Mev. The 
cross section for the I!?7(n,vy)I°8 reaction decreases 
monotonically as a function of neutron energy showing 
no resonant structure and indicating a level spacing 
smaller than the experimental resolution. In the experi- 
ments to be described, the nuclear events were detected 
by the use of scintillating crystals containing the 
isotopes of interest. Each of these crystals was attached 
to a photomultiplier tube and used as the neutron 
target and the detector of the reactions 
Because preliminary measurements of the Li’(p,m) 
cross section at 0° and a proton energy of 2.0 Mev using 
a long counter and a calibrated Ra-Be neutron source 
showed disagreement with the published data on this 
reaction, remeasurements of the cross section were 
made. The results of these measurements are presented 
in this report because of the wide use of the Li(p,2) Be? 
reaction as a monoenergetic neutron source. 


EXPERIMENTAL METHOD 


The arrangement of the neutron source and target 
crystals for the experiments is shown in Fig. 1. The 
crystals which contained the isotope of interest were 
used as neutron target and detector of the reactions. 
Calcium fluoride and Li®I(Eu) crystals were used; the 
former for the study of the F%(n,y)F* reaction and 
the latter for the Li®(n,@)H® and I'?’(n,y)T** reactions. 
Dumont-6291 photomultiplier tubes were used with the 


+ Supported in part by the U. S. Atomic Energy Commission. 
* Now at Florida State University, Tallahassee, Florida. 


Li®I(Eu) crystals and a RCA-5903 quartz window tube 
was used with the calcium fluoride. The crystals were 
placed at 60° or 120° to the accelerator beam to obtain 
data with neutrons of energy less than 0.150 Mev and 
were placed at 0° for neutron energies greater than 
0.150 Mev. Pulses from the scintillation counters were 
fed into a 20-channel pulse analyzer for counting and 
pulse-height analysis. 

Monoenergetic neutrons were produced by the 
Li’(p,m)Be’ reaction in the energy range 0.020<E, 
<0.600 Mev, and the T*(p,7)He? reaction for the range 
0.450<E,<4.0 Mev using The Rice Institute Van de 
Graaff accelerator. The lithium targets were evaporated 
natural lithium or LiF on 20-mil Ta backings and were 
usually ~ 10 kev thick for 2-Mev protons. The tritium 
target was Zr-T on a 40-mil gold backing and was ~ 25 
kev thick for 1-Mev protons. Experimental resolution 
was essentially the same for all of the experiments and 
was about 10 kev at a neutron energy of 27 kev and 
increased to 20 kev at 100 kev, remaining essentially 
constant at this value to 600 kev. The resolution was 
about 35 kev for neutron energies above 600 kev. 

Because of the dependence of the F!°(n,y) F* measure- 
ments and some of the preliminary Li*(,a)H* measure- 
ments on the differential cross section for the 
Li’(p~,2)Be’ reaction, we have made measurements of 
this cross section as a function of proton energy at 0°, 
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Fic. 1. Experimental arrangement. 
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Fic. 2. Differential cross section for the Li’(p,m)Be’ reaction 
at 0°, 60°, and 120° as a function of bombarding energy. The 
counter subtended an angle of +6°. 


60°, and 120° to the proton beam. Measurements of the 
total and differential cross sections for the Li’(p,)Be’ 
reaction have been reported by Taschek and Hemmen- 
dinger.! Recent measurements of the total cross section 
have been made by Macklin and Gibbons.? 

For the cross-section measurements on _ the 
Li’(p,n)Be’ reaction, the relative yield of neutrons 
from a LiF target as a function of bombarding energy 
was measured with a long counter at a distance of one 
meter from the target at angles of 0°, 60°, and 120° 
to the proton beam. For neutron energies above 0.100 
Mev this relative yield curve was corrected for the 
variation of efficiency as given by Allen et al.* for a 
long counter of the same design. We have assumed 
constant efficiency from 0.020 to 0.100 Mev. 

The target was LiF evaporated on a Ta blank 20 
mils thick. The target assembly consisted of the target 
attached to the end of a 0.035-inch stainless-steel tube 
which was ? inch in diameter. The target was forced 
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Fic. 3. Angular distribution of the neutrons from the Li’(p,m) Be? 
reaction at a proton energy of 2.265 Mev. 
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against a small “O” ring by a cap screw (Fig. 1). This 
arrangement was used in order to minimize the number 
of neutrons scattered into the counter from the target 
assembly. The number of scattered neutrons entering 
the counter from this target assembly was less than 5% 
at 0° and was less than 20% at the 120° angle at a 
proton energy of 2.265 Mev. No correction was made 
to the data for scattered neutrons 

The Li’(p,m)Be’ cross section as a function of proton 
energy is given in Fig. 2 at 0°, 60°, and 120° to the 
proton beam. The absolute cross section was determined 
at a proton energy of 2.265 Mev at 0° (counter angle 
0-6°) by comparison of the yield from a weighted LiF 
target with a standard Ra-Be source calibrated by the 
National Bureau of Standards. A second absolute 
determination of the cross section was made by inte- 
grating the angular distribution (Fig. 3) taken at a 
proton energy of 2.265 Mev and equating the integral 
to the total cross section as measured by Macklin and 
Gibbons? at this energy. The results obtained for the 
differential cross section at 0° to the proton beam by 
the two determinations were 153 and 154 mb, respec- 
tively. The total cross section reported by Macklin and 
Gibbons at a proton energy of 2.272 Mev is 0.560 barn, 
in fair agreement with a value of 0.489 barn reported 
by Taschek and Hemmendinger.' However, the 
measurement presented in this paper of the differential 
cross section at 0° and 2.27 Mev differs from that 
reported by the latter authors by nearly 50%. The 
reason for this large discrepancy is that the angular 
distribution shown in Fig. 3 is more strongly peaked 
at 0° than that given by Taschek and Hemmendinger 
near this same proton energy. 


Li®(n,a)H? 


The Li®(n,a)H?* reaction has a Q,, value of 4.787 Mev* 
and a thermal cross section of 945 barns.® In our study 
of this reaction, two Li®I(Eu) crystals enriched to 
96% Li® were used; one a 4X4-mm cylinder and the 
other a 6X6-mm cylinder. A typical pulse-height 
distribution of the alpha particles is shown in Fig. 4. 
The number of distintegrations of the Li® nuclei was 
derived from the spectra by adding the channels in 
the peak of each spectrum. The Li’ neutron source was 
metallic lithium evaporated on a 20-mil Ta blank. For 
the data taken with this source, the neutron yield was 
monitored with a long counter and the relative 
Li®(n,a)H® cross section obtained by dividing the 
number of disintegrations at each neutron energy by 
the corresponding number of long counts. The relative 
cross section for E,>0.600 Mev (Zr-T source) was 
obtained by dividing the reaction yield for a given 


‘F. Ajzenberg and T. Lauritsen (to be published). 
5 Neutron Cross Sections, —r by D. J. Hughes and J. A. 


Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955). 





STUDY OF NEUTRON REACTIONS 


proton charge by the T*(p,7)He’ cross section® at each 
neutron energy. 

The absolute value of the cross section was deter- 
mined at a neutron energy of 0.255 Mev by comparison 
of the neutron yield from the lithium target with the 
standard Ra-Be source. Lil crystals with dimensions of 
4X4 mm and 6X6 mm were used. A second independent 
determination of the cross section was made at 0.600 
mev with the 6X6-mm crystal by the same method, 
but using the tritium target and a LiF target as the 
neutron sources. A correction of approximately 2% 
was made to the cross sections for the escape of the 
reaction products from the crystals. The results of the 
absolute cross-section measurements are given in Table 
I. The excitation curve for the Li®(”,a)H*® reaction is 
given in Fig. 5 

Sources of background in this experiment were: (1) 
beta particles and gamma radiation from neutron 
capture in iodine; (2) y rays from the reaction 
Li’(p,y)Be®; (3) background neutrons from room 
scattering and neutron sources other than the target; 
and (4) neutrons scattered in the material surrounding 


TaBLE I. Li®(n,a)H® absolute cross-section determination. 











Experimental 
o(n,a 
(barns) 


Neutron 
source 
target 


4X4 mm Li 
6X6 mm Li 


6X6 mm LiF 


Neutron 
Energy (lab) Li'l 
(Mev) crystals 
0.255 
0.255 
0.600 
(0.255) 
0.600 
(0.255) 


2.86+0.22 
2.77+0.21 
0.41+0.04 
(2.72)* 
0.43+0.04 
(2.86)* 





6X6 mm T3 








® The cross section at 0.255 Mev calculated from the relative cross- 
section curve. 


the neutron source. Since the Li®(,a)H* reaction has a 
Q value of 4.787 Mev, the 2.15-Mev beta particles from 
I”8 produce pulses much smaller than those from the 
Li® disintegration. The energies of the ground-state 
y rays from I'*8 and Be® are about 7 and 19 Mev, 
respectively, but the intensity of these y rays is small 
and the maximum pulses correspond to electrons which 
have lost only a fraction of their total energy. The 
counting rate due to neutrons scattered from the room 
was determined to be less than 4% of the rate produced 
by the neutrons coming from the target when the Li*l 
crystal was placed 6 cm from the target. When the 
Zr-T* target was used above a proton energy of 2.5 Mev, 
an appreciable number of neutrons of low energy are 
produced by the Zr(p,n) reaction; however, the (n,q) 
reactions produced by these low-energy neutrons were 
resolved from the main group in the pulse-height spectra 
and were not counted in deriving the reaction yield. 
The effect of the relatively small number of scattered 
neutrons was important only where the scattered 


6 J. L. Fowler and J. E. Brolley, Jr., Revs. Modern Phys. 28, 
103 (1956). 
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of the a particles from the 
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neutrons had a much higher cross section than the 
primary neutrons. The largest contribution of scattered 
neutrons was in the region of the minimum in the cross 
section of the (,@) reaction between 0.030 to 0.130 
Mev. Scattering at these energies produced errors as 
large as 40% when a relatively large amount of material 
surrounded the neutron source and the crystal was 
at 120°. The reduction of the amount of scattering 
material in the target assembly by a factor of 6 by use 
of the stainless-steel target holder described previously 
(Fig. 1) and moving the crystal to 60° reduced the 
effect of scattered neutrons so that errors due to this 
cause were less than 5% in the most unfavorable 
region. 

The Li®(n,«)H® cross section at 0.025 Mev is 29% 
greater than an extrapolation of the thermal cross 
section assuming a 1/v dependence. The resonance at 
0.255 Mev rises to a maximum of 2.80+0.22 barns 
with an experimental width at half-height of 125 kev. 
Above the resonance the cross section falls monotonic- 
ally to 0.23 barn at 1.6 Mev, where the cross section 
remains essentially constant to 2.1 Mev, and then con- 
tinues to fall to a value of 0.10 barn at 4 Mev. 

Experimental studies of the Li®(n,a)H* reaction have 
been made previously by Blair and Holland’ below 
0.65 Mev and by Ribe* between 0.88 and 14 Mev. 
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Fic. 5. Cross section for the Li®(n,a)H* reaction as a 
function of neutron energy. 


7J. M. Blair and R. E. Holland (as given in reference 5). 
8 F. L. Ribe, Phys. Rev. 103, 741 (1956). 
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Fic. 6. Comparison of 
dispersion theory with the 
4 experimental data for the 

0.355. Mev (lab) resonance 
in the Li®(n,a)H® reaction. 
The dotted line is the as- 
umed background produced 
by other resonances. This 
background is a 1/9 extra- 
polation from thermal en- 
ergy up to 0.2 Mev. 
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Kern and Kreger® have recently extended the cross- 
section measurements to 18 Mev. The original measure- 
ments by Blair and Holland were based on the fission 
cross section of U*® and gave a cross section of 3.5 
barns at the 0.25-Mev resonance. Subsequent revision” 
of the fission cross section for U* changed the peak 
value of the (n,a) cross section to 2.9 barns," in good 
agreement with the present determination. The data 
of Ribe* from 0.88 to 14 Mev are in good agreement 
with the present data in the region of overlap. The 
change in the rate of decrease of the (m,a) cross section 
near 2 Mev has been attributed to competition from 
the Li®(n,nd) He‘ reaction.® 

Johnson ef al.” attribute the resonance near 0.25 
Mev to p-wave formation of a J=}~ state at 7.46-Mev 
excitation in Li’. This assignment was made on the 
basis of total neutron cross-section studies and is 
consistent with results of theoretical fits’ of the 
dispersion theory to the old (n,a) data (prior to 
revision of the U® fission cross section) of Blair and 
Holland. Additional evidence that this is a }~ state 
comes from the mirror reaction Li*(p,a)He*.” 

In view of the change in the absolute values of the 
Li®(n,a)H* cross section from those at the time of the 
theoretical studies, a fit of the dispersion theory has 
been made to the data presented in this report in the 
region near the 0.255-Mev resonance. Several com- 
binations of the level parameters I’, Ta, I',, and the 
nuclear radius, R, were tried. The best fit obtained 
is shown in Fig. 6. For the theoretical calculations, the 
variations of the neutron width, I’,, the alpha width, 
r,, and the level shift, A,, were taken into account. 
The interaction radii assumed were 4.08X10-% cm 
for the neutron channel and 4.39X10-" cm for the 
alpha channel in agreement with the values assumed 
by reference 13. The level parameters of the theoretical 


*B. D. Kern and W. E. Kreger (to be published). 

10H. H. Barschall and R. L. Henkel (unpublished), as given in 
reference 5. 

4 Blair, Holland, and Davaney (unpublished), as given in 
Neutron Cross Sections, compiled by D. J. Hughes and R. Schwartz, 
Brookhaven National Laboratory Report BNL-325, Suppl. No. 1 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1957). 

12 Johnson, Willard, and Bair, Phys. Rev. 96, 985 (1954). 

18 Marion, Weber, and Mozer, Phys. Rev. 104, 1402 (1956). 

4 R. G. Thomas, Phys. Rev. 81, 148 (1951). 
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curve of Fig. 6 are: y,?=0.41 Mev-cm, y.”?=0.015 
Mev-cm, E,=0.39 Mev; and at the resonant energy: 
A,=—0.17 Mev, '=0.188 Mev, I’,=0.133 Mev, and 
r.=0.055 Mev. All parameters are in center-of-mass 
coordinates. The values of yn? and yq? are 23% 
and 1.8%, respectively, of the Wigner limit yyw? 
= $h*/ya. Only 3% of the level shift at resonance, Ay, 
is produced by the alpha channel, the remainder being 
due to the neutron channel. 

The values of yn? and yq? determined from the fit of 
theory to the revised cross-section data agree reasonably 
well with those determined by Marion ef al." from the 
old data. The argument by the latter authors concerning 
the mirror states in Li’ and Be’ based on the reduced 
neutron width of the Li®(m,a) reaction is still valid in 
the light of the revised data. 


F'°(nyy)F 


The radiative capture in F was measured in a 
CaF, crystal by observation of the 11.4-sec B~ activity 
of F*. A crystal } inch thick and 1 inch in diameter 
was used for 0.020- to 0.650-Mev neutrons and a 1-inch 
by 1-inch crystal was used at higher energies. The 6- 
decay in F” is to the 1.63-Mev state of Ne*® with the 
emission of electrons with a maximum energy of 5.419 
Mev followed by 1.63-Mev y rays. The relative in- 
tensity of the ground state transition is <3.2X10~.® 

The CaF; crystal was attached to a quartz-window 
photomultiplier tube (RCA 5903) since much of the 
CaF, radiation is in the ultraviolet. A monoenergetic 
flux of neutrons bombarded the crystal for a period of 
5 seconds. The flux was then stopped by means of a 
magneto-mechanical shutter in the proton beam, and 
the 8 activity produced in the crystal by the neutron 
bombardment was observed by counting pulses from 
the scintillator. After a counting period of 5 seconds, 
the shutter was withdrawn from the proton beam for 
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Fic. 7. Cross section for the F(n,y)F™ reaction vs neutron 
energy in the range 0.020<E£,<0.650 Mev. The experimental 
resolution is shown by the resolution triangles. 


15C, Wong, Phys. Rev. 95, 765 (1954). 
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another 5 seconds bombardment period. This process 
was repeated for a large number of cycles. The pulses 
from the scintillator were displayed on a 20-channel 
analyzer and pulses were counted which corresponded to 
beta rays with energies >1.7 Mev. This energy was 
selected to minimize background effects and electronic 
noise. The relative cross section for the F'(n,y)F” 
reaction was determined by dividing the beta-ray yield 
by that of the neutron producing reaction. Mono- 
energetic neutrons were obtained from lithium and 
Zr-T targets as previously described. 

The absolute value of the F'%(n,vy)F* cross section 
was calculated from the observed beta activity at 
0.600 Mev. For the absolute determination, 6~ pulses 
were counted down to essentially zero pulse height 
by the 20-channel analyzer for enough time to give 1% 
statistics after background subtraction. Then a back- 
ground run, with the proton beam striking the clean 
Ta beam stop, was made for an equivalent length of 
time and the difference in these two total counts was 
taken as the true number of beta counts. The 1-inch 
by }-inch cylindrical CaF» crystal was used at the lower 
energies to reduce the effect of neutron scattering in 
the crystal. Only about 8% of the neutrons incident 
on the thin crystal are scattered at the 0.600-Mev 
resonance. The total number of betas produced during 
neutron bombardment was calculated from the number 
of beta counts by radioactive decay theory and the 
neutron flux was determined by comparison of the 
yield from the evaporated lithium target with the 
standard Ra-Be source. The remainder of the data was 
normalized to the measured cross section at 0.600 Mev. 
The resulting excitation curve is shown in Figs. 7 and 
8, and the energy levels of F* corresponding to the 
observed resonances are shown in Fig. 9. 

Errors in the absolute cross section come from two 
sources: (1) errors in the neutron flux, +10%; (2) 
errors in beta count due to background fluctuations, 
and extrapolation to zero beta energy, +15%. The 
total error, then, is about 20% in the absolute value 
at 0.600 Mev. Errors in the excitation curves at the 
other resonances are somewhat larger depending on the 
peak cross section, and in the regions between reso- 
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Fic. 8. Cross section for the F%(n,y)F™ reaction vs neutron 
energy in the range 0.500<E,<2.0 Mev. The experimental 
resolution was 35 kev. 
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Fic. 9. The energy F“(n.y) 
levels of F® showing Rice 
the states in F%+n 
as measured by the 
F(n,y)F™” reaction. 
The signs to the 
right of the diagram 
indicate the parities 
of the respective 
states (see text and 
reference 21). 
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nances the true cross section may be considerably 
smaller than the experimental measurements. 

Resonances in the F!%(n,y)F cross section were 
observed at bombarding energies of 0.027, 0.048, 
0.100, 0.177, 0.270, 0.308, 0.388, 0.425, 0.500, 0.600, 
0.760, 0.865, 0.950, 1.125, 1.290, and 1.635 Mev. The 
radiative capture cross section for F has been studied 
previously by Henkel and Barschall!® for neutron 
energies in the region of the resonances at 0.270 and 
0.600 Mev. The results of these investigators are in 
good agreement with the curves of Fig. 7. 

In terms of the Breit-Wigner single-level dispersion 
theory, the radiative capture cross section near a 
resonance may be written 

rT, 


(Eq—E)?+40? 





(1) 


a(n,y) =ahg 


where I',, I',, and I are the neutron width, the radiation 
width, and the total width, respectively, and 
g= (2J+1)/2(27+1). Alternatively 


o(n,y)=o-(T,/T), (2) 


where o;, is the cross section for formation of a com- 
pound nucleus at resonance by the incident neutrons. 
Measurement of the radiative capture cross section at 
resonance enables one to obtain I’, directly from Eq. 
(2) if the total cross section and intrinsic widths are 
known. 

The values of I’, which are given in Table II were 
determined from Eq. (2) and the values listed in the 
table for o., o(n,y), and I’. Most of the level widths, I, 
were determined from the present experiment. Excep- 
tions are the widths of the 0.027-, 0.048-, and 0.100-Mev 
resonances which were taken from the total cross- 


16 R, L. Henkel and H. H. Barschall, Phys. Rev. 80, 145 (1950). 
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TABLE IT. Resonances in the reaction F*(n,y)F™. 
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*® The true level width. 
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b The experimentally observed level width from the F!9(n,y)F® experiment without correction for resolution. 
¢ The radiative capture cross section at resonance after correction for resolution. 
4 The total resonant cross section, i.e., the change in the total cross section across a resonance. 


¢ The resonance integral the statistical error in these measurements is ~1( 


‘1, is the total radiative width of the level. 


I%. 


«Tt =(D/Do)l yw, where I'yw is the Weisskopf single-particle estimate for E1 radiation to the ground state and D and Dp are level spacings near the 


radiating state and ground state, respectively (see text). 
b These data are taken from reference 17. 


i Radiation from these levels to the ground state is known to be E1 (see text). 


section measurements.'” Above 0.270 Mev the expected 
resolution of the (,y) data and the total cross-section 
data is about the same, but the observed level width, 
Tops, was generally greater for the total cross-section 
measurements.!* The resonances at 0.308, 0.388, and 
0.865 Mev in the (m,y) data were not completely 
resolved in the experiments on the total cross section, 
and the resonance at 0.177 Mev was not observed at 
all. The values of o, were taken from published data 
on the total cross section'’:'* and, except for the 0.027-, 
0.048-, 0.100-Mev resonances, o(n,y) was determined 
from the observed resonant cross sections with a small 
resolution correction. The values of o(n,7) for the three 
exceptions mentioned above were calculated from the 
resonance integral assuming a Breit-Wigner single level 
and using values of the intrinsic widths from reference 
17. 

The value of the resonant integral (¢,) is obtained 
by integrating Eq. (1) across a resonance: 


o,= eX I, /T, (3) 


and if I',=I’, which is certainly a good approximation 
in this case, then . 
o,= 2nhgI,. (4) 


Knowledge of o, allows computation of the product 
gl’,, from which I’, can be derived provided the statis- 

17 Moaring, Monohan, and Hibdon (private communication) ; 
R. C. Bloch and H. W. Newsom, Bull. Am. Phys. Soc. Ser. II, 
1, 55 (1956); H. W. Newsom, Proceedings of the International 
Conference on Neutron Interactions with Nuclei, Columbia 
University, New York, September, 1957, p. 153 [Atomic Energy 
Commission Report TID-7547 (unpublished) ]. 

18C, K. Bockelman, Phys. Rev. 80, 1011 (1950); Wills, Bair, 
Cohn and Willard, Phys. Rev. 109, 896 (i958). 


tical factor, g, is known. The values of J* for the 
0.027-, 0.048-, and 0.100-Mev resonances are 2-, 1-, 
and 1-, respectively, as determined from accurate total 
cross-section measurements.” A rough estimate of the 
J values of the remaining F” states can be obtained by 
dividing the values of gI',, calculated from the (n,y) 
resonance integral, ¢,, by I’, calculated from Eq. (2). 
The value of g will be }, 3, and } for J=0, 1, 2, re- 
spectively. The results shown in Table IT indicate that 
the resonances at 0.270, 0.600, 0.760, 1.125, and 1.635 
Mev have J=1 for the compound state. The resonances 
at 0.425 and 0.950 Mev are probably due to states with 
J=0, the resonance at 0.500 Mev may be either J=0 
or J=1, and the resonance at 1.290 Mev may be J=1 
or J=2. These values are consistent with the values of 
J deduced from the total resonant cross section.8 

The most accurate energy determinations of the 
levels in F® below 5-Mev excitation have been made 
by Watson and Buechner” using the (d,p) reaction. 
Angular distributions of the proton groups from the 
same reaction have been studied by El Bedewi* with 
an energy resolution of about 60 kev. From these 
distributions, the parities and range of total angular 
momentum have been determined for many of the 
levels (Fig. 9). 

Of the twenty-eight known states in F® (see Fig. 9) 
below the binding energy of a neutron (6.60 Mev), 
eleven have even parity, eight have odd parity,” and 
parity assignments have not been made to the remaining 
nine. The lowest lying levels to which odd parity have 


1H. A. Watson and W. W. Buechner, Phys. Rev. 88, 1324 
(1952). 
2” F. A. El Bedewi, Proc. Phys. Soc. (London) A69, 221 (1956). 





STUDY OF NEUTRON REACTIONS 


been assigned are just below 3-Mev excitation energy 
and another group with odd parity lies between 5 and 
6 Mev. It is interesting to note that the states seem to 
be grouped in sets of the same parity. £1 radiation from 
J=1 or 2 odd-parity states produced in the (n,y) 
reaction is allowed to the ground state and to the first 
four excited states of F® and is expected to be the 
principal type of radiation. Radiation from even-parity 
states should be about equally divided between £1 
and M1 radiation. Campion and Bartholomew” report 
that radiation from the assumed thermal capture of 
neutrons in F” to the ground state of F*° accounts for 
30% of the transitions. However, since the cross section 
for thermal capture is less than 10 mb,” it seems quite 
probable that a considerable number of neutrons were 
captured at the resonant energies of 27, 48, and 100 
kev since many neutrons in this range of energy are 
present in a reactor. In this case, the ground-state 
radiation would be E1 and the observed 30% would be 
about the expected intensity. 

The radiative width, I',, of an excited state is a 
measure of the total transition probability to lower 
lying states. The radiative widths for the levels enumer- 
ated in Table II are plotted as a function of excitation 
energy in Fig. 10. 

Levin and Hughes* have studied the dependence of 
the total radiation widths on nuclear level spacings and 
excitation energy for a number of medium and heavy 
nuclei. They have obtained expressions (taking only 
electric dipole radiation into account) which reproduce 
their observed total radiation widths with an average 
error of a factor of 1.3. By the use of a level spacing 
formula due to Newton, Cameron,” again taking only 
electric dipole radiation into account, has obtained a 
single expression for the total radiation widths which 
reproduce the observed widths to an average error of a 
factor of 1.37 for nuclei with A greater than 23. Calcu- 
lations using Cameron’s relation have been made for 
the levels observed in F* and the results are shown 
by the solid curve in Fig. 10. The calculated values of 
I’, differ from the observed values by an average factor 
of 4.4 with the maximum deviation being a factor of 
10. All of the experimental values are above the 
theoretical curve. Departures from the values predicted 
by Cameron’s formula are expected if a predominance 
of levels near the ground state of the nucleus have 
parity opposite to that of the radiating state, and 
therefore more /1 transitions occur than are predicted 
by a statistical theory. The ground state and the first 
four excited states of F*° have even parity, while five 


21P, J. Campion and G. A. Bartholomew, Can. J. Phys. 35, 
1361 (1957). 

2 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), second edition. 

% J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956). 
* A. G. W. Cameron, Can. J. Phys. 35, 666 (1957). 
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Fic. 10. The radiative widths for states in F® plotted as a 
function of excitation energy. The solid line was calculated from 
a relation given by Cameron (reference 24). 


or more of the levels above the excitation energy of 
F'+-n have odd parity. 

Many radiative transitions have been compiled and 
studied by Wilkinson®® for light nuclei (mostly “p 
shell” nuclei) and by Kinsey”® for intermediate and 
heavy nuclei. These authors have compared the radia- 
tion widths for single transitions with the Weisskopf 
estimates”” based on the single-particle model. Com- 
parison of the radiative widths observed for levels in 
F* to the results of the compilations would be of 
interest, but direct comparison is not possible since for 
the F? case the measured quantity was the {otal 
radiation width. However, we have attempted to 
estimate the relative strength of the ground-state 
transition from which the width of this transition can 
be calculated and compared to the single-particle 
theory. Calculations based on F1 transition energies 
to the numerous positive-parity states indicate that 
the ground-state transition should account for about 3 
of the transitions. This fraction has been assumed for 
calculation of the ground-state transition widths 
although it may be in error by a factor of two or more. 
The ground-state transitions from states at 6.63, 6.65, 
and 6.70 Mev to the ground state are £1 and the 
transitions from the 6.86- and the 7.17-Mev states are 
probably £1. Spins and parities of the remaining 
levels listed in Table II are unknown. The value of 2 
of the total radiation width, T',, for each of these five 
levels mentioned above have been compared to the 
theoretical estimate for the ground-state transition in 
the last column of Table II. The theoretical estimates 
are the Weisskopf” single-particle estimates multiplied 
by the ratio of the level spacing, D, near the radiating 
state to the level spacing, Do, near the ground state 
Lie, Tin=(D/Do)T,w]. Blatt and Weisskopf have 
shown that this estimate is better than the unaltered 
Weisskopf estimate when level mixing (degeneracy 
due to multiplicity of configuration arrangement) 
exists. The level spacing, D, used in the calculations is 

26 TD). H. Wilkinson, Phil. Mag. 1, 127 (1956). 

26 B. B. Kinsey, in Beta- and Gamma-Ray Spectroscopy, edited by 


K. Siegbahn (Interscience Publishers, Inc., New York, 1955). 
27,V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 





208 


the average spacing for levels between 6.63- and 7.17- 
Mev excitation in F*® and Dy is the average spacing 
of the first five excited states. Values for D and Do 
were 0.06 Mev and 0.26 Mev, respectively. The 
average value of I',/6I', is 0.009 for the five states 
whose ground-state radiation is known to be E1. This 
average value is equal to the average of the corre- 
sponding ratio found by Kinsey” for £1 transitions in 
odd-Z elements with A between 52 and 110 and is one- 
fourth as large as | M|? (see reference 25 for notation) 
found by Wilkinson for p-shell nuclei. The values of 
r',/6l, assuming E1 ground-state radiation have been 
given in Table II for the remaining seven states for 
comparison with the other values even though the 
ground-state radiation type is unknown. 

The spread in the value of ',/6I', for the five states 
whose ground-state radiation is known to be E1 is a 
factor of about 7, while a factor of 50 is required to 
account for 85% of the E1 transitions in p-shell nuclei. 
A variation in I’, of a factor of 8 includes all of the 
measured F*” radiation widths, indicating that the 
variation of the radiation width within a single nucleus 
is much less than among several nuclei. 


q27 (ny) 18 


Radiative capture of neutrons in I’ leads to the 
radioactive nucleus, "8, with a half-life of 25 minutes. 


The decay scheme has been investigated by Benczer, 
Farrelly, Koertz, and Wu.** The nucleus decays by 
8- emission to the ground state, 0.455-Mev state, and 
the 0.900-Mev state in Xe”® with branching ratios of 
76%, 15.5%, and 2%, respectively, and 6.4% of the 
decays are to Te'® by electron capture. The maximum 
energy of the 8 rays is 2.120 Mev. 
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Fic. 11. Cross section for the I'?7(m,y)I* reaction vs neutron 
energy. The error bars represent estimates of experimental errors. 
The statistical counting errors were negligible. 


*8 Benczer, Farrelly, Koertz, and Wu, Phys. Rev. 101, 1027 
(1956). 
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The I”"(n,y) cross section was determined by 
observation of the decay of ['*8 after a period of bom- 
bardment with neutrons produced by the reaction 
Li’(p,n)Be’. The target and detector was a 6X6-mm 
Li®I(Eu) crystal which was attached to a photo- 
multiplier tube as shown in Fig. 1. The neutron flux at 
the crystal was monitored with a long counter and the 
absolute cross section for the process determined by 
comparison with a standard Ra-Be source. The cross 
section for the I”’(n,y)I'** reaction as a function of 
neutron energy is shown in Fig. 11. 

The accuracy of this experiment was limited by the 
determination of the number of beta particles and by 
the measurement of the neutron flux. The pulses due 
to the beta particles were observed with a 20-channel 
analyzer down to an electron energy of 0.30 Mev and 
correction for the lower-energy electrons was made by 
smoothly extrapolating the pulse-height spectrum to 
zero energy. A correction of 6.4% to the observed 
number of disintegrations was made because the 
electron capture processes in the I'** decay were not 
detected by our method of observation. Neutrons 
scattered from the target chamber (Fig. 1) will make 
the observed cross section too low below a neutron 
energy of 150 kev, but will have the opposite effect 
above 150 kev since most of the scattered neutrons 
have a higher energy than the primary neutrons when 
the detector is at 120° and vice versa when the detector 
is at 0°. No data were taken in this experiment at 60° 
to the proton beam. Errors due to the scattered neutrons 
amount to about 15% at a neutron energy of 25 kev, 
about 15% at 150 kev, and less than 5% at 510 kev. 
No corrections were made for scattered neutrons, but 
scattering has been taken into account in estimating 
errors. Statistical counting errors in the data are 
negligible. 

Several other measurements of the radiative-capture 
cross section for iodine in this energy region have been 
made.”® An accurate measurement of this cross section 
recently made by Macklin at 0.025 Mev gave 0.82+0.06 
barn with which our measurement agrees within the 
experimental error. The [’(n,y)I'** cross section 
decreases monotonically from a value of 0.72 barn at 
0.025-Mev neutron energy to 0.12 barn at 0.510 Mev. 
The curve which has been drawn through the points 
decreases as E~°*-’ above 0.100 Mev and decreases 
less rapidly below 0.100 Mev; however, one can also 
draw a straight line of a slope of about 0.7 within the 
estimated error of the data. 

2” R. L. Macklin, Bull. Am. Phys. Soc. Ser. II, 1, 264 (1956); 


H. C. Martin and R. F. Taschek, Phys. Rev. 89, 1302 (1955); 
J. H. E. Griffiths, Proc. Roy. Soc. (London) A17, 513 (1939). 
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Total Cross Section for n-p Scattering at 20 Mev* 


R. B. Day, R. L. Mitts, J. E. Perry, Jr., anpD F. ScHERBf 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received November 3, 1958) 


The total scattering cross section for neutrons incident on protons has been measured in a good-geometry 
transmission experiment. The scatterer was hydrogen gas contained in a pressure vessel one meter long, 
at a pressure of 4000 psi. The resulting cross section is o,=0.4942-++0.0025 barn at a laboratory neutron 


energy of 19.665+-0.026 Mev. 





I. INTRODUCTION 


HERE are at least two important reasons for 
measuring carefully the total cross section for the 
scattering of neutrons incident on hydrogen. First, this 
cross section contributes information on the “two-body” 
problem, long an important concern of nuclear physics. 
Second, it serves as the basis for the measurement of 
neutron flux in several instruments in which recoil 
protons are produced and counted. Since 1949 many 
accurate total cross sections of n-p scattering have been 
measured throughout a wide range of neutron energy.! 
The present experiment at 20 Mev was undertaken 
because of the gap in precise information existing 
between 14 and 40 Mev. Preliminary results of this 
work were published some time ago.” 

Nearly all previous experiments were complicated 
somewhat by the fact that the hydrogen total cross 
section was deduced from the difference between the 
cross sections for a hydrocarbon and carbon. Here, 
however, the hydrogen cross section o¢ was obtained 
from the transmission T of hydrogen gas for 20-Mev 
neutrons by means of the usual relation 


= p-nol 
T=e net 


where m is the density of hydrogen nuclei and / is the 
length of the scattering volume. Furthermore, the 
method used here made the determination of m and the 
analysis for possible impurities in the scattering sample 
much easier than usual. 


II. EXPERIMENTAL TECHNIQUE 


The total cross section of hydrogen was measured in 
a good-geometry transmission experiment. Mono- 
energetic neutrons from the T(d,n)He‘* reaction were 
detected by a biased stilbene scintillation counter, 
placed 160 cm from the neutron source. The scattering 
sample was hydrogen gas contained at 4000 psi in a 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at Massachusetts Institute of Technology, Cambridge, 
Massachusetts. 

1 A summary of accurate values of the total n-p scattering cross 
section has been given in the Appendix of a paper by Bame, 
Haddad, Perry, and Smith, Rev. Sci. Instr. 28, 997 (1957). See 
also W. N. Hess, University of California Radiation Laboratory 
UCRL-4639, 1956 (unpublished). An excellent discussion of the 
method of measuring total cross sections is given by E. M. Hafner 
et al., Phys. Rev. 89, 204 (1953). 

2 Day, Mills, Perry, and Scherb, Phys. Rev. 98, 279(A) (1955). 


stainless steel cylinder, 2.2 cm i.d. by 1 meter long.* 
The neutron flux attenuated lengthwise through this 
cylinder was compared with the direct flux transmitted 
through an identical, evacuated cylinder, the hydrogen 
transmission being about 0.57. The length of the cylinder 
was known to 0.01% and the hydrogen pressure was 
measured to 0.1%. The statistical accuracy of the 
counting data, combined with measured and calculated 
backgrounds, produced a transmission accurate to 
0.25% and hence a total cross section accurate to 
+0.5%. Pertinent experimental details are given below. 


a. Physical Arrangement 


The 20-Mev neutrons were produced by bombarding 
a tritium gas target with 3-Mev deuterons accelerated 
by the large electrostatic generator at Los Alamos. 
The targets were 6 cm long and 1 cm in diameter, and 
were filled to a pressure of 55 cm of Hg. The target 
chamber was constructed of stainless steel 0.025 cm 
thick with an end cap of gold, also 0.025 cm thick, to 
stop the deuteron beam. The beam-entrance foil was 
of 1.25-micron nickel. 

The transmission cell and detector were fixed rigidly 
in space by means of a light wire suspension. The 
detector was placed 160 cm from the end of the gas 
target at 0° to the deuteron beam, and the transmission 
cell was placed on this beam axis with its near end 
25 cm from the center of the tritium target. Peep sights 
could be inserted in the mounting fixtures to permit 
visual alignment of the tritium target, transmission 
cell, and detector within 0.025 cm of collinearity. 
Furthermore, the mounting was such that the hydrogen 
and vacuum transmission cells could be easily replaced 
in their correct positions with a reproducibility better 
than 0.025 cm. 

The fraction of neutrons scattered by the air and 
walls of the room was measured with the aid of a copper 
shadow bar, which was 61 cm long and 2.2 cm in diam- 
eter. A third stainless steel tube held the shadow bar 
and located it at the position normally occupied by the 
transmission cell. Although room scattering was the 

3 The transmission cell was designed and tested in 1951 by 
Mills, Edeskuty, and Sesonsky of this Laboratory, at the request 
of J. H. Coon. A description of the cell appears in J. D. Seagrave 
and R. L. Henkel, Phys. Rev. 98, 666 (1955), Appendix I. 

4Coon, Bondelid, and Phillips [quoted in Coon, Graves, and 


Barschall, Phys. Rev. 88, 562 (1952) ] used the same cell for an 
accurate hydrogen total cross-section measurement at 14 Mev. 
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largest background encountered in the experiment, it 
amounted to only 0.6 percent of the direct neutron flux. 

The detector was a stilbene crystal 1.9 cm in diameter 
and 3.8 cm long, mounted on a DuMont 6467 photo- 
multiplier. Pulses from the photomultiplier were ampli- 
fied by two Los Alamos Model 250 preamplifiers and 
amplifiers® in parallel and counted by a total of three 
discriminator-scalers (two on the output of one ampli- 
fier, and one on the other). The discriminators were 
biased to detect neutrons with energies >10 Mev. 
Except for the photomultipliers and preamplifiers all 
the electronic apparatus was mounted in a temperature- 
controlled rack for stability of operation. 

Individual counting runs were controlled by a beam- 
current integrator that terminated each run after 180 
microcoulombs were collected at the target (corre- 
sponding to about 10000 neutrons counted in the 
direct beam). A second stilbene scintillation counter, 
placed 1 meter from the target at an angle of 45° to the 
deuteron beam, served as a monitor of the neutron flux. 
In addition to checking on the operation of the current 
integrator the monitor also showed whether the neutron 
flux was changing because of beam heating effects or 
loss of tritium from the target. 


b. Transmission Cell 


The transmission cell and the accurate determination 
of its length and volume have been described in detail 
previously.’ The cell consisted of a stainless steel 
cylinder, nominally 1 meter long inside, with an inside 
diameter of 2.2 cm and a wall thickness of 0.15 cm. 
The end caps were flat and had a thickness of 0.25 cm. 
A steel capillary filling line 120 cm long was soldered 
in the side of the cell, with its far end closed by two 
high-pressure valves. At the working pressure and 
temperature of this experiment, the length and volume 
of the cell were determined to be 100.084+0.010 cm and 
384.64+0.10 cm*, respectively. The evacuated cell 
whose transmission was compared with the hydrogen- 
filled cell was essentially identical to the latter. 


c. Filling of Cell 


After determination of its empty weight, the cell was 
placed in a carefully thermostated water bath. Electro- 
lytic tank hydrogen, boosted to about 5000 psi by a 
compression cylinder, was passed slowly through a high- 
pressure filter and then through a charcoal trap main- 
tained at liquid nitrogen temperature. The purified gas 
was admitted to the cell, and when the cell was half 
filled a gas sample was withdrawn for mass spectrometer 
analysis. At completion of the filling, when the gas had 
reached temperature equilibrium with the water bath, 
a final pressure was read on a Heise laboratory gauge 
which had been calibrated previously with a free piston 
gauge. The result was p=274.29+0.25 atmos. The 
bath temperature was determined to be 303.06+0.01°K 


5 C. W. Johnstone, Los Alamos Report LA-1878 (unpublished). 
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from an average of 8 local temperatures read throughout 
the bath with a calibrated micro-Beckman thermometer. 
The cell content, 3.621+0.004 moles, was computed 
from a curvilinear interpolation of tabulated PVT data 
for hydrogen.® 

The full cell was reweighed and the mass increase 
was found to be 7.319+0.005 g. Mass-spectrometric 
analysis of the gas sample withdrawn during filling 
gave the following composition in mole percent: 
(99.95_0.007°-°) He and (0.05_0.05+°™) No, with all inter- 
mediate masses below the sensitivity limit of the instru- 
ment. When the cell was emptied at the completion of 
the cross-section measurements, the mass decrease was 
measured as 7.314+0.005 g, which indicated that no 
significant amount of gas was lost during the course 
of the experiment. 

It is believed that the gas in the cell was pure hydro- 
gen and that the apparent indication of nitrogen was 
either a spurious and variable background in the mass 
spectrometer or a result of the sampling technique used. 
One cc of activated charcoal at liquid nitrogen tempera- 
ture will adsorb 100 cc of nitrogen gas. At this tempera- 
ture, one cc of charcoal will adsorb completely the 
nitrogen from a one-percent nitrogen-in-hydrogen gas 
mixture at a flow rate of one liter of gas mixture per 
minute.’ The filling rate used in the present experiment 
was 5 liters per minute and the trap contained about 
100 cc of charcoal. 

The molar content of the cell was computed as the 
average of values obtained from the PVT measurement 
(3.621+0.004 moles) and from the mean mass change 
(7.316;+0.010 grams +2.0160 grams mole=3.629 
+0.005 moles). Experimental errors in the two inde- 
pendent measurements gave values of the cell content 
which barely overlap. Therefore, the error of the 
average was increased, and the cell content was con- 
sidered to be 3.625+0.006 moles of pure, normal 
hydrogen. 


d. Treatment of Data 


The primary data, from which the hydrogen trans- 
mission was largely determined, were obtained by 
measuring the counting rate in cycles of the form: 
sample out, sample in, shadow bar, sample in, sample 
out. (“Sample in” and “sample out” merely mean 
hydrogen cell in place and evacuated cell in place, 
respectively.) This procedure should have cancelled out 
the effects of small changes in equipment behavior 
providing these changes were linear in time. (Examples 
of possible troubles are drifts in amplifier gain, dis- 
crimination level, or photomultiplier gain, and gradual 
loss of tritium gas from the neutron source.) In addi- 
tion, the magnitude of the deuteron beam and its focal 

® Wooley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards (U. S.) 41, 379 (1948). Values obtained from these tables 
appear to be accurate to 0.01%. It should be noted that at the 
operating pressure and temperature hydrogen fails to obey the 


ideal gas law by about 17%. 
7E. R. Grilly (unpublished measurements). 





TOTAL CROSS SECTION FOR n-p SCATTERING AT 20 MEV 211 


TaBLE I. Summary of counting data and transmission results for 20-Mev n-p scattering. One cycle of data determined an individual 
experimental value of transmission. The numbers of counts per cycle are indicated in Cols. 3 and 4. Columns 6 and 7 contain standard 
deviations (S.D.) of individual transmissions, calculated from observed results (6) and from counting statistics (7). The standard 
error (S.E.) of the mean transmission, shown in Col. 8, is based on the larger of the two S.D.’s. The relative weight of the mean trans- 


mission is proportional to (S.E.)~. 














1 2 3 4 5 


Data 
series 


Number 
of cycles 


Mean 
trans. 


“Sample in” ‘‘Sample out” 
count count 


6 
S.D. of indiv. 
trans. values, 
observed 


10 
Rel. wt. Monitor 
of mean counter 
trans. used 


S.D. of indiv. 
trans. values, 
statistical 





A 8 
B 11 


40000 43000 
19500 17000 


0.5690 
0.5688 


+0.46% 
+14 % 


+0.70% 16 No 
+1.15% Yes 








conditions were kept as nearly constant as possible 
throughout a cycle in order to avoid variations in 
accelerator-induced background and in neutron yield 
caused by beam heating effects in the tritium target. 

Secondary data pertaining to effects of accelerator- 
induced backgrounds were taken with the tritium target 
evacuated. Again sample in, sample out, and shadow 
bar counting rates were measured. However, since these 
background components were only about 0.1% of the 
direct primary counting rates, no cyclical order was 
necessary in recording these data. Runs to obtain the 
secondary data were interspersed with those on the pri- 
mary data in order to insure that the accelerator- 
induced background did not change significantly. 

By use of all of the above data the primary “sample 
in” and “sample out” readings were corrected in first 
approximation for room scattering and accelerator back- 
ground. For a particular cycle the ratio of these cor- 
rected readings was the observed hydrogen transmission 
for that cycle. 

Nineteen individual transmissions were measured. 
Table I summarizes the data and indicates the spread 
found in transmission values. Use of the monitor counter 
was somewhat arbitrary: in Series A (Table I) where 
the standard deviation of the individual transmissions 
was less than that expected from the counting statistics, 
the monitor record was not used; whereas in Series B, 
use of the monitor reduced the observed standard 
deviation from 1.7% to 1.4%. In computing the 
standard error of the mean transmission for each series, 
the larger of the two standard deviations (observed vs 
statistical) was used. It may be noted in passing that 
96% of all data taken was used. The remaining 4% 
was rejected because, during a short period on the 
first day of data taking, the counter sensitivity was 
somewhat erratic. 

The weighted mean observed transmission of the 
hydrogen filling was 0.5689, with a statistical standard 
error of +0.22%. It should be noted that this is a fairly 
good first approximation to the true transmission of an 
ideal experiment. The additional small corrections re- 
quired in this experiment are discussed in Sec. III below. 


e. Neutron Energy Measurement 


The determination of the mean neutron energy for 
the experiment depends on the mean deuteron energy 


in the tritium target, and the Q of the T(d,n)He* reac- 
tion. An enumeration of the pertinent steps, with their 
uncertainties, is given below. 


1. Accelerator energy scale: +8 kev.—The beam 
analyzer magnet was calibrated to +0.1% in energy 
by means of the C!*(p,n)N® threshold® (3.236 Mev) and 
an Al*’(p,y)Si?* resonance® (0.9933 Mev), and was 
monitored by a proton-moment device. However, recent 
work” has thrown some doubt on the energy scale used 
as a standard, and we have, therefore, increased the 
error to include this uncertainty. 

2. Magnet entrance slits: +6.5 kev.—The analyzer 
entrance slits were operated at about +0.2% energy 
resolution. However, in practice no energy discrepancies 
this large were observed. 

3. Magnet hysteresis: +2 kev.—Recent measurements 
of the apparent variation of the Li’(p,m)Be’ threshold 
have indicated a possible uncertainty of +2 kev due 
to inconsistencies in recycling the magnet current." 

4. Accelerator deuteron energy: 3253410.5 kev.—The 
error here was compounded from the above values. 

5. Energy loss in nickel target foil: 102+15 kev.— 
This energy loss was based on the measured areal density 
of the foil and theoretical values of dE/dx for protons 
in nickel.” This method of determining the energy loss 
has been checked by measuring the position of the first 
C"(n,n)C” scattering resonance. Since the value 
obtained for the resonance (2.079 Mev) was slightly 
lower than the average of the best values’® that have 
been measured, the areal density is based on this new 
value. 

6. Mean energy loss in tritium: 8445 kev.—This 
figure represents half the energy loss of deuterons 
traversing the entire target length. It is based on target 
length and pressure, and on theoretical values of dE/dx 
for protons in hydrogen.” (Calculated and measured 
values of this stopping cross section agree to 1%.) 


8 Richards, Smith, and Brown, Phys. Rev. 80, 524 (1950). 

9 Herb, Snowdon, and Sala, Phys. Rev. 75, 246 (1949). 

10 Bumiller, Staub, and Weaver, Helv. Phys. Acta 29, 83 (1956). 

1 E, Haddad and J. E. Perry (private communication, 1957). 

2M. C. Walske (private communication, 1952). 

13 Fields, Becker, and Adair, Phys. Rev. 94, 389 (1954), obtained 
E,=2.087+0.0035 Mev, while H. B. Willard e¢ al. (private 
communication, 1957) obtained 2.076+0.008 Mev. 

4S, K. Allison and S, D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 
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Reduction of tritium gas density in the region of the 
deuteron beam was taken into account. 

7. Mean deuteron energy: 3.067+0.020 Mev.—The 
uncertainty shown here was compounded quadratically 
from the above values, and is believed to be an rms 
error. The spread in deuteron energy in the target was 
+84 kev. 

8. Mean neutron energy: 19.665+0.026 Mev.—This 
value was obtained from Wapstra’s masses'® of the 
reaction particles. The uncertainty derives from two 
sources: (a) +25 kev from the kinematical fact that 
0E,,/dEag= 1.25, and (b) +7 kev from uncertainties in 
the reaction Q due to quoted uncertainties in particle 
masses. The spread of neutron energy is +105 kev about 
the mean. Throughout all calculations appropriate rela- 
tivistic equations have been used. 


III. SMALL CORRECTIONS TO CELL 
TRANSMISSION 


Subsequent to the experiment a study was made to 
determine the extent of possible systematic errors. Of 
the several possible sources of error, only two required 
corrections to the transmission and four resulted in 
significant uncertainties in the transmission. The various 
considerations are outlined below. 


1. Target scattering —Although the cylinder which 
held the tritium gas target had quite thin walls (Sec. 
IIa), calculations showed that scattering of the source 
neutrons by these walls contributed a flux of degraded- 
energy neutrons at the detector equal to 0.5% of the 
unscattered neutron flux. While the energy distribution 
of the scattered neutrons extended down to about 
10 Mev, the number of neutrons was appreciable only 
above 19 Mev, and this number was insufficient to 
entail correction to the hydrogen transmission or to the 
mean neutron energy. Calculation also showed that the 
effect of low-energy neutrons from T(d,d)T scattering 
followed by T(d,n)He* reactions in the target was 
negligible. 

2. Air scattering.—Although the background pro- 
duced by air scattering was supposed to be taken into 


account by the shadow-bar readings, some of the air-- 


scattered neutrons that would have been detected by 
the scintillation counter were absorbed by the shadow 
bar. A fraction of these passed through the entire length 
of the transmission cell, and therefore underwent the 
same attenuation as the primary neutron flux. The effect 
of the remaining air scattering on the observed trans- 
mission of the hydrogen has been calculated and found 
to be negligible.'® 

3. Shadow-bar transmission.—In order to measure 
the air- and room-scattering properly one would have 
preferred a shadow bar that was completely “black” to 
20-Mev neutrons. The shadow bar used here was shown 


18 A. H. Wapstra, Physica 21, 378 (1955). 
16 We are indebted to Max Goldstein of Los Alamos Scientific 
Laboratory Group T-1 for supervising part of these calculations. 
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to be satisfactory as follows: First, it was assumed that 
all neutrons undergoing nonelastic collisions were effec- 
tively absorbed. The transmission of the bar was calcu- 
lated to be 0.05% from the known nonelastic cross sec- 
tion for copper. Second, when the elastic scattering was 
considered as well, it was shown by means of simple 
arguments based on single and multiple scattering 
that an upper limit to the transmission for the geometry 
used here was 0.01%. This was sufficiently small that 
the shadow bar could be considered black, and no cor- 
rection was required. Furthermore, a calculation showed 
that a negligible number of gamma rays produced by 
inelastic scattering in the bar could have been counted 
by the detector. 

4. Cell inscattering—With the evacuated cell in 
place, the detector saw the direct source flux plus a 
small spurious flux caused by inscattering from the 
cylindrical steel wall of the cell. With the hydrogen- 
filled cell, the detector count derived from (a) the 
properly attenuated direct flux, (b) a somewhat im- 
properly attenuated steel-inscattered flux, and (c) a 
hydrogen-inscattered flux. Single-scattering calcula- 
tions of these effects agreed with a Monte Carlo calcu- 
lation” and indicated that the true transmission was 
0.25% larger than that observed. In connnection with 
this calculation and that of item 5, below, an auxiliary 
good-geometry transmission experiment was performed 
to obtain the attenuation coefficient for stainless steel. 
The shape of the elastic scattering angular distribution, 
needed for the inscattering calculations, was calculated 
from the complex potential model. Since only the small- 
angle scattering was important here, the model is quite 
satisfactory for this purpose. Incidentally, it was not 
necessary to make a correction for inscattering by the 
steel ends of the transmission cells since the neutrons 
thus scattered had the same attenuation in the hydrogen 
as the direct neutron flux. 

5. Cell end attenuation.—Uncertainties in the thick- 
ness of the end caps of the transmission cells (0.25 cm 
+0.0025 cm) led to uncertainties of +0.1% in the 
observed transmission. 

6. Scattering from detector housing —The diameter of 
the transmission cell was not quite large enough to 
shadow completely the outer part of the photomultiplier 
and its light-tight housing. Therefore, neutrons that 
were scattered into the crystal by these parts would not 
have undergone the proper hydrogen attenuation. The 
magnitude of this effect was calculated and found to 
have a negligible effect on the observed transmission. 

7. Hydrogen gas impurities —A +0.005% correction 
to the observed transmission was made for deuterium 
assumed present in the cell in its customary isotopic 
abundance so that the final transmission would be 
characteristic of the proton component of the gas. 

8. Counting rate effects—All the transmission meas- 


7Herman Kahn of the Rand Corporation performed the 
multiple-scattering Monte Carlo calculation of cell inscattering. 
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urements were made with a constant neutron flux; 
thus the counting rates with the transmission cell in 
and out differed by a factor of approximately two. 
Since it seemed possible that the response of the 
detector and electronic equipment might depend some- 
what on the counting rate, a separate experiment was 
undertaken to determine the magnitude of such an 
effect. The experiment was performed by measuring the 
counting rates from each of two gamma-ray sources 
separately and from the two sources simultaneously. 
The deviation of the sum of the two separate counting 
rates from the combined rate was then a measure of any 
effective shift of gain or bias in the detecting system. 
The use of gamma-ray sources was appropriate since 
the shape of the pulse-height spectrum was nearly the 
same for gamma rays as for protons with the stilbene 
scintillation counter used here. Measurements were 
made for several gamma-ray sources and with various 
voltages on the photomultiplier, such that the range of 
output pulse heights overlapped those produced in the 
n-p scattering experiment. At the counting rates used 
in the transmission measurements the effect of counting 
rate shifts in the detector response was found to be 
very small. In every case the effect was small enough to 
cause an error in the transmission of less than 0.1%. 
No transmission correction was made for this effect, but 
the transmission was considered uncertain by 0.1%. 

Table II contains a summary of corrections to, and 
uncertainties in, the transmission. The final value 
of hydrogen-one (proton) transmission was 0.57035 
+0.00015 (i.e., 0.27%). 

As a partial check on the accuracy of the calculations 
of air scattering and cell inscattering (items 2 and 4 
above) the “transmission” of an open-ended dummy 
cell was measured and compared with the calculated 
value. Calculations showed that the cell inscattering 
should be 0.76+0.04% of the direct flux,!? that air 
scattering from the regions of air affected by the 
presence of the cell should be about 0.2% of the direct 
flux, and that specifically the ratio “dummy cell in’ 


TABLE II. Corrections to the observed transmission and un- 
certainties in the transmission. Numbers correspond to the 
numbered items of Sec. III. 





Correction 
to observed 
transmission Uncertainty 

Item (%) (%) 





+0.22 
+0.01 
+0.05 
+0.01 
+0.05 
+0.10 


+0.01 
+0.01 
+0.10 
+0.56 


+0.27 


Counting statistics 

Target scattering 

Air scattering 

Shadow-bar transmission 

Cell inscattering 

Cell end attenuation 

Scattering from crystal 
housing 

Hydrogen gas impurities 

Counting rate effect 

Total values 

Root-mean-square 
uncertainty 


+0.25 


+0.005 


ON AurRwWhe: 


+0.255 
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TABLE IIT. Uncertainties in the n-p scattering 
cross section at E,= 19.665 Mev. 





Cross-section 
uncertainty 


(%) 


+0.48 
+0.17 
+0.026 
+0.01 


Uncertainty 
Item (%) 


Transmission 

Cell molar content 
Cell volume 

Cell length 





+0.27 
+0.17 
+0.026 
+0.01 


+0.69% 
+0.51% 


Total cross-section uncertainty 
Rms uncertainty 





to “‘no cell’ should be 1.006. The measured value, 1.007 
+0.0035, was considered to show that no gross errors 
existed in the calculations. The uncertainties of +0.05% 
in the hydrogen transmission shown in Table II for 
these two items were based on estimates of the accuracy 
of the calculated correction terms. These uncertainties 
appear to be both liberal and reasonable in view of the 
following facts: (a) one uncertainty represents 25% of 
the possible air scattering, (b) the other is somewhat 
larger than the accuracy of the cell inscattering calcu- 
lation, and (c) correction terms for each item appear 
in both numerator and denominator of the expression for 
hydrogen transmission, so that errors tend to cancel. 


IV. CROSS SECTION AND ITS ACCURACY 


The final value of the total cross section for neutron- 
proton scattering is 0.4942+0.0025 barn at a laboratory 
neutron energy of 19.665+0.026 Mev. Components of 
the cross-section uncertainty are listed in Table III. 
It is felt that both of the above uncertainties are of the 
nature of root-mean-square errors. 


V. DISCUSSION 

Several accurate values of the total cross section for 
n-p scattering have been measured in the neutron 
energy range from thermal to 42 Mev. Using these cross 
sections and effective-range theory, Gammel has ob- 
tained a semiempirical expression for the n-p total cross 
section as a function of neutron energy.'® The agreement 
of this expression with the measured values is +0.2% 
(average deviation) for all of the carefully determined 
cross sections. The result of the present experiment 
was used in Gammel’s work and subsequently agreed 
with his formula to 0.1%. 

One could analyze this experiment, after making 
correction for higher partial waves, in terms of S-wave 
effective-range theory. It seems superfluous to do so 
at this time, since detailed analyses of all nucleon- 
nucleon interactions have recently appeared.'*° These 

18 Gammel’s semiempirical expressions for n-p scattering have 
appeared in Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, p. 251, and appear in somewhat more 
detail in the first item of reference 1, 

19 Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957); 
also J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957) 


and Phys. Rev. 107, 1337 (1957). 
2” P. S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 
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analyses explain fairly successfully all nucleon-nucleon 
interactions up to several hundred Mev in terms of 
central, tensor, and spin-orbit forces that are derived 
from potentials with a Yukawa shape and a hard central 
core'® or from the Gartenhaus potential plus a spin- 


orbit potential.” 
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C"(p,~)N™ 1.47- and 2.11-Mev Resonances and the Odd-Parity Levels of Mass 14* 


E. K. Warsurton,{ Brookhaven National Laboratory, Upton, New York and 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


AND 


H. J. Roset ann E. N. Hatcu,§ Brookhaven National Laboratory, Upton, New York 
(Received November 11, 1958) 


A study has been made of the y rays emitted by the 8.9- and 
9.5-Mev levels of N™ using the C"(p,y)N™ reaction at the 1.47- 
and 2.11-Mev resonances. The decay schemes of these levels were 
reinvestigated using a three-crystal pair spectrometer, NaI(T]) 
single-crystal measurements, and standard y—vy coincidence 
techniques. The anisotropies relative to the bombarding beam of 
most of the observed y transitions were measured using the three- 
crystal pair spectrometer. The angular distributions of some of the 
y transitions were measured using a single NaI(TI) crystal. 
Measurements were made of the Doppler shifts of the ground 
state decay of the N“ 5.10-Mev level and the cascade from the 
N" 5.83-Mev level to the N"4 5.10-Mev level. From these Doppler 
shift measurements the mean lifetime of the N™ 5.83-Mev level 
was found to be in the range (5-65) X10~™ sec; while an upper 
limit of 3X10 sec was set on the mean life of the N" 5.10-Mev 
level. The results of the study of the y decay of the N™ 9.5- and 


I. INTRODUCTION 


HE experimental work which will be described in 
this paper consists of a detailed investigation of 
the y transitions from the resonances in the C"(p,7)N™ 
reaction at proton energies of 1.47 and 2.1 Mev. These 
resonances, which correspond to N" levels at excitations 
of 8.9 and 9.5 Mev, have been previously investigated 
by the C%(p,p)C™ reaction’* and the C"(p,y)N™ 
reaction.*® The proton scattering data of Milne’ for 
the 1.47-Mev resonance and of Zipoy et al.’ for the 
2.1-Mev resonance showed that these resonances are 
formed by even-wave protons. The Wigner sum-rule 
limit rules out capture of protons with orbital angular 
* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
+ Present address: Palmer Physical Laboratory, Princeton 
University, Princeton, New Jersey. 
t Now at Freiburg University, Freiburg, Germany. 
§ Present address: Scientific and Technical Unit, U. S. Naval 
Forces, Frankfurt, Germany. 
1E. A. Milne, Phys. Rev. 93, 762 (1954). 
2 Zipoy, Freier, and Famularo, Phys. Rev. 106, 93 (1957). 
3D. M. Zipoy, Phys. Rev. 110, 995 (1958). 
4J. D. Seagrave, Phys. Rev. 85, 197 (1952). 
5 Woodbury, Day, and Tollestrup, Phys. Rev. 92, 1199 (1953). 


8.9-Mev levels combined with the results of earlier measurements 
give conclusive assignments of 2~, 3-, 3, and 2 for the N™ levels 
at 9.50, 8.90, 5.83, and 5.10 Mev. The 5.83-Mev level most 
probably has odd parity. A tentative assignment of J=2 is given 
to the N™ 7.02-Mev level. Evidence is presented, from this and 
previous investigations, that indicates the N" 8.06-, 8.70-, 8.90-, 
and 9.50-Mev levels arise from the s*p®2s and s‘p°d configurations 
with the largest contribution being from the (/1/22s,/2) configura- 
tion for the 8.06- and 8.70-Mev levels and from the (f1/2d5/2) 
configuration for the 8.90- and 9.50-Mev levels. The analogs of 
these T7=1 levels in C are almost certainly the C' 6.09-, 6.89-, 
6.72-, and 7.35-Mev levels, respectively. The T=0, s*p°2s and 
s*p’d states of N™ are also discussed. It is proposed that the 
4.91-, 5.69-, 5.10-, and 5.83-Mev levels of N“ are O- and 1°, 
s*p2s1/2 and 2~ and 3-, s*p%ds/2 states, respectively. 


momentum greater than three, and the complexity of 
the angular distributions of the elastically scattered 
protons rules out pure s-wave proton formation.!? 
Therefore, the 1.47-Mev and 2.1-Mev resonances are 
formed at least partially by d-wave protons. Since the 
C® ground state has* J"=}3-, the possible spin-parity 
assignments for the N™ 8.9-Mev and 9.5-Mev levels 
are J*=1-, 2-, or 3-. The scattering analysis gives a 
most probable assignment of J"=3-, with 2~- more 
likely than 1-, for the 8.9-Mev level,! and a most 
probable assignment of J*=2-, with 3- more likely 
than 1-, for the 9.5-Mev level.*7 

The N™ 8.9-Mev and 9.5-Mev levels were first 
investigated by Seagravet who observed the 1.47-Mev 
and 2.1-Mev resonances in a general investigation of 
the C(p,y)N" reaction. Seagrave measured the 


6 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

7 The most probable assignment for the 9.5-Mev level was 
originally given as J™==3- (reference 2). R. K. Adair (private 
communication) first showed that the scattering data of Zipoy 
et al. (reference 2) indicated a most probable assignment of 

*=2- rather than J™=3~- for the 9.5-Mev level. The most 
probable assignment J*=2~ was verified by Zipoy (reference 3). 
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absolute (,7) cross section and the total width I of 
both resonances. In a later investigation, Woodbury 
et al.® determined the major y-decay mode of both 
resonances and measured the anisotropy relative to 
the proton beam of the primary 7 transition of these 
decay modes. Woodbury e al. observed that the 
8.9-Mev level decays to the N“ 5.83-Mev level, while 
the 9.5-Mev level decays to the N“ 5.10-Mev level. 
No other decay modes were observed for either res- 
onance. The anisotropies obtained by Woodbury et al. 
for the 8.95.83 and 9.5—>5.10 transitions were 
both positive. The nonzero anisotropies of these 
transitions rules out pure s-wave formation of the 
1.47- and 2.1-Mev resonances, in agreement with the 
proton scattering experiments. 

The strengths of the 8.9— 5.83 and 9.5— 5.10 
transitions calculated*® from the absolute cross-section 
measurements of Seagrave‘ are large enough to establish 
these transitions as predominantly dipole (see Sec. 
IIIC). Assuming pure dipole radiation, the theoretical 
anisotropy of the primary y transition calculated for 
d-wave proton capture and a well-isolated resonance in 
the C¥(p,7)N™ reaction is positive if the spins of the 
resonance level and the final level are the same and 
negative if the spins are different (see Sec. IVA). 
The strengths of admixtures of quadrupole radiation 
in the 8.9— 5.83 and 9.5 — 5.10 transitions consistent 
with reasonable values for the quadrupole radiation 
matrix elements are not large enough to change the 
sign of the theoretical anisotropies. (see Secs. III and 
IV), so that the anisotropy measurements of Woodbury 
et al.® indicate that the 8.9-Mev and 5.83-Mev levels 
have the same spin, as do the 9.5-Mev and 5.10-Mev 
levels. These anisotropy measurements, combined with 
the most probable spin assignments for the 8.9-Mev 
and 9.5-Mev levels from analysis of the proton scattering 
data, give most probable spin assignments of J=3 and 
2 to the 5.83-Mev and 5.10-Mev levels, respectively. 
However, these spin assignments are not in accord with 
all the experimental information. There is no other 
evidence for the spin of the N™ 5.83-Mev level, but 
the theoretical anisotropy calculated® under the assump- 
tions mentioned above with J =3 for both the resonance 
level and the final level is in poor agreement with the 
anisotropy measurement of Woodbury ef al.° for the 
8.9 — 5.83 transition. The anisotropy measurement of 
Woodbury ef al. for the 9.5—>5.10 transition is in 
agreement with the theoretical anisotropy with J=2 
for both levels; however, an assignment of J=1 for 
the 5.10-Mev level has been suggested®® from other 
evidence. This evidence will be discussed in Sec. IVC. 

One purpose of the present investigation was to 
resolve these discrepancies and to obtain spin assign- 
ments for the N" levels at 9.5, 8.9, 5.83, and 5.10 Mev 
independent of the most probable spins obtained from 
previous results, but dependent on the definitely 


’ Broude, Green, Singh, and Willmott, Phil. Mag. 2, 1006 
(1957). 
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established even-wave proton formation of the 8.9- and 
9.5-Mev levels and the absolute cross section measure- 
ments of Seagrave.‘ 

For both resonances Woodbury ef al.’ compared the 
measured anisotropies of the primary y transitions to 
theoretical anisotropies calculated for a well-isolated 
resonance. ‘The actual anisotropies are subject to the 
effects of interference with other levels, so that inter- 
ference of the y transition to a given level with a 
y transition originating from another resonance (or 
a nonresonant background) and feeding the same level 
could have an important influence. A search for such 
interference effects was then an important part of the 
present investigation. An assumption made in the pres- 
ent comparison of the measured anisotropies of Wood- 
bury ef al.® with the theoretical anisotropies was that 
the 8.95.83 and 9.5— 5.10 transitions are pure 
dipole in character. The validity of this assumption 
and the extent of multipole mixing in general for the 
various transitions observed in the present investigation 
were carefully considered in the analysis of the results 
presented in this paper. 

In addition to reinvestigating the 8.9— 5.83 and 
9.5 — 5.10 transitions, the present experiments include 
a search for y transitions corresponding to other decay 
modes of both resonances and an investigation of the 
properties of the y transitions corresponding to the 
decay of the N™ 5.83-Mev and 5.10-Mev levels. The 
data obtained from these experiments were instrumental 
in the assignment of unique spin values to the 9.5-, 
8.9-, 5.83-, and 5.10-Mev levels of N™. Moreover, 
these data provided information useful in comparison 
of these levels with theoretical descriptions. In Sec. V 
the information obtained in the present investigation 
relating to these levels, as well as information obtained 
in previous investigations relating to these and other 
levels of N' and C', is compared with shell-model 
systematics. 

II. EXPERIMENTAL METHODS 
A. Apparatus 

The experiments described in this paper were carried 
out using two different elemental carbon targets, both 
of which were enriched to 70% in C®. One target was 
cracked onto a 0.004-in. gold backing. The thickness 
of this target was 100 ywg/cm? which corresponds to 
about 12 kev for 2-Mev protons. The other target was 
deposited on a 0.005-in. platinum backing.’ The target 
profile was measured at the narrow (I'=100 ev)" 1.76- 
Mev C(p,7)N" resonance and the target was found to 
be nonuniform with an average thickness for 1.76-Mev 
protons of 45 kev (~ 60 kev for 1.47-Mev protons) and 
a maximum thickness of approximately 100 kev. All the 
experiments on the 2.1-Mev resonance were done with 
® Obtained from the Atomic Energy Research Establishment, 
Harwell, England. 

1S. S. Hanna and L. Meyer-Schiitzmeister, Argonne National 
Laboratory Report ANL-5937 (unpublished). 
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the thinner target while the experiments on the 1.47- 
Mev resonance were carried out with both targets. 

The protons were accelerated by the Brookhaven 
Research Van de Graaff accelerator. For some measure- 
ments the target was mounted on a tantalum strip, 
which was set at 45° to the beam inside a cylindrical 
glass target holder of uniform wall thickness. This 
arrangement was chosen in order to minimize y-ray 
absorption corrections in angular distribution measure- 
ments. The beam current for this arrangement was 
limited to 1 wa. In order to use higher proton currents, 
the target was soldered with indium onto the bottom 
of a water-cooled brass cylinder. Proton currents up 
to 20 wa were used with this arrangement. To eliminate 
the y-ray background from the F'*(p,a)O'* reaction, 
all surfaces struck by the proton beam were carefully 
cleaned by grinding with a carborundum wheel or 
boiling repeatedly in distilled water. In this manner 
the y-ray background from the fluorine contamination 
was reduced to a negligible value. 

The energy of the proton beam was determined and 
controlled by means of an electrostatic analyzer using 
the H,* beam for regulation. With this analyzer the 
relative proton energy was reproducible to better than 
1 kev. The analyzer was calibrated using the Li’(p,n)Be’ 
reaction for which the threshold energy was taken as 
1.8814+0.0011 Mev.® 

Gamma rays with energies higher than 1 Mev were 
detected with a 3 by 3 in. NaI(TI) crystal which was 
mounted on a Dumont 6363 photomultiplier. For the 
lower y-ray energies a 2.5-in. long by 1.7-in. diameter 
Nal(TI) crystal, mounted on a Dumont 6292 photo- 
multiplier, was used. This same crystal served as the 
center unit in a three-crystal pair spectrometer, for 
which two 3-in. crystals were used to detect the annihila- 
tion radiation. The triple coincidence circuitry asso- 
ciated with the three-crystal pair spectrometer was 
essentially the same as described by Alburger and 
Toppel." In all cases the y-ray spectra were displayed on 
a RIDL 100-channel pulse-height analyzer. 


B. Procedures 


The studies of the y rays from the decay of the N™ 
8.9-Mev and 9.5-Mev levels consisted of relative 
intensity, angular distribution, anisotropy, and Doppler 
shift measurements. 

The relative intensity measurements were carried 
out using the three-crystal pair spectrometer. For this 
purpose the relative efficiency of the pair spectrometer 
as a function of y-ray energy was calculated for the 
2.5-in. long center crystal from the cross section for 
pair production.” 

The angular distributions of the y rays, for which 


1D. E. Alburger and B. J. Toppel, Phys. Rev. 100, 1357 
(1955). 

2 See R. D. Bent and T. H. Kruse, Phys. Rev. 108, 802 (1957) 
for details of the efficiency and resolution of a similar spectrometer. 
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the full-energy-loss peaks were sufficiently resolved 
in NaI(T]) single-crystal spectra, were determined from 
spectra recorded with the crystal placed at various 
angles to the beam at a distance of 12 cm from the 
target. At each angle the total charge of protons 
collected by the target was monitored with a current 
integrator, and also the reaction in the target was 
monitored with a second NaI(TI) crystal viewing the 
target in a fixed position. In most cases the angular 
distribution of a given y ray was obtained by taking 
the areas under the full-energy-loss peak from the 
spectra recorded at the various angles. The angular 
distribution data were corrected for the solid angle 
effect following the procedure outlined by Rose.” 

Because of the complexity of the spectra observed at 
the two resonances, it was difficult, in most cases, to 
obtain significant angular distribution measurements 
from the single-crystal spectra. Hence the anisotropies 
of the principal y rays were determined from three- 
crystal pair spectra for which the background and 
resolution conditions are significantly better than for 
single-crystal spectra. 

The anisotropies were determined with the three- 
crystal pair spectrometer by recording the spectra at 
0° and 90° to the bombarding beam. The anisotropy A 
of a particular y ray is defined as A =J(0°)/7(90°)—1, 
where J(6) is the intensity of the y ray at an angle 0 
relative to the bombarding beam. The measured 
intensity depended very strongly on geometric factors 
which were difficult to reproduce and on the stability 
over extended periods of time of the window settings 
of the single-channel analyzers which accepted pulses 
from the escape annihilation quanta. Consequently, 
the 0° and 90° pair spectra were normalized with a 
line having a previously measured anisotropy. 

The method of setting limits on the lifetime of a 
nuclear level by measuring the y-ray Doppler shift 
due to the center-of-mass motion of the y-emitting 
nuclei has been well described.!> This method can be 
used to measure the mean lifetime 7 of nuclear levels 
in the range 5X10-"8>72>5X10- sec. The essential 
feature of the measurement is to observe the slight 
shift in the observed pulse height of the full-energy-loss 
peak between observations made in forward and 
backward directions relative to the bombarding beam. 
When the measured shift of the peak is considered along 
with the stopping time (~3X10-™ sec) of the recoil 
nuclei, a limit, or limits, on the lifetime of the y-emitting 
level can be set. The measurements of the Doppler 
shifts presented in this paper were carried out in a 
way which has been described previously.!®!7 


13M. E. Rose, Phys. Rev. 91, 610 (1953). 

14 R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 

16 Devons, Manning, and Bunbury, Proc. Phys. Soc. (London) 
A68, 18 (1955). 

16H. J. Rose and E. K. Warburton, Phil. Mag. 2, 1468 (1957). 

17 E. K. Warburton and H. J. Rose, Phys. Rev. 109, 1199 (1958). 
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Ill. EXPERIMENTAL RESULTS 
A. Decay of the 9.50-Mev Level 


The principal experimental results from observing 
the y rays following the decay from the N“ 9.5-Mev 
level (formed by bombarding C™ with 2.1-Mev protons) 
consisted of relative intensity and anisotropy measure- 
ments of the principal y rays obtained by means of a 
three-crystal pair spectrometer at 0° and 90° to the 
bombarding beam. Gamma rays at 0.73, 1.64, 3.68, 
5.56, and 5.83 Mev not previously reported in the 
decay of the 9.5-Mev level were observed, and their 
decay modes were checked with standard y—y coin- 
cidence techniques. The angular distribution about the 
beam of the 4.41- and 5.10-Mev y rays corresponding 
to the 9.5—5.10 and 5.10—0 transitions, and a 
measured of the Doppler shift of the 5.10-Mev y ray 
were also obtained. 

In order to check the condition of the target and to 
observe the width and location of the 2.1-Mev res- 
onance, an excitation function over the resonance was 
obtained as shown in Fig. 1. From observing this 
resonance curve it can be concluded that the resonances 
is located at a proton energy £,=2.112+0.006 Mev, 
which corresponds to a N" level at 9.504+0.006 Mev, 
and the resonance width is given by '= 44+ 2 kev in the 
laboratory frame of reference. 

A (p,y) excitation curve, yielding E,=2.10-Mev and 
l'=45+3 kev, was previously obtained for this reso- 
onance by Seagrave.‘ Zipoy et al.?* reported a N™ level 
at 9.51+0.02 Mev with '~40 kev from an analysis of 
the C"(p,p)C® reaction. Since the width of the 2.11-Mev 
(p,y) resonance is almost entirely due to the (p,p) 
reaction, it is apparent from the agreement in energy 
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Fic. 1. The N' 9.50-Mev level observed in the C!8(p,7)N"4 
reaction with a 12-kev thick, 70% enriched C' target. The 
resonance curve was obtained with a single-channel analyzer 
set to count y rays with energies between 3 and 5.5 Mev. The 
resonance was observed at a proton energy of 2.118+0.005 Mev 
and the measured width was [=46.5+2 kev. The actual energy 
location and width of the resonance, obtained by correcting the 
observed values for the target thickness, were E,=2.112+-0.006 
Mev and '=44+2 kev. The N* level position corresponding to 
Ep=2.112+0.006 Mev is 9.504+0.006 Mev. The background is 
mostly due to contaminants and the nonresonant 9.5-Mev y ray. 
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Fic. 2, Three-crystal pair spectrum of the y rays from a 12-kev 
thick C!* target bombarded by 2.118-Mev protons. The center 
crystal of the spectrometer was placed at 0° to the beam and 6 cm 
from the target. The spectrum corresponds to an integrated charge 
of 0.15 coulomb and was taken with a 10-ya proton beam. Because 
of the low yield of the reaction no collimator was used, but the 
side crystals of the spectrometer were shielded against direct 
irradiation from the target. The y-ray peaks are labeled by the 
computed energies of the transitions to which they are assigned. 


and width of the resonance observed by Zipoy et al.?* 
with the one shown in Fig. 1 that the 2.1-Mev 
C®(p,p)C® resonance and the 2.1-Mev C#(p,y)N™ 


resonance correspond to the same N“ level. 


Three-Crystal Pair Spectra 


In Fig. 2 is shown one of several y-ray spectra from 
the decay of the 9.50-Mev level observed at 0° to the 
beam with the three-crystal pair spectrometer. In 
order to determine the anisotropies of the y rays and 
to search for y rays which may have escaped detection 
at 0° because of a large negative anisotropy, other 
y-ray spectra were recorded at 90° to the beam. One 
of the spectra recorded at 90° is shown in Fig. 3. From 
various pair spectra, single-crystal spectra, and coin- 
cidence measurements taken at various proton energies 
over the resonance it was observed that all of the y rays 
identified in Figs. 2 and 3 were due to the 2.11-Mev 
resonance. 

In Table I are listed the energies, assignments in 
the decay scheme, the relative intensities, and the 
anisotropies of the y rays obtained from analysis of 
these three-crystal pair spectrometer runs. The spectra 
of Figs. 2 and 3 were decomposed into individual line 
shapes with the aid of comparison spectra from the 
Co® 1.33-Mev y ray, the ThC” 2.62-Mev y ray, and 
the 6.14-Mev y ray from the F'*(p,a)O'*(y)O" 
reaction. The background subtraction was aided by a 
comparison with pair spectra taken off-resonance. 
Corrections have been made for anisotropies as well as 
for pair-spectrometer efficiency in calculating the 
relative intensities of the y rays. The correction for 
anisotropy was performed assuming all angular distribu- 
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Fic. 3. Three-crystal pair spectrum of the y rays from a 12-kev 
thick C8 target bombarded by 2.118-Mev protons. The center 
crystal of the spectrometer was placed at 90° to the beam and 
6 cm from the target. The spectrum corresponds to an integrated 
charge of 0.30 coulomb and was taken with a 10-ya proton beam. 
Because of the low yield of the reaction no collimator was used, 
but the side crystals of the spectrometer were shielded against 
direct irradiation from the target. The y-ray peaks are labeled by 
the computed energies of the transitions to which they are 
assigned. 


tions were of the form W(#)=1+A cos’é, where A is 
the anisotropy. The errors listed for the intensities are 
principally due to counting statistics and uncertainties 
in background. The 2.79- and 5.83-Mev y rays contain 
additional uncertainties due to the possibility of their 
distributions having terms in cos‘? (see Sec. IV). To 
obtain the anisotropies of the y rays listed in Table I, 
the ratios 7(0°)/7(90°) were normalized using the 
single-crystal spectra measurement of the anisotropy 
of the 5.10-Mev y ray as well as the isotropic 2.31-Mev 
y-ray peak corresponding to the ground-state decay of 
the 0+, N™ 2.31-Mev level.® The errors on the anisot- 
opies listed in Table I contain the uncertainties in 
the relative intensities of the normalization peaks as 
well as the statistical errors of the measurements and 
the uncertainties in the background. 

A separate search was made for the 9.5-Mev ground- 
state transition. A pair spectrum taken with low gain 
showed a 9.5-Mev y ray with an intensity approximately 
1/50 the intensity of the 4.41-Mev y ray. A separate 
excitation curve was then obtained for the 2.11-Mev 
resonance with a window set between 8.5 and 10 Mev. 
The 9.5-Mev y ray was found to be nonresonant with 
an upper limit to any possible resonant component of 
10% so that a limit of less than 1/500 the intensity of 
the 4.41-Mev y ray was set for the ground-state 
transition of the 9.50-Mev level. An upper limit of 1/50 
the intensity of the 4.41-Mev y ray was set for any other 
y ray from this resonance with energy between 6 and 
9 Mev. 

In obtaining the excitation curve of Fig. 1, single- 
crystal spectra were recorded at each proton energy 
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setting. Another excitation curve was obtained by 
extracting the area under the full-energy-loss peaks of 
the 4.41- and 5.10-Mev y rays from these spectra. 
The excitation curve obtained in this manner agreed 
with the one of Fig. 2 with the background removed, 
and the relative cross section, which was checked 
between proton energies of 2.0 and 2.25 Mev, was in 
agreement with the simple dispersion formula within 
the experimental errors of the measurement. This 
measurement, together with the fact that the relative 
intensities of the various y rays were independent of 
proton energy within the experimental errors of the 
measurement for 2.0<E,<2.25 Mev, served to set 
limits on the effects of interference with other levels 
yielding the same y rays. 

To confirm the decay modes of the 0.73-, 1.64-, 
3.68-, 5.56-, and 5.83-Mev vy rays, which had not been 
observed previously at this resonance, coincidence 
measurements were carried out. By gating the coin- 
cidence circuit on the pulses due to the full-energy-loss 
peak of the 5.56-Mev y ray in a 3-in. NalI(TI) crystal 
and displaying the coincidence spectrum on _ the 
100-channel analyzer, the 5.56-Mev y ray was shown 
to be in coincidence with y rays at 2.31 and 1.64 Mev 
and was assigned to the 9.50— 3.95 transition since 
the N™ 3.95-Mev level is known'® to decay 96% by 
cascade through the N™ 2.31-Mev level. In the same 
manner it was determined that the 5.83-Mev y ray 
is in coincidence with a 3.68-Mev y ray, and that the 
5.10-Mev y ray is in coincidence with y rays at 4.41, 
3.68, and 0.73 Mev, which is consistent with the 
previous assignment®!” of a 0.73-Mev y ray to the 
5.83 — 5.10 transition. 


TABLE I. Decay scheme assignments, relative intensities, and 
anisotropies of y rays from the decay of the N'* 9.50-Mev level 
formed by bombardment of a 12-kev thick, 70% enriched C8 
target with 2.118-Mev protons. 


Relative Anisotropy 
intensity (7(0°)/1(90°) —1] 


y-Tay energy* 
—0.25+0.4 
—0.01+0.10° 
+0.7 +0.2 
—0.17+0.11 
+0.70+0.10 
—0.09+0.05¢° 
—0.43+0.10 
+2.3 +1.0 


5.56 
5.830 ‘8: 
9.50 9.50 +0 


® The energies listed were computed from the known positions of the 
energy levels of N'4 (see reference 6). 

b Gamma rays previously unreported in the decay of the 9.50-Mev level. 

¢ The assignments of the 7 rays in N'* were made on the basis of previous 


assignments (reference 6), rough energy measurements (<+80 kev), 
7 —y coincidence measurements (see text), and the known positions of the 
N'4 energy levels (reference 6). 

4 Normalization standard for relative intensities. 

e Normalization standards for anisotropies. The 2.31-Mev y ray is known 
to be isotropic (reference 6) and the value of the anisotropy of the 5.10-Mev 
y ray was obtained in the single-crystal measurements (see text). 


18 Gove, Litherland, Almqvist, and Bromley, Phys. Rev. 103, 
835 (1956). 
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Angular Distributions 


The full-energy-loss peaks of only the 5.10- and 
4.41-Mev vy rays were sufficiently resolved in the 
Nal(TI) single-crystal spectra so that a significant 
angular distribution measurement could be obtained. 
As can be seen in Fig. 4, only for the 5.10-Mev full- 
energy-loss peak is it fairly obvious how the separation 
of the peak from the background should be made. 
The angular distribution measurement obtained from 
the 4.41-Mev full-energy-loss peak is less exact since 
this peak has to be corrected for the presence of the 
5.10-Mev one-quantum-escape peak and separated 
from a somewhat indefinite background. 

The angular distribution of the 5.10-Mev y ray is 
shown in Fig. 5(a). The curve shown is a least-squares 
fit to the function W (@)=1-++-A cos’@. After corrections 
have been made for solid angle and the presence of the 
5.56- and 5.83-Mev y rays, the least-squares fit gives 
W (@)=1—(0.09+0.05) cos*#@. To determine the possible 
amounts of a cos‘? term in the distribution, a least- 
squares fit to the distribution W(@)=1+A:2 cos 
+A, cos? was carried out, yielding the result that 
| A4| <0.07. 

Figure 5(b) shows the data obtained on the 4.41-Mev 
y-ray distribution. The flags on each point give error 
estimations which are almost entirely due to separation 
of the 4.41-Mev full-energy-loss peak from the one- 
quantum-escape peak of the 5.10-Mev y ray. This 


separation was feasible only because the 5.10-Mev 
distribution is almost isotropic. A second method was 
used to estimate the angular distribution of the 4.41- 
Mev y ray. In this method all counts between 2.9 
and 5.3 Mev were summed to obtain an accurate 
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Fic. 4. Single-crystal spectrum of the y rays from a 12-kev 
thick C!* target bombarded by 2.118-Mev protons. The spectrum 
was taken with a 3X3 in. NaI (TI) crystal placed at 0° to the beam 
and 12 cm from the target. The full-energy-loss peaks of the 
7 rays are labeled by the computed energies of the transitions to 
which the y rays are assigned. 
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Fic. 5. Angular distributions of (a) the 5.10-Mev y ray and 
(b) the 4.41-Mev + ray observed following the bombardment of a 
12-kev thick C!* target with 2.118-Mev protons. The solid curves 
are least-squares fits to the experimental data. 


estimate of the angular distribution for this part of 
the spectrum, and then corrections were made for the 
contributions of the 3.68- and 5.10-Mev y rays. The 
two methods gave the same angular distribution, 
W (@)=1+ (0.70+0.15) cos’, for the 4.41-Mev y ray, 
with | A4| <0.15. 


Doppler Shift Measurement 


In order to obtain a lifetime estimate of the 5.10-Mev 
level, a measurement of the Doppler shift of the 
5.10-Mev y ray was carried out. The 5.10-Mev level is 
populated approximately 85% by the 4.41-Mev 
cascade from the 9.50-Mev level. The partial y width 
obtained by Seagrave‘ for the 9.50-Mev level from the 
measurement of the absolute cross section of the 
C(p,v)N™ reaction at this resonance is I'y = 25/(2/+1) 
ev. This width corresponds to a mean lifetime 
7=3(2J+1)X10-" sec, where J is the spin of the 
9.50-Mev level. Therefore the population of the 
5.10-Mev level via the 4.41-Mev ¥ ray takes place in a 
time short compared to the stopping time (~3X10-" 
sec) of the N™* recoils and will not influence the 
Doppler shift of the 5.10-Mev y ray. 

The measurement was made using a 3-in. NaI(TI) 
crystal which viewed the target alternately at 0° and 
150° to the beam at a distance of 12 cm. The spectra 
were recorded by means of the 100-channel analyzer 
with the gain chosen so that the 5.10-Mev full-energy- 
loss peak appeared at channel 85. The spectrum was as 
shown in Fig. 4. A precision attenuator was used so 
that the 5.10-Mev y ray could be displayed at about 
the same pulse height as the 1.33-Mev Co® y ray which 
was used as a reference for the measurement. The 
spectrum of the reference y ray was recorded before and 
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after each measurement of the 5.10-Mev y ray. 
Altogether 20 measurements were obtained of the 
Doppler shift, yielding a result of (0.07+0.07)% for 
the measured Doppler shift of the 5.10-Mev line. 
The error given is the standard deviation. The expected 
full shift between 0° and 150° for a lifetime short 
compared to the stopping time is 0.72% after correcting 
for solid angle. Therefore this measurement shows that 
the mean life + of the N™ 5.10-Mev level is long 
compared to the stopping time of the nitrogen recoils. 
Since the thinner target (about 12-kev thick for 
2-Mev protons) was used for this measurement the slow- 
ing down of the N™* recoils takes place partially in the 
carbon target and partially in the gold backing. In the 
absence of reliable data on the slowing down of nitrogen 
in gold, a conservative limit of r>3X10-® sec is set 
for the 5.10-Mev level from this measurement. This 
limit includes the uncertainty due to the 15% contribu- 
tion to the 5.10-Mev v ray arising from cascade via 
the 5.83-Mev level, i.e., the possible error introduced 
because the 0.73-Mev y ray from the 5.83— 5.10 
transition may not have a lifetime which is negligibly 
short compared to the stopping time of the N™* recoils. 


B. Decay of the 8.90-Mev Level 


Similar techniques as were employed in the study of 
the 9.50-Mev level proved useful for the investigation 
of the y rays following the decay of the 8.90-Mev level 
(formed by bombarding C" with 1.47-Mev protons). 
Three-crystal pair spectra obtained at 0° and 90° to 
the beam provided y-ray relative intensities and 
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Fic. 6. The N'* 8.90-Mev level observed in the C!¥(p,y)N'4 
reaction with a 14-kev thick, 70% enriched C'® target. The 
resonance curve was obtained with a single-channel analyzer set to 
count y rays with energies between 2.8 and 6 Mev. The resonance 
was observed at a proton energy of 1.473+0.005 Mev and the 
measured width was !=21.1+2 kev. The actual energy location 
and width of the resonance, obtained by correcting the observed 
values for the target thickness, are E,=1.466+0.006 Mev and 
l'=16+2 kev. The N* level position corresponding to E,= 1.466 
+0.006 Mev is 8.903+0.006 Mev. The background is mostly 
due to the y transitions associated with the decay of the broad 
N'* 8.70-Mev level. 
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Fic. 7. Three-crystal pair spectrum of the 7 rays from a 60-kev 
thick C!8 target bombarded by 1.49-Mev protons. The center 
crystal of the spectrometer was placed at 0° to the beam and 13 
cm from the target. The spectrum corresponds to an integrated 
charge of 0.43 coulomb and was taken with a 20-ua proton beam. 
The side crystals of the spectrometer were shielded against direct 
irradiation from the target by a 10.5 cm long conical lead col- 
limator placed between the center crystal and the target. The 
y-ray peaks are labeled by the computed energies of the transitions 
to which they are assigned. 


anisotropies. Gamma rays at 1.89, 2.47, 3.80, 6.44, and 
7.02 Mev not previously reported in the decay of the 
8.90-Mev level were observed, and their decay modes 
were checked with standard y—vy coincidence tech- 
niques. Angular distribution measurements of the 0.73-, 
3.08-, 5.10-, and 5.83-Mev vy rays, corresponding to 
the 5.83 5.10, 8.90 > 5.83, 5.100, and 5.83 0 
7 transitions were carried out using a single scintillation 
crystal. A measurement of the Doppler shift of the 
0.73-Mev vy ray yielded limits on the lifetime of the 
5.83-Mev level. 

The excitation function over the 1.47-Mev resonance 
was obtained as shown in Fig. 6. From this resonance 
curve it can be concluded that E,=1.466+0.006 Mev, 
which corresponds to a N™ level at 8.903+0.006 Mev, 
and '=16+2 kev in the laboratory frame of reference. 

A (p,y) excitation curve yielding E,=1.47 Mev and 
I'= 20 kev was previously obtained for this resonance.*® 
This level has also been observed from the C"(p,p)C® 
reaction'; however, the proton scattering data has not 
been analyzed to obtain the energy position or the 
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width of the resonance. The background under the 
resonance curve of Fig. 6 is for the most part due to the 
board (I'=500 kev)* C¥(p,y)N™ 1.25-Mev resonance, 
which corresponds to the 0-, N™ 8.70-Mev level.® A 
cursory investigation of the y transitions associated 
with this background was made as an aid in the 
interpretation of the 8.90-Mev level decay. 


Three-Crystal Pair Spectra 


Two of the pair spectra observed with the three- 
crystal spectrometer at 0° and 90° to the incoming 
proton beam are shown in Figs. 7 and 8, and the 
assignments in the decay scheme, relative intensities, 
and anisotropies of the y rays obtained from these 
spectra are given in Table II. 

The data of Table II were obtained from the pair 
spectra in the same manner as described previously 
for the 2.11-Mev resonance with the exception that 
the 0° and 90° spectra were normalized with the 
isotropic 2.31-Mev y ray alone, and the relative 
intensities were corrected for the contribution of the 
background by subtracting from the spectra of Figs. 7 
and 8 other spectra taken under similar conditions 
but off-resonance (£,=1.40-Mev). All the labeled 
peaks in Figs. 7 and 8 with the exception of the ones 
at 3.2 and 3.38 Mev, which are not resonant at a 
proton energy of 1.47 Mev, arise at least partially from 
yy rays associated with the 1.47-Mev resonance. The 
3.2-Mev y ray has a large negative anisotropy so that 
its presence is apparent in the 90° spectrum (Fig. 8)— 
by filling in the valley between the 3.08- and 3.38-Mev 
peaks—but not in the 0° spectrum (Fig. 7). The 3.8- 
and 2.31-Mev peaks contain appreciable contributions 
from the background. The other background peaks 


TABLE II. Decay scheme assignments, relative intensities, and 
anisotropies of y rays from the decay of the N'™ 8.90-Mev level 
formed by bombardment of a 60-kev thick, 70% enriched C'% 
target with 1.49-Mev protons. 


y-Tay 
energy* 
(Mev) 


Anisotropy 
[1(0°)/1(90°) —1] 


Relative 


Assignment¢ intensity 


8.90 — 7.02 
2.310 
8.90 — 6.44 
5.10 > 2.31 
8.90 > 5.83 
8.90 — 5.10 
5.10 > 0 
5.83 — 0 
6.440 
7.02 > 0 
8.90 — 0 





29 +94 
6 +4 
17 +5 
100 +13¢e 
5.542.54 
40 +6 
17 +3 

2 +1 
1.4+0.8 
<2:5 


+0.01+0.12! 


+0.7 +0.4 
+0.6 +0.24 
—0.3 +0.34 
—0.09+0.12 
+1.87+0.42 
+0.1 +0.5 
—0.35+0.4 


OID on: 
SSE 
so 


® The energies listed were computed from the known positions of the 
energy levels of N™ (see reference 6). 

b Gamma rays previously unreported in the decay of the 8.90-Mev level. 

¢ The assignments of the y rays in N'4 were made on the basis of previous 
assignments (reference 6), rough energy measurements (<+80 kev), 
-—vy coincidence measurements (see text), and the known positions of 
the N’4 energy levels (reference 6). 

4 The uncertainties in these measurements contain a large contribution 
from the uncertainty in the subtraction of the off-resonance (Ep =1.40 
Mev) spectra. 

e Normalization standard for relative intensities. 

f Normalization standard for anisotropies. 
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Fic. 8. Three-crystal pair spectrum of the y rays from a 60-kev 
thick C8 target bombarded by 1.49-Mev protons. The center 
crystal of the spectrometer was placed at 90° to the proton 
beam and 13 cm from the target. The spectrum corresponds to an 
integrated charge of 0.71 coulomb and was taken with a 20-ya 
proton beam. The side crystals of the spectrometer were shielded 
against direct irradiation from the target by a 10.5 cm long 
conical lead collimator placed between the center crystal and the 
target. The y-ray peaks are labeled by the computed energies 
of the transitions to which they are assigned. 


are unresolved from, and small compared to, the 5.10- 
and 5.83-Mev peaks. None of the decay modes of the 
8.90-Mev level (see Table II) were the same as those 
observed for the background to the 1.47-Mev resonance. 
Only the data relating to the 1.47-Mev resonance are 
listed in Table II. 

The increase of the intensity above 7 Mev in Figs. 7 
and 8 is caused by the 8.9-Mev y ray which corresponds 
to the ground-state decay of the broad 8.70-Mev level. 
A search was made for the ground-state transition of 
the 8.90-Mev level using the 14-Kev thick C® target. A 
single-channel analyzer window was set to count y rays 
between 7.5 and 9.5 Mev as the proton bombarding 
energy was varied over the 1.47-Mev resonance. In 
this way an upper limit of 5% was set for any component 
of the 8.9-Mev y ray associated with the 8.90-Mev 
level. The intensity ratio of the 8.9-Mev y ray to the 
3.08-Mev y ray was determined to be approximately 
1:2 at E,=1.47 Mev from a three-crystal pair 
spectrum taken with lower gain. Hence an upper limit 
of 1/40 of the intensity of the 3.08-Mev y ray was set 
for the ground-state branch from the 8.90-Mev level. 

To confirm the decay modes of the y rays at 1.89, 
2.47, 3.80, 6.44, and 7.02 Mev, which had not been 
previously observed at this resonance, y—~y coincidence 
measurements were carried out. It was thus shown 
that the 1.89-Mev y ray was in cascade with the 
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TABLE III. Decay scheme assignments, relative intensities, 
and anisotropies of y rays following proton bombardment of a 
65-kev thick, 70% enriched C'* target with 1.40-Mev protons. 


y-ray 
energy* 
(Mev) 


2.31 
3.11 
3.38 
3.89 
4.83 
4.91 
5.69 
6.14 


Anisotropy 
[1(0°)/1(90°) —1] 

0.0+0.1¢ 
—0.95+0.1 
742 —0.1+0.3 
642 —0.5+0.3 

oe of 

742 oa 
2+1 +0.1+0.4 


Relative 
intensity 
19+3 

1142 


Assignment® 


N4(2.31 — 0) 
N!4(8.80 — 5.69) 
N!4(5.69 — 2.31) 
N1*(8.80 — 4.91) 
N!4(8.80 — 3.95) | 
N4(4.91-—0) f/f 
N!*(5.69 — 0) 
F!9(p,a)O'* 

(6.14 — 0)O' 
N'4(8.80 — 0) 


7+0.5 
100+. 204 


—0.15+0.1° 


8.80° 


® The energies listed were computed from the known positions of the 
energy levels of N™ (see reference 6). 

+ This energy was calculated from the incident proton energy and from 
the target profile determined at the 1.47-Mev resonance. 

¢ The assignments of the y rays in N™“ were made on the basis of previous 
assignments (reference 6), rough energy measurements (+80 kev), 
coincidence measurements (see text), and the known positions of the N4 
energy levels (reference 6). 

4 Normalization standard for relative intensities. 

¢ Normalization standard for anisotropies. The anisotropy of the O'¢ 
6.14-Mev y ray was previously measured at the Ey =1.38-Mev resonance 
in F'9(p,a)O'*(+7)O'* to be A =0.14+0.03 [J. E. Saunders, Phil. Mag. 44, 
1302 (1953) ]. 

{ The 4.83- and 4.91-Mev y-ray peaks were unresolved. 


7.02-Mev vy ray, as was the 2.47-Mev y ray with the 
6.44-Mev v ray and the 3.80-Mev vy ray with the 5.10- 
Mev vy ray. Furthermore, it was shown that the 
0.73-Mev transition is in cascade with the 5.10-Mev 
transition, which implies that the 0.73-Mev y ray is 
from a transition between the 5.83- and the 5.10-Mev 
levels, in agreement with previous assignments®!” 
and the present investigation of the 9.50-Mev level 
decay. 


Gamma-Ray Background at the 1.47-Mev Resonance 


The y radiation background to the 1.47-Mev res- 
onance was investigated in order to separate the 
contributions of this background from the y radiation 
arising from the N™ 8.90-Mev level and to search for 
possible interference between y transitions associated 
with this background and the y transitions associated 
with the 8.90-Mev level. The principal results consisted 
of pair spectra taken with the thick C® target at a 
proton energy of 1.40 Mev. The results obtained in 
this investigation which give information relating to 
the y decay of the 0-, N™ 8.70-Mev level will be 
discussed in Sec. IVC. 

Three-crystal pair spectra were recorded at 0° and 
90° to the beam at E,=1.40 Mev, each with an 
integrated charge of 0.4 coulomb. The decay scheme 
assignments, relative intensities, and anisotropies of 
the observed y rays derived from the pair spectra and 
from other measurements are listed in Table IIT. The 
y-ray peak at 6.14 Mev was assumed to arise from the 
F!*(p,a)O'*(y)O'® reaction, which has a strong res- 
onance at £,=1.38 Mev.® The 6.14-Mev peak was not 
observed at E,= 1.47 Mev, where the F'*(p,a)O'* (y)O'* 
reaction has no resonance. From the excitation curve 
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obtained for the thick target at the 1.47-Mev resonance, 
the average excitation energy in N™ for 1.40-Mev 
protons incident on the thick target was calculated to 
be 8.80+0.02 Mev. The suggested assignments to the 
N*™ cascades given in Table III were checked by y—vy 
coincidence measurements, and also by measurements 
of the y-ray energies obtained from both single-crystal 
and coincidence spectra. 

The 3.11- and 5.69-Mev y rays were shown to be in 
cascade by displaying the spectrum in coincidence with 
each in turn. The energy of the 3.11-Mev y ray was 
measured in single-crystal spectra to be 3.11+0.03 Mev. 
This measurement rules out the possibility that this 
y ray contains an appreciable contribution from the 
8.80— 5.83 transition. Assignment to the C”(p,7)N™ re- 
action, for which the ground-state transition would have 
an energy of 3.20 Mev for the target and proton energy 
used, is also ruled out by this energy measurement. A 
ground-state transition following the C"(p,y)N® reac- 
tion at E,= 1.40 Mev was not observed in the bombard- 
ment of a natural carbon target, thus further excluding 
the assignment of the 3.11-Mev y ray to the C"(p,y)N® 
reaction. 

By displaying the spectrum in coincidence with the 
pulses from a 400-kev wide single-channel analyzer 
window centered at 4.8 Mev, the 4.83-Mev y ray was 
found to be in coincidence with y rays at 1.64 and 2.31 
Mev. In the same manner the 3.89-Mev y ray was 
shown to be in cascade with a y ray having an energy 
of 4.96+0.07 Mev. From the upper limit set on the 
intensity of the 2.79-Mev y ray (5.10 — 2.31 transition), 
which was not observed in the spectrum in coincidence 
with the 3.89-Mev y ray, an upper limit of 1:2 was 
set to the ratio of the intensities of the y rays feeding 
the 5.10- and 4.91-Mev levels. The statistics and 
resolution of the three-crystal pair spectra were not 
sufficient to separate the 3.70- and 3.89-Mev y rays 
corresponding to the 8.80— 5.10 and 8.80— 4.91 
transitions, or the 4.83-, 4.91-, and 5.10-Mev y rays 
corresponding to the 8.80—3.95, 4.910, and 
5.10 — 0 transitions. Therefore, it is possible that the 
3.89-Mev peak and the unresolved 4.83- and 4.91-Mev 
peaks listed in Table III contain a contribution from 
the 8.80-—>5.10 and 5.10—>0 transitions, with the 
8.80—> 5.10 transition one-half as intense as the 
8.80 — 4.91 transition. 

Single-crystal spectra, as well as coincidence spectra 
similar to those described above, were taken at various 
proton energies between 1.40 and 1.54 Mev. All the 
y rays assigned to N™ in Table III were observed on 
both sides of the 1.47-Mev resonance, and a rough 
check showed that the intensities of these y rays were 
the same within a factor of two at E,=1.40 and 1.54 
Mev. No large fluctuations in the intensities of the y 
rays listed in Table III were apparent between these 
two energies. The background correction to the pair 
spectra obtained at the 1.47-Mev resonance was 
carried out assuming that the background spectra was 
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the same at E,= 1.40 and 1.47 Mev with the exception 
of the increase in the energy of the primary y rays, 
such as the 3.11-Mev y ray corresponding to the 
8.80 — 5.69 transition. The background correction was 
made by subtracting the -,=1.40-Mev 0° and 90° 
spectra, properly normalized, from the E,=1.47-Mev 
0° and 90° spectra (Figs. 7 and 8), respectively, to 
obtain the data of Table II. 

In none of the measurements described above were 
any ‘y-ray transitions, except the ground-state transition 
of the 0+, N™ 2.31-Mev level, observed arising from 
the background to the 1.47-Mev resonance which were 
the same as any of the y-ray transitions assigned to 
the 8.90-Mev level. These measurements, then, give 
the principal justification for treating the 1.47-Mev 
resonance as well-isolated (i.e., being able to neglect 
the effects of interference with overlapping levels) in 
the analysis of the experimental y-ray anisotropies. 
The possibility of a weak transition to the 5.10-Mev 
level from the nonresonant background of the 1.47- 
Mev resonance cannot be excluded by the present ex- 
periments, however, and is indicated by the results of 
Broude ef al.’ (see Sec. IVC). For this reason the 
analysis of the data from the investigations of the 
1.47- and 2.11-Mev resonances was carried out in a 
way which was independent of the results obtained for 
the 8.90 — 5.10 transition. 


Angular Distributions 


A single-crystal spectrum of the y rays from the 
decay of the 8.90-Mev level as observed with a 3-in. 
NalI(TI) crystal is shown in Fig. 9. As can be seen from 
this spectrum, none of the y-ray lines can be separated 
from overlapping peaks or from the background with 
great accuracy. Nevertheless, it was possible to obtain 
rough measurements of the angular distributions of the 
3.08-, 5.10-, and 5.83-Mev y rays and a measurement of 
the anisotropy of the 0.73-Mev y ray. The angular 
distributions were obtained from 18 spectra taken at 8 
different angles between 0° and 150° to the beam 
using a 3-in. NaI(T1) crystal. 

The angular distribution of the 3.08-Mev y ray was 
obtained from spectra recorded by the 100-channel 
analyzer with a bias of 2.7 Mev, as shown in the insert 
of Fig. 9. Two different angular distribution functions 
were obtained from these spectra by taking the area 
under the 3.08-Mev full-energy-loss peak assuming the 
two limits for the background shown by B, and By in 
the insert of Fig. 9. Both angular distribution functions 
were of the form W(@#)=1+-A cos’@ within the experi- 
mental error, i.e., | 44{<0.10. However, the anisotropies 
obtained from the two background estimates, which 
were assumed to be limiting values, were A=+0.8 
for B, and A=+0.3 for By. This large difference 
reflects the sensitivity of anisotropy measurements of 
highly anisotropic 7 rays to the method of background 
subtraction. 
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Fic. 9. Single-crystal spectrum of the y rays from a 60-kev 
thick C'’ target, bombarded by 1.49-Mev protons. The spectrum 
was taken with a 3X3 in. NaI (TI) crystal placed at 0° to the beam 
and 12 cm from the target. The full-energy-loss peaks of the y rays 
are labeled by the computed energies of the transitions to which 
the y rays are assigned. The insert shows the full-energy-loss 
peak of the 3.08-Mev y ray recorded by the 100-channel analyzer 
with a bias of 2.7 Mev. 


The angular distribution functions of the 5.10- and 
5.83-Mev y rays were obtained from the areas under 
their respective full-energy-loss peaks (see Fig. 9) 
Again the accuracy of the measurement was determined 
by the extraction of the peak areas from the spectra. 
A least-squares fit of the data for the 5.83-Mev y ray 
gave W (@)=1+ (0.7+0.3) cos’0+ (1.0+0.5) cos‘#!® with 
A=1.75+0.40. A least-squares fit of the data for the 
5.10-Mev y ray gave W(0)=1+ (0.0740.12) cos*@ with 
a limit on a possible cos‘@ term of | A4{ <0.10. 

The anisotropy of the 0.73-Mev y ray, which arises 
from the 5.83 5.10 transition, was also determined 
from single-crystal spectra using the 60-Kev thick C™ 
target. The anisotropy was obtained from six spectra 
recorded using a 2.5 by 1.7 in. NaI(TI) crystal placed 
alternately at 0° and 90° to the beam. The 0.73-Mev 
full-energy-loss peak was well resolved and superim- 
posed on a uniform background so that a relatively accu- 
rate determination of the anisotropy could be made. The 
average value obtained was A = —0.25+0.06. 


Doppler Shift Measurement 


In order to investigate the lifetime of the 5.83-Mev 
level, a measurement of the Doppler shift of the 
0.73-Mev y-ray cascade between the 5.83- and 5.10-Mev 
levels was made. The 5.83-Mev level is populated at 
this resonance by the 3.08-Mev y-ray cascade from 
the 8.90-Mev level. The partial width I’, of the 8.90-Mev 
level is 2.9/(2/+1) ev‘ which corresponds to a mean 


19 The existence of a cos‘? term in the angular distribution of 
the 5.83 — 0 transition was found to be practically independent 
of the background assumed in extracting the 5.83-Mev full- 
energy-loss peak from the spectra. Therefore, in spite of the large 
uncertainty in its value, the existence of a positive A, in the 
angular distribution of the 5.83-Mev y ray was established 
without any question. 
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life r=2.3(2J+1)X10~ sec, where J is the spin of 
the 8.90-Mev level. Since this mean life is negligibly 
short compared to the stopping time of the N™* recoils 
(~3X10-% sec), the Doppler shift of the 0.73-Mev y 
ray is unaffected by the lifetime of the 8.90-Mev level. 

The detector, a 2.5 by 1.7 in. NalI(TI) crystal, 
viewed the target at a distance of 6 cm at 0° to the 
beam, and at a backward angle of 120°. The thick 
target was used. The 0.73-Mev full-energy-loss peak, 
from which the Doppler shift was obtained, was 
well-resolved on a flat, uniform background. 

Three independent sets of data were obtained using 
three different bias and gain settings in conjunction 
with the 100-channel analyzer. In the first set, eight 
determinations of the Doppler shift yielded a shift of 
(0.42+0.09)%, the second set of six determinations 
gave (0.35+0.05)%, while the third set of six determina- 
tions gave (0.43+0.16)%. The errors given are the 
standard deviations. A weighted average of these 
three results yields (0.39+0.05)% for the Doppler 
shift of the 0.73-Mev y ray. The Doppler shift calculated 
from the kinematics assuming a lifetime short compared 
to the stopping time of the N'* nuclei, is 0.58% 
including the solid angle correction. The Doppler shift 
measurement, then, indicates that the mean lifetime of 
the 5.83-Mev level is of the order of the stopping time 
of the N™* recoils, and limits can be placed on the 
mean lifetime from an estimate of the N'* stopping 
time. 

The stopping time of nitrogen in carbon was 
estimated by extrapolating stopping power data” and 
also by using the curves of range versus velocity of 
nitrogen ions in nitrogen given by Blackett and Lees.” 
From these data it was found that the range versus 


TaBLE IV. Partial gamma widths and Weisskopf matrix 
elements for the primary y rays observed at the 1.47- and 2.11- 
Mev resonances. 


w|M\2b 
wl'y/ * El M1 E2 M2 


Transition A(%)e 





1.47-Mev resonance 
8.90 — 5.10 
8.90 — 5.83 
8.90 — 6.44 
8.90 — 7.02 


0.034 12 390 
1.06 580 18000 
0.072 63 1970 
0.072 106 3360 


0.0011 
0.035 

0.0023 
0.0024 


0.040 
0.65 

0.022 
0.010 


2.11-Mev resonance 
9.50 — 3.95 
9.50 — 5.10 
9.50 > 5.83 


0.102 17 540 
2.66 710 22600 
0.95 366 11.600 


0.006 
0.088 
0.031 


0.37 
4.8 
1.0 


® The statistical factor w is (2J +1)/4, where J is the spin of the resonance 
level. The total partial y width I'y from reference 4 has been apportioned 
into the fractional partial y widths I'y/ for each decay mode from the 
relative intensities of Tables I and II. 

>» The Weisskopf matrix element |M |? for a particular multipolarity is 
defined as the ratio of the experimental I'y/ to the Weisskopf estimate for 
the radiative width of that multipolarity. 

¢ The uncertainty A, which is the percentage uncertainty in both wI',/ 
and w|M/|*, was obtained from the relative intensity measurements 
(Tables I and II), and does not include the uncertainty assigned (ref- 
erence 4) to the I'y. 


*S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 

1 P, M. S. Blackett and D. S. Lees, Proc. Roy. Soc. (London) 
A134, 658 (1932). 
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velocity curve in the region of interest was quite linear 
with the constant a from the expression R=av given 
by a= (4.0+1.5)10-" sec. The mean lifetime 7 was 
obtained from the expression'® 


Measured Doppler shift = a/z 





Calc. full Doppler shift Ita/r 


which gave 6.5X10-">7>5X10-" sec, where the 
limits correspond to two standard deviations from the 
measured Doppler shift (i.e., 0.29% and 0.49%, 
respectively). When combined with the branching 
ratio of the 5.83-Mev level obtained from the relative 
intensities of Tables I and II, the lifetime limits on 
the 5.83-Mev level gives 5X10-">7>2.5X10-" sec 
for the 5.83 — 0 transition and 7.7X10-">7>6x10-" 
sec for the 5.83 — 5.10 transition. 


C. Summary of Experimental Results 


In the next section (Sec. IVA) the measurements 
reported in Secs. IIIA and B, together with the absolute 
C8(p,y)N™ cross-section data of Seagravet and the 
assignments for the 8.90- and 9.50-Mev levels of 
J*=1-, 2-, or 3~ consistent with the proton scattering 
analysis of Milne! and Zipoy ef al.,?* will be used to 
assign spin values to the N™ 9.50-, 8.90-, 5.83-, and 
5.10-Mev levels. In Sec. IVB the information obtainable 
from the experimental data (past and present) which 
relates to the multipole mixtures of some of the observed 
y rays will be discussed. For the convenience of discus- 
sions which will follow in the remainder of this paper, 
the absolute cross section data of Seagrave‘ is combined 
here in tabular form (Table IV) with the relative 
intensity data of Tables I and II to give parameters 
useful in the assignment of multipolarities to the 
y-ray transitions. 

From the absolute cross-section measurements on the 
C¥(p,y)N™ reaction at the 2.11-Mev and 1.47-Mev 
resonances, Seagrave‘ obtained partial widths I’, for 
y decay of 6.15/w and 0.72/w, respectively, where w is 
a statistical factor given by (2/+1)/4. In Table IV 
these partial widths are apportioned among the various 
decay modes given in Tables I and II for the 2.11- and 
1.47-Mev resonances. In Table IV, wI',/ is the fraction 
of wl, due to a particular transition. The wI',/ were 
obtained from the relative intensities given in Tables 
I and II. The matrix elements |M |? for dipole and 
quadrupole transitions can be obtained for a particular 
value of J from the w|M/|? listed in Table IV. The 
matrix element | M |? is defined as the ratio of I',/ to the 
Weisskopf” single-particle estimate of the radiative 
width of the transition. The single-particle estimates 
were calculated from formulas given by Wilkinson.” 


2V.F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

*°D. H. Wilkinson, Phil. Mag. 1, 127 (1956), and Proceedings 
of the Rehovoth Conference on Nuclear Structure, edited by H. J. 
Lipkin (North-Holland Publishing Company, Amsterdam, 1958), 
Session IV, p. 175. 
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The y-ray angular distribution and lifetime data, 
which have not been included in Tables I and II, 
are collected in Table V. For comparison, anisotropies 
obtained from the three-crystal pair spectrometer 
measurements (see Tables I and II) and from previous 
investigations are also shown. The anisotropies obtained 
from the single-crystal measurements and the pair 
spectrometer measurements are seen to be in good 
agreement. The anisotropy given by Woodbury et al.° 
for the 9.50 — 5.10 transition is in fair agreement with 
the present result. The anisotropy measurement of 
Woodbury ef al. was obtained from single-crystal 
spectra, and most probably would have been influenced 
by the presence of the 9.5 — 5.83 transition which has 
a negative anisotropy (see Table I). A correction for 
the presence of this transition, of which they were 
unaware, would bring their anisotropy measurement of 
the 9.50 — 5.10 transition into closer agreement with 
the anisotropy obtained in the present work. The 
anisotropy given by Woodbury et al.' for the 8.90 — 5.83 
transition, also obtained from single-crystal spectra, 
is in poor agreement with the present result. Again a 
correction for the presence of the transitions correspond- 
ing to other decay modes (see Tables II and III) would 
bring their anisotropy measurement into closer agree- 
ment with the anisotropy obtained in the present work. 
Moreover, as discussed previously, the value of the 
anisotropy obtained for the 8.90 — 5.83 transition from 
single-crystal spectra is quite sensitive to the assumed 
background used to extract the 3.08-Mev full-energy- 
loss peak. 

Most of the conclusions which will be drawn in the 
remainder of this paper will depend on the assumption 
that the 1.47-Mev and 2.11-Mev resonances are well 
isolated in the sense that for a particular y-ray transi- 
tion the contribution from other levels or from a non- 
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resonant background, is negligible. The intensity data 
presented in Tables I and II are relatively insensitive to 
contributions from overlapping resonances since the 
contributions to the total intensity (i.e., integrated over 
the sphere) of a particular y ray from different reso- 
nances add incoherently. However, the contributions 
from different resonances to a particular y-ray intensity 
I(6) at an angle @ to the proton beam add coherently so 
that the anisotropy of the y transition is dependent on 
the relative amplitudes of the interfering resonances and 
is quite sensitive to the contributions of overlapping 
resonances (see Devons and Goldfarb* for a discussion 
of interference in p,y reactions). The measurements de- 
signed to determine the extent of any possible interfer- 
ence effects were (1) the determination of the excitation 
function over the resonance for each particular decay 
mode in order to set limits on the nonresonant contribu- 
tion to each y ray as previously discussed for the 
2.11-Mev resonance, (2) a check of the symmetry of 
the angular distributions about 90° for the more 
important rays, since a lack of symmetry about 90° 
is a sensitive indication of interference with a level of 
opposite parity, (3) a determination of the anisotropy 
of the 3.08-Mev y ray of the 8.90-Mev resonance with 
both the thin (14 kev thick) and thick (60 kev 
thick) targets to investigate the energy dependence 
of the anisotropy. In none of these measurements were 
any effects attributable to interference observed within 
the experimental errors. 

These measurements do not constitute an exhaustive 
examination of the possibility of interference for the 
resonances involved; however, they indicate limits on 
the possible effects of interference to a sufficient extent 
so that conclusive spin assignments can be obtained 
from an analysis carried out under the assumption of 
well-isolated resonances. 


TABLE V. Summary of the single-crystal angular distribution and lifetime measurements. 





Transition A (singles)> 


W(@)* 


A (pair)° 


A (previous)4 A (average)* Lifetime limits 





1.47-Mev resonance 
8.90 — 5.83 
5.83 — 0 


+0.3<A <0.8 
+1.75+0.40 


|A4| <0.10 
A2=0.740.3 
A,=1+0.5 
a —0.25+0.06 
+0.07+0.12 


5.83 — 5.10 


5.10 — 0 |A4| <0.10 


2.11-Mev resonance 
9.50 — 5.10 
5.10 > 0 


|A4| <0.15 
|A4| <0.07 


-+0.70+0.15 
—0,09+0.05 f 





® W(0) =1+A2 cos +A, cos. 

b The anisotropy A is 1(0°)/J(90°) —1, so that A =A2+Aa. 
¢ From Tables I and II. 

4 See reference 5. 

e Average of A (singles) and A (pair). 


+0.6 +0.2 
+1.87+0.42 


—0.09+0.12 


+0.70+0.10 


+0.6 +0.2 


+0.25+0.10 
cee +1.8 +0.4 


5X 10°? >7r>2.5X 107 sec 


—0.25+0.06 


7.7X10">7r>6X10"" sec 
—0.01+0.12 tee 


+-0.70+0.10 


+0.48+0.15 
can —0.09+0.05 


7t>3X10°" sec 
(for 5.10-Mev level) 


{ The anisotropy obtained for this y ray in the singles spectra was used for normalization of the 0° and 90° pair spectra. 


*4S. Devons and L. J. B. Goldfarb, Handbuch der Physik (Springer-Verlag, Berlin, 1957), Vol. 42, p. 362. 
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IV. ANALYSIS OF RESULTS 
A. Spin Assignments 


Using the experimental data which was presented in 
the previous section together with the requirement 
that the 8.90- and 9.50-Mev levels have J™=1-, 2-, 
or 3~ (see Sec. I), it is possible to give conclusive 
spin assignments to the 5.10-, 5.83-, 8.90-, and 9.50-Mev 
levels in N™. It is also possible to give a tentative spin 
assignment to the N™ 7.02-Mev level. 

The available empirical evidence” for light nuclei 
indicates that the Weisskopf lifetime estimate for £2 
transitions is a good lower limit if collective contribu- 
tions to the radiative transition rate are taken into 
account. There is little available evidence for M2 
transitions in light nuclei; however, what evidence” 
there is, and the evidence from heavier nuclei,”> indicates 
that the Weisskopf estimate is as good a lower limit 
for M2 transitions as for E2 transitions. For the 
purpose of drawing conclusions as to the maximum 
contribution of quadrupole radiation to the y transitions 
observed in N™, an upper limit of 25 (i.e., collective 
enhancement by all the protons outside the 1s shell) 
is set for the matrix element |M‘? for quadrupole 
radiation. With this conservative limit as a guide, it is 
apparent that the 8.90— 5.83, 9.50— 5.83, and 
9.50 — 5.10 transitions are at least partially dipole in 
character since the smallest value of |M|? obtained 
from Table IV for these three transitions is | M|?=209 
(the 9.50—5.83 E2 transition with J=3 for the 
9.50-Mev level). The 9.50— 3.95 transition can also 
be established as at least partially dipole by using the 
spin-parity assignment to the N™ 3.95-Mev level. 
The most probable assignment to the 3.95-Mev level 
given in the compilation of Ajzenberg and Lauritsen® is 
J*=1*. The evidence for this assignment and later 
work verifying it is discussed in the next paragraph. 

Stripping analysis of the C¥(d,n)N" reaction 
indicates?* J*=0+, 1+, or 2+ for the N™ 3.95-Mev level. 
The parity assignment has been verified by a study of 
the linear polarization of the 3.95 — 2.31 transition.”’ 
The 3.95-Mev level decays 96% by cascade through 
the 0* 2.31-Mev level and 4% by a direct transition 
to the J7=1+, N™ ground state.'® Therefore J7=0* is 
eliminated and 1+ is favored over 2+ for the 3.95-Mev 
level. The N™ 8.62-Mev level, for which J7=0t,® has 
been observed®** to decay to the 3.95-Mev level. If the 
decay scheme established by Wilkinson and Bloom?’* 
for the 8.62-Mev level is combined with the partial 
width I’, given by Seagrave‘ for the 8.62-Mev level, a 
radiative width of 1.26 ev is obtained for the 8.62 — 3.95 
transition. This width corresponds to an #2 matrix 


26M. Goldhaber and A. W. Sunyar, Bela- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), Chap. XVI (IT), p. 453. : 

26 R. E. Benenson, Phys. Rev. 90, 420 (1953). 

27 A, E. Litherland and H. E. Gove, Bull. Am. Phys. Soc. 
Ser. II, 3, 200 (1958). 

28 —D. H. Wilkinson and S. D. Bloom, Phil. Mag. 2, 63 (1957). 
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element of |M|*=140 which is clearly impossible. 
Therefore, the 8.62—> 3.95 transition must be pre- 
dominantly M1 and the 3.95-Mev level has J™=1+. 

With the 3.95-Mev level established as J™=1+, the 
transition to it from the odd-parity 9.50-Mev level 
must be £1, M2, etc. The M2 matrix elements for 
the 9.50— 3.95 transition are (see Table IV) 720, 
430, and 310 for spin assignments to the 9.50-Mev level 
of 1, 2, and 3, respectively. It is apparent, then, that 
the 9.50— 3.95 transition is predominantly £1. The 
J*=1* assignment to the N™ 3.95-Mev level together 
with the dipole character of the 9.50 — 3.95 transition 
eliminates the possible assignment of J*=3~- for the 
9.50-Mev level. Consequently, the dipole character of 
the 9.50—5.10 and 9.50— 5.83 transitions limits 
the possible spin values of the 5.10- and 5.83-Mev 
levels to J<¢3. The anisotropies of the 5.83—0, 
5.83 — 5.10, and 5.10 — 2.31 transitions (see Tables I, 
II, and V) eliminate the possibility of J/=0 for the 
5.83- and 5.10-Mev levels. 

The angular distributions of the y rays about the 
beam were calculated for the possible reaction and level 
parameters from the theoretical formulas given by 
Biedenharn et al.2* and by Devons and Goldfarb.* In 
what follows, A(y,) is used to denote the theoretical 
anisotropy of the 7th y ray in a y-ray cascade originating 
at the resonance level. The anisotropies A (71) for dipole 
transitions between the resonance level with spin J; 
and a level with spin J are listed in Table VI. For pure 
dipole radiation the angular distribution function must 
have the form W,(@)=1+A(y;) cos’@, so that the 
anisotropy completely defines W;(6). The anisotropies 
of Table VI were calculated for d-wave protons and 
for the allowed values of the channel spin S, which are 
S=1 for J;=1 or 3, and S=0 or 1 for J;=2. For J;=2, 
the anisotropies are given in terms of the fractional 
contribution of channel spin S=0, 


«= |A(0)|2/[|A(1)|2+]| A(0) [2], 


after the notation of Biedenharn et al.” 

It is seen from Table VI that for pure dipole radiation, 
if J;=J,» the anisotropy is positive, while if Ji#J2 the 
anisotropy is negative. The anisotropies of the observed 


TaBLE VI. Anisotropies computed for pure dipole radiation 
following d-wave proton capture by C**. 


i 
ey 


— (34+3x)/(9+2x) 
+ (3+3x)/(7—*x) 
— (34+3x)/(29+2x) 
—0.44 

+0.82 

—0.20 


Wow NNN ee 
FPwN Whe NHK O! 


* Biedenharn, Arfken, and Rose, Phys. Rev. 83, 586 (1951). 
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y rays are subject to perturbations from the values 
of Table VI due to the interference of the quadrupole 
and dipole components of the transition. The effects of 
this interference were investigated by calculating the 
angular distribution functions of the various possible 
transitions in terms of the relative intensities of 
quadrupole and dipole radiation. From these angular 
distribution functions, one of which is given in Sec. 
IVB, it was apparent that, within the limits set on the 
intensity of the quadrupole radiation by the matrix 
elements of Table IV (again using the limit |M|?<25 
for quadrupole radiation), the signs of the anisotropies 
of the 8.90 5.83, 9.50—5.10, and 9.50— 5.83 
transitions could not be changed by the quadrupole 
contribution to the transitions. The 8.90— 5.83 
transition was observed (see Table II) to have a 
positive anisotropy while the 9.50—>5.10 and 9.50 
— 5.83 transitions were observed (see Table I) to have 
positive and negative anisotropies, respectively. There- 
fore as long as the 8.90-Mev level does not have J™=1-, 
in which case the possible interference between s-wave 
and d-wave formation of the level must be considered,” 
the 8.90-Mev level has the same spin as the 5.83-Mev 
level. Likewise, if the 9.50-Mev level has J7=2- (3- 
having been excluded by the dipole character of the 
9.50 — 3.95 transition) it has the same spin as the 
5.10-Mev level, and its spin differs by one unit from 
that of the 5.83-Mev level. 

In order to obtain conclusive spin assignments for 
the 9.50-, 8.90-, 5.83, and 5.10-Mev levels, it is neces- 
sary to use the anisotropies measured for the second 
and/or third y rays in the y-ray cascades assigned in 
Tables I and II. One means of obtaining the spin 
assignments of these levels is from the anisotropies of 
the y rays in the cascade 


¥1 Y2 


2 3 
8.90(J1) — 5.83(J2) — 5.10(J3) — 2.31(J4). 


The anisotropies calculated for these y rays, assuming 
d-wave formation of the 1.47-Mev resonance and pure 
dipole radiation for y; and ye, are given in Table VII. 
These anisotropies were calculated for all combinations 
of the spin assignments to the 8.90-, 5.83-, and 5.10-Mev 
levels consistent with the arguments presented above 
and using the known zero spin of the 2.31-Mev level. 
The multipole order of ys; is, of course, determined by 
the spin J; of the 5.10-Mev level. 

As in the case of the anisotropies A (71) of the first 
rays in the y-ray cascades, the anisotropy A(y2) of 
the 5.83 — 5.10 transition is subject to an uncertainty 


%® A J*™=1~ resonance in N™ can be formed from C+ p by 
s-wave or d-wave protons, a J*=2> resonance can only be formed 
by d-wave protons. A J™=3~ resonance in N"™ can be formed 
from C+ p by d-wave or g-wave protons. The effects of g-wave 
formation were investigated by calculating the possible interference 
between d waves and g waves with the maximum g-wave ampli- 
tude allowed by the barrier penetrability and the Wigner limit 
to the reduced width. It was found that the effects of g-wave 
formation were entirely negligible. 
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due to the possible quadrupole component in the 
transition. A limit on the intensity of the quadrupole 
radiation was set, in this case, by the lifetime measure- 
ment (Table V) of the 5.83-Mev level. Using the 
Weisskopf estimates for quadrupole radiation with 
E,=0.73 Mev (r=9.1X10-" sec for E2 and r=2.9 
X10-* sec for M2), the limit | M|?<25 for quadrupole 
radiation, and the upper limit on the lifetime of the 
5.83 — 5.10 transition (r<7.7X10~-" sec), it is apparent 
that the 5.83—>5.10 transition is predominantly 
dipole, and it was found that the allowable contribution 
of quadrupole radiation was not enough to change the 
sign of any of the anisotropies A(y2) calculated for 
this transition.*' Since the quadrupole mixture in y, 
will affect the anisotropies of the successive y rays Yi+1, 
Yi+2, etc., through the intensity ratio of the quadrupole 
and dipole components and not through the amplitude 
ratio, the quadrupole component of y: will have 
negligible affect on A (y2) and A (ys) and the quadrupole 
component of v2 will have negligible effect on A (ys). 

In the case of J;=1 the angular distribution functions 
of the various cascade y rays must be of the form 
W ,(0)=1+ a2P2(cosd)=1+A cos*@. If the resonance 
level with J;=1 is formed by a mixture of s-wave and 
d-wave protons, then the constant de, calculated for 
pure d-wave formation, will be multiplied by 


(1-F2v26,)/(1+6,7), 


where 6, is the ratio of the amplitude of s-wave forma- 
tion to d-wave formation, including the relative phase 
factor, for formation of a N“ 1~ level from C+. 
It is apparent then that any mixing of s-wave formation 
in the case of J;= 1 will affect all the A (y;) in the cascade 
in the same sense. That is, the magnitude of each ani- 
sotropy in the cascade will be changed in the same 
direction and if the sign of one is changed the sign 
of all of them will be changed. 

The measured anisotropies (Table IT) of the 3.08-Mev 
y ray (71), 0.73-Mev y ray (y2), and 2.79-Mev y ray 
(v3) were +0.60+0.20, —0.25+0.06, and +0.7+0.4, 
respectively. Keeping in mind the limits on the effects 
of quadrupole radiation mixing in y; and y2 and the 
functional behavior of the effects of mixing of s-wave 
and d-wave formation of the 8.90-Mev level for J/;=1, 
it is seen from Table VII that the combination of 


TABLE VII. The anisotropies of the first (y:), second (y2), 
and third (ys) y rays in a y-ray cascade following capture of 
d-wave protons by C!® and assuming pure dipole radiation for 
71 and 72. 


Fe De Fe a A(¥2) A (ya) 
—0.18 
+0.04 


0.24 


—0.18 


(3 +3x)/(17 +x) ( 
+ (1 +3x)/(15 —x) + ( 
0.34 


3+3x)/(17+2x) 
7x —1)/(3 +3x) 
+0.65 


wrnwnro=—— 


31 See Sec. IVB for a typical example of the effects of quadrupole 
mixing on the anisotropy of the 0.73-Mev y ray. 





WARBURTON, 


14 


N 


Fic. 10. The decay schemes of the N' 8.90- and 9.50-Mev 
levels as determined in the present work. Only the levels involved 
in the decay of the 8.90- and 9.50-Mev levels are shown. The spin 
assignments of the 9.50-, 8.90-, 7.02-, 5.83-, and 5.10-Mev levels 
are discussed in the text. The other spin and parity assignments 
are from previous work. 


spins J;=3, Je=3, and J;=2 is compatible with the 
measured anisotropies for 71, y2, and 3, while all the 
other possible combinations of spins give anisotropies 


in great disagreement with the measured anisotropies. 
Therefore, the 8.90- and 5.83-Mev levels are assigned 
J=3, while the 9.50- and 5.10-Mev levels are assigned 
J=2. 

Other arguments can be advanced from the data of 
Sec. III to give independent evidence for the spin 
assignments of these four levels. For instance the 
appearance of a term in cos‘@ (see Table V) in the 
angular distribution of the 5.83 — 0 transition observed 
at the 1.47-Mev resonance establishes J ~1 for the 
8.90- and 5.83-Mev levels independent of other evidence. 
The cos‘ term in the 5.83 — 0 transition also eliminates 
the possibility that the 1.47-Mev resonance could be 
formed by p-wave protons. However, for the 9.50-Mev 
level, p-wave formation with J*=2+ cannot be defi- 
nitely ruled out on the basis of the present exper- 
iments alone. Therefore, the spin assignments made 
above are not independent of the proton scattering 
experiments! which show that the 9.50-Mev level, as 
well as the 8.90-Mev level, is formed predominantly by 
d-wave protons. 

From Table IV it is seen that the 8.90 — 6.44 and 
8.90 — 7.02 transitions most likely have dipole compo- 
nents so that the relative intensity measurements give 
probable spins of J = 2, 3 or 4 to the 6.44- and 7.02-Mev 
levels. The anisotropies of the 2.47- and 1.89-Mev 
rays corresponding to the 8.90 — 6.44 and 8.90 — 7.02 
transitions were not measured because of the relatively 
weak intensity of these y rays and the small pair 
production cross section for E, <3 Mev. The anisotropy 
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measurement of the 6.44-Mev 7 ray corresponding to 
the 6.44-Mev level ground-state transition was too 
inaccurate to allow any significant conclusions to be 
drawn. The anisotropy of the 7.02-Mev y ray, corre- 
sponding to the 7.02-Mev level decay to the 1+, N™ 
ground state, was measured to be —0.35+0.40. The 
calculated anisotropies A (y2) for d-wave formation of 
a J,;=3- resonance level are —0.43, +0.68, and +1.62 
for J2=2, 3, and 4, respectively, if 71 and y2 are assumed 
to have the lowest allowed multipolarities. Therefore, 
insofar as the 8.90 — 7.02 transition is dipole and the 
7.02— 0 transition proceeds by the lowest allowed 
multipolarity, the 7.02-Mev level most likely has 
J=2, so that a tentative assignment of J=2 is given 
to the 7.02-Mev level. This result is in agreement with 
the stripping analysis” of the C¥(d,n)N™ reaction which 
gave a slight indication that the N™ 7.02-Mev level has 
J* $2*. 

In Fig. 10 is shown the decay schemes of the 8.90- 
and 9.50-Mev levels. The branching ratios were 
calculated from the relative intensities given in Tables 
I and II. Other transitions with branching ratios 
comparable to those given in Fig. 10 may exist for 
either resonance. For instance, a transition from the 
9.50-Mev level to the N™ 5.69-Mev level, with a 
branching ratio approximately one-half or less that of 
the 9.50 — 3.95 transition, would probably have been 
undetected. The branching ratios for the N“ 5.10- and 
5.83-Mev levels were previously obtained by Woodbury 
et al.® The present results for the 5.10-Mev level are in 
agreement with the results of Woodbury ef al., while 
the present results for the 5.83-Mev level are not. 
The disagreement for the branching ratios of the 
5.83-Mev level may be due to the large anisotropies of 
the 8.90 — 5.83, 5.83 — 0, and 5.83 — 5.10 transitions, 
for which Woodbury ef al. did not make a correction. 

The spin assignments discussed above were made by 
comparison with the signs, but not the measured values, 
of the anisotropies of the observed y rays. This method 
was used so that the conclusions would be as inde- 
pendent as possible of complicating effects. In Table 
VIII a comparison is made of all the measured ani- 
sotropies (obtained from Tables I, II, and V) with the 
anisotropies calculated from the spin assignments shown 
in Fig. 10. The theoretical anisotropies were calculated 
assuming all the transitions proceed by the lowest pos- 
sible multipolarity. From a comparison of the experi- 
mental and theoretical anisotropies for the 9.50 — 5.10, 
9.50 — 5.83, and 5.10 — 2.31 (from the 9.50-Mev level) 
transitions, x, the fractional contribution of channel 
spin S=0 in the formation of the 9.50-Mev level, was 
determined to be «=0.56+0.14. 

The experimental anisotropies of the 8.90 — 5.83, 
5.83 — 5.10, and 5.10—>0 transitions from the 8.90- 
Mev level and the 5.10— 0 transition from the 9.50- 
Mev ievel are seen, from Table VIII, to be in poor 
agreement with the theoretical anisotropies; thus 
implying the mixing of higher multipolarities in these 
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transitions.” In the next subsection the experimental 
anisotropies and angular distributions obtained for 
these transitions will be compared to the angular 
distribution functions calculated assuming mixing of 
the lowest and next-to-lowest allowed multipole orders. 


B. Gamma-Ray Transitions with 
Mixed Multipolarities 


The theoretical angular distribution functions for a 
transition involving both the lowest (Z) and the 
next-to-lowest (Z+1) allowed multipolarities were 
calculated from formulas given by Devons and Gold- 
farb.* The functions are given in terms of 6, where 6 
may be interpreted as 


&=P/(L+1)/T/(L), 
with (1) 
Pr/(L+1)+1'/(L)=1ly, 


so that I',/(L) is the contribution of the Zth multipole 
order to the radiative width I’,/ of the transition. The 
phase of 6 is the same as that given by Devons and 
Goldfarb. The functions were calculated using the spin 
assignments and cascades given in Fig. 10 with d-wave 
formation of the 8.90- and 9.50-Mev levels. In the case 
of the 5.10—0 transition the angular distribution 
functions given are weighted averages of two functions 
since, for both resonances, the 5.10-Mev level is fed 
by both the resonance level and the 5.83-Mev level.* 

In Figs. 11 through 13 are shown the anisotropies 
calculated as a function of 6 for the 8.90— 5.83, 
5.83 — 5.10 and 5.83— 0 transitions of the 1.47-Mev 
resonance, while in Figs. 14(a) and (b) are shown the 
mixing curves of the 5.10— 0 transition of the 2.11- 
and 1.47-Mev resonances, respectively. The theoretical 
angular distribution functions and the ranges of 6 
corresponding to the anisotropy measurements are 
given in the figure captions. 

The experimental anisotropies of the 8.90 (J=3) 
— 5.83 (J=3) and 5.83 (J=3) 5.10 (J=2) transi- 
tions (see Figs. 11 and 12, respectively) almost overlap 
with the theoretical anisotropies (A=+0.82 and 
—0.34, respectively) for pure dipole radiation, so that 
there could very well be no mixing of quadrupole 
radiation in these transitions. The mixing curves for 
these transitions are given for the following reasons: 
(1) To illustrate the statement made in the last sub- 
section that the sign of the anisotropies of these 
transitions could not be changed from that calculated 
for pure dipole radiation within the allowable limits on 

® Because the 3~ 8.90-Mev level is formed by channel spin 
S=1 and the 0~ 8.70-Mev level is formed by channel spin S=0, 
no interference between these two levels is possible, so that 
multipole mixing is the most likely explanation for the difference 
of the theoretical and experimental anisotropies for the 1.47-Mev 
resonance as well as for the 2.11-Mev resonance. 

3% For both resonances the angular distribution function for 
the 5.10 — 0 transition was almost entirely determined by the 


more intense cascade to the 5.10-Mev level, and the error intro- 
duced by the uncertainty in the branching ratios was negligible. 


AND 2.11-MEV 


RESONANCES 


229 


TABLE VIII. Comparison of the experimental and _ theoretical 


anisotropies corresponding to the decay schemes of Fig. 10. 








Transition 


A (experimental)*® 


A (theoretical)> 





1.47-Mev resonance 


8.90 > 7.02 
8.90 — 6.44 
8.90 — 5.83 
8.90 > 5.10 
7.02 +0 
6.440 
5.83 0 
5.83 — 5.10 
5.10 — 0° 
5.10 — 2.31° 
2.310 


+0.60+0.20 
—0.3 +0.3 
—0.35+0.4 
+0.1 +0.5 
+1.80+0.40 
—0.25+0.06 
—0.01+0.12 
+0.7+0.4 
0.0+0.12 


—0.44 
+0.82 
+0.82 
—0.44 
—0.44 
+0.68 
+0.68 
—0.34 
—0.34 
+0.65 
0.0 


2.11-Mev resonance 

—0.1740.11 
+0.70+0.10 
—0.43+0.10 
+2.3+1.0 
—0.09+0.05 
+0.70+0.20 
—0.25+0.4 
—0.01+0.12 


— (3+3x)/(29+«) 
+ (3+3x)/(7—x) 
— (3+3x)/(9+2) 
(434— 49x) / (840 —273x) 
— (3+3x)/(17+2) 
+ (7x—1)/(3+3zx) 
~- G+s)/Ors) 





® See Tables I, II, and V. 

b Calculated from references 24 and 29, 

¢ A (theoretical) was calculated for the major cascade, the error due to 
neglecting the 8.90 — 5.10 cascade, in the case of the 1.47-Mev resonance, 
and the 9.50 — 5.83 — 5.10 cascade, in the case of the 2.11-Mev resonance, 
is within the experimental uncertainties. 


the matrix elements for quadrupole radiation. (2) To 
illustrate the most probable sign of 6, since the relative 
phase of the dipole and quadrupole amplitudes might be 
of future interest for comparison with model-dependent 
analysis of the N" levels. (3) To give the limits on 6, 
and thus an estimation of the limits on the matrix 
elements for quadrupole radiation. 

The Weisskopf matrix elements calculated from the 
ry of the 8.90 (J=3) — 5.83 (J=3) transition assum- 
ing pure £2 and M2 radiation are (see Table III) 330 
and 10 000. From Eq. (1) it is seen that 6/(1+6?) is the 
fraction of the transition intensity which is assigned 
to the quadrupole radiation if it is assumed that there 
is no contribution from multipole orders with L 2 3. 
Therefore, the limit on the quadrupole matrix element 
|M|?<25, corresponds to |6|<0.27 [i.e., 6/(1+6*) 
< 25/330] for M1-E2 mixing and |6| <0.05 for E1-M2 
mixing in the 8.90— 5.83 transition. From Fig. 11, 
then, it is seen that the possible values of 6 are given by 
0<6<0.2 corresponding to |M|?<13 for E2 radiation 
and |M|?<400 for M2 radiation. 

The upper limit to the mean lifetime r of the 5.83 
— 5.10 transition was calculated to be (see Table V) 
7.7X10-* sec, while the Weissiopf estimates for this 
transition are 9.1X10-" sec for E2 and 2.9X 10-8 sec 
for M2. From these values and the limit on the quad- 
rupole matrix element |M|?<25, a limit |6|<0.15 
is calculated for the 5.83 (J=3) — 5.10 (J=2) transi- 
tion. Therefore, observation of Fig. 12 shows that the 
requirement that |M|?<25 for quadrupole radiation 


4 Since these limits are intended as rough guides the uncertain- 
ties in the | M|? of Table IV are neglected. 
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Fic. 11. The anisotropy of the 8.90 (J=3) — 5.83(J=3) 
y transition following the formation of the 3-, N' 8.90-Mev level 
by d-wave protons. The transition is assumed to be a mixture of 
dipole and quadrupole radiation with an intensity ratio =T,/ (2) / 
l'/(1). This figure shows as a function of |5| the anisotropy A of 
the angular distribution of the 7 transition relative to the proton 
beam. Each one of the two curves corresponds to a definite sign 
of 5. The two curves were calculated from the theoretical angular 
distribution function: W (@)=1+42P2(cos@)+a,P4(cosé), where 
a2=0.43 (1425 —0.5246*) / (14-8) ;a,4= —0.3062/ (1+). The form- 
ulas for computing W (6) can be found in reference 24. The meas- 
ured anisotropy is also shown. The measured anisotropy limits 
the possible values of 6 to OS6<0.2 and —1.2>6>—1.9. 


rules out the positive values of 6 allowed by the meas- 
sured anisotropy, and the limits on 6 are 026>—0.1, 
corresponding to |M|*?<12 for E2 and |M\|?<380 
for M2. 

The mixing curve for the 5.83 (J=3)—0 (J=1) 
transition of the 1.47-Mev resonance (Fig. 13) indicates 
a mixture of quadrupole and octupole radiation with 
an unambiguous choice of the sign of 6. The limits on 
6 corresponding to the measured anisotropy are —0.4>6 
> —4.** The limits on the mean lifetime of the 5.83 — 0 
transition calculated from the measurement of the 
Doppler shift of the 0.73-Mev y ray were 5X10-" sec 
>r>2.5X10-" sec. From the upper limit to the mean 
lifetime of the transition and the lower limit on 6, 
a lower limit can be estimated for the matrix element 
of the octupole radiation component of the 5.830 

55 The angular distribution of the 5.83-Mev y ray gave W(@) 
= 1+ (0.7+0.3) cos’*#+ (1+0.5) cos’#, with A=1.75+0.4. The 
positive value of A, rules out values of 6 greater than —0.3 and, 
since 6 is limited to —0.7>6>-—3 for A,>0.5, gives some indica- 
tion that —0.7>5>—3. The anisotropy calculated for the 
5.83 — 0 transition at the 2.11-Mev resonance assuming mixing 
of quadrupole and octupole radiation is quite similar to that for 
the 1.47-Mev resonance. The anisotropy mecsurement of the 
5.83 — 0 transition at the 2.11-Mev resonance was quite uncertain 
(see Table VIII) but gives good agreement with the range of |6| 
obtained from the 1.47-Mev resonance. 
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transition. The Weisskopf estimates for the mean 
lifetime of this transition are 2.8X10-", 8.8107, 
2X10-", and 3X10-° sec for E2, M2, E3, and M3, 
respectively. The experimental lifetime is consistent 
with the quadrupole component being either £2 or M2, 
while the Weisskopf matrix elements for E3 and M3 
corresponding to r=5X10-" sec and 6=—0.4 are 
|M|\*=5.5 for E3 and |M|*=140 for M3; therefore, 
the limits on |M|*, corresponding to r<5X10-” sec 
and 6>—0.4, are |M|?>5 for E3 and |M|*>140 for 
M3. The N™ ground state has positive parity so that, 
insofar as an £3 matrix element greater than 5 is 
more likely than an M3 matrix element greater than 
140, the 5.83-Mev level most likely has negative 
parity. 

The values of 6 allowed by the anisotropy measure- 
ments of the 5.10—>0 transitions at .the 1.47- and 
2.11-Mev resonances are in good agreement [see 
Figs. 14(a) and (b)]. Since £1, M1, E2, and M2 
radiation are all consistent with the limit (r>310-" 
sec) set on the mean lifetime of the 5.10-Mev level, no 
choice can be made between the two signs of 6 allowed 
by the anisotropy measurements from this limit. 
However, an indication that the range of 6 correspond- 
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Fic. 12. The anisotropy of the 5.83 (J=3) 5.10 (J=2) 
y transition following the formation of the 3-, N'* 8.90-Mev 
level by d-wave protons. The transition is assumed to be a mixture 
of dipole and quadrupole radiation with an intensity ratio 
#®=L,/(2)/P/(1). This figure shows as a function of |6| the 
anisotropy A of the angular distribution of the y transition 
relative to the proton beam. Each one of the two curves corre- 
sponds to a definite sign of 6. The two curves were calculated 
from the theoretical angular distribution function: W(6@)=1 
+<a2Ps(cos@)+a4P;4(cos@), where a2=—0.257 (145.495 —0.358?) / 
(1+6); a,=0.0756?/(1+-68). The measured anisotropy is also 
shown. The measured anisotropy limits the possible values of 
6 to 025 > —0.09 and 4<6<5.6. 
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ing to 6<0 is the proper choice is given by the limit 
on the cos‘# coefficient (|A,|<0.07) obtained from 
the angular distribution measurement of the 5.10-Mev 
y ray at the 2.11-Mev resonance (see Table V). For this 
distribution the coefficient of Py (see the caption of 
Fig. 14) is proportional to 5x—2, where x is the 
fractional contribution of channel spin S=0 to the 
formation of the resonance. Using the algebraic relation 
between the two forms of the angular distribution 
function W(#)=1+ A. cos’0+ A, cos’@= 1+ a2P2(cos6) 
+a,P;(cos@), it is found that the limit on A, corresponds 
to the limits 0.38<*<0.42 for the positive range of 6 
allowed by the anisotropy measurement, while A, (and 
therefore a4) is calculated to be negligible for all x for 
the negative range of 6 allowed by the anisotropy 
measurement. Since x was determined to be (see Sec. 
IVB) 0.56+0.12, the 5.10 — 0 transition is most prob- 
ably predominantly dipole. 


C. Comparison with Previous Results 


With the exception of the disagreement (see Sec. 
IIIC) with the anisotropy reported by Woodbury 
et al.® for the 8.90 — 5.83 transition, the present work 
is in good agreement with previous investigations! 
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Fic. 13. The anisotropy of the 5.83 (J=3) > 0 (J=1) y transi- 
tion following the formation of the 3-, N'4 8.90-Mev level by 
d-wave protons. The transition is assumed to be a mixture of 
quadrupole and octopole radiation with an intensity ratio 
&=F/ (3)/'/ (2). This figure shows as a function of |6| the 
anisotropy A of the angular distribution of the y transition 
relative to the proton beam. Each one of the two curves corre- 
sponds to a definite sign of 6. The two curves were calculated 
from the theoretical angular distribution function: W(@)=1 
+a2P2(cosd)+a4P4(cos@), where a2.=0.367(1+0.875+ 1.318?) / 
(1+8); a,=—0.050(1+4.675—0.086?) /(1+6). The measured 
anisotropy is also shown. The measured anisotropy limits the 
possible values of 6 to —0.4>6>—4.0. 
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Fic. 14. The anisotropy of the 5.10 (J=2) — 0 (J=1) y transi- 
tion after formation, by d-wave protons, of (a) the 2~, N' 9.50- 
Mev level, and (b) the 3-, N'* 8.90-Mev level. The transition is 
assumed to be a mixture of dipole and quadrupole radiation with 
an intensity ratio &=I,/(2)/f,/(1). This figure shows as a 
function of |5| the anisotropy A of the angular distribution of the 
y transition relative to the proton beam. The measured anisotropy 
is shown for both (a) and (b). Each curve in (a) and (b) corre- 
sponds to a definite sign of 6. The curves were calculated from the 
theoretical angular distribution function: W (@)=1+a2P2(cos@) 
+a,P4(cos@). For (a), a2=1.06(x+1) (—0.125+0.5605+-0.0896?) / 
(1+8), and a,= —0.81 (Sx—2) (0.2546?) /(1+6?). The anisotropy 
is shown for x«=0.4 for 6>0 and x=0.6 and 0.4 for 5<0. The 
measured anisotropy limits the possible values of 6 to —0.1>6> 
—0.2 and 3.6<5<6 for 0.2<x<1.0. For (b), a2=2.12(—0.125 
+0.5605+-0.0896?) /(1+6?), and a,=0.197 (0.2548?) /(1+6), and 
the measured anisotropy limits the possible values of 6 to —0.14 
>6>—0.28 and 4.0<5<8.6. 


of the 1.47- and 2.11-Mev resonances for the capture of 
protons by C™. In particular, the spin assignments 
established in the present work (see Fig. 10) confirm 
the most probable spins assigned (see Sec. I) to the 
N# 9.50-, 8.90-, 5.83-, and 5.10-Mev levels on the basis 
of these previous investigations. The only serious 
disagreement with the present work involves the spin 
assignment of J=2 given to the N“ 5.10-Mev level. 

It has been suggested® that the intensity ratio of 
1:2 for the 5.10— 2.31 transition to the 5.10—0 
transition (see Fig. 10) favors J/=1 over J/=2 for the 
N" 5.10-Mev level because, for J=2, the quadrupole 
5.10 — 2.31 transition would be competing with a 
5.10 — 0 transition which could be dipole. However, 
a consideration of the inhibition*®*” of AT=0 magnetic 
transitions in self-conjugate nuclei, and the selection 
rule for /1 transitions in self-conjugate nuclei, leads 
to the conclusion that the observed branching ratio of 


36 G. Morpurgo, Phys. Rev. 110, 721 (1958). 
37 E. K. Warburton, Phys. Rev. Letters 1, 68 (1958). 
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the 5.10-Mev level is consistent with both J=2 and 
J=1. 

Broude et al.* have investigated the C"(p,y)N"™ 
reaction at proton energies of 0.9 and 1.0 Mev, corre- 
sponding to N™ excitation energies of 8.46 and 8.37 
Mev, respectively. They reported a transition to the 
N"™ 5.10-Mev level and assigned this transition to the 
decay of the broad (T=500 kev)* N™ 8.70-Mev level 
which has J™=0-.!* The partial width I, for the 
8.70-Mev level was measured by Seagrave‘ to be I, 
= 51.2 ev. Most of this width arises from the 8.70 — 0 
transition. If the transition to the 5.10-Mev level 
reported by Broude ef al. is assigned to the 8.70-Mev 
level, its intensity relative to the 8.70 — 0 transition 
gives T',/=1.3 ev. This width corresponds to 
Weisskopf matrix elements of 0.05, 1.6, 800, and 
2.5X 104 for E1, M1, E2, and M2 transitions, respec- 
tively, for a 3.32-Mev y ray corresponding to a 8.42 
— 5.10 transition. Therefore, if in actual fact the 0-, 
N" 8.70-Mev level decays to the N“ 5.10-Mev level with 
the strength reported by Broude et al.,8 the 5.10-Mev 
level must have J=1. Consequently, since the assign- 
ment of J=2 for the 5.10-Mev level seems to be 
conclusive, it is almost certain that the transition to 
the 5.10-Mev level reported by Broude ef al. does not 
originate with the N™ 8.70-Mev level. 

Some information as to the possible source of the 
transition to the 5.10-Mev level observed by Broude 
et al. was obtained from the present investigation of the 
C#(p,y)N™ reaction at proton energies in the range 
1.35<E,<1.54 Mev. The principal results obtained in 
this investigation consisted of the pair spectra taken 
with the thick C™ target at a proton energy of 1.40 Mev. 
The results obtained from these pair spectra were 
presented in Table III of Sec. IIIB. The decay scheme 
assignments of Table III are the same as given by 
Broude ef al. except for the transitions involving the 
5.10-Mev level, which were not observed in the present 
work (see Sec. IIIB) but were observed by Broude 
et al. The principal contribution to the y-ray intensities 
of Table III should most certainly be due to the broad, 
N* 8.70-Mev level which is centered at E,=1.25 Mev.* 
Significant contributions to the decay modes listed in 
Table III from sharp resonances in the energy region 
investigated (1.35< E,<1.54 Mev) in the present work 
are ruled out by the weak energy dependence of the 
y-Tay intensities and anisotropies. However, contribu- 
tions from broad or relatively distant levels cannot be 
excluded. Therefore, the decay modes observed at 
E,=1.40 Mev in the present work, and at £,=0.9 
and 1.0 Mev in the work of Broude ef a/.,8 cannot be 
conclusively assigned to the N** 8.70-Mev level. 

A striking result of the pair spectra measurements 
(Table III) is the highly negative anisotropy of the 
3.11-Mev y ray corresponding to the 8.80— 5.69 
transition. This anisotropy shows that the 3.11-Mev 
ray cannot arise from the 0 8.70-Mev level alone, 
and is somewhat suggestive of interference of the 
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8.70-Mev level with another level or with a nonresonant 
background. Since interference takes place, for over- 
lapping resonances, through the same channel spin S, 
the 0~ 8.70-Mev level, which is formed by S=0 only, 
can interfere with resonances with J™=1*, 2-, etc., 
and cannot, for example, interfere with the 3- 8.90-Mev 
level. The 5.69-Mev level has J=1,?8 so that 1+ and 2- 
are the only alternatives for the level interfering with 
the 0- 8.70-Mev level if the 3.11-Mev y ray is dipole. 
An attempt was made to ascertain the parity of the 
interfering level (if any) by measuring the angular 
distribution of the 3.11-Mev vy ray at E,=1.40 Mev 
from single-crystal spectra. The interference term in the 
angular distribution would be proportional to cos@ if 
the interfering level were of even parity.“ Angular dis- 
tribution data were obtained at angles to the beam from 
0° to 150°, and it was found that any terms in odd 
powers of cos#—if actually present—were small com- 
pared to terms in even powers of cos#. Thus the ani- 
sotropy of the 3.11-Mev y ray cannot be caused by 
interference of the 8.70-Mev level with an even parity 
level. The anisotropy of the 3.11-Mev y ray obtained 
from the single-crystal spectra was in good agreement 
with the pair spectra measurement (Table IIT). 

The N4.91-Mev level has been given a most 
probable assignment of J*=0-.* The parity assignment 
is based on analysis of the C¥(d,n)N™ reaction?® 
which gives a strong indication that the 4.91-Mev 
level is J7==O- or 1-. The 4.91-Mev level has been 
observed to decay by vy emission to the T=0, N* 
ground state but not to the 7=1, 0*, N™ 2.31-Mev 
level.® If the 4.91-Mev level (which is assumed to be 
T=0) where J™=1-, it would be expected to decay 
preferentially by E1 radiation to the 2.31-Mev level 
since #1 radiation to the ground state is an isotopic-spin 
forbidden transition. Therefore, the evidence for 
J*=0- is rather strong. If the 4.91-Mev level were 
J*=0-, a y transition to it from the 0-, N™ 8.70-Mev 
level would, of course, be forbidden. 

The highly negative anisotropy of the 8.80 — 5.69 
transition, the observation of a cascade to the 4.91-Mev 
level at E,=0.9 and 1.0 Mev in the work of Broude 
et al.® and in the present work, and the observation of a 
cascade to the 5.10-Mev level by Broude et al.,* but 
not in the present work, cannot be fully explained at 
the present time. A possible explanation of the appear- 
ance of the cascades to the 5.10- and 4.91-Mev levels 
at E,=0.9 and 1.0 Mev as reported by Broude et al.® 
is that these cascades are due to a resonance approx- 
imately midway between these two energies (i.e., 
between 8.37 and 8.46 Mev in N"). A level (or levels) 
in this energy range (at 8.45+0.07 Mev in N") has been 
observed** by means of the N"‘(a,a’)N" reaction. How- 
ever, it seems most probable that the same broad level 
or nonresonant background that gives rise to the highly 


8 Miller, Carmichael, Gupta, Rasmussen, and Sampson, Phys. 
Rev. 101, 740 (1956). 
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negative anisotropy of the 8.80 — 5.69 transition is re- 
sponsible for the cascades to the 4.91- and 5.10-Mev 
levels. The anisotropy measurement of the 3.89-Mev y 
ray (see Table III) gives some indication that the cas- 
cade to the 4.91-Mev level does not arise from a spin- 
zero level. 

It would seem that a careful investigation of the 
C8(p,y)N" reaction in the energy region 0.85 FE, 1.6 
Mev will have to be made before these anamolies are 
understood and the decay scheme of the N“ 8.70-Mev 
level is established.|| 


V. COMPARISON WITH SHELL-MODEL 
SYSTEMATICS 


A. Introduction 


A shell-model calculation of the non-normal energy 
level spectrum of mass 14, such as the recent calcula- 
tions on mass*® 15 and mass*° 16, would be a formidable 
task. In lieu of such a calculation, and in order to 
provide an orientation in the event that such a calcula- 
tion were to be undertaken, it is desirable to have a 
qualitative description of the odd-parity spectrum of 
mass 14. Towards this end, then, this section is devoted 
to a comparison of the odd-parity states of mass 14 
with expectations based on the work on neighboring 
nuclei and to a discussion of these levels from the 
viewpoint of simplifying assumptions. It is recognized 
that much of this section is speculative in nature; but 
it is hoped that, at the least, this discussion will serve 
as a stimulus to further work 

The energy level diagrams of N“ and C" are displayed 
in Fig. 15. The diagram for C™ is taken from Warburton 
and Rose." The diagram for N™ is taken from Ajzenberg 
and Lauritsen® apart from later additions and correc- 
tions—which include the results of the present paper. 
A few remarks concerning some of these changes are 
necessary. The spin-parity assignments given to the 
N*™ 5.69- and 6.23-Mev levels are from the work of 
Wilkinson and Bloom.** The spin-parity assignments 
for all the other N™ levels below 7.1 Mev have been 
reviewed in the present paper or are the same as given 
by Ajzenberg and Lauritsen.® The 9.16- and 10.43-Mev 
levels were both previously given J™=2~ as the most 
probable assignment®*“'; the reason why a preference 
for odd-parity is not indicated for these levels in Fig. 15 
has been discussed in a recent paper.” 

In the N™ energy level diagram of Fig. 15 known 
T=1 states are indicated, known T=0 states are not. 
The T=1 assignments for the N™ levels above 8 Mev 


|| Note added in proof.—The most likely explanation of the de- 
cays to the 4.91-, 5.10-, and 5.69-Mev levels is direct radiative 
capture of p-wave protons as proposed by Warburton et al. 
{Warburton, Pinkston, Rose, and Hatch, Bull. Am. Phys. Soc. 
Ser. II, 4, 219 (1959) ]. 

% FE. C. Halbert and J. B. French, Phys. Rev. 105, 1563 (1957). 

J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

41 Willard, Bair, Cohn, and Kington, Phys. Rev. 105, 202 (1957). 

EF. K. Warburton, Phys. Rev. 113, 595 (1959). 
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Fic. 15. Energy levels of C'4 and N'. The references for the 
information given in the C'* energy level diagram are given in 
reference 17. The information for the N'4 energy level diagram 
was obtained from the compilation of Ajzenberg and Lauritsen 
(reference 6) except for later additions and corrections (see text). 
Uncertain or less likely assignments are enclosed in parentheses. 
Uncertain levels are denoted by dashed lines. The T=1 assign- 
ments are indicated, T7=0 assignments are not. The C' ground 
state is matched in energy with its isotopic-spin analog in N at 
2.31 Mev in order to exhibit the correspondence of levels belonging 
to isotopic-spin triads. Levels for which the correspondence seems 
well-established are connected by solid lines, while levels for 
which the correspondence is less certain are connected by dashed 
lines. 


are based on the observation of dipole transitions—from 
these levels to known T=0 levels—with strengths 
greater than allowed for AT=O transitions by the 
selection rules for M1** and £1 transitions in self- 
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conjugate nuclei. The 7=1 assignments for the 8.62-, 
8.90-, 9.16-, 9.50-, and 10.43-Mev levels have been 
discussed in a recent paper.” The uncertain levels at 
7.94, 8.45, and 10.05 Mev have been observed by the 
N"(a,a’)N™ reaction®® only, and thus are assigned 
T=0. There is no conclusive evidence concerning the 
i-otopic spin of the other levels above 7.4 Mev in N™ 
for which a preference for 7=1 has not been indicated. 
Except for the 2.31-Mev level, there is good evidence 
for an assignment of T=0 to all of the N™ states below 
7.4 Mev.® 28 38,42 


B. T=1, Odd-Parity States of Mass 14 


The large proton reduced widths*® of the N“ 17 
8.06-, 0 8.70-, 3 8.90-, and 2- 9.50-Mev levels indicate 
that these levels belong predominantly to the s‘p*2s 
and s‘p*ld configurations with the ground state of C™ 
as their main parent. The description of the 8.06- and 
8.70-Mev levels as s‘p*2s has been suggested pre- 
viously.”** The strong F1 transitions’ of these two 
levels to the s‘p" states of N™ is in accord with this 
description. Because of the large (=5 Mev) splitting 
of the 1d; and 1d; orbitals, it would be expected that 
the 7=1 levels at 8.90 and 9.50 Mev in N", which are 
formed by capture of d-wave protons, are largely d; 
levels. For a J"=2-, ds level the fractional contribution 
of channel spin S=0 in the formation of the level by 
capture of d-wave protons is calculated to be x«=0.6. 
For a J™=2-, d; level, x is calculated to be 0.4. There- 
fore, the value of x(=0.56+-0.14) determined for the 
2-, N* 9.50-Mev level in the present work is consistent 
with the N™ 9.50-Mev level belonging to the s'p%ds 
configuration, but does not rule out large admixtures 
of s'p*d;. Zipoy et al.,?* using the value x=0.6, obtained 
a good fit to the angular distributions of the protons 
elastically scattered from the N™ 9.50-Mev level. 

We consider next the reduced widths of the N™ 
8.06-, 8.70-, 8.90-, and 9.50-Mev levels and the known 
odd-parity levels of C™. These reduced widths give 
valuable information relating to the configurational 
mixing of the states involved and to the correspondence 
of levels belonging to isotopic-spin triads. The neutron 
reduced widths of C™ were obtained by analysis of the 
C(d,p)C™ reaction, while the proton reduced widths of 
N" were obtained from the resonant capture of protons 
by C. Since the relation between stripping and 
resonant reduced widths is rather obscure, the widths 
of the C and N* levels are compared to the respective 
stripping and resonant single-particle reduced widths. 

Reduced Widths 

In general the reduced width for a single-nucleon 
emission can be written in the form“ 

P= S6,’, (2) 

A. M. Lane, Massachusetts Institute of Technology, 1955 


(unpublished). 
“J. B. French, Phys. Rev. 103, 1391 (1956). 
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where 6? is the single-particle reduced width and § 
(hereafter called the relative reduced width) is the 
probability that the heavier nucleus will arrange itself 
in a configuration corresponding to the lighter nucleus 
plus a nucleon. For the case considered here—that of 
the transfer of a nonequivalent nucleon—S is limited 
by $ <1, where $=1 corresponds to a state completely 
described as a nonequivalent nucleon bound to the 
ground state of the lighter nucleus. The most reliable 
procedure for obtaining a value for @?(s) or 6?(d) for 
both resonant and stripping reactions is to measure the 
reduced width of a “single-particle” reaction [such as 
O'%+n or O'*(d,p)O"] leading to s or d states of a 
“closed-shell-plus-one” nucleus. Alternatively, a lower 
limit for 6?(s) or @°(d) can be obtained from the 
observed width for a process which adds a 2s or 1d 
nucleon to an unfilled s‘p" core. An example of the 
latter is the resonant capture of protons by C” into 
the N®, s,, 2.37-Mev and d;, 3.56-Mev levels or the 
“mirror” reaction, C¥(d,p)C™, leading to the 2s; and 
d, states at 3.09 and 3.86 Mev in C. There is theoretical 
and experimental evidence**® that for these mass-13 
levels S~1, and in the discussion of the resonant 
reduced widths of N™ it will be assumed that the 
reduced widths for the capture of protons by the N™ 
2.37- and 3.56-Mev levels have the single-particle value. 

Both the resonant and stripping reduced widths are 
given here in units of 3(737,it.; T;T.;)*h?/2ua, where 
(T:3T.t.; T;T.) is the isotopic-spin vector addition 
coefficient for a neutron (t,=}) or proton (t,=—} 
reduced width, uw is the reduced mass of the system, 
and a is the interaction radius. 

The C“ Reduced Widths —From the various experi- 
ments on the O'*(d,p)O" reaction,’ Halbert and 
French*® estimate that the best values for @(s) and 
6,°(d), extracted from the stripping cross sections to 
the s; and d; levels of O", are 00?(s)>~0.3 and 6.°(d)=~~0.1. 
These values are in good agreement with the stripping 
reduced widths of 6(s)=0.28 and 6?(d)=0.12 obtained 
for the C?(d,p)C™ reaction*® (with E;=14.8 Mev) 
leading to the 3.09- and 3.86-Mev levels of C#.47 

In Table IX are listed the stripping reduced widths 
calculated” from the expermental C¥(d,p)C™ angular 
distributions** for the six known bound states of C™, 
These results have not been previously published and 
so are given here in some detail. The first four columns 
of Table IX give the experimental results, column 5 
gives the spin-parity assignments corresponding to the 
pairing (discussed below) of C and N™ levels shown in 
Fig. 15, and column 6 gives the reduced widths corre- 
sponding to the spin-parity assignments of column 5.*8 


45 A. M. Lane, Proc. Phys. Soc. (London) A68, 197 (1955). 

46 McGruer, Warburton, and Bender, Phys. Rev. 100, 235 
(1955). 

‘7 These widths were calculated from the stripping results 
(reference 46) by E. U. Baranger (unpublished). We are grateful 
to Dr. Baranger for permission to publish her data. 

48In some cases the values of (2J+1)@ given in Table IX 
corroborate the spin assignments of column 4. For the C'8(d,p)C" 
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TABLE IX. Stripping reduced widths from the C!3(d,p)C" reaction 








C4 level (Mev) In® 





0.10 
0.40 


0.10 Ot Ot 
1.20 
0.014 
0.007 (1,=1), 
0.014 (l,=3) 2+ 
2 0.78 oe) 3 
0 0.39 om 0 
2 0.53 ‘ae 2 


Ground state 1 
6.09 of 
6.59 2 

1+3 <0.01 
0.11 
0.39 
0.11 


6.72 
6.89 
7.35 








® The values for/, (orbital angular momentum transferred in the stripping 
process) are those given in reference 46 except for the 6.59- and 6.89-Mev 
levels which are discussed in reference 17 and for which the /» values are 
not definitely established. 

> Calculated by Baranger (reference 47) from the results of McGruer 
et al. (reference 46). An uncertainty of 50% was originally assigned to the 
absolute cross sections from which these reduced widths are calculated 
(see reference 46); however, later work [E. K. Warburton and J. N. 
McGruer (unpublished)] has reduced this uncertainty to 25%. The 
relative cross sections are accurate to +10%. The reduced width for the 
6.89-Mev level is extremely dependent on the assumed value of the interac- 
tion radius. This dependence introduces an additional uncertainty of 
+25% in the reduced width for this level. 

© Possible assignments (see Fig. 15). 

4 These assignments are those of the assumed analog states in N'4 
(see Fig. 15). 

¢ These values of 6? were obtained from column 3 using the spin values 
of column 5. 

£ No detectable reduced width for Jn =2(0a?<0.015). 


A comparison of the reduced widths of the C 6,09-, 
6.72-, 6.89-, and 7.35-Mev levels given in the last 
column of Table IX with the single-particle stripping 
reduced widths shows that, within the experimental 
uncertainty, all four levels have $=1 for the spin-parity 
assignments indicated by the pairing of C“ and N¥ 
levels shown in Fig. 15. 

The N Reduced Widths.—The proton reduced width 
of the 3+, N™ 2.37-Mev level constitutes the most 
reliable estimate of the resonant single-particle reduced 
width 6,?(s), while the proton reduced width of the 
$+, N 3.56-Mev level and the reduced width for the 
resonant capture of neutrons by O!® into the d; O” 
5.08-Mev level give the most reliable estimates of the 
resonant single-particle reduced width 6,?(d).** There- 
fore, it is convenient to compare the resonant reduced 
widths of the N™ 2s- and d-states to those of N“’—and 
thus to the single-particle values—as a function of the 
interaction radius. By this means the usual uncertainties 
in resonant reduced widths due to the correction for 
the Thomas shift‘® and the extraction of the barrier 
penetrability are minimized. 

The resonant reduced widths of the two N® levels 
and the two s-wave resonances of N™ were calculated 
using the values of the level widths l given by Ajzenberg 
and Lauritsen,® while the experimental values of [ 
given in the present paper were used to obtain the 
reduced widths of the two N' d-wave resonances. For 


reaction, /,=0 and /,=2 correspond to possible C' spin-parity 
assignments of 0”, 1-, and 1~, 2°, 3°, respectively. The stripping 
reduced widths, #(s) and @(d), for C' must be less than or equal 
to the corresponding values : 6¢?(s)~0.3 and 6? (d) 0.1. Therefore, 
the values of (2/+1)@ given in Table IX are inconsistent with 
spin assignments of J=0 to the C'* 6.09-Mev level and of J=1 
to the C 6.72-Mev level. Furthermore, the values of (27+1)@ 
give a preference for the assignment J =3 for the 6.72-Mev level 
and for one of the assignments J = 2 or 3 for the C 7.35-Mev level. 
 R. G. Thomas, Phys. Rev. 88, 1109 (1952). 
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Fic. 16. Proton reduced widths for the capture of s-wave 
protons by carbon as a function of the interaction radius a. The 
dimensionless reduced width 6,? is defined as 2uay*/3h?(Ts4T7 iit; 
T;T,,s)?, where yw is the reduced mass of the system, 7? is the usual 
reduced width, and (7;47.:t,; TyT.s) is the isotopic-spin coupling 
factor. (a) the $+, N!3 2.37-Mev level, (b) the 0-, N' 8.70-Mev 
level, and (c) the 1~, N'4 8.06-Mev level. The error flags represent 

the experimental uncertainties in I’. 


the s-wave resonances of both nuclei a correction was 
made for the Thomas shift.“® For the d-wave resonances 
the Thomas shift was found to be negligible compared 
to the experimental uncertainty in I’, so that the d-wave 
proton reduced widths are given by 


Oy (F?+G?) 
6,°(d)= ——_—_—_———T, (3) 

3H? (TST 2ite; TT 2s)? 
where F and G are the regular and irregular solutions, 
respectively, of the Coulomb field evaluated at the 
interaction radius a, and k=2m divided by the de 
Broglie wavelength of the proton in the c.m. system. 
The s-wave reduced widths are shown in Fig. 16, while 
the d-wave reduced widths are shown in Fig. 17. The 
two N™ reduced widths and the s-wave widths of N™ 
are in agreement with the reduced widths previously 
given® for specific values of the interaction radius a. 

The theoretical work of Thomas** on the N® levels 
indicates a preference for a value of the interaction 
radius in the range (4.4—4.9)X10-" cm. For a=4.7 
X10-* cm, the reduced widths from Fig. 16 are 67(s) 
=0.50, 0.29, and 0.44 for the N™ 2.37-Mev level and 
the N™ 8.06- and 8.70-Mev levels, respectively, and 
the reduced widths from Fig. 17 are @(d)=0.23, 0.21, 
and 0.17 for the N® 3.56-Mev level and the N* 8.90- 
and 9.50-Mev levels, respectively. Assuming that $= 1 
for the N® levels, the corresponding relative reduced 
widths are 8~0.6, 0.9, 0.9, and 0.7 for the N™ 8.06-, 
8.70-, 8.90-, and 9.50-Mev levels, respectively. The 
relative reduced widths of the s states have an estimated 
uncertainty of 30%, mainly due to the ambiguity in 
the interaction radius; while those of the d states have 
an estimated uncertainty of 20%, mainly due to the 
experimental uncertainty in I’. 
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Fic. 17. Proton reduced widths for the capture of d-wave 
protons by carbon as a function of the interaction radius a. The 
dimensionless reduced 6,? is defined as 2uay?/3h?(Ti}T sit; T7T 2s)’, 
where y is the reduced mass of the system, +? is the usual reduced 
width, and (7,47 .it2; T;T.y) is the isotopic-spin coupling factor. 
(a) the §+, N'* 3.56-Mev level, (b) the 3-, N'* 8.90-Mev level, 
and (c) the 2-, N'* 9.50-Mev level. The error flags represent the 
experimental uncertainties in I. 


Comparison of the C“ and N* Levels 

Assuming charge independence, the relative reduced 
widths of analog states in C and N™ are expected to be 
the same. While the large proton reduced widths of the 
N™ 8.06-, 8.70-, 8.90-, and 9.50-Mev levels and the 
large neutron reduced widths of the C™ 6.09-, 6.72-, 
6.89-, and 7.35-Mev levels practically guarantee that 
the C analogs of these N“ states have been observed 
and vice versa. The C“ 6.59-Mev level is ruled out as a 
possible analog of the four N™ levels in question, 
since the relative reduced width of this level is an order 
of magnitude smaller than for these N™ levels. Likewise, 
the N™ 9.16-Mev level, which would have":® 6?(d)~1.3 
X 10- if it were formed by d-wave protons, is eliminated 
as a possible analog of the C™ 6.09-, 6.72-, 6.89-, and 
7.35-Mev levels. Therefore, for reasonable values of 
the energy displacement of C’—N* analog states, the 
correspondence of isotopic-spin triads shown in Fig. 15 
is the only one consistent with the spin-parity and 
isotopic-spin assignments and the reduced widths of 
the levels involved. The correspondence of the 5; 
states at 6.09 and 6.89 Mev in C™ with the s; states at 
8.06 and 8.70 Mev in N“ has been suggested previously.*® 

The relative energy positions of the odd-parity 
analog states can be shown to be reasonable using the 
procedure of Elliott and Flowers,“ which lumps 
together the Coulomb correction and the Thomas* shift, 


AE,=}Ap+}(Cy4Ad+Cy*As)+0.155, (4) 


where AE, is the energy difference in Mev between 
the excitation in C™ and the excitation in N™ of a 
state with spin J, Ap is the observed energy difference 


® J. B. Marion and F. B. Hagedorn, Phys. Rev. 104, 1028 
(1956). 


ROSE, 


AND HATCH 


between C® and N®, Ad and As are the energy differ- 
ences between the ds and 2s; states of C® and N®, 
and the constants C;* and C;4 give the configurational 
mixture of the state J(Cy*+C;4=1). The constant 
0.155 Mev is the difference in the ground-state energies 
of N* and C6 From Eq. (4), assuming that the 
C™ 6.09- and 6.89-Mev levels are pure 2s states and the 
C™ 6.72- and 7.35-Mev levels are pure d states, the 
analogs of these four states are calculated to have 
excitation energies in N™ of 8.10, 8.91, 8.95, and 9.57 
Mev, respectively. These energies are to be compared 
to 8.06, 8.70, 8.90, and 9.50 Mev, respectively, these 
being the energies of the observed N™ states assigned as 
analogs of the C™ 6,09-, 6.89-, 6.72-, and 7.35-Mev 
levels. An admixture of the s‘p%2s,; configuration of 
~30% in intensity (i.e., C;*~0.3) to the predominantly 
s‘p%dy states would bring the calculated and observed 
energy displacements of the J"=2-, and 3 analogs in 
exact agreement, while an admixture of s‘p%d to the 
predominantly s*p?2s; states would increase the dis- 
agreement of the calculated and observed energy 
displacements of the J*=0~ and 1~ analogs. However, 
because of the questionable approximations made in 
obtaining Eq. (4) it is not justifiable to draw any 
conclusions as to the configurational mixture of the 
s- and d-states from a comparison of these calculated 
and observed energy displacements. 

The poor agreement of the observed and calculated 
energy displacement for the O~ levels reflects the 
difference of 160 kev in the splitting of the 0~ and 1- 
levels in C and N™. A possible explanation of this 
difference depends on the proposal of Wilkinson and 
Bloom? that the T=1, 1-, N** 8.06-Mev level and its 
T=0 counterpart (assumed to be the N™ 6.23-Mev 
level?’) interact with one another with the result that 
each of these levels has an isotopic-spin impurity of 
~7% in intensity. The repulsion of these levels might 
be a possible explanation for the smaller separation of 
the O- and 1-, T=1 levels in N“ compared to the 
separation of the analog states in C™. 

Except for the 1 levels, the relative reduced widths 
obtained for the C™ levels agree within the rather large 
uncertainties with those obtained for their N“ analogs. 
However, the relative reduced widths obtained from 
the proton widths of the N™ levels give some indication 
that the odd-parity T=1 states under consideration 
are not completely describable as pure 2s; or dy states 
with the ground state of C® as their only parent. 
Assuming that these odd-parity states contain contribu- 
tions from s*p2s and s‘p*d only, it seems reasonable 
that admixtures of d; coupled to the C® ground state 
and 2s, and d; coupled to the J*=$- first excited state 
of s‘p® are more likely than admixtures of dy coupled 
to the J"= } first excited state of s‘p®. The fact that 
the J™==0- and 3- N* states have larger relative 
reduced widths than the J*=1- and 2- N* states, 
respectively, is consistent with this argument. 

Formation of the J™==1- level in C“ or N" by the 
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capture of either a 2s, or a d; nucleon by the C® ground 
state is consistent with the conservation of angular 
momentum. Therefore, the limit on 6?(d) for the 1-, 
C™ 6.09-Mev level (see Table TX) gives a limit of 
§ £0.15 for the admixture of the configuration describ- 
able as a d; nucleon coupled to the C™ ground state in 
the predominantly s*p%2s;,, J7=1-, C™ 6.09-Mev or 
N" 8.06-Mev level.®! 


C. T=0, Odd-Parity Levels of N' 


At various times the N™ 4.91-Mev®.® level has been 
proposed as the T=0, O-, s‘p°2s; counterpart of the 
T=1, O-, s*p%2s, state at 8.70 Mev in N"; while both 
the 5.69-Mev® and 6.23-Mev”® levels have been 
proposed as the T=0, 1-, s‘p%2s, counterpart of the 
T=1, 1-, s*p2s, state at 8.06 Mev in N™. If the 
4.91-Mev level and either the 5.69-Mev level or the 
6.23-Mev level are the 0~ and 1” states in question, 
the energy positions of the N™ 5.10- and 5.83-Mev 
levels are consistent with their being the T=0 counter- 
parts of the T=1, s*p%d; states at 9.50 and 8.90 Mev 
in N'*. Some information on the reduced widths of 
these five T=0 levels is provided by the observation 
of the y rays following the bombardment of C”® by 
deuterons by Ranken ef al.** and the C¥(d,n)N™ 
stripping results of Benenson.”® 

Ranken et al.** have measured the differential cross 
section for the y rays emitted at 0° to the beam following 
bombardment of C’ by 4.5-Mev deuterons. Assuming 
isotropic distributions of the y rays, they obtained 
cross sections of 131, 19, and 27 mb for the C 6.09-Mev 
y ray and the N" 5.69- and 4.91-Mev y rays, respec- 
tively. Since the C'* 6.89-Mev level decays 100% to 
the C 6.09-Mev level,!’? the cross section of the 
6.09-Mev y ray represents the sum of the cross sections 
for the formation of the C' 6.89- and 6.09-Mev levels 
by the capture of s-wave neutrons by C". If it is assumed 
that feeding of the 5.69-Mev and 4.91-Mev levels by 
higher-lying N' states is negligible, and account is 
taken of the known branching ratio of the 5.69-Mev 
level, the cross sections of the 4.91-Mev and 5.69-Mev 
y rays lead to cross sections of 27 and 50 mb, respec- 
tively, for the formation of these levels by C¥(d,n) N'“— 
again assuming s-wave nucleon capture (and thus 


5! This result is in contradiction to the conclusion of Broude 
et al. (reference 8). In an investigation of the C(p,y)N"™ reaction 
at the E,=0.55-Mev resonance (corresponding to the N™ 8.06- 
Mev level), they observed a small anisotropy in the ground-state 
transition which increased with increasing proton energy. From 
an analysis of this anisotropy they concluded that the d-wave 
contribution to the formation of this resonance corresponds to 
@ (d) ~0.9. Since 0? (d) ~0.23, this value of #(d) would correspond 
to §~4 which is impossible. We believe that the anisotropy 
observed by Broude et al. is further evidence of a nonresonant 
background in the C¥(p,7)N* reaction (see Sec. IVC) rather than 
an indication of a d-wave contribution to the formation of the 
1-, N** 8.06-Mev level. 

®T). R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

53 Broude, Green, Singh, and Willmott, Phil. Mag. 2, 499 (1957). 

54 Ranken, Bonner, McCrary, and Rabson, Phys. Rev. 109, 917 
(1958). 
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isotropic distribution of the y rays). The ratio of cross 
sections of 131:50:27 discussed above is to be compared 
to the ratio ~8:3:1 predicted by simple stripping 
theory for o(C 6.89+6.09):o(N™ 5.69):0(N™ 4.91) 
assuming $~1 for all four states and O~ and 1~ for 
the N' 4.91- and 5.69-Mev levels, respectively. Con- 
sidering the nature of the approximations made, it 
can be said that the results of Ranken ef al. are quite 
consistent with $~1 and O- and 1~ for the N™ 4.91- 
and 5.69-Mev levels, respectively. Ranken et al. 
did not observe any y rays corresponding to the decay 
of the N' 6.23-Mev level; however, a weak 3.9-Mev 
y ray corresponding to the 6.23 — 2.31 transition has 
been observed at Ea=2.0 Mev.® 

It is difficult to obtain the relative reduced widths 
of the C™ 6.72- and 7.35-Mev levels and the N“ 5.10- 
and 5.83-Mev levels from the measurements of Ranken 
et al., since the y rays corresponding to the decay of 
these levels are not necessarily isotropic and, in addition, 
the uncertainties in the y ray intensity measurements 
and the uncertainties in the branching ratios of the 
C™ 7.35-Mev level and the N™ 5.83- and 5.10-Mev 
levels are accumulative. However, assuming the C!* 
6.72-Mev level has J7=3-, the N“ 5.10- and 5.83-Mev 
levels have J*=2- and 3-, respectively, and all three 
levels are formed by capture of d-wave nucleons, the 
results of Ranken ef al. are consistent with $~1 for 
the N' 5.83-Mev level and give some indication that 
the N' 5.10-Mev level has § <1. 

From observations of the relative intensities of the 
neutron groups in the C(d,n)N™ stripping results of 
Benenson,”* it would appear that the N™“ 4.91-Mev 
level has a proton reduced width at least a factor of 
five larger than that of the N"™ 6.23-Mev level if both 
levels are formed by capture of s-wave protons and 
have J*=0- and 1-, respectively. Furthermore, the 
angular distribution of the neutron group corresponding 
to the N" 6.23-Mev level is not in good agreement with 
that expected for capture of s-wave protons. In the 
results of Benenson the neutron groups corresponding 
to the N™ 5.69- and 5.83-Mev levels are obscured by 
the neutron group corresponding to the C!(d,n)N® 
ground state reaction, while the neutron group corre- 
sponding to the N™ 5.10-Mev level is obscured by the 
more intense neutron group corresponding to the 
N"™ 4.91-Mev level. Therefore, his results give very 
little information on the 5.10-, 5.69-, and 5.83-Mev 
levels. Benenson suggested a slight preference for 
p-wave proton capture by the 5.10-Mev level, but 
formation by d-wave protons also seems consistent 
with his results. 

In summary, the rather meager experimental 
information on the nucleon reduced widths of the 
N" 4.91-, 5.10-, 5.69-, 5.83-, and 6.23-Mev levels is 
consistent with the 4.91- and 5.83-Mev levels being 
the T=0 counterparts of the T=1, N™ 8.70- and 8.90- 
Mev levels, respectively; gives some indication that 
the N" 5.10-Mev level contains considerable configura- 
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tional admixtures if, in actual fact, it is the J*=27 
state in question; and strongly favors the 5.69-Mev 
level, rather than the 6.23-Mev level, as the T=0 
counterpart of the T=1, 1-, N™ 8.06-Mev level. 
The 5.69-Mev level was assigned /*=1? in Fig. 15. 
This assignment is in contradiction with an identifica- 
tion of it as a 1~, s‘p*2s, state; however, consideration 
of the experimental evidence leading to the assignment 
of even-parity shows that it is not at all conclusive. 
Wilkinson and Bloom” assigned the N“ 5.69-Mev 
level J*=1+ from a consideration of the strengths of 
the N™ 8.06— 5.69 and 8.62 — 5.69 transitions and 
the slow-neutron threshold work of Marion ef al.*® 
The radiative width obtained** for the transition from 
the 0+, N™ 8.62-Mev to the 5.69-Mev level is 0.7 ev. 
The quadrupole matrix element corresponding to this 
radiative width is |M|?=700 Weisskopf units; there- 
fore, the 5.69-Mev level is fixed as /=1. The radiative 
width of the N™ 8.06 — 5.69 transition, obtained from 
the absolute cross-section measurements of Seagrave‘ 
for the C(p,y)N™ reaction and an average of the 
y-decay schemes obtained**.*.*6 for the 8.06-Mev level, 
is 0.56 ev with an estimated uncertainty of 20%. If 
the 5.69-Mev level is /*=1-, the 8.06 — 5.69 transition 
is M1 and has | M |?= 2.0 Weisskopf units. The distribu- 
tion of M1 transition strengths in light (A < 20) nuclei 
have a mean of ~0.15 Weisskopf unit with a spread of 
a factor of 20 either way needed to include 85% of the 
transitions.” Therefore, the radiative width of the 
8.06 — 5.69 transition is not large enough to give a 
clear preference for £1 radiation as opposed to M1 
radiation. In fact, if the 8.06— 5.69 transition is 
E1 the 8.62—> 5.69 must be M1 and has |M|?=1.3 
Weisskopf units; so that either the 8.06— 5.69 or 
the 8.62 — 5.69 transition has an M1 matrix element 
appreciably larger than the average value for light 
nuclei. It is concluded that the strengths of the 8.62 
— 5.69 and 8.06 — 5.69 transitions are quite consistent 
with either parity assignment for the N™ 5.69-Mev 
level. If the 5.69-Mev level were 1-, s*p*2s; we should, in 
actual fact, be quite prepared for a large M1 matrix 
element connecting this state with its T= 1 counterpart. 
Marion ef al.*® observed a strong slow-neutron 
threshold at a deuteron energy of 0.422 Mev (corre- 
sponding to the N™ 5.69-Mev level) in the C(d,n)N™ 
reaction. The yield of the reaction was observed to 
rise slowly above threshold suggested p-wave neutron 
emission. Marion ef al.*® envisaged a process in which 
the incoming deuteron is s-wave and the outgoing 
neutron is p-wave so that the final N“ state has even- 
parity. The large cross section at such a low deuteron 
energy certainly suggests s-wave capture; however, it 
seems reasonable that the reaction could proceed by a 
stripping mechanism—in which the orbital angular 
momentum of the neutron remains constant—with 
the capture of an s-wave proton by the s*p® ground 


6 Marion, Bonner, and Cook, Phys. Rev. 100, 847 (1955). 
66 Lehmann, Leveque, and Pick, Compt. rend. 243, 743 (1956). 
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state of C® into an s*p*2s, state of N™. Support for this 
conjecture is provided by the fact that the slow neutron 
threshold for the C?(d,n)N® reaction corresponding to 
formation of the s*p*2s, 3+, N' 2.37-Mev level from 
the s*p’, OF, C® ground state also rises slowly above 
threshold suggesting p-wave neutron emission.*® In 
addition, the only other slow-neutron threshold observed 
by Marion ef al.®* in the C¥(d,n)N™ reaction—studied 
for excitations in N“ from 5.5 to 8.8 Mev—corresponds 
to the T=1, s*p*2s, 1-, N' 8.06-Mev level. It is con- 
cluded that the 5.69-Mev level could very well be 
J™=1-, and it is proposed as the T=0, 1-, s‘p*2s, 
counterpart of the T=1, 1-, N“ 8.06-Mev level.®”. 

It is perhaps worthwhile to point out that if the 
N"™ 5.10-Mev level has J*= 2+ rather than 2-, it cannot 
be the missing T=0, s*p", *Do state expected®*.®® at 
5-6 Mev excitation in N™. This statement follows from a 
consideration of the y decay of the 5.10-Mev level. 
Using the wave functions for the N“ ground state and 
2.31-Mev level given by Visscher and Ferrell®® and 
assuming the N™ 5.10-Mev level is the T=0, *D, 
state of the s*p™ configuration, Fallieros and Ferrell® 
calculated the M1 mean lifetime of the 5.10—0 
transition to be 1.6% 10~" sec, with an £2 mean lifetime 
thirty times as great and a negligible branching ratio 
for the 5.10— 2.31 cascade. This result is in serious 
contradiction with the lifetime limit (7>3X10-" sec) 
obtained in the present work for the 5.10-Mev level, 
and with the known branching ratio (see Fig. 10) of 
the 5.10-Mev level. The formula for the M1 radiative 
width of the ground-state decay of the N“, T=0, *D» 
level, assuming that both it and the N™ ground state 
are pure s*p” states, is® 


l',=3.6X10-Cp*E,’ ev, (S) 


where E, is in Mev and Cp is the coefficient of the *D, 
part of the N™ ground-state wave function. From the 
known branching ratio of the N'™ 5.10-Mev level, the 
lifetime limit on the 5.10-Mev level is found to corre- 
spond to a limit 7>4.5X10-" sec for the N' 5.100 
transition. If the 5.10-Mev level were the *Dz state, the 
experimental lifetime limit would combine with Eq. (5) 
to give Cp?<0.03. However, the N™ ground state is 
known** to be predominantly *D, so that the N™ 
5.10-Mev level is ruled out as the *D» state of the s*p” 


57 Because of the proximity of the N" 5.69- and 6.23-Mev 
levels and the similarity of their decay schemes, the comparison 
made by Wilkinson and Bloom (reference 28) of the isotopic-spin 
impurities of the T=1, 1-, N“ 8.06-Mev level and its T=0 
counterpart is practically unaffected by whether the 5.69- or 
6.23-Mev level is the 7=0, J*=1° state in question. 

{| Note added in proof.—Perhaps the best evidence for an odd 
parity assignment for the 5.69-Mev level is given by the highly 
negative anisotropy of the decay to the 5.69-Mev level observed 
at E,=1.4 Mev in C(p,7)N™ (see the note added in proof in 
Sec. IVC). 

58 J. P. Elliott, Phil. Mag. 1, 503 (1956). 

5° W. Visscher and R. Ferrell, Phys. Rev. 107, 781 (1957). 

® Private communication from R. Ferrell (unpublished). We 
would like to thank Dr. Ferrell for communicating these calcula- 
tions to us. 

6! Obtained from Eq. (6) of reference 42. 





C18(p,7)N!4 1.47- 
configuration even if the N“ ground-state wave function 
of Visscher and Ferrell is seriously in error, which is 
quite doubtful. 


D. Electromagnetic Transitions 


Because of the Al selection rule, M1 transitions 
between the s‘p°2s and s‘p%ld configurations are 
forbidden. The C" 7.35 — 6.72 transition was observed 
to be 24 times as strong as the C“ 7.35— 6.09 
transition in spite of the fact that the 7.35 — 6.09 
transition is energetically favored by a factor of 6.1” 
This result is in agreement with the other evidence 
that the C 6,09- and 6.89-Mev levels are predominantly 
5‘p°2s,, while the C' 6.72- and 7.35-Mev levels are pre- 
dominantly s‘p%ds. Likewise, the nonobservation of the 
N" 8.06— 5.1078 and 9.50— 5.69 transitions is 
consistent with the proposal of s*p°2s, and s‘p%d, as the 
predominant configurations of the N*5.69- and 8.06-Mev 
levels and the 5.10- and 9.50-Mev levels, respectively. 

A striking result of the calculations of Elliott and 
Flowers® on the odd-parity states of mass 16 was how 
well the four lowest T= 1, odd-parity states approximate 
to jj-coupling. To 96% in intensity these states were 
found to be the J"=0-, 1-, 2-, and 3- levels expected 
from the (p;-!2s;) and (p;~'ds) configurations. On the 
other hand, the four lowest T=0, J™=0-, 1-, 2-, 
and 3- levels of O'* seem to contain appreciable mixtures 
of other configurations in the predominant (p;7!2s}) 
or (p;~'ds) configurations.” 

Under the assumption of extreme jj-coupling in the 
odd-parity states of both mass 14 and mass 16, the 
mass-14 levels from the configurations (p4;2s;) and 
(pid) are directly related to the mass-16 levels from 
the configurations (p;-'2s;) and (p;~'d;). For extreme 
jj-coupling, then, Elliott® deduced that in mass 14 
the T=1, 1— (p;2s,) level lies below the T=1, 0- 
(p42s,) level, while in N™ the T=0, O~ (p42s;) level 
lies below the T=O, 1~ (p,2s;) level. Likewise, the 
T=1, 3- (pydy) level lies lower than the T=1, 2- 
(pidy) level, while the T=0, 2~ (pjd4) level lies lower 
than the T=0, 3- (pjds) level. In all four cases the 
separation is predicted to be 1-2 Mev; but, because of 
the rather strong dependence of this separation on the 
degree of intermediate coupling, these estimates are 
unreliable—especially for the T=0 levels. The relative 
positions of the odd-parity, and proposed odd-parity, 
states of mass 14 which have been discussed in this 
section are in good agreement with these qualitative 
estimates of Elliott. 

The N" ground state and 3.95-Mev level have been 
found to be the two lowest T=0, J7=1*, s*p" states of 
N!4,58.59 Since an £1 transition between a J*™=2-, 
(pydy) state and a J™=1*, s*p" state is forbidden, the 
weakness of the N* 9.50—0 and N® 9,50 — 3.95 
transitions (see Tables I and IV) gives support to the 


® Private communication from J. P. Elliott (unpublished). 
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applicability of an extreme jj-coupling description of 
the odd-parity states under consideration.® 

The unidentified J*=2+, T=0, *D» state of the 
s‘p” configuration cannot be formed from (;*), so 
that transitions to it from the (f425;) and (p4d,) 
configurations are forbidden. Therefore, the non- 
observation of transitions from the N" 1~ 8.06-Mev,?8-5 
2- 9.50-Mev, and 3- 8.90-Mev levels to any N™ 
state which could be this *D2 state (except possibly the 
N" 6.44- or 7.02-Mev levels which are connected to 
the 8.90-Mev level by weak transitions), gives further 
evidence that the odd-parity states under consideration 
are fairly well described by 77 coupling. 

The results presented in this section suggest that 
perhaps it would be worth while to make a quantitative 
comparison of the predictions of 77 coupling with the 
observed electromagnetic transitions connecting these 
N"™ odd-parity states with each other and with the 
ground state configuration. Some preliminary calcula- 
tions have been made and it appears that the strengths 
of those transitions reported in the present paper 
(Tables I and IT) and those observed by others*:**: are 
in fairly good agreement with extreme jj coupling 
assuming that the 4.91-, 5.69-, 5.10-, and 5.83-Mev 
levels are the 0-, 1-, 2-, and 3-, T=O0 (42s;) and 
T=0 (pid) states in question. 


E. Conclusions 


Evidence has been presented that indicates the N“ 
8.06-, 8.70-, 8.90-, and 9.50-Mev levels arise from the 
configurations s‘p?2s and s‘p*d with the largest contribu- 
tion being from the (p42s;) configuration for the 8.06- 
and 8.70-Mev levels and from the (p4d) configuration 
for the 8.90- and 9.50-Mev levels. From another point 
of view these states arise predominantly from binding 
a 2s, or ds nucleon to the ground state of C'*. These two 
descriptions are connected by the fact that the C¥ 
ground state is expected to be predominantly s*p,5j. 
The analogs of these states in C“ are almost certainly 
those indicated in Fig, 15. 

The identification of the T=0, s*p*2s; and s*p%dy 
states of N™ is not as definite as the identification of 
their T=1 counterparts. However, it seems rather 
probable that the 4.91-, 5.69-, 5.10-, and 5.83-Mev 
levels are the O~ and 1~ s‘p%2s, states and the 2~ and 
3~ s‘p%ds states, respectively. 

If the odd-parity states are indeed well approximated 
by jj coupling, it would be expected that there would 
be a gap of 2-3 Mev or more between the four odd- 


6 Although the forbiddenness of the El (pij2ds/2) — (p"™) 
transition gives a reasonable explanation for the weakness of the 
9.50 — 3.95 transition, it can only be a partial explanation for the 


nonobservation of the 9.50-—>0 transition since the actual 
situation is certainly not expected to be close enough to jj-coupling 
to explain the extreme weakness of this transition (T'y¥< 7.610% 
ev from the data of Table I). The extreme weakness of the 9.50 — 0 
transition must be due, then, to chance cancellation in the actual 
intermediate coupling situation as well as to the vanishing of that 
part of the £1 matrix element corresponding to (p1/2d5/2) — (p"). 
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parity T=O states and the next lowest odd-parity 
T=0 state, and similarly for the T=1 states (this 
energy gap being due to the spin-orbit splittings of the 
p and d shells). Therefore, a determination of the 
spin-parity assignments for the T=O levels below 8 
Mev in N" (especially the 5.69- and 6.23-Mev levels) 
would be useful not only in identifying the four 7=0 
(p,2sy) and (pd) states, but also in estimating the 
purity of these states. Similarly, a definite determination 
of the spin-parity assignments of the T7=1, N™ 9.16- 
and 10.43-Mev levels would be informative from this 
point of view.™ 


Note added in proof.—The 9.16-Mev level has been shown to 
have even parity nage nga 4 Hubert, Krone, and Prosser, 
Bull. Am. Phys. Soc. Ser. II, 3, 372 (1958) ], and preliminary 
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Lifetimes of the First Excited 0+ States of Ca‘® and Zr°°t 
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The first excited states of Ca and Zr™ are 0+ states which decay to the 0+ ground state primarily by the 
emission of internal pairs or conversion electrons. These states have been excited by neutron inelastic scat- 
tering and their decay times have been observed by detecting the 0.51-Mev annihilation gamma rays as a 
function of time. The experimental method utilized a pulsed neutron source and the standard ring geometry 
often used for inelastic scattering measurements. Proton excitation of Ca“ in a different geometry was also 
used. To measure the lifetimes, the pulse-height spectra from a NaI (TI) scintillation counter were recorded 
as a function of the delay time after the exciting pulse, and the intensity of the annihilation radiation was 
obtained from the area under the photopeak at 0.51 Mev. Selection of the time delays was made with the 
aid of either a time-to-pulse-height converter or a fast coincidence circuit. Mean lives for the first excited 
states of Ca and Zr were found to be (3.4+0.2) X 10 sec and (9046) X 10 sec, respectively. Correspond- 
ing values of the reduced matrix elements p are 0.15 and 0.056. 


I. INTRODUCTION 


LECTRIC-MONOPOLE transitions take place 

mainly by the emission of internal conversion 
electrons or electron-positron pairs. The nature of radia- 
tive transitions is such that competing gamma-ray 
transitions usually occur with much greater probability 
where both they and monopole transitions are possible. 
Therefore monopole transitions have usually been ob- 
served between two spin-zero levels. The cases of mon- 
opole transitions reported so far in the literature occur 
in the nuclei C®,! O'S? Ca®2-* Ge®,* Ge? Zr 5.6.89 
C410 pzl96 1 Bj212 12 P24 13,14 [72415 and Pu%815 The 


+t Work performed under the auspices of the U. S. Atomic 
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evidence with regard to most of these has recently been 
reviewed by Yuasa et al.® 

In most cases the monopole transitions occur be- 
tween a 0+ excited state and the 0+ ground state of 
even-even nuclei. Bi?” and Pt! are exceptions. In Bi?” 
the transition is between the first and third excited 
states, for both of which the assignment of 0— is made; 
however, the evidence for this case is not yet very con- 
clusive. The recent paper by Gerholm and Pettersson" 
gives evidence for the existence of an electric monopole 
transition in competition with an electric quadrupole- 
magnetic dipole mixture in a 2+-2+ transition in 
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Pt!**, Although the actual electric monopole conversion 
electrons cannot be distinguished here from those re- 
sulting from the £2 and M1 transitions, their effect is 
made manifest by a deviation in the e~y angular correla- 
tion from that expected if the AO transition were 
absent. This effect had already been predicted theo- 
retically’® and will doubtless prove to be a useful tool in 
extending the study of monopole transitions. In 0-0 
transitions, decay by single gamma emission is strictly 
forbidden and by two-gamma emission is extremely 
improbable. 

The matrix element for monopole transitions is in 
first order given by 


M=(f|Xipr,’|t)=oR’, 


where i and f refer to the initial and final nuclear states, 
r, is the radial position of the protons in the nucleus, 
and R is the nuclear radius. For convenience, one often 
considers the reduced matrix element p, defined as 
above. If we let the monopole transition probability for 
conversion electron and pair emission be given by W, 
and W,, respectively, then we can write 


W./e= F.(Z,E,R), 
W,/p’=F;(Z,E,R), 


where Z and E£ are the atomic number and transition 
energy, respectively. The functions F, and F, depend 
principally on the electronic wave functions and have 


been given by a number of authors.!7~” It has recently 
been shown that the F functions are relatively insensi- 
tive to details of the nuclear charge distribution.'*”° 
Thus, from a measurement of the lifetime or transition 
probability for a monopole transition, one can readily 
determine the reduced matrix element p. 

The problem of measuring the lifetimes of monopole 
transitions is sometimes complicated by the difficulty 
in exciting these transitions. Thus, although most of 
the known cases have been observed following the decay 
of 8-radioactive nuclei, the monopole transitions usually 
occur in only a very small fraction of these decays. 
Therefore the observation of these transitions is made 
more difficult by the background produced by the other 
transitions. Another possibility, which has been utilized 
up to now mainly for the lighter nuclei, is to use nuclear 
reactions to form the excited state that gives rise to the 
monopole transition. Among the possible reactions for 
this purpose are (p,0'Y), (p,Y), (p,a’y), (n,y), and 
(n,n’y). 

The (n,n’y) reaction has a number of advantages 
over the others: (1) It usually has a well-defined thresh- 
old, which permits one to determine with considerable 
certainty the energy of the excited state from which the 
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a 
NEUTRON ENERGY NN Mev 
Fic. 1. Excitation curve for the production of 0.51-Mev gamma 
rays from Zr® by neutron inelastic scattering. This curve was 
measured with normal zirconium but the cross sections given 
are the isotopic cross sections for 100% Zr™. 


transition originates. This capability of distinguishing 
a threshold is shown in Fig. 1, where the (,n’y) pro- 
duction cross section for the 0.51-Mev positron anni- 
hilation quanta in Zr™ is given as a function of neutron 
energy near the threshold. (2) The cross section for 
this reaction does not depend on the atomic number Z 
and is generally large enough to produce satisfactory 
counting rates for lifetime measurements. (3) One can 
adjust the neutron bombarding energy so that states 
above the one being studied are not excited. If higher 
energy states that have transitions to the one under 
study should be excited and if their lifetimes are not 
short in comparison with the lifetime being measured, 
the measurements may give erroneous results. These 
conclusions regarding the usefulness of neutron inelastic 
scattering had been borne out by previous work in 
which the occurrence of monopole transitions from the 
0+ first excited states of Ca and Zr® had been 
observed.*4 

The classical method of measuring the lifetime of a 
nuclear state has been to produce the state in some way 
and then to measure the probability of its decay as a 
function of time. Our previous work on neutron in- 
elastic scattering by the pulsed-beam technique” led 
naturally to an extension of this method for the meas- 
urement of lifetimes in the region down to 10~° sec. 
The technique used here has the great advantage over 
the delayed-coincidence method with nonpulsed steady 
sources of not having any background due to accidental 
coincidences. Thus one can increase the statistical ac- 
curacy of the experiments by using stronger sources 
than would be possible otherwise. 


II. EXPERIMENTAL METHOD 


The lifetimes of the first excited states of Ca® and 
Zr® were measured by observing the intensity of anni- 
hilation gamma rays as a function of the time after 
selective excitation by a short pulse of neutrons or 
protons. Since these states decay by emitting internal 

21 Day, Johnsrud, and Lind, Bull. Am. Phys. Soc. Ser. II, 1, 56 
(1956). 


#R. B. Day and D. A. Lind, Bull. Am. Phys. Soc. Ser. II, 2, 
32 (1957). 
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pairs as well as conversion electrons, the annihilation of 
the positrons emitted in the internal pair decay of these 
states provides a distinctive 0.51-Mev gamma ray. 
These gamma rays permit one to use a fairly large 
scatterer without excessive self-absorption of the radia- 
tion to be detected. Detection of the internal-conversion 
electrons was not practical in the present experiments 
since their short range would have severely limited the 
amount of material that could be used in the scatterer; 
thus the counting rate would have been too low. Fur- 
thermore, in the case of Ca® the relative probability of 
internal conversion is very small. 

The pulsed source was produced by passing the 
analyzed proton beam from an electrostatic generator 
between a pair of parallel deflection plates to which an 
rf voltage was applied. As the deflected beam passed a 
slit, two pulses of protons were produced in each cycle. 
These proton pulses then entered a gas target filled 
with tritium, producing pulses of neutrons by the 
T(p,n)He’ reaction. The width of the pulse could be 
controlled by adjusting the amplitude or changing the 
frequency of the rf voltage. The neutrons bombarded 
a scattering sample of either calcium or zirconium and 
the annihilation radiation resulting from the pair decay 
of the 0+ state was detected in a scintillation counter 
consisting of a 3.83.8 cm NaI(T]) crystal mounted on 
an RCA 6342 photomultiplier. 

The background produced by the neutrons is very 
troublesome in these measurements. For very short 
lifetimes (<10~ sec) this background can be minimized 
by placing the detector at a distance of ~20 cm from 
the scatterer, so that all the measurements are com- 
pleted before the direct and scattered neutrons arrive 
at the detector. This geometrical arrangement, used in 
earlier measurements on neutron inelastic scattering,” 
was also employed in our early measurements of life- 
times since our preliminary estimates showed that these 
lifetimes might be about 10~* sec. When the lifetimes 
proved to be longer than this, we changed to the ring 
geometry shown in Fig. 2. This arrangement has two 
advantages: (1) It is possible to achieve higher counting 
rates since one can use a larger scattering sample with- 
out reducing the over-all efficiency of the experiment. 
(2) The pulse of scattered neutrons passes through 
the crystal within a few millimicroseconds after 
the bombarding pulse and the time after that is rela- 
tively free of neutron-induced background. In this 
geometry the detector was placed at 0° to the beam, 
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Fic. 2. Scattering geometry used for the (n,n’y) measurements. 
The toroidal scatterers usually had an inside diameter of 5.1 cm 
and an outside diameter of 10.2 cm. 
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~40 cm from the gas target, and was shielded from the 
neutrons coming directly from the target by a copper 
cone 33 cm long. Most of the scattering rings had an 
axial length of about 2.5 cm, an inside diameter of 
5.1 cm, and an outside diameter of 10.2 cm; however, 
the zirconium ring had an outside diameter of only 
7.1 cm in order to avoid too large a self-absorption. 

The background produced by air- and room-scattered 
neutrons precluded measurements of the lifetimes of 
the monopole transitions in calcium and zirconium 
simply by measuring the number of counts from the 
photomultiplier as a function of time after a neutron 
burst. Furthermore, the gamma radiation from excited 
levels in isotopes other than Ca“ and Zr® also produced 
a background at short times after the neutron burst. 
Therefore it was necessary to measure the pulse-height 
distribution from the NaI counter as a function of time 
and to determine the intensity of annihilation radiation 
from the area under the 0.51-Mev photopeak. 

A block diagram of the electronics system which was 
used to accomplish these measurements is shown in 
Fig. 3. The fast timing measurements on the photo- 
multiplier signal were made on the pulses from the 
anode. The amplification was such that the discrimina- 
tor in the time-to-pulse-height converter was triggered 
by a pulse corresponding to the loss of a few kev energy 
in the NaI crystal. The time-to-pulse-height converter 
was based on the one described by Weber et al.” with 
a special feature added to correct one of the defects of 
the original circuit. The time converter originally de- 
scribed is perturbed when a signal pulse from the wide- 
band amplifiers coincides in time with the timing pulse, 
and as a result it may put out a pulse of any arbitrary 
amplitude. To overcome this difficulty, a circuit was 
added that provided a veto pulse when the leading edge 
of the signal pulse coincided with a stop (or timing) 
pulse.” The veto pulse was then put in anticoincidence 
with the other pulses forming the gate trigger. Thus, 
no gates were produced for the pulse-height analyzer 
(PHA) when this particular coincidence condition 
prevailed. 

Since the veto circuit did not eliminate the trouble 
altogether, there was still some difficulty with the life- 
time measurements for Zr®. Therefore, in the later 
measurements the time-to-pulse-height converter was 
replaced by a fast coincidence circuit with a resolving 
time of approximately 2 10° sec. 

The second input to the time converter, the rf timing 
signal, was obtained from the beam-deflection oscillator 
after passing through a variable delay consisting of 
adjustable lengths of cable. For the shorter lifetimes, 
52-ohm RG8/U cable was used, while for the longer 
lifetimes (~100 mysec) 93-ohm RG71/U cable was 
used. These cables were always carefully terminated in 
order to avoid nonlinear variations of the phase shift 


*8 Weber, Johnstone, and Cranberg, Rev. Sci. Instr. 27, 166 
(1956). 
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Fic. 3. Block diagram of the electronics system with the time converter. 


with cable length. The actual cable delays in RG71/U 
were determined by two independent measurements. 
In the first, the resonant frequencies of short-circuited 
cables were determined for many combinations of 
lengths in order to eliminate end effects and to maintain 
the resonant frequency near the frequency of the beam- 
deflection oscillator. In the second method, the phase 
shift produced by the cables was compared with the 
phase shift from a calibrated Helidel under conditions 
that were identical to those used in the lifetime meas- 
urements. This method also showed that the delay 
varied linearly with cable length. The combination of 
the results of the two methods gave a velocity of propa- 
gation of v/c=0.824+0.008 for RG71/U. For the 
RG8/U cable only the first method was used to obtain 
a value of v/c=0.659, in agreement with the value 
quoted by the manufacturer. 

In measuring lifetimes we first measured the time 
spectrum of pulses from the Nal detector. This was 
accomplished by setting pulse-height analyzer 1 in Fig. 
3 to include only the 0.51-Mev peak and recording the 
amplified output of the time converter in the 100- 
channel analyzer. In this type of measurement pulse- 
height analyzers 2 and 3 were disconnected. A typical 
time spectrum for calcium is shown in Fig. 4, with time 
increasing from right to left. The double presentation of 
the data is due to the two bursts of neutrons which are 
produced each rf cycle. One of these uncorrected Ca” 
time spectra is gated on the 0.51-Mev annihilation 
gamma ray of the 0+ first excited state while the 
second is gated above the 0.51-Mev line. A comparison 
of the slopes of the left sides of the peaks in the two 
time spectra at channels 33 and 90 shows a definite 
effect due to the finite decay time of the state. The 
peak at 50 volts is probably due to gamma rays pro- 
duced in the region of the gas target and Compton- 
scattered into the crystal by the scattering ring. The 


width of the peaks at 33 and 90 volts in the second 
spectrum gives an indication of the time resolution used. 
This resolution depends not only on the time resolution 
of the electronic equipment but also on the width of the 
neutron pulse and the time of flight of the neutrons in 
the scattering sample. In some experiments on proton 
inelastic scattering in which very short proton pulses 
were used, the time resolution of the electronic equip- 
ment was found to be about 2 musec (full width at half 
maximum) for gamma rays of this energy. However, 
the desirability of obtaining higher counting rates led 
us to widen the resolution somewhat by using longer 
neutron pulses and by using scattering rings in which 
the neutron time of flight was not negligible. 

It appears from Fig. 4 that one could measure the 
lifetime of the first excited state of Ca® by subtracting a 
time-independent background of about 50 counts and 
then measuring the slope of the left side of the large 
peaks. This procedure, however, leads to erroneous re- 
sults because the 0.51-Mev pulses producing this spec- 
trum consist not only of annihilation radiation but also 
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Fic. 4. Two Ca® time spectra, illustrating the effects of the 
finite lifetime of the 0+ state, excited by neutron inelastic scatter- 
ing. 1 volt0.9 musec. Time increases from right to left. The 
arrows at a and 0 are typical settings of the time gates. 
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of a time-dependent background from Compton pulses 
produced by higher energy gamma rays and neutron- 
induced effects. In order to measure the counting rate 
due to the annihilation radiation alone, it was necessary 
to measure the pulse-height distribution at each time 
delay of interest. The choices of time gates as shown by 
the arrows in Fig. 4 were made by setting the upper 
and lower limits of the two single-channel pulse-height 
analyzers 2 and 3 (see Fig. 3). The width of the time 
windows a and 6 of Fig. 4 was adjusted by changing 
the pulse-height separation of the upper and lower 
limits. The output of the slow coincidence circuit was 
used to trigger the gate of the 100-channel analyzer, 
which recorded the pulse-height distribution of the 
pulses from the tenth dynode of the photomultiplier. 
In this measurement only the lower discriminator of 
pulse-height analyzer 1 was used, and this discriminator 
was set at the lower limit of pulse heights that we 
wanted to record in the 100-channel analyzer. Measure- 
ments at longer or shorter time delays could be made by 
adding or subtracting cable from the rf input of the 
time converter. The effect of adding cable was to shift 
the entire time spectrum shown in Fig. 4 to the right. 
In this way it was possible to avoid any difficulties due 
to nonlinearities in the time-to-pulse-height converter, 
and all time measurements were in terms of the phase 
shift or delay produced by the cables. As used in this 
manner, the time converter and single-channel pulse- 
height analyzers were effectively a coincidence circuit 
of variable time resolution. During these measurements 
a long counter was placed at 90° to the beam to serve 
as a neutron monitor. 

In order to be sure that the lifetimes obtained were 
not affected by instrumental characteristics, we also 
made measurements on the first excited states of 
Li’(0.48 Mev), Na”(0.44 Mev), Zr**(0.92 Mev), the 
0.80-Mev state of K®, and the 0.197-Mev state of F'. 
The first four cases have mean lives that are essentially 
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Fic. 5. Calcium pulse-height spectra obtained at various delays 
with neutron excitation. No backgrounds have been subtracted 
from these curves. 
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infinitely fast from our point of view; hence the slope 
of the decay curve measured for them gives the “‘in- 
strumental mean life,” 7;. Since 7; depends not only on 
the characteristics of the detector and electronic ap- 
paratus but also on the experimental geometry and the 
width of the neutron pulses, it must be checked under 
the same conditions used for the measurements on Ca” 
and Zr®. These results will be quoted in later sections. 

To obtain the decay curves for the various gamma 
rays that were investigated, it was necessary first to 
subtract the background from the pulse-height dis- 
tribution at each delay. The shape of the neutron-in- 
duced background was usually determined at a number 
of delays by measuring the pulse-height distribution 
with a carbon ring scatterer. It was found that the 
shape of the background was not particularly sensitive 
to changes in delay after the scattered neutrons had 
passed through the Nal crystal, although the shape 
depended, of course, on the energy of the bombarding 
neutrons. For Li’, Na”, and F the background at the 
appropriate neutron energy was normalized to the 
pulse-height distribution above the gamma ray of in- 
terest and then subtracted. 

This procedure using carbon was not possible for 
calcium and zirconium because of the Compton back- 
grounds from their higher energy gamma rays. For 
calcium, the neutron background was normalized to the 
pulse-height distribution above the 0.77-Mev gamma 
ray, which was excited in the Ca“(n,p’y)K® reaction, 
and subtracted. Then the pulse-height curve for a 
0.77-Mev gamma ray was normalized to the 0.77-Mev 
photopeak and subtracted. For Zr® there were too 
many other gamma rays from neutron inelastic scatter- 
ing in the other zirconium isotopes for this method to 
be practicable. Therefore, a series of pulse-height dis- 
tributions as a function of delay was obtained for the 
zirconium scattering ring at a neutron bombarding 
energy of 1.58 Mev. This energy is below the threshold 
of the 0+ state in Zr® but is high enough to excite the 
levels in the other zirconium isotopes that contribute 
most strongly to the background under the 0.51-Mev 
photopeak. The background obtained in this way was 
normalized and subtracted as for the other cases. The 
success of the background subtraction could be judged 
by how well the width and peak-to-valley ratio of the 
resulting photopeak agreed with the values obtained 
from a standard source of the same energy. Occasionally 
the background that was subtracted had to be modified 
arbitrarily in order to leave a photopeak with the cor- 
rect shape; however, the gamma-ray yield was not a 
sensitive function of the method of background sub- 
traction. Once the backgrounds were all removed, the 
photopeak remaining was fitted with a Gaussian curve 
of a matching width and the area underneath was de- 
termined. This area (the photopeak counts) was then 
corrected for the effects of the pulse-height-analyzer 
dead time, for fluctuations in the neutron flux due 
largely to beam current variations and small leaks of 
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tritium gas from the target, and for neutron-monitor 
(long counter) dead time. 


III. RESULTS 
Ca‘? 


Since the yield curve for the excitation of the first 
excited state of Ca® had not previously been measured, 
we made some rough measurements of the yield of 
annihilation radiation up to 1 Mev above the threshold. 
On the basis of these results the lifetime measurements 
were made at an energy of 3.93 Mev in order to maxi- 
mize the yield without exciting higher levels that might 
decay to the 0+ excited state. Although the state at 
3.73 Mev is probably excited here also, it is very un- 
likely that it would cascade through the 0+ level at 
3.35 Mev. The spread in neutron energy in these meas- 
urements was +25 kev. The frequency of the beam- 
pulsing oscillator was 10 Mc/sec. 

Some typical time-gated Ca“ pulse-height spectra 
are presented in Fig. 5 at three representative times 
after excitation. After the total number of counts in the 
0.51-Mev photopeak had been determined, decay curves 
as a function of delay were obtained. These curves 
showed two components: (1) an exponential component 
representing the decay of the state under study and 
(2) a slowly varying component that was evident at 
long delays. Near zero delay the second component had 
a magnitude approximately 4% of the first. Since this 
second component occurred also for the prompt gamma 
rays investigated, we attribute it to some undetermined 
instrumental effect. As mentioned before, it is known 
that the veto circuit was not completely effective in 
removing the behavior of the time converter that could 
cause such an effect; therefore we believe that it most 
likely originates in a malfunctioning of the time con- 
verter. This supposition is substantiated by the fact 
that there is no such component in the data taken with 
the coincidence circuit. It does not seem to be produced 
by the time-independent neutron background evident 
in Fig. 4 since the same effect was seen in both neutron 
and proton inelastic scattering. 

In order to remove this second component objec- 
tively and to obtain the best value of the decay con- 
stant of the state, each decay curve was fitted to the 
sum of two exponentials by an IBM 704 least-squares 
analysis, using suitable weighting factors for the points 
of a given curve. The decay constant of the first ex- 
ponential yielded the lifetime; the fit to the second 
exponential represented the slowly varying background 
and was disregarded. Both the mean lives and their 
uncertainties (Ar) were determined in this calculation. 
Typical decay curves, after subtraction of the second 
component, are shown in Fig. 6. 

The mean lives from the various runs were statisti- 
cally combined using appropriate weights. Standard 
errors were computed for both internal and external 
consistency and agreed within statistical expectations. 
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Where these errors differed, the A7 assigned to 7 was the 
larger of the two. The Ca(n,n’y) data thus yield a value 
for the mean life of the 0+ state of 3.6+0.2 musec. 

As previously mentioned, in order to be sure that the 
slope of the decay curves was not dictated by the ex- 
perimental technique, a series of measurements was 
made on some prompt gamma rays from states excited 
by 3.93-Mev neutron inelastic scattering. For this 
purpose the 0.44-Mev gamma ray from the first excited 
state of Na* and the 0.48-Mev gamma ray from the 
first excited of Li’ were best suited since their mean 
lives (10~" to 10~-” sec and 10~" sec,”® respectively) 
were very short compared to the time resolution of the 
apparatus. Furthermore, their energies were not greatly 
different from 0.51 Mev, which is important because it 
was known that the time response of the detector de- 
pended somewhat on pulse height. Scattering rings of 
sodium and lithium of about the same size as the 
calcium ring were bombarded under conditions that 
were otherwise identical with those in the calcium decay 
experiments. In addition, the decay of the 0.77-Mev 
gamma ray from the Ca*(n,p’y)K® reaction was ob- 
tained from the previously measured calcium data. A 
least-squares fit to the slope of these decay curves 
gave (1.4+0.1)X10~ sec, (1.4+0.1)X10~ sec, and 
(1.0+0.1)10~ sec for Na*, Li’, and K”, respectively. 
From these values we get an instrumental mean life 7; 
of (1.30.1) 10~ sec, with little dependence on pulse 
height over this limited region. In the data analysis, 
points of the decay curves within two 7; of the effective 
zero time were ignored; this was about 2.6 musec for 
Ca. Since the instrumental mean life is considerably 
larger than the mean life for the annihilation of posi- 
trons in metals (0.3 10~* sec®*), the annihilation time 
will have a negligible effect on the measurement of 
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Fic. 6. Typical Ca® and Li’ decay curves, normalized to the 
same area. The straight-line fit to the right side of these curves 
was made by a least-squares analysis. 


% Krone, Everett, and Hanna, Bull. Am. Phys. Soc. Ser. I, 
1, 329 (1956). 

21, G. Elliott and R. E. Bell, Phys. Rev. 76, 168 (1949). 

26 Lennart Simons, Handbuch der Physik (Springer-Verlag, 
Berlin, 1958), Vol. 34, p. 159. 
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lifetimes from the slope of the decay curve in those 
cases where one depends on the detection of annihila- 
tion radiation. 

Decay curves measured for calcium and lithium are 
shown in Fig. 6, normalized to the same area. In both 
these curves the second least-squares exponential has 
been subtracted. From the fact that the peak of the 
calcium curve does not coincide in time with its inter- 
section with the Li’ curve, it appears that the zero- 
delay point shifted between the two runs. Although this 
effect may be partially due to the detector response, it 
was primarily produced by small adjustments that were 
made between the two runs in the beam-pulsing oscilla- 
tor and the time converter. Therefore, the lifetime 
of the Ca® state cannot be determined from the shift in 
the centroid of the curves, and one has to rely on meas- 
urements of the slope of the exponential tail. It is clear 
from these curves that the slope for the Ca“ curve is 
significantly less than that for the Li’ curve. 

In view of the fact that the measured instrumental 
mean life is a factor of 3 smaller than the measured 
mean life for this state, while a similar experiment on 
Zr™ gave a lifetime 30 times longer than the Ca® life- 
time, it seemed extremely unlikely that the lifetime 
given above was affected to any great extent by sys- 
tematic errors. However, in order to check this point 
further, proton inelastic scattering was used to excite 
the first state of Ca“. For this purpose the tritium gas 
target was replaced by an evacuated target chamber 
containing an evaporated calcium target about 8 
mg/cm? thick, mounted on a thick bismuth backing. 
The detector was placed at 90° to the beam at a dis- 
tance of 23 cm from the target. Under these conditions 
a proton energy of 5.48 Mev gave a counting rate and 
signal-to-background ratio that were much better than 
in the neutron excitation experiment. Thus it was pos- 
sible to use a proton pulse that was a factor of at least 
2 shorter than the pulse width used in the neutron 
measurements. Otherwise the experimental conditions 
were the same. During the course of the proton bom- 
bardments a positron activity that was probably pro- 
duced by (p,m) reactions on Ca® and Ca“ was built up. 
The half-life of this activity agreed qualitatively with 
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Fic. 7. Zirconium pulse-height spectra obtained at various 
delays with neutron excitation. No backgrounds have been sub- 
tracted from these curves. 
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the 3.9-hour half-life reported for Sc and Sc.2” This 
source of background, a function of running time, was 
easy to take into account by means of occasional 
dummy runs with the proton beam turned off. Since 
the signal-to-background ratio was favorable, the back- 
ground subtraction from the pulse-height distribution 
was quite reliable. 

The decay curves obtained from the proton excitation 
experiments also contained the slowly varying back- 
ground at long delays that was mentioned previously. 
This was also removed by the double-exponential 
least-squares fit in which the lifetimes were determined 
by the coefficients of the first exponential. The results 
of several runs gave an average value for the mean life 
of the Ca* first excited state of (3.2+0.2)10- sec. 
The combined value for the mean life obtained from the 
two experiments is (3.4+0.2)X10~* sec. The standard 
error given here has been increased somewhat over the 
statistical errors quoted previously in order to allow 
for possible systematic errors. Table I summarizes the 
results of these analyses. 


TABLE I. Lifetime summary. 








Mean life 
(mysec) 


3.4+0.2 
90 +6 


Energy 
(Mev) 


3.348 
1.75 


Element 





Ca® 


Zr® 








Zr*® 


The lifetime measurements on the first excited state 
of Zr® were made at a neutron energy of 2.2 Mev. This 
energy is just at the threshold of the second excited 
state, which, however, is known to have a very small 
probability® for decaying by a cascade transition 
through the first excited state. In an effort to detect a 
possible lifetime in the millimicrosecond region for the 
Zr® monopole transition, a series of measurements was 
made at a repetition frequency of 10 Mc/sec. Although 
annihilation radiation was observed, it did not decay 
appreciably in the interval available for its observation 
between the neutron pulses. Therefore, the oscillator 
frequency was lowered to 1 Mc/sec, which permitted 
a period of almost 500 musec for following the decay of 
the 0.51-Mev gamma ray. Typical pulse-height dis- 
tributions obtained at three different delays are shown 
in Fig. 7. After a detailed analysis of the pulse-height 
distributions, decay curves such as those shown in 
Fig. 8 were obtained. The results of least-squares fits 
to the decay curves obtained at 1 Mc/sec with the time 
converter gave a mean life of (112+6)X10- sec. 

27 Nuclear Level Schemes, A=40—A=92, compiled by Way, 
King, McGinnis, and van Lieshout, Atomic Energy Commission 
Report TID-5300 (U. S. Government Printing Office, Washington, 


1955). 
28 R. K. Sheline, Physica 23, 923 (1957). 
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Since the measured Zr® lifetime was about the same 
as the mean life of the second excited state of F¥, it 
was possible to check our method by measuring the 
latter by the same technique, using a Teflon (ConF4n) 
ring (axial thickness=1.27 cm) as a scatterer. The 
neutron energy was maintained at 2.2 Mev in order to 
ensure that the experimental conditions were not ap- 
preciably modified from the Zr® measurements; as a 
result some higher states of F were also excited. Pre- 
viously measured values of the mean life of the second 
excited state of F are (125.0+2.5)X10~ sec” and 
(123+7)X10~ sec.” We obtained, using the time con- 
verter, a mean life for the 0.197-Mev state of (158+-7) 
X10~ sec. 

This high figure for the lifetime cannot be attributed 
to the time response of the detector for a low-energy 
gamma ray since other experiments had shown that the 
decay curve for this detector has an instrumental mean 
life for 110-kev gamma rays of less than 3 musec. 
Furthermore, it is not due to the neutron pulsing 
method since we analyzed the zirconium pulse-height 
data to obtain decay curves for the 0.92-Mev gamma 
ray in Zr® and obtained an instrumental mean life 
of (14+1)X10- sec. 

We believe that the high value probably occurred 
because of the same malfunctioning of the time con- 
verter that produced the background in the Ca” decay 
curves since the presence of such a component tends to 
increase the measured value of 7. Unfortunately, it was 
not possible to look for a background of the small 
magnitude observed in the Ca® decay curves since the 
F® and Zr® curves did not decay to a low enough value 
in the period between neutron pulses to make the back- 
ground evident. Runs made at an oscillator frequency 
of 0.5 Mc/sec were not reliable since the veto circuit 
did not perform satisfactorily at this frequency. 

One can also consider the time-converter lifetime 
measurements of Zr” and F" as relative measurements 
in which the time scale has somehow become distorted. 
Then if we arbitrarily correct the time scale to give a 
value of 125 10~° sec for the mean life of the F'* 197- 
kev state, the value of 7 for Zr® becomes (88+5) 
X10~ sec. Since these two lifetimes differ by only 
30%, the error from this procedure should not be very 
large. 

In order to correct the difficulties which we believed 
arose in the time converter, a fast coincidence circuit 
was developed and substituted for the time converter. 
With this circuit a series of runs was made on F” and 
Zr® under the same conditions as before. The result 
obtained for F was r= (134+5)X10~ sec, in fair 
agreement with the value obtained by other investi- 
gators. For the first state of Zr” the measurements with 
the coincidence circuit gave r= (9142) X10~ sec. The 
combined result of all our measurements on the mean 


7 C, M. P. Johnson, Phil. Mag. 1, 573 (1956). 
* Fiehrer, Lehmann, Leveque, and Pick, Compt. rend. 241, 
1746 (1955). 


0+ STATES OF Ca‘? 


AN D-Zr** 


5, 





« 2°%0.51 MEV) 


+ €'? (0.197 MEV) 


% 


Oe 


RELATIVE PEAK TOTALS (COUNTS) 
e 








0 P : 
60 O09 8S WO 150 200 250 300 350 400 450 500 550 600 650 


DELAY (msec) 





Fic. 8. Decay curves for Zr™ and F" obtained with the coin- 
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data. 


life of the 0+ state in Zr™, in which the time-converter 
value is taken as (88+5)10~ sec, is (90+6)x10~ 
sec. Because of our greater confidence in the measure- 
ments with the coincidence circuit, we have given them 
somewhat more weight than the others in averaging 
all the results. In addition, we have increased the 
quoted error to allow for possible systematic experi- 
mental errors. This value of 7 is in agreement with the 
value of (87+22)X10~* sec obtained by Alburger.® 

An effort was made to excite the 0+ state in Zr” by 
proton inelastic scattering in order to check the life- 
times obtained from the neutron excitation experi- 
ments. However, the cross section for proton inelastic 
scattering was so small in comparison with the other 
reactions occurring in the zirconium isotopes that the 
signal-to-background ratio was too low for the anni- 
hilation radiation of the 0+ state to be observed. 

Because of the large discrepancy between this result 
and the one reported by Deutsch,*! we wanted to verify 
with certainty that we were actually observing the 
decay of the first excited state of Zr”. Therefore, we 
repeated the lifetime measurements with a separated 
sample of Zr” that contained 9.9 grams of zirconium 
(98.5% Zr”) in the form of ZrO». This sample, a disk 
2.5 cm in diameter and about 0.5 cm thick, was placed 
near the Nal crystal at the position normally occupied 
by the scatterer in the ring geometry. The other con- 
ditions were the same as in the time-converter experi- 
ments. Despite the low counting rate, it was possible to 
observe a 0.51-Mev gamma ray whose mean life was 
measured to be (95+10)X 10-* sec. We thus established 
that the state being observed was in Zr”. 

To show that this state was the one previously found 
to be at 1.75 Mev, measurements were made with the 
normal zirconium ring at neutron energies of 1.70 and 
1.81 Mev. At the first neutron energy no 0.5-Mev 
gamma ray was detected, whereas at the second energy 
two points were obtained on the decay curve of a weak 
0.5-Mev gamma ray of about the same mean life. These 
results show that the state whose lifetime was measured 
at a neutron energy of 2.2 Mev was actually the 0+ 
state in Zr” at 1.75 Mev. 


31M. Deutsch, Nuclear Phys. 3, 83 (1957). 
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IV. DISCUSSION 


From the experimental mean lives 7 one can calculate 
the value of the reduced matrix element p by using the 
computed values for W/p? and the relation W=1/r, 
where W is the total transition probability and is equal 
to the sum of the computed transition probabilities for 
all the possible modes of decay. We have computed the 
values of W/p? from the expressions given by Thomas.'* 
Although recent work has shown that these calculations 
may be somewhat in error because of the neglect of the 
finite size of the nucleus, screening, etc.,!*.”.* the error 
appears to be negligible for a nucleus as light as Ca® 
and about the same relative magnitude as the experi- 
mental error in 7 for Zr®. We have, therefore, made a 
correction for these effects only in the case of Zr®. 

If one assumes that R=1.2X10-"A! cm, Thomas’ 
theory gives W,/p*? as 1.2510" sec for Ca® and 
0.829 10° sec for Zr®. The corresponding numbers 
for internal conversion are 9.00X 10" sec for Ca® and 
2.74X 10° sec for Zr®. This calculation for the con- 
version probability in Zr® has been corrected for inter- 
nal conversion in the Z and M shells by using the 
K/(L+M) value of 4.0 obtained experimentally by 
Lazar et al. This value is in agreement with the value 
obtained by Yuasa e? al.,° although the latter measure- 
ment is not so reliable because of the large background 
on which the conversion peaks were superimposed and 
the fact that they were not resolved. If one uses Church 
and Weneser’s” theoretical K/(L+M) ratio of 7.1 in- 
stead of the experimental value, the total reduced tran- 
sition probability is decreased by 7%. Since the prob- 
ability for K conversion is so small in Ca® compared to 
the probability for pair conversion and, furthermore, 
the K/L ratio is greater than 10, it is not necessary to 
make a correction for L conversion. 

An additional correction amounting to 9% has been 
added to the calculated value of W./p? for Zr™ to take 


TABLE IT. Summary of mean lives and reduced matrix 
elements for electric monopole transitions. 
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Isotope sec p 
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into account the effects of finite nuclear size for a 
homogeneous model. This correction was obtained from 
Fig. 1 of Reiner’s paper” since the graphical presenta- 
tion of the more complete calculations of Church and 
Weneser”® did not permit us to obtain a sufficiently 
accurate value. Although no correction has been made 
for the finite nuclear size in the calculation of W,/p?, 
it is probable that this introduces little error in the 
final result for p since decay by pair conversion has 
only 3 the probability of decay by internal conversion. 
The p values obtained are listed in Table II, which 
also summarizes the results of other measurements on 
monopole transitions. 

It is of interest to compare the experimental mono- 
pole matrix elements with the values predicted by 
various nuclear models. The most extensive theoretical 
work has been done on the monopole transitions in 
C® and O'*. Schiff! has estimated the matrix elements 
to be expected for these transitions on the basis of the 
alpha-particle and liquid-drop models. Both these 
models give. results that are three to five times larger 
than the experimental matrix elements. Thus, it is 
clear that these simple collective models do not give 
a good description of these transitions. 

Schiff also performed a shell-model calculation for C” 
in which the excited state consisted of the excitation of 
two nucleons. Since the monopole operator is a single- 
particle operator, the matrix element between two 
states differing in the configurations of more than one 
particle will ordinarily be zero. However, if one con- 
siders the interaction between the two particles that 
are excited, the effect is to mix in other configurations 
for which the initial and final states have components 
that differ in the configurations of only one particle. In 
this way a nonvanishing matrix element that depends 
on the magnitude of the particle interaction was ob- 
tained. However, in order to obtain agreement with the 
experimental matrix element, it was necessary to use a 
nucleon-nucleon interaction that was thirteen times 
larger than that for free nucleons. 

Reiner® has extended this method to calculate the 
matrix elements for the monopole transitions in Ge” 
and Zr™. It was necessary to use an interaction for Ge” 
about seven times smaller than the free nucleon inter- 
action and for Zr® about four times smaller. Both re- 
sults are quite different from the corresponding result 
for C®. Reiner has suggested that this type of calcula- 
tion can be used to estimate the actual internucleon 
forces that are effective in nuclei. However, this is a 
perturbation calculation that starts from the assump- 
tion that the two states involved consist of fairly pure 
configurations, and it is quite possible that this as- 
sumption is not valid. 

Both Redmond* and Elliott*® have pointed out that 


_the usual assumption that low-lying 0+ excited states 


result from a two-nucleon excitation is not necessary 


% P. J. Redmond, Phys. Rev. 101, 751 (1956). 
% J. P. Elliott, Phys. Rev. 101, 1212 (1956). 
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and that one can reasonably expect the first 0+ states 
in C” and O'§ to result from the excitation of a single 
particle. They have calculated the matrix elements for 
the monopole transitions and find reasonable agree- 
ment with the experimental values. However, Reiner” 
has pointed out that in the heavier nuclei this type of 
transition is unlikely for the low-lying 0+ states. 

A collective model that has had some success in pre- 
dicting the properties of the 6.06-Mev 0+ state in O'% 
is the compressional-dilational vibration known as the 
“breathing mode.” Ferrell and Visscher** have shown 
that this model gives the correct energy of the state 
but that the monopole matrix element is a factor of 2 
too large. In order to estimate the monopole matrix 
elements better, Visscher*? has recently modified this 
treatment by assuming that the 0+ wave function 
consists of a linear combination of all the lowest energy 
one- and two-particle excited configurations which can 
contribute to a 0+ state. Furthermore, each of these 
is assumed to have roughly equal probability. The one- 
particle configurations occur in a combination which is 
the Ferrell-Visscher breathing-mode wave function. 
The monopole matrix element is then equal to the 
Ferrell-Visscher matrix element, corrected by the square 
root of the ratio of the number of one-particle states to 
the total number of states which can contribute. The 
resultant matrix element for O!* (p=0.39) is in excellent 
agreement with the experimental value. A similar cal- 
culation for Ca“ and Zr™ gives values of p of 0.26 and 
0.16, respectively. The agreement with the experimental 
values is fair for Ca® but is a factor of 3 too high for Zr®. 

Because of the fact that the monopole transitions 
under consideration here occur in nuclei having magic 
numbers of neutrons or protons (or both), it might be 


36 R, A. Ferrell and W. M. Visscher, Phys. Rev. 102, 450 (1956). 
37 W. M. Visscher (private communication). 
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expected that some sort of shell-model calculation 
would give the best results. A method suggested by 
Mottelson and worked out by Sheline** can be applied 
when 0-0 transitions between two different harmonic 
oscillator shells are involved. In this case the reduced 
matrix element can be evaluated very simply by using 
oscillator wave functions and we find 


(= )( 0.6 ) 
Nee) Mis)’ 


where a and 8 are the coefficient giving the mixing of 
the wave functions and N is the oscillator shell quantum 
number. If the configurations are strongly mixed, the 
function 2ab/(a?+0?) is approximately unity for a 
fairly large range of values of a and 6; hence the value 
of p depends principally on the quantum number JV. 
This simple calculation gives a value of p that is a 
factor of 2 too large for Zr™; however, for Ca“ the result 
is in good agreement with the experimental value. 
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Energy levels and the atomic mass defect of the nucleus N”” 
have been determined by measuring the kinetic energies of proton 
groups produced in the reaction B"(Li’,p)N"” on bombardment 
of isotopically separated B"™ targets with 2-Mev Li’ ions. 

The protons were counted at 90°, in the laboratory system, 
from the forward direction of the lithium beam. The group of 
highest energy gave an (M—A) value of 12.92+0.06 Mev for 
the N"’ ground state, corresponding to a physical atomic weight 
of 17.01388+0.00006. Two completely resolved groups of lower 
energy showed excited states at 1.32 and 1.89 Mev. Two strong 
but incompletely separated peaks showed levels at 2.50 and 
2.82 Mev of excitation. Incompletely resolved groups of lower 


INTRODUCTION 


HE use of the lithium ion beam at the 2-Mev 

Van de Graaff accelerator at the University of 
Chicago has made possible the study of the properties 
of various light nuclei which are relatively inaccessible 
through standard techniques of bombardment.'~* 
Nuclear reactions occurring during the bombardment 
of light elements for which the low-energy lithium 
projectiles can penetrate the Coulomb barrier lead to 
many reaction products lying on the high neutron side 
of the line of stable nuclides. Thus it is possible, with 
(Li,p) and (Li,d) reactions in particular, to investigate 
rather easily the energy levels of these residual nuclei 
having an excess of neutrons. 

Very little experimental information is available to 
date for the nuclide N"’. Its beta decay has been studied 
by Alvarez and others®>*; the half-life is 4.14+0.04 
seconds. The beta decay is complex and proceeds to 
an excited state or states of O!” which in turn decay by 
neutron emission to O'*. The maximum energy of the 
beta spectrum has been given as 3.7+0.2 Mev by 
Alvarez; the log ft value is 3.8. The evidence for the 
mass of N'’ comes almost entirely from the work of 
Alvarez on the beta decay. It was felt that a more 
accurate value for the mass could be obtained from the 
more straightforward measurements which are pos- 
sible with lithium reactions. 

The reactions C'(a,p)N'", O!"(,p)N"", O18(y,p)N", 
as well as photospallation reactions leading to N", 

t This research supported in part by the U. S. Atomic Energy 
Commission. 

* Submitted in partial fulfillment of the requirements for the 
Ph.D. degree at the University of Chicago. 
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74, 1217(A) (1948). 


7 Stephens, Halpern, and Sher, Phys. Rev. 82, 511 (1951). 
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energy indicated four higher states at 3.27, 3.57, 3.86, and 4.18 
Mev. Due to low counting rates, intensity estimates are difficult 
but indicate that, at 90° and 2-Mev bombardment, the ground- 
state group is only } as strong as the most intense groups which 
arise from the 2.50 and 2.82-Mev levels. The groups from the 
higher levels (3.3-4.2 Mev) are less intense by a factor of 0.7. 
A comparison is made of the spectrum of N’? with O" and F"’, 
Coulomb corrections are applied to calculate the isotopic spin 
T=} sequence corresponding to the above levels in O!, the 
lowest such level being predicted at 11.04 Mev in O". A brief 
discussion is given of the reaction and also of the interpretation in 
terms of nuclear shell structure of the levels observed. 


have been reported in the literature"! No excited 
states of N’” have yet been reported. 

The bombardment of a B" target with the Li’ beam 
leads to the formation of the nuclide N” by the reaction 
B"(Li’,p)N", which is exothermic by approximately 
8.4 Mev. By detecting and measuring the energy of the 
proton groups emitted in this two body reaction during 
the bombardment, excited states of N'’ can be observed. 
Levels up to 9 Mev in N" should be excited in this 
reaction ; however, in actual practice, low-energy proton 
groups corresponding to high excitations in N” are 
difficult to observe due to the presence of many other 
reaction products. The proton groups from levels up 
to 4.2 Mev excitation, however, may be studied in the 
absence of all charged nuclear particles from competing 
reactions by interposing 52 mg/cm? of Al between 
target and scintillating crystal. 


APPARATUS 
Lithium Ion Beam 


Descriptions of the production and analysis of 
lithium ion beams have been given in previous pub- 
lications.*"” In the present experiment, ions from 
isotopically separated Li’ B-eucryptite heated on a 
tungsten filament were accelerated to 2 Mev and passed 
through a 36-in. radius 90° electrostatic analyzer which 
gave an energy control of +0.01 Mev at 2 Mev. 
The beam was subsequently analyzed by a 223° 
deflection by an electromagnet to separate the Li’ 
beam from any impurities present. The cross section 
of the beam on the target was about 0.25 cm*. Beam 
intensities on the target of 5 wa or greater were used 
throughout the course of the experiments described 
in this paper. 


® Sun, Jennings, Shoupp, and Allen, Phys. Rev. 82, 267 (1951). 
 Charpie, Sun, Jennings, and Nechaj, Phys. Rev. 76, 1255 
(1949). 
11D. Reagan, Phys. Rev. 93, 947(A) (1954). 
2S. K. Allison and C. S. Littlejohn, Phys. Rev. 104, 959 (1956). 
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NUCLEAR ENERGY LEVELS 


Target Chamber and Detecting Equipment 


The target chamber and associated detecting equip- 
ment used in this experiment were essentially as 
described by Murphy." An improvement consisted in 
the construction of a simple target holder which 
changes the target exposed to the beam upon 180° 
rotation about its axis. Thus targets may be changed 
immediately, and if one is chosen which gives a proton 
producing reaction in which all nuclei and levels 
concerned are well known, groups of protons for 
calibration purposes are available at any time. Protons 
from the reaction Li®(Li’,p)B” are comparable in 
energy to those of interest here and were used in most 
of the calibrations. 

Reaction products emerging at 90° to the beam passed 
through a window of Mylar or aluminum of known 
stopping power and then into a cell provided with 
four retractable rings in which aluminum foil absorbers 
of various thicknesses were mounted. From here the 
particles passed into a methane-filled proportional 
counter and finally lodged in a CsI(TI) scintillating 
crystal fixed to a quartz light pipe, which is in optical 
contact with a Dumont 6292 photomultiplier tube. 
The function of the proportional counter in this experi- 
ment is to discriminate against gamma rays and beta 
particles which would otherwise be counted, but it has 
also been employed successfully in conjunction with a 
single-channel analyzer to select particles within a 
certain range of values of dE/dx, that is to say, effec- 
tively to separate protons from deuterons, tritons, 
alpha particles, and heavier fragments.* The propor- 
tional counter was operated with a steady flow of 
methane at a pressure of 4 cm, regulated by a manostat. 
The 0.005-in. diam. tungsten wire electrode was operated 
within the proportional region at 1420 v. The thallium- 
activated cesium iodide scintillating crystal was cut 
from a larger block with a jeweler’s saw to dimensions 
3 cm by 1 cm by a thickness of 1 mm, and was sub- 
sequently carefully polished with rouge and xylene, 
and fixed permanently to a quartz window with a 
clear Shawinigan resin.'® The over-all energy resolution 
of the equipment during the runs was 13% for compar- 
ison protons of 5 Mev remnant energy after having 


x 


passed through 75 mg/cm? of aluminum absorber. 


Electronics 


The electronic circuits and the pulse-height analyzer 
were as described by Murphy.'® The experiments were 
characterized by low counting rates, and reduction of 
the number of spurious counts was most important. It 
was found that disturbances from occasional sparks 
in the electrostatic deflector or the Van de Graaff were 


13 See Fig. 1 of reference 4. 

14 This technique was used in a study of the excited states of 
B® which is being carried out by the author in collaboration with 
G. C. Morrison. 

18 “Gelva V-2}” from Shawinigan Products Corp., Empire 
State Building, New York 1, New York. 
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not picked up by the proportional counter circuit. 
Thus by connecting a spark antenna to the input of the 
amplifier the spark counts could all be thrown into the 
highest channel along with rejected B- and y-ray pulses. 
The remnant background count totaled five to ten 
counts over all channels during several hours running. 


Target Preparation 


Preliminary survey work was done with a boron 
target of the natural isotopic mixture (81.2% B"), 
using a B" target for a subtraction in order to obtain 
the B" contribution. The results presented here have 
all been obtained using pure B" targets, which were 
prepared from boron powder isotopically separated by 
Oak Ridge and specified as 98.5% B" and 1.5% B"” 
with only small iron impurities. The targets were 
prepared by compressing to 40 or 50 tons per square 
inch in a powder briquetting die and sintering at 800° 
centigrade in an inert helium atmosphere.!® Thick 
targets were used in this experiment. This is not a 
serious disadvantage as the reaction yield falls off very 
rapidly below 2 Mev; in addition, the change in energy 
of the protons with the lithium beam energy is small 
as a result of the large Q-value involved. Furthermore, 
the total range of the impinging lithium ions in the 
boron is very small, so that it is effectively thin for the 
escape of protons. Thus a layer of B" 0.16 mg/cm? 
thick will reduce the energy of the 2-Mev Li’ beam to 
1.5 Mev, but will only remove 0.007 Mev from a 
9-Mev proton. Systematic errors arising from the use of 
thick targets have been taken into consideration in 
the evaluation of the data, and uncertainties arising 
from this source are included in the tabulated experi- 
mental errors. 


PROCEDURE AND RESULTS 


Measurement of the Energies of the 
Proton Groups 


Figure 1 shows the result of a short run in which the 
9.02 Mev (ground state) proton group, and the groups 
at 7.77 and 7.24 Mev can be located on the pulse- 
height analyzer scale with varying amounts of aluminum 
absorber in the proton path between the target and the 
scintillating crystal. The relative intensities of the 
groups roughly estimated later in this report come from 
the improved statistics gained by collective evaluation 
of many such runs. Immediately before and after such 
a run, the target was rotated 180° and a comparison 
spectrum obtained by bombarding, for instance, 
Li.®SO4 with the Li’ beam to obtain proton groups 
from Li®(Li’,p) B® reaction, which has Q=8.325 Mev" 

16 The author is grateful to E. Warzynski of the Institute for 
the Study of Metals of the University of Chicago for assistance in 
the preparation of boron targets and 8-eucryptite. 

17Q-values are calculated using the tabulated atomic mass 
defects in: F. Ajzenberg and T. Lauritzen, Revs. Modern Phys. 
27, 1, 77-166 (1955). Energy levels are also quoted from this 
source, 
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Fic. 1. Identification of pulse heights appropriate to the 
7.24, 7.77, and 9.02 Mev (ground state) proton groups with two 
different absorber thicknesses. 


and well-known levels in B. Sometimes the ground- 
state protons from Li’(Li’,p)B™ were used in this way. 
With the four foils available in addition to a base foil, 
it was possible with suitable choices of aluminum 
absorber to reduce the groups being studied and the 
comparison peaks to low and comparable energies so 
that a sensitive measurement of the range difference 
between unknown and comparison groups was possible. 
Direct superposition of the unknown peaks by peaks 
from known proton groups was in most cases effected ; 
when interpolation was used it was possible, because of 
the differential linearity of the crystal response, to 
obtain the energy of the unknown peaks. 

Results on the energies of the proton groups and the 
energies of the excited states of N!’ deduced from them 
are shown in Table I. The evidence that the particles 
being measured are actually protons is that they 
exhibit the expected ranges and energy losses in 
aluminum, using the accepted values of dE/dx for 
protons. One may question whether any peaks come 
from other sources than the Li’—B" reaction. Because 
of the effect of the rising Coulomb barrier, nuclear 
reactions of the lithium beam with any nuclei of higher 
Z present in the target are very strongly reduced, and 
for the case of small target contamination this back- 
ground may be ignored completely. (The low yield in 
the case of carbon was verified in a separate experiment. ) 
In view of the very low cross sections in lithium-boron 
reactions, a further possibility was investigated. After 
long bombardments one might expect to obtain 
reactions of the beam with lithium from the beam 
deposited on the target. In previous work at this 
laboratory,' such an effect was seen after a 50-minute 
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2900-microcoulomb bombardment of a clean SiO, 
target with Li®. The most energetic proton group from 
Li’(Li’,p)B® has 6.40-Mev kinetic energy under the 
present experimental conditions, and thus is capable of 
interfering with the 6.35-Mev group from Li’(B",p)N!"*. 
The 6.35-Mev group, however, appeared at once from 
a fresh boron target and the counts in the appropriate 
channel of the pulse-height analyzer increased linearly 
with time. 

As is seen from Table I, groups differing in energy by 
0.30 Mev were incompletely resolved, and the possibility 
always exists that under significantly higher resolution, 
further structure might be revealed. There are theo- 
retical indications that the group from the 1.89-Mev 
level might be a doublet of 230-kev separation (see 
later in this report). Although several runs were made 
on this peak with the possibility in mind, clear evidence 
of doublet structure was not obtained. 

In addition to the possibility of unresolved doublets in 
the observed spectrum, there also remains the possibility 
of peaks of yield sufficiently low that they are obscured 
by adjacent higher intensity levels. There is no evidence 
for any such level in the first 2.2 Mev of excitation in 
N"’, but it is possible that a level of half the intensity 
of the ground state or less might be completely obscured 
in the poorly resolved region of higher excitation. It 
should be kept in mind, also, that only groups which 
have sufficient intensity at 90° in the laboratory 
system were seen. 

Errors in the determination of the energies of the 
proton groups will be discussed in connection with the 
energy measurement of the ground-state group (see 
Fig. 1). The half-width of the peak is approximately 
300 kev, but it should be possible to locate the center of 
the peak to perhaps ¢ of this. At the remnant energy of 
the peak of 4.75 Mev, dE/dx=0.061 Mev/mg/cm’; 
therefore this corresponds to an uncertainty of 0.8 
mg/cm?, or, at the full energy of the group, an uncer- 
tainty of 0.03 Mev.'® A further source of errors arises 


TaBLE I. Proton groups observed in the reaction B"(Li’,p)N"” and 
corresponding energy levels in the nuclide N". 








Proton kinetic N" excitation 


Proton range 
energy (Mev) (Mev) 


(mg/cm? Al) 





A. Completely resolved groups 
9.02+0.05 0 
107.0 7.77+0.06 1.32+0.08 
95.1 7.24+0.06 1.89+0.08 


B. Two isolated but incompletely resolved groups 


82.6 6.66+0.06 2.50+0.08 
76.3 6.35+0.06 2.82+0.08 


C. Groups estimated as maxima in an incompletely resolved band 
5.93+0.07 3.27+0.09 
5.65+0.07 3.57+0.09 
5.37+0.07 3.86+0.09 
5.07+0.07 4.18+0.09 


139.8 








18 Ranges are quoted from the range-energy curves of Aron, 
Hoffman, and Williams, Atomic Energy Commission Report 
AECU-663 (unpublished). 
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in the superposition of the group with a comparison 
peak. For example, the ground state group in Fig. 1 
was compared with the ground-state protons from the 
Li’—Li® reaction with Al thicknesses of 74.7 mg/cm, 
77.9 mg/cm?, and 80.0 mg/cm’, the group almost 
superposing with the intermediate foil setting. It was 
clear that a difference of 1.0 mg/cm? was easy to distin- 
guish and that the error in the peak superposition was 
less than 0.03 Mev. The uncertainty in the absolute 
energy of the comparison peaks, as mentioned pre- 
viously, is +0.02 Mev. The error arising from the use of 
thick targets was probably of the order of 0.01 Mev, 
not greater than 0.02 Mev. Finally, the uncertainty in 
the aluminum foils used in measuring the range 
difference is quite small, perhaps +0.03 mg/cm’. From 
these errors one derives an over-all expected error of 
+0.05 Mev. Similar considerations apply to the other 
observed peaks. 


Yields and Cross Sections 


Only very rough estimates of the relative strengths of 
the proton groups could be made due to the small 
number of counts which it was possible to collect in a 
run of several hours. Such estimates are given in Table 
II. Relative values may be in error by 25%, and the 
estimated differential cross sections, being based on 
other poorly known quantities such as the slope of the 
yield curve and the stopping power of the target for 
lithium ions may be wrong by a factor of 2. 


DISCUSSION OF RESULTS 
The N'’ Mass 


Alvarez® found that N"’ is a delayed neutron emitter, 
decaying with a 6 half-life of 4.14 sec to a state or 
states of O" which in turn decay to O'* by neutron 
emission. The peak of the neutron distribution was 
found to lie at 0.92+0.07 Mev, and the upper limit 
of the B-rays at 3.7+0.2 Mev. The estimate of the 
energy difference N'’— (O'*+m) was made by addition 
of these values, and this is given in the Ajzenberg- 


TABLE II. Yields and cross sections for proton groups from the 
reaction B"(Li’,p)N'". The tabulated values have a relative 
accuracy of approximately +25% and an absolute accuracy of 
approximately a factor of two. 


Cross section 
(in 107% cm? 
per steradian 
at 90° to beam) 


) eee 


Vield 

(in counts per wcoul 

per steradian 
at 90° to beam) 

0.08 
0.10 
0.17 
0.33 
0.29 
0.14 
0.19 
0.19 
0.19 

1.7 counts per pu 

coul per sterad 


Proton 

energy 

(Mev) 
9.02 
7.77 
7.24 
6.66 
6.35 
5.93 
5.65 
5.37 
5.07 

Totals 


7.1X10-@ 
cm?/sterad 
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Lauritzen compilation” as 4.7 Mev, leading to an 
(M—A) of 13.0+0.2 Mev for N”. 

Further evidence for the N'’ mass value comes from 
the O'8(y,p)N" reaction. Stephens, Halpern, and Sher? 
have irradiated water samples with a betatron and 
observed the delayed neutrons arising from this 
reaction. The threshold was observed at 16.35+0.2 
Mev. This is higher than the value expected from the 
work of Alvarez by 0.34 Mev. The observed threshold 
would be expected to be higher than the value calculated 
from the masses involved by the effective barrier height, 
and calculations performed by these authors justify a 
mass value in the region observed. 

In the present work the determination of the (M—A) 
of N’ depends on only one measurement, that of the 
energy of the most energetic of the proton groups. 
Through several independent runs, this has been 
determined to be 9.02+0.06 Mev. This leads to a 
reaction Q-value of 8.38+0.06 Mev. The (M—A) 
value for N"’ is thus determined to be 12.92+-0.06 Mev. 
This is 0.08 Mev lower than the best previous value of 
13.0+0.2 Mev, and is certainly more accurate. The 
mass of N" corresponding to the new (M— 4A) value is 
17.01388 +0.00006 amu. 


Isotopic Spin Multiplets and Coulomb Correction 


N" in its ground state is a member of an isotopic 
spin multiplet with T= 3. It has T,=$; other known 
members are O!” and F"” with 7,=} and —4}, 
respectively. 

It is of interest to attempt to identify the sequence 
of T= states in the spectra of O" and F'’. The 
spectrum of N"’ after suitable corrections for Coulomb 
effects should be a guide toward this identification. 

The Coulomb correction for neighboring isobars in 
light nuclei has been discussed by several authors. 
Peaslee” has given a quantum-mechanical treatment 
from which he finds quite generally that the Coulomb 
energy difference between isobars may be written as 
the sum of two terms: 


Z+h 
E.(ZH1, 2)=a( ¥ +6, 
A 


where 6 is an exchange term. In this formula, £, is 
the beta decay energy corrected for the neutron-proton 
mass difference (and positron formation in the case of 
positron decay), Z and A are the charge and mass 
numbers for the nuclide in question, and a and 6 
are constants. Peaslee finds that the constants a and b 
differ somewhat for nuclei according to whether 
A=4n, 4n+1, 4n+2, or 4n+3, and he makes a least- 
squares fit to the experimental data accordingly. 
For the present case, where A=4n+1, he finds the 
data best fitted by the values a=1.48 and b=—1.27, 
with the standard deviation of the fit being 0.12 Mev. 


19D), C. Peaslee, Phys. Rev. 95, 717 (1954). 
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Kofoed-Hansen” has done a more detailed calculation 
of the Coulomb energy difference using independent- 
particle model eigenfunctions corresponding to the 
cases of the infinite square well and the simple harmonic 
oscillator. His graphs for the Coulomb correction 
according to these two models, plotted as a function of 
(Z+4)/A!, show an almost linear behavior within a 
shell, but exhibit distinct breaks between shells. Thus 
the constants in the above equation would be expected 
to have different values within different shells. 

A graph of observed Coulomb corrections, plotted as 
a function of (Z+4)/A! and fitted by straight lines, 
has been given by Murphy‘ for nuclides in this region. 

N" presents an anomalous case in that in its proton 
structure it has not yet completed the p shell, whereas 
its neutron shells are filled through the p shell and two 
further neutrons are present in the next shell. There is, 
therefore, some doubt as to what Coulomb correction 
is to be expected for this nuclide. Interpolation on the 
graph just described from the line for A=4n+1 for 
nuclides within the p shell yields a value of 3.34 Mev 
at the appropriate (Z+4)/A! value, while extrapolation 
down from the d and s shell line gives a value of 2.92 
Mev. The average of these is 3.13 Mev, with a displace- 
ment of 0.21 Mev to either line. Taking into account 
the fact that N!7 and O” are not mirror nuclei, and 
following the procedure described by Kofoed-Hansen 
on the graph relative to the (O'’—F"’) point, gives a 
value for the Coulomb correction of 3.16 Mev. On the 
other hand, a calculation from Peaslee’s optimal mean- 
squares fit to the available data for A=4n+1 gives a 
value of 3.06 Mev. A value of 3.12 Mev will be assumed 
for the N'’—O" Coulomb correction. 

Upon using the best value for the mass of N” 
obtained from this experiment, the N" ground state 
appears 8.70 Mev above the O” ground states. Applying 
the Coulomb correction of 3.12 Mev, and correcting 
for the neutron-proton mass differences, one obtains a 
prediction for the lowest T= $ state in O” at 11.04 
Mev, with perhaps an uncertainty of 0.12 Mev. One 
would also expect higher 7= 3 states in O" at energies 
approximately 12.4, 12.9, 13.5, 13.9, 14.3, 14.6, 14.9, and 
15.2 mev corresponding to the excited states of N!” which 
were seen in this experiment. 

Unfortunately, at the present time our knowledge 
of O' levels above 9.06 Mev excitation has been 
obtained through reactions which, according to isotopic 
spin conservation, should not be able to excite T=3 
levels in O', These reactions are C¥(a,n)O'® and 
O'(n,n)O", 

One would similarly expect that T=} levels for F” 
would begin around 11 Mev of excitation. Unfortunately, 
levels in F"’ are known experimentally only up to 7.4 
Mev. 


*” O. Kofoed-Hansen, Nuclear Phys. 2, 441 (1956). 
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N’’ Levels According to the Shell Model 


The nuclide N" contains seven protons and ten 
neutrons; hence it has one proton (;) hole in the 
proton shell which closes at O', and has two neutrons 
outside of the corresponding neutron shell. The ground 
state is expected to correspond to the jj coupling of 
a p, hole with two ds neutrons. These neutrons can 
couple to states of spin and parity 0+, 2+, and 4+, 
odd-spin states being forbidden by the Pauli principle. 
The order of the states is probably as designated, the 
0+ state being lowest in energy. (This is corroborated 
by the order of levels observed in O"%, the ground state 
being 0+.)*! Thus one expects the ground state of N!” 
to have spin and parity }—. 

Excited states in N at reasonably low energies may 
be expected to arise from excitations of the protons 
and neutrons within their respective shells, although 
core excitation of the neutrons and excitations of 
protons out of the p shell may also occur and give rise 
to states of positive parity. The fact that the first 
excited states of N'® and O' are found at 5.3 Mev 
would suggest that single-particle states in N” arising 
from proton excitation may not be prominent in the 
region of excitation studied. 

The shell occupied by the last two neutrons in N” 
corresponds to single-particle states ds, 25;, and dj. 
Lowest neutron excitations may be expected to arise 
from (ds)*, (s;)?, and (dss,) configurations. The states 
obtained by coupling the two extra neutrons should be 
split into doublets by coupling to the ; proton hole, 
except in the case of J=0 states. The configuration of 
two d; neutrons, as mentioned previously, couples to 
states of positive parity and spin 0, 2, and 4. The 
(s;)* coupling will give only one state of spin and parity 
0+, which in turn will lead to one state of spin and 
parity }— when coupled to the p; hole. The d;s; 
couplings should lead to states of positive parity and 
J=2 and 3, each of which should give rise to a doublet. 

A consideration of the level structure of neighboring 
nuclides gives the order of magnitude of energies 
concerned. The levels arising from the coupling of 
two neutrons may be observed in the level scheme of 
O18, A 2+ state is observed at 1.98 Mev.”! 

In the levels of N! such a neutron configuration 
should give rise to two low-lying states of spin and 
parity 3— and $—. The splitting to be expected may 
be estimated from the low-lying levels of N'*, where we 
see that the ground and first three excited states 
(at 0.12, 0.29, and 0.39 Mev, respectively) arise from 
the coupling of a proton hole in the ; shell with a 
single neutron in the ds and s; levels, the spin up-spin 
down splittings being approximately 280 kev. Thus a 
splitting of the 3 and 3 states of perhaps a few hundred 
kilovolts would be expected. A more detailed calculation 
based on the center-of-gravity theorem predicts the 


21H. E. Gove and A. E. Litherland, Bull. Am. Phys. Soc. 
Ser. II, 3, 199 (1958). 
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} level at[1.85 Mev and the § level at 2.08 Mev.2 A 
level at 1.89 Mev was observed experimentally and 
the possibility of it being a somewhat closer doublet 
has not been ruled out. 

Further excited states have been reported in O'8 at 
3.5 Mev, 3.9 Mev, 5.0 Mev, and higher.” The level at 
3.5 Mev has been identified by Gove and Litherland 
as 4+. Thus a doublet may be expected in N" in the 
vicinity of 3.5 Mev. Calculations predict that the 3 
level should lie at 3.34 Mev and the 9/2 level should 
lie at 3.77 Mev.” 

The 3.9-Mev state in O'8 probably arises from a 
(dys,) configuration and may be the J=2 member. 
This configuration again should give rise to a doublet 
in N", 

A low-lying level in N"’ corresponding to the 1.32-Mev 
state observed might arise from the coupling of the 
two extra neutrons in s; states to a resultant 0+. A 
level corresponding to this configuration in O'8 would 
have escaped observation in the C(a,y)O'’ experiments 
of Gove and Litherland, since gamma transitions from 
this state to the 0+ ground state of O'8 would be 
forbidden and gamma transitions from other states 
to a 0+ state would go preferentially to ground. Also 
it might have escaped observation in stripping experi- 
ments since it is a two-particle excitation. The low 
energies of the states arising from a single s; neutron in 
N'® and O” suggest that such a state would be at 
a fairly low energy. Such a state in O'8 has been 
predicted by Elliott and Flowers at 2.8 Mev.™ Calcula- 
tions based on this value indicate that this configuration 
could give rise to a state in N"’ at 1.4 Mev.” The 
existence of a state in N’’ at 1.32 Mev suggests that the 
presence of such a level in O'* should be investigated 
experimentally. 


Cross Sections 


The height of the potential barrier between a lithium 
and a boron nucleus is in the range 3.5-4.2 Mev, if the 
constant used for computing the nuclear radius is 
taken to lie in the interval 1.25 10—* to 1.5 10-" cm. 
To bring this much kinetic energy into the collision, 
the lithium would have to have 6.2 to 7.3 Mev kinetic 
energy in the laboratory system. The excitation of the 


2T am very grateful to Dr. R. Lawson of the Enrico Fermi 
Institute for Nuclear Studies of the University of Chicago for 
helpful discussion of the theoretical interpretation of the levels 
and for his calculation of the location of the energy levels in N?. 

%N. Jarmie, Phys. Rev. 104, 1683 (1956). 

“4 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 
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TABLE III. Theoretical partial wave capture cross sections in 
the bombardment of B" with 2-Mev Li’. The cross section is 
given by o:= (2/+-1)7X"T, where X is the de Broglie wavelength of 
the relative motion, divided by 27, and is equal to 2X10" cm; 
l is the orbital angular momentum quantum number; and 7; is 
the penetrability of the Coulomb barrier. 


Ti ai (units 10~% cm?) 
1.27104 
6.83 X 10-6 
1.91 10-5 
3.12 10-6 
3.08X 1077 
2.05X 10-8 


1.60 
2.57 
1.20 
0.27 
0.03 
0.003 
Total: 5.67 


Oke WONK Ol 








compound nucleus O!8 is 25.6 Mev for 2-Mev Li’ ions. 
The cross section for the proton-producing reaction 
is held down by the Coulomb barrier and the large 
number of channels through which it is energetically 
possible for the intermediate nucleus to decay. The 


formation of the compound nucleus, using the tables 
of Feshbach, Shapiro, and Weisskopf for barrier 
penetrability”*, are shown in Table III. 


various proton groups observed with the calculated 
total reaction cross section (Table III) shows that the 
former are quite low relative to the latter. Assumption 
of isotropy in the angular distribution for the sake of 
comparison leads to a ratio of approximately 60 to 1 
for the total predicted capture cross section to the 
summed observed cross section for the proton groups. 
This rather large factor may be accounted for, at least 
in part, by the presence of the many other competing 
reactions which may proceed during this bombardment. 
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Attention is called to a characteristic of excited nuclei almost 
unstudied until present, neither theoretically nor experimentally— 
namely the charge distribution. The comparison of the charge 
distributions of two isomeric nuclei is automatically realized in 
atomic spectra, giving rise to the nuclear isomeric shift on spectral 
lines. 

Some general theoretical aspects of this effect are discussed here. 
Only odd nuclei with optical protons are studied. It is assumed 
(A) that the transitions are single-particle ones, and (B) that the 
Rosenthal-Breit perturbation theory is valid. 

Under these assumptions it is shown that but for the sign, the 


effect is a pure single-particle effect, given by the optical protons. 
The sign of the shift is generally intimately related to the whole 
nuclear configuration. In the case of two characteristic transitions 
it is shown that the order of magnitude of the effect does not 
depend on the shape of nuclear potential. By specializing to two 
particular forms of nuclear potential (harmonic oscillator and 
infinite square well), it is shown that there exists a very simple 
relation between the shift and the characteristics of the two 
nuclear states involved. Numerical applications are given for 
In"*nr and Aur. The theoretical value of the effect is clearly 
within the reach of atomic spectroscopy (210 cm7). 





INTRODUCTION 


XCITED nuclei are usually studied by their 

radioactive products. But radioactivity is not 
the only characteristic of an excited nucleus. It is well 
known that electromagnetic properties such as nuclear 
moments, for example, characterize a nuclear state, 
too. We should like to call attention to another electric 
feature of excited isomeric nuclei, not studied until 
now in this connection, i.e., the charge distribution 
of excited nuclei. 

The comparison of charge distributions of two 
different states may supply new information on the 
excitation process. This comparison is automatically 
realized in nature by a subtraction process in the nuclear 
isomeric shift on spectral lines. In a previous note! 
this shift was calculated for In"*mr and it was shown 
that the theoretical magnitude of the shift is within 
the reach of spectroscopic measurability. 

In this paper the general formulas of the shift for 
odd-even nuclei are given and the dependence of the 
shift on the nuclear potential and configuration is 
studied. 

We shali restrict our considerations to low single- 
particle excitations for which we shall assume the 
validity of the shell model? (A). 

The Breit-Rosenthal perturbation theory will be 
used, the electronic wave functions being corrected 


*A brief account along these lines has been published [R. 
Weiner, Zhur. Eksptl. i Teoret. Fiz. 35, 284 (1958); translation: 
Soviet Phys. JETP 35(8), 196 (1959) J. 

t Some of these results were reported at two sessions of the 
Academy in Bucharest (January, 1957; September, 1957) and 
were part of a thesis submitted to the University of Bucharest, 
in October, 1957. 

1R. Weiner, Nuovo cimento 4, 1587 (1956); Studii Cercetari 
Fiz. 7, 567 (1956). 

? In this paper we shall understand, by the shell model, a single- 

article model for deformed nuclei as well as for spherical ones. 
he parameters of the potential depend only on the nucleus 
considered and not on the nuclear states. (Velocity-dependent 
potentials are not studied.) 


with regard to the finite extension of the nucleus (B). 
Only the most penetrating s electrons will be considered. 

For the cases mentioned above and with the assump- 
tions (A,B) we shall show that but for the sign, the 
isomeric shift is a pure single-particle effect, given only 
by the optical (external) protons. In two characteristic 
cases the order of magnitude of the shift does not 
depend on the nuclear potential assumed in the shell 
model. 


PERTURBATION THEORY 


The influence of the finite extension of the nucleus on 
the atomic spectra is reflected in various phenomena 
such as isotopic shift, hyperfine structure (hfs), etc., 
and special methods were elaborated to interpret these 
effects theoretically. The above-mentioned methods are 
based on the perturbation theory, either under the 
usual form developed by Rosenthal and Breit,’ or 
under the form of perturbation of boundary conditions.‘ 

We shall apply the method given in reference 3. 
To calculate the electronic Dirac wave function y, the 
charge distribution will be assumed uniform through 
the volume of the nucleus. 

It is clear that the only part of y interesting in our 
problem is the part corresponding to the interior of 
the nucleus. For s electrons, the uniform charge distribu- 
tion leads to 


Iv |2=v2=C{1— (y2/2)a2-+[(72/10) 0.112" x4}, (2) 


where y=Za, a=e?/hc, x=r/R, R being the nuclear 
radius. The constant C is determined by matching (2) 
to the exterior functions and by the normalization 
condition. 

One obtains® 


C=c7 ay sen? (0)L/4R?, (3) 


8 J. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 
4 J. Smordinsky, J. Phys. (U.S.S.R.) 10, 419 (1946). 
5 E. Broch, Arch. Math. Naturvidenskab 48, 25 (1946). 
6 See, e.g., W. Humbach, Z. Physik 133, 589 (1952). 
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with 
LX, (1D (20) (E+o0—1) yo’. (4) 

dy is the radius of the first Bohr orbit and Ws.n(0) is 
the value of the Schrédinger wave function at the 
origin. The further notations are: o=(1—v~’)!, yo 
=2ZR/an, §=—yX2(1)/X:(1), where X; and X, are 
the dimensionless Dirac wave functions [¥?=C(X,? 
+X,*) ]. 

Let us put Ap for the charge density difference of 
the two nuclear states considered. The corresponding 
difference of the electrostatic potential will be 


: Ap(r’)dr’ ; 
se= f jr—r'| ” 


and the corresponding shift of the atomic (electronic) 
level, 


tid xs f VA gdr. (6) 


In (6) the integration over the angles concerns only 
Ay. This enables us to average a priori Ap on these 
variables and (5) becomes 


vs) 1 ao 
semte| f aprrdr—— f aor rar | (5) 
A r 


r 


Introducing (5’) and (2) in (6), one obtains after partial 
integration 


a; sd 
AE= 16n°e? 5>§ ————— ~{ Ap r**4dr, (7) 
i (t+2)(i+3)4 


with the condition? 


lim nf Ap r™dr= lim r**™*+1Ap(r)/k=0. (8) 


r 


Equation (2) has been written in the form 
P= Liar’, (2’) 
and p is the charge distribution related to the charge 
density p by the equation 
p=ep. 


On account of the numerical value of the coefficients 
a;/( (i+2)(i+3) ], only the first term in (7) is important 
(the next terms give corrections less than 5%). In 
this approximation (7) becomes 


AE= 4Fre2aoA (R?) = 32eCA (R?), (9) 


where (R?) denotes the average nuclear electromagnetic 
radius in a given state. This result does not depend on 
a special nuclear model. Such a model must be applied 
to calculate (R?). 


7 This condition is satisfied by all charge distributions with 
physical meaning for arbitrary & and m. 


DISTRIBUTION OF 


ISOMERIC NUCLEI 


THE SHELL MODEL 


For single-particle levels of odd nuclei, the excitation 
of the nucleus means by definition the transition of the 
optical nucleon from the ground level to the corre- 
sponding excited level. 

Neglecting interparticle interactions, the protonic 
charge distribution is given by 


Zz 
p= Lb WAY, (10) 
i=] 

where VW; are the proton wave functions given by the 
model and the summation in (10) takes account of 
the exclusion principle. The last occupied level defines 
the nuclear state. By excitation, in an odd-even nucleus 
only the optical proton changes its state. This means 
that 


Ap = Pexc— Per = os (Wexe*Vexc— Ver Ver), (1 1 ) 


where the indices exc and gr denote the excited and 
ground level, respectively, of the proton. From (11) 
and (7) follows the fundamental result that the absolute 
magnitude |AE| of the shift depends only on the 
difference of the charge distributions of the optical 
protons. In other words, the shift realizes a “filtration” 
of the last two single-particle states of the nucleus. 
This direct consequence of assumptions (A) and (B) 
distinguishes the isomeric shift from all the other 
phenomena which depend on the nuclear charge 
distribution and may become of importance in the study 
of nuclear structure and especially in the investigation 
of the nuclear surface layer. 

From (11) it follows immediately that A(R?) reduces 
to A(r’), where (r?) is the mean square radius of the 
optical proton, and formula (9) becomes 


AE=3reCA(r’). (12) 


The sign in (11) depends on the specific nuclear 
configuration and cannot be predicted a priori except in 
two cases: (1) If there exists a single particle out of 
the closed shells (or sub-shells), the sign is +; (2) if 
there exists a single hole, the sign is —.* Conversely, 
the experimental determination of the sign of the 
shift can decide with which type of configuration we 
are faced (see point d). 


THE NUCLEAR POTENTIAL 


To obtain from (12) some more specific information 
about the shift, we must calculate A(r?). This calculation 
implies the knowledge of the nuclear single-particle 
functions Y which depend on the nuclear potential. In 
this connection one must distinguish spherical potentials 
and nonspherical ones. For deformed nuclei we shall 
consider the Nilsson nonspherical potential for which 
explicit single-particle wave functions are available. 

8In reference 1 the influence of the configuration on the sign 


of Ap and on the sign of AE has not been taken in account. The 
correct signs are those given here. 
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As concerns the spherical potentials, we shall deal 
with the harmonic oscillator (osc), the rectangular 
infinite well (i.w.), and the diffuse well (d.w.) in the 
form studied by Ross, Mark, and Lawson. 

Two main conclusions can be drawn from the study 
of these potentials: 


1. The order of magnitude and the sign of the shift 
do not depend in the cases considered, on the specific 
form of the nuclear potential. 

2. There exists a very simple relation between the 
magnitude and the sign of the shift on one hand, and 
the quantum numbers of the nuclear states, on the 
other; this relation enables the formulation of a sign 
rule and may perhaps be used to determine unknown 
nuclear states from future experimental data. 


a. The Nilsson Potential 


The Nilsson functions? | VQa) may be expressed by 
the harmonic oscillator functions | V/,Q+4) as follows: 


| NQa)= >> 1 a1,043| NI, (Q43)¥F ), (13) 


where JN is the total quantum number of the oscillator, 
(2 the component of the total angular momentum along 
the nuclear axis, and a denotes the eigenvalues. The 
coefficients ag are normalized to 1: 


> 1 41047=1. (14) 


From (13) and (14), we get 


(9?) sitsson= 2,1 41,043°(?" )ose= (9*) ese, (15) 


on account of the independence of (r?)os- on / (see Sec. 
b). We see thus that in the approximation (12) the 
Nilsson potential gives the same AE as the harmonic 
oscillator. The deformation corrections appear only in 
the higher powers of 7, and are negligible. 


b. The Harmonic Oscillator Potential 


In this case A(r*) can be calculated immediately. 
We have 
(U)= 46, (16) 
where U is the potential energy” and e=fw(N+3) the 
harmonic oscillator quantum energy. From the partic- 
ular form of U there follows 


A {¥* ose =+r°AN=+ Ae/m”, (17) 


where ro=(h/mw)! is the characteristic length of the 
harmonic oscillator, w the associated frequency, m the 
nucleon mass, and Ae the excitation energy. 

From (17) and (12) it follows directly that AE~Ae; 
the measurement of AE is equivalent to the measure- 
ment of Ae. It is difficult, however, to ascribe great 
importance to this result since we know very well 


®S. Nilsson, Kgl. Danske Videnskab. Selskab, Mat-fys. Medd. 
29, No. 16 (1955). 
© We neglect the Coulomb interaction in the nuclear potential 
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how poor the nuclear energy predictions of the harmonic 
oscillator are. From (16) we get also the following sign 
rule: For a given nuclear configuration, the sign of AE 
depends only on the relation N>N’ or N<N’. 

In isomeric single-particle transitions AN is usually 
1," and thus A(??)ose= 10’. 


c. The Rectangular Infinite Well 


Using the Bessel eigenfunctions of this potential and 
applying the Schafheitlin integration formulas, we get 


P+I-3 
A(?*)iw.= jra——, 


Wri” 


(18) 


where w,,; is related to the i.w. energy, €n:, by the 
equality : 


@ni= (2men R?/h*)!. (19) 


In a first approximation we may put w,/~wn’y ; then 
(18) becomes 


2k 2 
A(?)i.w. = — rh ee. ——A(M?), 


3ar0 3 hw, 


AE\.w.~A(M?), (20) 
where M? is the orbital angular momentum of the 
optical proton. Formula (20) is analogous to (17); 
a measurement of AE is in principle a measurement of 
AM. Equation (20) represents also a new aspect of the 
sign rule (J< or >I’). 

The rectangular finite well gives a similar result but 
the corresponding formulas become far more com- 
plicated. The quantitative results do not differ by more 
than a few percent from those given by (20), showing 
that the contribution of the region corresponding to 
r>R is effectively negligible. 


d. Diffuse (Realistic) Potential. 
Numerical Applications’” 


The harmonic oscillator and the square well are the 
two extremes of the nuclear potential. It has been 
pointed out” that the “real” potential should have a 
diffuse character. 

Ross, Mark, and Lawson have solved with the 
University of California Radiation Laboratory dif- 
ferential analyzer the Schrédinger equation for the 
potential 


V = —Vo/{1+expLa(r—R) ]}, (21) 
taking into account the spin-orbit interaction and the 

4M. Korsunsky, The Isomerism of Atomic Nuclei (in Russian) 
(G.1.T.T.L., Moscow, 1954). ; 

The numerical results given here have only an illustrative 
purpose; as long as no experimental data exist, it seems a little 
far-fetched to enter into more quantitative details. 

13See, for example, W. Heisenberg, Theorie des Atomkerns 
(Gottingen, 1951). 
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Coulomb repulsion for protons. This is the most 
complete d.w. potential for which eigenfunctions are 
available and therefore we have compared the numerical 
value of AE given by these eigenfunctions with those 
corresponding to osc. and i.w. Two characteristic 
transitions have been considered here. The first 
(2p1/2—1g9/2) is characteristic for medium isomers with 
single-particle levels; the second one (1/1/2—2d3/2) for 
heavy nuclei. The parameter ro of the harmonic 
oscillator has been calculated for In from the total 
nuclear distribution as in reference 1. For the other 
element, 7 has been taken" proportional to R?, starting 
from the value of r9==2.5X10-" cm for In. 

For i.w. the eigenvalues w,; given by Feenberg'® 
have been used. The nuclear radius has been taken 
as in reference 1: R=1.2X10-"4! cm. For In" (first 
kind of transition),!’ we get 


AEaw./AEcc™1.1, AEiw./AEcc™1.0. (22) 


For Au’? (second kind of transition), we get 


DE ase / AE 13, Aiw./AEw™!1.2. (23) 


To obtain absolute values of AE, Wscr?(0) must be 
determined from experimental spectroscopical data. 
We have used the hfs data of the ground state given 
by Campbell and Davis'* for In" and by Wessel 
and Lew’ for Au1, applying the corresponding 
Goudsmit-Fermi-Segré formulas. For In" *11, the shift 
of the 5s 2S; electronic ground state term has been 
calculated; for Au’ "1, the shift of the 6s7S, ground 
state term. 

The configuration of In''® is known in both nuclear 
states. The incomplete shell has the following occupa- 
tion numbers : 


(1 fz/2)® (1 fsy2)® (2ps2)* (2p1/2)? (1go/2)* (gr.state), 
(1 f2/2)® (1fsy2)® (2p3/2)* (2p1/2)' (1goy2)" (exc.state) 


This gives,* with the harmonic oscillator potential, 


(24) 


AEtn= Eexc— Eg+4X 10 cm“. (25) 


For Aw’ only the ground-state configuration is 
known”: 


(1gzj2)® (2d5/2)® (3s1y2)? (Uhas/2)" (2d372)*. 
The excited state may be either 


(1gzj2)® (2d5/2)® (381/2)? (Wha1/2)" (2d3;2)? 


(26) 


(27) 


4 Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956), 
and private communication. 

165M. Mayer and J. Jensen, Elementary Theory of Nuclear 
Shell Structure (John Wiley and Sons, New York-London, 1955), 

. 236. 

16 EF, Feenberg, Shell Theory of the Nucleus (Princeton University 
Press, Princeton, New Jersey, 1955), p. 15. 

17 For this element the corresponding s0Cd"* d.w. functions 
have been used. 

18 J. Campbell and J. Davis, Phys. Rev. 55, 1125 (1939). 

19 G. Wessel and H. Lew, Phys. Rev. 92, 641 (1953). 

2H, Zeldes, Nuclear Phys. 2, 1 (1956/57). 
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and AE>0, or 
(1gzj2)® (2ds5/2)® (31/2)? (Uhre)? (2daj2)* == (28) 


and AE<0. The numerical result is, using the harmonic 
oscillator potential, 


|AE| ayo10-! cm-. (29) 


EXPERIMENTAL PROOF OF THE EFFECT. 
FINAL DISCUSSION 

The experimental study of the short- and medium-life 
nuclear states is a rather complicated problem both for 
nuclear and atomic spectroscopy. As concerns the 
latter, two specific difficulties (these are not the only 
ones) may be quoted: (1) the relatively large quantity 
of isomeric nuclei necessary in these experiments, and 
(2) the overlapping of the hfs spectra corresponding to 
the excited and ground nuclear states. 

As far as the author knows, the first and until now 
the only atomic spectrum of an excited isomer has been 
obtained experimentally by Bitter and collaborators 
(Hg!’™, half-life ~23 hr) by a very ingenious optical 
and magnetic scanning method.”! However, on account 
of the overlapping of the Hg!’’™ and Hg" hfs spectra 
on the one hand, and the spectra of the other Hg 
isotopes on the other, the hfs of Hg'*’™ could not be 
resolved satisfactorily and no conclusion on the excited 
state, except the probable 13/2 value of the spin, could 
be drawn. It is clear from this that no question of 
isomeric shift could be raised, because the hfs is a 
necessary condition for the measurement of the isomeric 
shift, which concerns the centers of gravity of the 
hfs corresponding to the nuclear states involved. 

In this connection it must be mentioned that Hg" is 
an even-odd nucleus in which the single-particle 
excitation is realized by the optical neutron. This 
excitation gives rise to a change of the electron-nucleus 
interaction energy due to the electron-neutron interac- 
tion. But here the other specific hfs effects such as 
quadrupole difference of the nuclear states, compres- 
sional effects, etc. (they appear of course also for the 
odd-even nuclei), are far more important. 

The experimental investigation of the isomeric shift 
may bring new data on the excitation mechanism and 
on the nuclear configuration and may be a strong test 
of the validity of the assumption A. By this method one 
could obtain also for the first time some information 
on the nuclear radii of excited states. The experimental 
study of the effect presents therefore great interest; 
this effect, together with the hfs effect, could lay the 
basis for a new method in the investigation of the 
characteristics of nuclear excited states. In spite of the 
technical difficulties, some of which were quoted above, 
the methods of atomic spectroscopy are simpler than 
the corresponding nuclear ones. 

We did not intend to discuss all the various problems 


21 Bitter, Plotkin, Richter, Teviotdale, and Young, Phys. Rev. 
91, 421 (1953); Bitter, Davis, Richter, and Young, Phys. Rev. 
96, 1531 (1954). 
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which may arise in connection with the isomeric shift, 
but confined ourselves only to those which seemed the 
most specific, especially at the present stage when no 
experimental data are yet available. See however the 
note added in proof.t We hope that the present study 
will encourage such experiments. 


t Note added in proof.—Meanwhile new progress along these 
lines has been reported by the MIT group (Melissinos and 
Davis, preprint). The authors succeeded in measuring the Hg!*™- 
Hg" shift on the 2537 A line. The value of ~2.10-? cm™ found 
for the shift is probably mainly due to the global quadrupole and 
compressional effects mentioned above. However a quantitative 
interpretation of this result will be possible only after the deter- 
mination of the intrinsic quadrupole moment of the 3, state of 
Hg"*’? (the quadrupole moment of Hg'*™ has been measured in 
the work quoted above). 
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Scattering of protons and neutrons by carbon at small angles is discussed. It is shown that it is not possible 
to obtain a coherent understanding of the scattering at 310 Mev without including an increase of the radius 
due to nuclear forces. The increase required is in rough agreement with that calculated from nucleon-nucleon 


scattering. 


At 135 Mev, where more complete data are available, it is shown that this increase is not sufficient to 
obtain a coherent understanding. Either approximations break down, or there is a difference in the scattering 
of neutrons and protons in addition to the Coulomb forces. Further, small-angle polarization measurements 


are badly needed at both energies. 


INTRODUCTION 


UCLEON-NUCLEUS scattering at high energies 
has conventionally been analyzed by means of 
the optical model. At first, this was considered to be 
only a phenomenological fit, but later many attempts 
have been made to justify the optical model theo- 
retically, and to derive the parameters on the basis 
of our knowledge of nucleon-nucleon forces. For 
example, the treatment of Riesenfeld and Watson! 
shows how the multiple-scattering theory leads directly 
to the definition of an optical potential, with errors of 
the order of 1/A, where A is the atomic number of the 
nucleus. Unfortunately, when it comes to putting 
numbers into their formulas it has been necessary to 
make the approximation that nuclear forces have zero 
range. This has been recognized, and it has been the 
practice to allow for this in a highly qualitative way 
by allowing the nuclear “radius” to be an adjustable 
constant in any formula. 
Our knowledge of nuclear forces has, until recently, 
been rudimentary. At 313 Mev the proton-proton 
scattering data are rather complete and allow a phase 


1W. B. Riesenfeld and K. M, Watson, Phys. Rev, 102, 1157 
(1956). 


shift analysis with only a five-fold ambiguity. There 
has been less success in correlating the neutron-proton 
scattering data, but enough for Bethe? to derive the 
optical model parameters with little ambiguity. 

There has also been great success in correlating all 
the nucleon-nucleon scattering up to 313 Mev with a 
many parameter potential.** If this potential is 
assumed, one may then discuss  optical-model 
parameters at other energies—for example at 135 Mev 
where more complete data are available for nucleon- 
nucleus scattering. This has been begun by McManus 
and Thaler,® who have calculated directly some nucleon- 
nucleus scattering cross sections and polarizations from 
this potential, with fair agreement with experiment. 
This paper discusses some finer details, which are 
possible if we simultaneously analyze all the neutron 
and proton data available at one energy. 

In the literature there exist several analyses of 
nucleon-nucleus scattering data that are mutually 


2H. A. Bethe, Ann. Phys. N. Y. 3, 190 (1958). 

3 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291, 1337 
(1957). 

4 P.S. Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 

5H. McManus and R. M. Thaler, Phys. Rev. 110, 590 (1958) ; 
McManus, Thaler, and Kerman, Ann, Phys. (to be published) 
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contradictory. In particular, we shall discuss those 
of Bethe? and of Brown® et al. Recently, Bethe’s 
analysis has been extended and improved by Cromer,’ 
who covers much of the material of this paper. It will 
be shown that the contradiction arises from the neglect 
of the nuclear-force range by both authors. It will be 
clear that the analysis is not yet capable of the precision 
assumed in both papers. 

In the discussions that follow we shall be considering 
only data taken at small angles—within the first 
diffraction maximum. We shall also limit ourselves to a 
consideration of the scattering of nucleons by carbon, 
as was considered by Brown and Bethe, but at 135 
Mev as well as 310 Mev. This limitation is in order that 
we may make use of the justification of the optical 
model which is valid at small angles, for light nuclei, 
and at high energies. We may then assume that 
multiple scattering is small and is not dominant in the 
scattering. The justification for the optical model in this 
limit is different from that in the limit of lower energies, 
heavy nuclei, and any angles where multiple scattering 
plays the dominant role. For this reason, the analysis 
here, and also those of Bethe and Brown, have no 
direct connection with those of Fernbach® and Glass- 
gold,” which depend on many more parameters. All 
numbers in this paper will be in the laboratory frame of 
reference; when adding together nucleon-nucleon 
scattering to form nucleon-nucleus scattering, this 
avoids the confusion of changing from one center-of- 
mass system to another. 

Application of the ideas of McManus, Thaler, and 
Kerman to proton-helium scattering is considered in 
another paper." 


NOTATION 


For spin 0 nuclei, it can be shown” that the most 
general scattering amplitude is of the form 


F=g,(0)+o-nh,(0), (1) 


where g, and h, are complex. For small angles we may 
write h,(6)=i0S=1i0’S’, where 6’ is in degrees, and we 
may assume that the real and imaginary parts (gar 
and gar, Sr, and S;) all have their zero-degree values. 
Thus we have four constants to be determined. In 
order to use data at small but nonzero angles, it is 
necessary to use a form factor. If we expand this form 
factor as a function of g’, the square of the momentum 
transfer, then only the second term, giving the mean 
square radius, (r?), is dominant at small angles. 


6 Brown, Ashmore, and Nordhagen, Proc. Phys. Soc. (London) 
71, 565 (1958). 

7A. H. Cromer (to be published). 

8 E.g., R. J. Glauber (to be published). 

®S. Fernbach, Revs. Modern Phys. 30, 414 (1959) ; F. Bjorklund 
and S. Fernbach, University of California Radiation Laboratory 
Report UCRL-5028 (unpublished). 

0 A. E. Glassgold, Revs. Modern Phys. 30, 419 (1958). 

"Cormack, Palmieri, Ramsey, and Wilson (to be published). 

2 L. Wolfenstein, Ann. Rev. Nuclear Sci. 6, 43 (1956). 
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The scattering is frequently described by a nuclear 
potential of the form 
cdV(r) 
V(r)+e-L- ; 
r dr 


(2) 


The values of the potential and of the constant c may 
then be derived from g and h with a knowledge of the 
nuclear size. This assumes that all the form factors are 
the same. Bethe? has proposed an intermediate step. 
He derives for this potential the “Born amplitudes” 
G and H which are the scattering amplitudes in the 
Born approximation. 

In part, the ideas presented in this paper overlap 
those of Kohler’ who discusses 150-Mev scattering. 
Kohler also restricts himself to small angles and makes 
appropriate approximations, but he analyses proton 
data alone and neglects neutron data. We prefer, 
moreover, the elegant computational method introduced 
by Bethe, which allows us for the first time to proceed 
in the forward direction from the data to a theoretical 
deduction, rather than in the reverse direction. In 
addition, a comparison between neutron and proton 
scattering is facilitated by Bethe’s method, because we 
can compare directly the scattering amplitudes for 
neutrons and protons without going to the Born 
amplitudes or to the nuclear potential, which introduce 
more uncertainty. We will therefore use Bethe’s 
notation and make frequent references to his paper. 


310-350 Mev 


The following experimental data may be considered. 
(i) The total cross section for fast neutrons. This has 
been measured at many energies and is fairly constant 
with energy; we quote, for example, or=28.53+0.16 
fermi? [1 fermi(f)=10-" cm] at E=350 Mev." (ii) 
The differential cross section for scattering by 350-Mev 
neutrons between 1° and 12°.'5 (iii) The differential 
cross section and polarization for scattering of 313-Mev 
protons between 33° and 12°.!° (iv) Some limited triple 
scattering measurements of R at 313 Mev.'® (v) The 
electron scattering from the carbon nucleus at 187 
Mev.'’['The electron scattering data are our best available 
data on the size of the carbon nucleus which enters 
critically into the discussion. ] The number of interest 


to know F” in the region 0.5 to 1.0, whereas it has been 
measured in the region 0.001 to 0.5.!7 The extrapolation 
cannot be made in a model-independent way. The 


18H. S. Kohler, Nuclear Phys. 6, 161 (1958). 
14 Ashmore, Jarvis, Mather, and Sen, Proc. Phys. Soc. (London) 
70, 735 (1957). 

18 Ashmore, Mather, and Sen, Proc. Phys. Soc. (London) 71 
552 (1958). 

16 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys., 
Rev. 102, 1659 (1956). 

17 J, H. Fregeau, Phys. Rev. 104, 225 (1956). Ehrenberg, Hof- 
stadter, Meyer-Berkhout, Ravenhall, and Sobottka, Phys. Rev. 
113, 666 (1959). 
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best fit for the nuclear charge density, with even some 
theoretical justification, is to set p=pol1+4$(r?/a?) ] 
Xexp(—r*/a*) with a=1.635 fermi, from which we 
derive the root mean square radius (r*)!= 2.40 f. The 
value of (r*)! should determine F*(q) in the region of 
small g where F° is close to unity. Other good fits do not 
reduce (r’)! more than 2%. The electron-scattering 
data give a measure of the charge distribution only. 
For the distribution of proton centers we have 
(r°) = (2.40)?— (0.8)? fermi?, where 0.8 fermi is the rms 
charge distribution for the proton. Thus we find 
(r’)'=2.2640.09 fermi, where the error comes from 
taking extreme fits to the carbon and proton measure- 
ments. We also assume that the neutron distribution 
in the carbon nucleus is the same as the proton distri- 
bution. Bethe? has used a Gaussian fit to the electron- 
scattering data with (r*)!=2.40 fermi. On the other 
hand, if we calculate the Coulomb scattering, the 
charge distribution of both the incident proton and the 
protons inside the nucleus must be considered to give 
((r*))eee= 2.53 fermi [= (2.40?+-0.80?)!]. 

The first step in the analysis of Brown is to use the 
optical theorem, 


Imf(0) = (k/4ar)o tor=nr- (3) 


This determines g,7; with 13% accuracy at essentially 
all energies in the range (=10.1 fermi at 350 Mev). 
We should perhaps point out here that this number 
differs from that quoted by Brown, the difference 
arising from our use of the lab system exclusively 
whereas Brown uses the c.m. system for his calculated 
cross sections.'* We should also remember that this is 
the best determined of all the numbers we shall discuss. 
The measured differential scattering cross section of 
350-Mev neutrons extrapolates to about 1 barn/sterad 
(=100 fermi?/sterad) at 0°, though with an error of 
perhaps 15%. Thus gar (Bethe’s notation) is small and 
not significantly different from zero. That g,r is small 
was also deduced by Bethe from the absence of a large 
interference between the nuclear and the (predomi- 
nantly real) Coulomb scattering amplitudes. This fact 
may be used to simplify the subsequent analysis 
appreciably. Now Brown uses the nuclear size to relate 


Ttot= (4a/k)gn1 with the observed neutron-neutron’ 


(=proton-proton) and total cross 


sections. Thus we have 


neutron-proton 


Oto = 4 f bdb(1—e-*‘) cos[kbs(b)], (4) 


where K(b) is the absorption at the impact parameter 
b due to the nucleons in the nucleus. The free n-p and 
p-p cross sections are used corresponding to a neglect or 
cancellation of the effect of the internucleon corre- 

18 Brown inadvertently compares calculated c.m. cross sections 


with measured lab cross sections; this makes no difference to the 
point at issue. 
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lations, and the effect of the Pauli principle.” The 
absorption, however, depends upon the nuclear radius 
and shape assumed. Brown, using the correct shape for 
carbon, but a value for (r*)!(= 2.40 f) corresponding to 
the charge distribution and not the proton distribution, 
finds that oto¢ so derived is too small ; a use of the correct 
(rf?) would accentuate the discrepancy. However, 
Bethe? [in his Table IX and his Eq. (8.22) ], calculates 
tor directly from nucleon-nucleon scattering and finds 
25.9 fermi?. Herein, then, lies the first disagreement. 
Bethe finds that the g,7 he deduces from the proton data 
does depend upon the radius; he derives 8.6 fermi at 
313 Mev as compared with the value of 9.45 fermi 
which may be derived from the neutron total cross 
section at 313 Mev. To obtain exact agreement he 
would need a radius further increased by 12% [his 
Eq. (6.6) ]. The nuclear absorption corrections cannot 
be appreciably different for neutrons and protons at 
this energy, so that agreement can be achieved only 
with a definite radius. Likewise, Bethe’s later comment 
[his Eq. (7.6) ], that the Born amplitude is insensitive 
to radius, cannot be correct because he neglects the 
accurate neutron data which determine gnr. 

Brown assumes that his failure to predict the total 
cross section from nucleon-nucleon scattering is due to 
neglect of the spin dependence implicit in replacing 
cos[_6kd1(b) | by unity. For 6; small, it may clearly be 
neglected, for cos§=1 to order 6,;°. This was assumed 
explicity by Bethe, and indeed by most earlier analyses. 
Brown’s procedure is to attribute the whole discrepancy 
to the second-order effects of the spin-orbit potential. 
Brown then derives the value for the spin-orbit potential 
necessary to explain the discrepancy. In terms of the 
potential discussed above [Eq. (2) ], Brown thus finds 
the value c=0.24 fermi’. 

At this stage we should go back and examine Brown’s 
assumption in detail by comparison with other, similar 
effects, and show that these corrections, neglected by 
Brown, are as important. The most definite example 
of a failure of Brown’s assumption is the measurement 
by Cronin et al. of the attenuation of 7-mesons by 
carbon and other elements. Here we expect @carbon 
= (60,-p+60,-n)X, where X is the readily calculable 
attentuation factor; there are no experimental troubles 
about distinguishing the inelastic scattering. Cronin 
finds that agreement is obtained only by taking a 
larger radius for the nucleus than the electron-scattering 
radius, or by taking a larger surface thickness, corre- 
sponding perhaps to a range of force. It is clear that for 
effects of this sort the effective radius that must be used 
to calculate X is greater than that derived from electron 
scattering. Elton has discussed the data by writing 
R=(r)'+y, where y is an adjustable constant found 
to be 0.3 fermi. As discussed later, it appears that the 
form R?=(r*)+<a? is to be preferred. If we derive the 

1 R. J. Glauber, Physica 22, 1185 (1956). 


* Cronin, Cool, and Abashian, Phys. Rev. 107, 1121 (1956). 
21. R. B. Elton, Revs. Modern Phys. 30, 557 (1958). 
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value of a? from fits to heavier elements in a similar way 
to Elton, and as is necessary to obtain an answer, we 
find a*~2 fermi’, giving an increase of radius for carbon 
of 0.5 fermi. We should note here that this is not a 
shape-independent determination. 

The measured absorption cross sections for high- 
energy protons and neutrons exclude some nearly- 
elastic scattering, unlike the more straightforward 
m-meson data. The early analysis of Williams” did not 
take this into account ; he now suggests” that a correction 
for the nearly-elastic scattering will bring the pion 
absorption and nucleon absorption experiments into 
agreement. Elton has not made the correction con- 
sidered here. At lower energies, the data of Voss and 
Wilson* do not experience this difficulty of excluding 
the nearly-elastic scattering but also need a larger 
radius as discussed further below. 

In a similar way, we should expect that a larger 
radius than the charge distribution must be used to 
evaluate gn, from ¢,_, and op» to take account of the 
effects of the finite range of forces. By an overrigid 
use of a zero-range approximation, Brown neglected 
this effect, which can—within our ignorance of exactly 
what to do—be the whole of the discrepancy, though it 
is also possible that some effect of the spin-orbit force 
still remains. These uncertainties discouraged others 
for example, Voss and Wilson—from analyzing total 
cross sections in this detail. 

We can then propose the question: is there support 
for a large c from other data? Bethe thinks not, and 
deduces c=0.135 fermi?—about half Brown’s value, 
contributing only } of Brown’s amount to the total 
cross section. On the other hand, Levintov,”> Heckrotte”® 
and Harris”’ have analyzed the polarization of protons 
scattered by carbon and find c=0.28 fermi’. They all 
attempted to fit the data in the region of the maximum 
of the polarization at 13°, and found that in order to 
do so the spin-orbit scattering amplitude must be large 
and complex. This angle is still sufficiently small that 
the polarization is not affected by the inclusion of 
small amounts of inelastically scattered protons.”® 
Thus, at first sight, there is an impressive majority 
view to support Brown. Bethe fitted data up to 7° only; 
in this region the effects of the real and imaginary 
parts of the spin-orbit potential assumed by Levintov 
cancel to produce the same effect as that of a purely 
real spin-orbit potential with c=0.135 fermi’. Bethe’s 
view of this is clearly stated: ‘This is obviously 
nonsense and would amount to near cancellation of the 


2R. W. Williams, Phys. Rev. 98, 1387 (1955). 

2R. W. Williams (private communication). 

*R. G. P. Voss and R. Wilson, Proc. Roy. Soc. (London) A236, 
52 (1956). 

27, I. Levintov, Doklady Akad. Nauk U.S.S.R. 107, 240 
(1956) [translation : Soviet Phys. Doklady 1, 175 (1956) ]. 

26 W. Heckrotte, Phys. Rev. 101, 1406 (1956). 

27 Harris and R. Jastrow (private communication). 

28 Brown’s contrary statement comes from a misreading of the 
data (private communication). 
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two terms over most of the measured range.” * Be this 
as it may, Bethe’s value of c is in agreement with that 
derived from nucleon-nucleon scattering and the larger 
value is not. 

Bethe discussed two ways which exist of deciding the 
question of the value of c with small-angle data alone. 
Firstly, a measurement of R by triple scattering yields” 


1—R=2|h|?/(|g|?+|h|?), (5) 


which is twice the contribution of the spin-dependent 
scattering to the total scattering, with no cancellation 
involved. At 313 Mev and 10°, (1—R)=0.25 with, 
however, a fairly large error. Since |h|?/|g|? varies as 
@, at 7° the spin-dependent scattering is only 6% of the 
total, in agreement with Bethe and in disagreement 
with Brown by a factor of 4. Precise measurements of 
polarization in the Coulomb interference region could 
also settle the question; for in this region S; interferes 
with the predominant real part of the Coulomb po- 
tential. No good data exist here, however. 

The error in Levintov’s treatment presumably lies 
in considering 15° as if it were a small angle. 


The Nuclear Radius 


Bethe and Brown have used a nuclear radius derived 
from electron-scattering data to derive the four nuclear 
amplitudes. We saw that this led to disagreements. In 
practice it is not possible to use any data at nonzero 
angles without considering the variation of these 
amplitudes with angle. 

If we use the impulse approximation and neglect 
multiple scattering we may sum the nucleon-nucleon 
scattering amplitudes, following McManus,°® to yield 
what he calls the Born amplitude 


(6) 


1)= f Merde, 


which decomposes into a product of the nucleon- 
nucleon amplitude and the form factor for electron 
scattering from the nucleus (assuming that the neutron 
density and proton density are equal). 


f(q)=AM (q)F(q). (7) 


Both of these terms may be expanded in a power series 
in g where the coefficient of g* in the expansion of F(q) 
is well known as one sixth of the mean square radius. 
Defining the square of the effective radius as one sixth 
of the coefficient of g in the expansion of f, we get 


(R*)ets= (7) +0", (8) 


where a? is a constant which has different values for 
each of the four scattering amplitudes. 

This radius correction, it should be realized, is only 
one of the many corrections to the optical model, but 
it is a point of this paper to show that the effects are 


% See reference 2, p. 222. 
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large, perhaps larger than any other correction, and 
that to obtain agreement they must be considered. 

Of course, this has long been realized qualitatively, 
and the difference has been ascribed to the range of 
nuclear forces, which is another way of stating the 
same physical fact.” For if nuclear forces had a zero 
range, nucleon-nucleon scattering would have a cross 
section constant with angle. One feature of the results 
of McManus et al. had already been noted qualitatively : 
that the radius for the real part of the potential should 
be larger than the radius for the imaginary part. This 
had been suggested on both genera! theoretical grounds* 
and experimental grounds.” 

It is at least qualitatively reasonable that this larger 
radius be used to calculate absorption effects even 
though absorption effects are a manifestation of the 
(neglected) multiple scattering. A nuclear scattering 
amplitude smaller at wide angles than assumed corre- 
sponds to less multiple scattering and less absorption, 
which is at least in the same direction as the effect of 
taking a larger radius. It is even more reasonable that 
the larger radius be used for studying the form factor 
derived from small-angle nucleon scattering. Wilson® 
has shown that the effects of multiple scattering and 
nuclear opacity do not much influence the form factor 
appropriate for small-angle nucleon scattering, which 
remains even at 135 Mev only 2% different from that 
derived in Born approximation. This is confirmed by 


mean square radius can be well determined from 
neutron scattering at small angles. Even going to the 
extreme of a black disk changes the derived radius by 
only 12%. This extreme is, however, incorrect. 

In spite of the residual approximations, it is clear 
that it is a legitimate and necessary experimental study 
to determine R.s¢ to compare with theory. The correct 
theoretical radius is closer to that of McManus than to 
that of the zero-range approximation. 

Since at 310 Mev the scattering amplitude is primarily 
imaginary, we may take the value of a” for the imaginary 
amplitude with perhaps a 10% admixture of the value 
for a real amplitude.® This yields R= 2.7 fermi. We can 
invert Bethe’s argument [his Eq. (6.6) ] and find the 
value of Ret¢ necessary to give agreement between the 
values of ‘g,, deduced from neutron and from proton 
scattering; we find R=2.79 fermi. That we use the 
larger value for the Coulomb scattering matters little; 
where the form factor makes an appreciable difference, 
the Coulomb scattering is small. 

Let us turn to the 350-Mev neutron scattering, 
hardly used so far in our discussion. The ratio J (6)/J (0) 
has been measured by Ashmore!®; we obtain the form 
factor directly and can determine R. We find Reg; 


*S. D. Drell, Phys. Rev. 100, 97 (1955). 

3 R. J. Glauber (private communication). 

® Richard Wilson, Phil Mag. 47, 1013 (1956). 

% J. Riese, thesis, Massachusetts Institute of Technology, 
1958 (unpublished). 
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=2.5+0.2 fermi, in agreement, so far as it goes, with 
the value suggested above, though from this alone we 
could not rule out Brown’s procedure of putting a?=0. 
This fit is a little different from that of Ashmore,!* who 
used an opaque nucleus model. 

In conclusion then, at 310 Mev we can determine gn; 
and gnr if the Coulomb interference disagreement is 
resolved by precise computation. The spin-dependent 
amplitudes Spe and S; are not independently deter- 
mined; for if S; is assumed large, this determination 
also affects everything else. Rete is determined mainly 
by indirect evidence and is dominated only by gar. 
Rs is larger than the charge radius, in agreement with 
theory. The parameters gn7 and g,r can be easily made 
to agree with nucleon-nucleon parameters, as Bethe did. 
The fits of Brown et al.* are probably wrong. The moral 
of the story is unfortunately clear: the terms— 
principally the nuclear radius correction—that are 
normally neglected in the derivation of the optical 
model are very important if better than 30% agreement 
is to be obtained. 


135-Mev Data 


At 135 Mev the analysis becomes more difficult in 
some ways and easier in others. The WKB approxi- 
mation, used to make analyses analytically tractable, 
is not so good as at 310 Mev; this is particularly 
unfortunate, for the Coulomb interference dominates 
the proton scattering so that exact calculations of the 
Coulomb effects are vital. However, better data are avail- 
able: (i) Neutron total cross section may be taken as 
36+1 fermi’, where alarge part of the uncertainty comes 
from the uncertainty in the measurement of the energy.* 
This yields g,7=7.64+0.22 fermi. (ii) Neutron differ- 
ential cross sections are available,*® yielding gnn*+ gn’ 
=118+8 fermi*, whence g,rz=7.7+0.6 fermi. These 
data are accurate enough, also, to give a value for 
Rets=3.040.1 fermi. (iii) Proton scattering and 
polarization data are available at 135 Mev*® and 155 
Mev.*” (iv) The neutron absorption cross section*® is 
22+1 fermi? which is less dependent on special assump- 
tions than are similar data at higher energies. (v) 
Neutron differential cross sections and polarizations are 
available at 155 Mev*® in good agreement with the 
135-Mev data. 

We again start with the neutron data. These already 
define gar, gnr, Ress; and an average of Sr, and S; 
which we may call, following Bethe, Sers. We note that 
the cross sections are three times the proton cross 
sections at angles of 5° to 7° so that the Coulomb 
interference certainly has a dominant role. 
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When gz and g; are approximately equal it is difficult 
to follow Bethe’s treatment to obtain gp and g; without 
assumptions about Rs; We have made many such 
calculations and find that the value for gr becomes 
much smaller than the neutron value. This has been 
found by other authors. The problem is to bridge the 
factor of 3 between the neutron and proton cross 
sections. That this is a problem, we demonstrate 
explicitly by stretching the experimental data to the 
limits of their errors. Thus, the proton data will be 
normalized upwards by 20% corresponding to an error 
in beam measurement. The value of gn; is so accurate 
that it can be regarded as constant, but gar will be 
reduced by twice its error. We will make the same 
assumption that Bethe did: that c is small and the 
spin-dependent amplitudes are correspondingly so; 
any other assumption intensifies the discrepancy. The 
form factor will be taken from a smoothed curve fitting 
the neutron scattering. This is equivalent to a value 
of Rets=3.0 fermi. The use of the experimental 
neutron form factor directly avoids, somewhat, the 
error of treating the form factor as separable, as is 
strictly true only in Born approximations. 

Table I shows the calculation from the proton 
scattering, following Table VI of Bethe. In distinction 
to Bethe’s analysis, however, we try to fit gn; and gar 
with values “‘reasonable” from neutron data. In Table I, 
angles up to 15° are included, though only angles up to 
10° are taken seriously. Line 12 is a residual which 
should be constant and equal to gnz’. A fit to gnr=6.5 
is not unreasonable, though too small to be a really 
good fit to the neutron data. If the radius is taken to be 
larger, residuals in line 12 will increase at large angles 
and gnr* is seen to be larger, as desired. The value 
obtained from small angles could also be increased by 
the consequent larger interference. It follows, then, 
that the radius must be at least as large as assumed. 

In fitting the polarization data, we have assumed that 
the spin-dependent amplitude / is almost a pure 
imaginary (arising from a purely real potential at 
313 Mev), giving S;=0. While there are no triple 
scattering data to decide the question, the small-angle 
data are seen in Table I to be consistent with this. The 
data from protons on oxygen*’ are similar. 

The data from protons on helium" are confusing. The 
polarization at 2° is negative, suggesting an imaginary 
spin-orbit term, but the data at 3° to 4° do not agree 
with a large imaginary term; possibly the discrepancy is 
experimental. The data of F eld and Magli¢® apply, at 
the moment, only to heavy elements. 

Inclusion of a large S; would also necessitate a larger 
contribution to ||? (line 5), rendering the discrepancy 
iN Znr WOrse. 

We have not yet discussed the neutron absorption 
cross-section data. In contradistinction to the small- 
angle peattering, this is dependent upon more details 


©B. T. Feld and B. C. Maglié, Phys. Rev. Letters 1, 375 (1958). 


TABLE I. Calculations from proton scattering data.* 
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of the nuclear size than the mean square radius; it also 
depends on the imaginary part of the “Born amplitude,” 
which is not well determined. There is, however, slight 
evidence™ that the radius is less than that given by 
the scattering. It is in fact about 0.1 fermi less than 
given by Voss when correction is made for refraction 
of the nucleons by the attractive nuclear potential. 
We quote a value of Ri=2.7+0.2 fermi from the shape 
given by the charge distribution. 

We may also derive the polarized cross section 
directly from the neutron data of Harding,® while 
making allowance for the change in energy. A direct 
comparison is made in Table II between the polarized 
cross section (corrected for form factor and magnetic 
moment interaction) for protons (line 18, Table I) and 
that derived directly from neutron data, also with a 
small allowance for the magnetic moment interaction. 
Since Table I lists data for 135 Mev, the values have 
been multiplied by 1.2 in line 5 of Table II. These are, 
within statistics, the values from the proton data of 
Alphonce” at 155 Mev. We see that the neutron data 
give consistently larger numbers. This is partly because 
of the discrepancy in gnr already discussed, but partly 
because of the polarization itself being about 10% 
greater for neutrons. A part of this difference can be 
ascribed to the measurement of the polarization of the 
neutron beam used. Harding measured the asymmetry 
in the two successive reactions C"(p,n) and C"(n,p), 
and in spite of an energy change of 30% used the 
equation e= P*. Voss and Wilson“ suggest that it might 
be more accurate to set P proportional to £; in which 
case the neutron beam had a higher polarization than 
supposed, and the polarizations of Harding should be 
divided by (220/155)! or 1.2; in column 3 of Table II 
this correction is made and the lower value (100 fermi? 
sterad) used for do/d2. The agreement is more 
satisfactory. 

Averaging over the slight discrepancy between 
neutron and proton data, we derive a reasonable set of 
parameters with an estimate of the errors: 


&n1=7.6+0.2 fermi; 
gnr=6.5+1.0 fermi; 
Sp’ =9.23+0.02 fermi/degree ; Spe=12 fermi/rad ; 
S,'=0; 
R.t¢=3.040.1 fermi (averaged in some way over real 
and imaginary parts) ; 
Get? = 3.9+0.6 fermi? ; 
Rimag™2.7 +0.2 fermi; 
a;?=2.2+1 fermi’. 


The transition from the scattering amplitudes to the 
Born amplitudes depends critically upon the radius 
and indeed on more details than only the mean square 
radius. The transition is therefore not so accurate as 
the derivation of the real nuclear scattering amplitudes 
and is particularly bad for the derivation of ImG. With 
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this further uncertainty in mind, we derive, following 
Bethe, the components for the Born amplitude 
G+e-nH which we compare with the predictions of 
McManus and Thaler. For convenience we use a 
Woods-Saxon potential with the root mean square 
radius 3 fermi. 


Experiment Theory 


8.641 fermi 
1343 fermi 
—5.5 fermi/rad 
19.5+4 fermi/rad 
3.0+0.1 fermi 


10 fermi 
11 fermi 
— 5 fermi/rad 
21 fermi/rad 
3.0 (average of Rreal 
and Rimag) 
2.7 fermi 


ImG= 
ReG= 
ReH= 
ImH = 
Rett= 


2.7+0.2 fermi 


Rimag = 


The existence (or otherwise) of the term ReH cannot 
be derived from these data. 


Conclusions from 135-Mev Data 


We may ask if there is any way around the disagree- 
ment between the neutron and proton data in the last 
section. We might stretch the errors on Rete to 3.3 
fermi; this would raise the values in Table I line 4 for 
the larger angles. The Coulomb interference would also 
be larger, both involving a larger grr. The discrepancy 
is not yet removed. Alternatively we may say that the 
constants differ for neutron and proton bombardment, 
due perhaps to the exclusion principle working differ- 
ently in the two cases. Until such effects are calculated, 
we can only regard such a procedure as an exercise in 
phenomenology. gn as derived from the proton data 
would remain essentially the same as that derived from 
the neutron data, but there is a difference in grr. We 
easily derive: 


gnr=7.7+0.3 fermi for neutrons, 
£nr=9.9+0.5 fermi for protons. 


It would be wrong, however, to attach too much 
detailed significance to these numbers at this stage for 
the following reasons: (i) We have assumed that the 
spin-orbit potential is small, which though in agreement 
with Thaler’s predictions may not be true. (ii) We are 
not sure how to derive the Born amplitudes from gn; 
and g,r once the zero-range approximation is dropped. 
(iii) The interference calculations—following Bethe— 
assume that the Coulomb itself is not affected by the 
nuclear potential which becomes increasingly inaccurate 
as the energy is reduced. (iv) The WKB approximation 


TABLE II. Neutron polarization measurements. 
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is not too good for it assumes, inter alia, that V/E<1, 
whereas we here derive V/E=0.1. (v) We have taken 
the same form factor for real and imaginary parts of 
the potential. 

The value of the radius in nucleon-nucleus scattering 
derived by McManus and Thaler’ is also in agreement 
with proton-helium scattering at energies from 95 to 
300 Mev." It is interesting to note that the radius 
increase from 310 Mev to 135 Mev is quite definite; 
since 8(=v/c) for the incoming proton only varies from 
0.69 to 0.49, the variation cannot be ascribed to the 
variation in 8. The only change in this energy region is 
from a nuclear scattering with a primarily imaginary 
amplitude at 310 Mev to one with equal real and 
imaginary parts at 135 Mev. This is the explanation 
given here. For heavy elements, however, agreement is 
not so good. The data of Ashmore ef al.!® show that at 
350 Mev the radius is essentially that of the charge 
distribution. This agrees with the prediction of Mc- 
Manus and Thaler, for the extra term adds according to 
the equation 


RaP=(r)+e’, (9) 
and for large r, the addition is negligible. This is not 
the case for lead at 135 Mev,” where a sizable increase 
was found. It is clear that this radius increase must 
have another origin; thus a transition is beginning to 
another region of the optical model where the effects of 
multiple scattering play a role. The effects of the ex- 
clusion principle and internal scattering off the energy 
shell become important at lower energies, though they 
should not be a function of A. We note, however, that 
even for lead, a smaller radius is determined for the 
imaginary potential (from the inelastic cross section) 
than for the average of the real and imaginary (from 
the forward scattering). The question of the non- 
linearity of the potential with the density has been 
discussed by Brueckner® who finds the desired increase 
in radius. However, this region is outside the scope of 
the discussion of this paper. 


“K. A. Brueckner, Phys. Rev. 103, 1121 (1956). 
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Outstanding Questions 


In this paper we attempted to discuss, in a very 
limited region of small angles, high energies, and light 
elements, how well the optical-model parameters may 
be determined from the data. We ran into several 
difficulties. It is necessary to add corrections to the 
simple optical model for the range of nuclear forces, 
and others may also be important. Some of the difficulty 
may be purely computational. Although it is possible 
to understand simple analytic procedures, particularly 
that of Bethe, it is hoped to check and extend the 
calculation by exact numerical computation. Some of 
this extension has already been completed by Cromer.’ 

At the same time some indications are given of 
desirable experiments to give a lead to the theory and 
define parameters uniquely. At 135 Mev, the data are 
already moderately complete, and the analysis runs 
into inconsistencies. There is little evidence about the 
existence of an imaginary part of the spin-orbit po- 
tential. Two experiments could throw light on this 
question; accurate polarization data in the Coulomb 
region of 2° to 3° lab, and one or two measurements 
of the triple-scattering parameter R around 10°. Both 
of these are planned in the near future. 

At 310 Mev the data are not complete. In addition 
to the experiments needed at 135 Mev, more accurate 
small-angle neutron scattering data are needed to 
confirm the effect of the range of nuclear forces. 
Neutron polarization data are also absent. 

Meanwhile we can say that we can describe nucleon 
scattering from carbon at small angles and high energies 
by summing nucleon-nucleon scattering. The agreement 
in the amplitudes is about 20%. We can neither derive 
this agreement uniquely, nor can we say that the 
residual 20% is a serious discrepancy. 
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The energies and absolute intensities of prominent peaks in the 0-600 kev region of the gamma-ray 
spectrum following thermal neutron capture have been measured with a single NaI(TI) scintillation spec- 
trometer. The elements investigated were rhodium, silver, cadmium, indium, antimony, tellurium, iodine, 
samarium, europium, gadolinium, terbium, dysprosium, holmium, erbium, thulium, hafnium, tantalum, 


rhenium, iridium, platinum, and gold. 





HE absorption of a neutron by a nucleus results 
promptly in a cascade of ~4 gamma rays. The 
first members of this cascade are often assumed to be F1 
transitions since the nucleus is excited by several Mev. 
This will generally afford appreciable population of 
most of the low-lying states of both parities and of 
spins within three or four units each side of the spin of 
the compound state. Thus the observation of the low- 
energy part of a capture gamma-ray spectrum will 
sometimes reveal transitions inaccessible in beta-decay 
work because of spin considerations. In addition, many 
of the isotopes which can be excited by neutron capture 
are not accessible by beta decay—particularly odd-odd 
nuclei. 


I. METHOD 


The experimental geometry is shown in Fig. 1. The 
neutrons were obtained from the 6-Mev electron linear 
accelerator using a thick gold target for the production 
of bremsstrahlen and a surrounding mass of Be for 
neutron production. The beam pulse was 1.2 ysec in 
duration and was repeated at a rate of 112 cps. The 
primary neutrons were moderated by paraffin in order 
to increase the flux of neutrons of thermal energies. The 
sample was placed next to the paraffin moderator and 
was viewed by the Nal scintillator through a collimation 
hole in the lead shielding. The resulting counting rate 
decreased exponentially with time after the 1.2-usec 
accelerator beam burst with a mean life of about 
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Fic. 1. Experimental geometry. 
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120 usec. In order to allow ample time for the detector 
to recover from the effects of the accelerator flash, 
pulses were analyzed during the interval 120 to 240 usec 
after the accelerator pulse. 

It should be noted that this use of a pulsed source of 
neutrons discriminates against the detection of isomeric 
transitions with half-lives appreciably longer than 
100 psec. Consider that 7 is the mean life of the neutron 
flux (i.e., about 120 usec), that T is the pulse repetition 
period of the accelerator, that g; and g» are the beginning 
and ending times of the detection gate measured in units 
of 7 and that the mean life of the isomer is >7. Then 
the ratio R of the number of prompt disintegrations to 
the number of isomeric disintegrations, both during the 


gate gi— go, is 
T f/eo-"'—e- 9 
r-—(———). (1) 
T Ss" 6: 


For r=120 usec, gi=1, go=2, and T=10* usec, then 
R= 20. 

The scintillator was a 2.5-in. diam by 1.7-in. cylinder 
of NaI(Tl) which was mounted on a 3-in. diam photo- 
multiplier. The collimated neutron capture gamma-ray 
beam from the sample was 1 in. by 3 in. in cross section. 
The Li® slab placed in front of the scintillator prevented 
slow neutrons from reaching the scintillator, without 
itself producing significant amounts of gamma radiation. 
There was, however, virtually no difference in trial 
spectra obtained without the Li®. 

The energy calibration was obtained with points at 
70, 192, 279, 511, and 662 kev by using Na”, In™, Cs¥*7, 
and Hg®® sources. These calibrations were made at 
frequent intervals during the measurements and with 
the accelerator in operation. This procedure was 
necessary because of the gain shift (~10%) of the 
scintillator system caused by the intense accelerator 
flash. This shift stabilized within about 40 minutes after 
first operating the accelerator each day, and no data 
were obtained during this period. After this warmup 
period the energy calibration was steady, but it was 
nevertheless carefully monitored. The energy measure- 
ment of the center of a peak is considered to be correct 
within the larger of +5% or +6 kev. 
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II. ANALYSIS 


In order to determine the relative intensities of 
various gamma rays it is necessary to know the energy 
dependence of the photopeak efficiency. This was 
determined by the method described! previously. It is 
further necessary to know what fraction of the gamma 
rays is absorbed before reaching the scintillator, and 
this was calculated! taking into account the absorption 
of the intervening air and the Li® slab. 

In order to obtain information about the absolute 
intensities of the gamma rays, a comparison was made 
with the counting rate obtained from the B” sample as 
shown in Fig. 2. The B” sample was thick enough to 
capture more than 99% of all slow neutrons entering it. 
Corrections were made for the counting loss due to the 
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Fic. 2. Gamma-ray spectrum from thermal neutron capture by 
B” in a thick boron-carbide sample. This is used as a standard of 
intensity. The figure also demonstrates the absence of extraneous 


peaks. 
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Fic. 3. Rhodium, 0.10 g cm™. 


~ 1 Draper, Fenstermacher, and Schultz, Phys. Rev. 111, 906 
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Fic. 4. Silver, 0.12 g cm™. 
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Fic. 5. Cadmium, 0.13 g cm™. 


dead time of the analyzer. By using the published 
values? of the thermal capture cross section for the 
various elements the absolute intensities of the gamma 
rays could be obtained. In doing this it was assumed 
that the neutron flux incident on the sample did not 
depend on the absorptive properties of the sample—i.e., 
that the flux depression by the sample was small. This 
was considered a valid assumption since the probability 
was small that a neutron would return to the paraffin 
having once left it, and the probability was similarly 
small that neutrons reach the sample except by pro- 
ceeding directly from the paraffin. This was tested for 
two elements by determining the absolute intensity of a 
peak using a thick sample (Vo~ 10) and a thin sample 
(No~0.1) as well as by adding a paraffin reflector beside 
the sample. The results were all consistent within +4%. 


21D. J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325, second edi- 
tion (Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958). 
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Taste I. Summary of results. The intensity /, denotes the number of photons per 100 neutrons captured in the natural element. 





Resonance capture® 


Product Percent Ty this Other Jy Resonance 


E> 
Nests A produced (kev) work thermal ly energy (ev) 


0.088 104 100 50 17 

94 24 
131 6 
185 23 


10 


69 17 

15 

196 34 
240 9 
<4 


1.78 : 42,° 854 
14, 23 


0.093 


0.017 


0.099 


0.031 35 32> 


10.9 70, 38° 60» 0.86 
34, 33 33 0.86 


2.28 ia 
201 
44 


11' 
23 


45 


45 
82 
195 
410 
(520) 


46 
121 
146 
245 


(~100?) 50 
80 
192 
285 


50 
160 
222 





* Since resonance capture is by a particular isotope, the reported isotopic ! See reference 8. 
intensity has been muitiplied by the appropriate percentage in column 4 of ® See reference 1. 
this table for ease of comparison. » See reference 9. 

» See reference 4. i See reference 10. 

¢ See reference 5. i See reference 11. 

4 See reference 6. * See reference 12. 


© See reference 7, 
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TABLE I.—Continued. 





Percent 


Product 
A produced 


Neabs 
0.058 65 
19 





8 
5 


0.051 


0.013 


Thus the absolute gamma ray intensity per captured 
neutron is obtained by assuming that the flux is the 
same for all samples, by using the capture cross section? 
to determine what fraction of the incident neutrons is 
captured, and by using the intensity*® of 93.5 photons 
per 100 captured neutrons for the 480-kev gamma ray 
from neutron capture by B™. 


III. RESULTS 


Table I summarizes the intensities of the prominent 
gamma rays shown in Figs. 3 through 23. The intensities 
are considered to have an uncertainty of +10-15% 
primarily due to the uncertainty in the base line of a 
peak. All intensities in Table I are listed as gamma rays 
per 100 neutrons captured in the sample element—they 
are not isotopic since in some cases the isotope cannot 
be ascertained. The samples were generally of specified 
purity 99.9% or better. Intensities found by other 
investigators are also listed.!;~” 

3 J. DeJuren and H. Rosenwasser, Phys. Rev. 93, 831 (1954). 

4Estulin, Kalinkin, and Melioransky, Nuclear Phys. 4,’ 91 
(1957). 

5 Groshev, Adyasevich, and Demidov, Proceedings of the Con- 
ference of the Academy of Sciences of the U.S.S.R. on the Peaceful 
Uses of Atomic Energy, Moscow, 1955 (Akademiia Nauk, S.S.S.R., 
Moscow, 1955) [English translation by the Consultants Bureau, 
New York, Atomic Energy Commission Report TR-2435, 1956], 


p. 195. 

6H. T. Motz, Phys. Rev. 104, 1353 (1956). 

7 Fenstermacher, Bennett, Walters, Bockelman, and Schultz, 
Phys. Rev. 107, 1650 (1957). 
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energy (ev) 
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Ey ly this 
thermal ly 


(kev) work 


55 X-ray 
90 15 143 * ae 
220 39 40 1B 1. 
. \7 2. 
. of 
330 11 os ‘aa 
57 
107) 
132 
175 
280 
405 


60 
143 
210 


65 
140 


215 
350 


65 
330) 
358 


65 

95 : sit 
165 11> 
210 2 19 
245 22 y 


The intensity of a K x-ray peak is not considered 
significant since K-electron vacancies are created not 
only by electron conversion, but also by photoelectric 
absorption of capture gamma rays produced by the 


98 
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188 
| 280 kev 
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Fic. 6. Indium, 0.10 g cm 


8 T. Springer (private communication). ; 

9C. A. Fenstermacher, PhD dissertation, Yale University 
(unpublished). 

10 Skliarevskii, Stepanov, and Obiniakov, Atomnaya Energ. 4, 
22 (1958). 

1 Groshev, Demidov, 
Energ. 4, 5 (1958). 

12 Fenstermacher, Draper, and Bockelman, Nuclear Phys. (to 
be published). 


Lutsenko, and Pelekhov, Atomnaya 
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sample and by the paraffin moderator. Similarly the 
intensity of a peak at 511 kev is not considered signifi- 
cant because of the annihilation radiation following pair 
production by gamma radiation from the sample and 
moderator. 

It is apparent from the results obtained with high 
resolution crystal spectrometers (e.g., tantalum and 
gold) that the heavier odd-odd nuclei produce many 
transitions in the energy region investigated here. 
Consequently the peaks shown here are expected to 
demonstrate the nature of the spectrum and to have 
the correct intensity when it is taken into account that 
occasionally even an isolated well-defined peak will 
contain more than one transition. 

asRh: Table I shows that only Rh™ is produced. The 
energies and intensities of 94, 131, 185, 220 kev are in 
substantial agreement with Estulin ef al.‘ However, an 
additional 50-kev gamma ray is shown in Table I. The 
energy of this peak was determined in a separate run at 
higher gain with calibrations at 32 kev and 69 kev. This 
transition may come from the first excited state. There S00 
have been recent discrepancies in the literature con- Y -Roy Energy in kev 

Fic. 9. Iodine, 0.96 g cm™. 














15 
4 mee 


328 kev 
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Fic. 7. Antimony,’0.61 g cm™. 
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Fic. 10. Samarium, 0.43 g cm™. 


cerning the question whether the 51-kev level is the 
4.3-min isomer," but the results of Jordan ef al." 


% DZD). E. Alburger, in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1957), Vol. 42; V. S. Dzelepov and L. K. 
Peker, Publication of the Academy of Sciences, U.S.S.R., Moscow, 
1957, Leningrad [translated and issued at Chalk River, Ontario, 
July, 1957 as Atomic Energy of Canada Limited Report AECL- 

500 457 (unpublished) ]; Strominger, Hollander, and Seaborg, Revs. 
Y-Ray Energy in kev Modern Phys. 30, 585 (1958). Nuclear data compilation by 
National Academy of Sciences—National Research Council. 
Fic. 8. Tellurium, 4.7 g cm™. 4 Jordan, Cork, and Burson, Phys. Rev. 90, 862 (1953). 
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Fic. 11. Europium, 0.12 g cm~. 


45 kev 
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Y- Ray Energy in kev 


Fic. 12. Gadolinium, 0.10 g cm™. 


indicate levels at 51 and 128 kev with the latter 
identified as the 4.3-min isomer. The 77-kev transition 
from the isomeric level was found to be highly con- 
verted. The spectrum of Fig. 3 supports this interpreta- 
tion since the 51-kev level would be populated by the 
cascade transitions, but the 51-kev gamma ray would 
not be observed here if it were isomeric. Gamma rays 
at 80 and 160 kev were reported by Hamermesh and 
Hummel.!® 

47Ag: Thermal neutron capture in silver produces 


18 B, Hamermesh and V. Hummel, Phys. Rev. 88, 916 (1952). 
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73% of Ag" and 27% of Ag’. The high-energy gamma 
rays from neutron capture have been investigated by 
Bartholomew and Kinsey,'* who conclude that there are 
probably levels in Ag'® at 210+30 and 320+30 kev. 
These could account for the 110- and 196-kev transitions 
in Table I but no unique assignment is possible. 
Analysis of the capture spectrum from the 5.2-ev 
resonance producing Ag!’ and from the 16.6-ev reso- 
nance producing Ag’® would aid in the isotopic identi- 
fication of these and high-energy transitions. A gamma 
ray at 187 kev is reported in reference 15. 

a3Cd: Thermal neutron capture in cadmium produces 
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Fic. 13. Terbium, 0.24 g cm™?. 
195 
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Fic. 14. Dysprosium, 0.49 g cm™?. 


~ 16G, A. Bartholomew and B. B. Kinsey, Can. J. Phys. 31, 1025 
(1953). 
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Fic. 16. Erbium, 0.06 gicm™. 


only Cd"*, The results in Table I are in substantial agree- 
ment with references 5, 7, and 8. The energies of the two 
transitions are in good agreement with those of Motz,® 
but the absolute intensity measurements differ by 
more than the expected uncertainty. The weak transi- 
tion observed by Motz at 576 kev could not be dis- 
tinguished due to the lack of resolution in this experi- 
ment. References to other work can be found in the 
recent Chalk River review" of thermal neutron capture 
gamma rays. 

agin: Thermal neutron capture in indium produces 
only In''®, The agreement of energies and intensities 
with reference 1 is satisfactory. Gamma rays at 160 and 
256 kev are reported in reference 15. The high-energy 

17G. A. Bartholomew and L. A. Higgs, Chalk River Report, 
Atomic Energy of Canada Limited AECL-669 (unpublished). 
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gamma transitions have been measured.'® Levels at 
70 (54 min), 168, 353, and 5915 kev would be compatible 
with the results of reference 16 and Table I but would 
not include the 67-kev transition of Table I and would 
not be compatible with the 6.59+0.2 Mev binding 
energy measured by Harvey.'* The latter difficulty 
arises because of the results of Boley!’ which indicate 
that the 54-min level is about 70 kev above the ground 
state. If, instead, this level were at 410+150 kev as 
found by Slatis et al.*° the binding energy would be 
6.26+0.15 Mev. This uncertainty in the energy of 
the 54-min level makes it difficult to reconcile the 
energies of the high-energy gamma rays and the binding 
energy. 

siSb: Sb!” is produced in 66% of thermal neutron 
captures and Sb™ in 34% of the captures. Little is 
known about the excited, nonisomeric states of Sb 
except that 75.3- and 60.7-kev transitions are in 
cascade” from the 3.5-min state of Sb! with the 75-kev 
transition concluded to be isomeric. The energy of the 
lowest peak in Fig. 7 was determined with a rerun at 
higher gain and calibrated with the x-rays from Re and 
Pb samples. The center of the peak was not well 
defined but the energy is concluded to be 74+6 kev. 
This would not be identified, then, with the 75.3-kev 


160 kev 


222 
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Fic. 17. Thulium, 0.12 g cm™. 
18 J, A. Harvey, Phys. Rev. 81, 353 (1951). 
9 F. I. Boley, Phys. Rev. 94, 1078 (1954). 
% Slitis, Du Toit, and Siegbahn, Arkiv Fysik 2, 321 (1950). 
21 LeBlanc, Cork, and Burson, Phys. Rev. 98, 39 (1955). 
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transition of reference 21 if it is a 3.5-min isomer. The 
spectrum reported in reference 15 was unresolved. The 
high-energy gamma rays have been measured.!* It can 
be noted that the sum of the energies of the first three 
peaks in Fig. 7 approximates the energy of the fourth 
peak which in turn approximates the energy difference 
of the two highest energy lines reported in reference 16. 
Better resolution in both energy regions would be 
required to determine the significance of this. 

s2Te: A thick sample was necessitated by the small 
neutron absorption cross section, and this will obscure 
any low-energy transitions (<300 kev). The 608-kev 
gamma ray is from Te‘ which is produced in 79% of 
capture events, and it is unusually intense. The reported 
intensity’ for the 2.3-ev resonance is appreciably lower 
as shown in Table I. A line at 608 kev has been observed 
in the Coulomb excitation” of Te and in reference 15. 
The 723-kev transition from the second excited state 
would be outside the energy interval included in this 
experiment. 

s3L: Only I'*5 is produced for which no level scheme is 
available. The 135-kev transition appears here sub- 
stantially as found in reference 4 and unlike the results 
of Hammermesh and Hummel! and Reier and Shamos.”* 
These is also evidence of weak transitions at 80 kev and 
in the 240-300 kev region. 


220 kev 




















500 
y-Ray Energy in kev 


Fic. 18. Hafnium, 0.16 g cm™. 
2 N. P. Heydenburg and G. M. Temmer, Bull. Am. Phys. Soc. 


Ser. II, 1, 164 (1956). 
*3M. Reier and M. H. Shamos, Phys. Rev. 100, 1302 (1955). 
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Fic. 19. Tantalum, 0.37 g cm™. 
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Fic. 20. Rhenium, 0.40 g cm™?. 


625m: The prominent gamma rays at 330 and 445 kev 
are attributed to Sm! which is produced in 98% of 
capture events. The measured intensities in Table I are 
in reasonable agreement with references 4 and 7, but 
these are not in as good agreement with reference 5 
These two gamma rays were also reported by Hibdon 
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Fic, 21. Iridium, 0.11 g cm”. 
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Fic. 22. Platinum, 0.54 g cm™ 


and Muehlhause.* They have recently been shown*® to 
be in coincidence following neutron capture. Both the 
330- and 445-kev gammas were observed in coincidence 
in earlier work*® with Pm!°, and levels in Sm!” were 
proposed at 337 and 777 kev. More recent work?’ pre- 

*C. T. Hibdon and C. O. Muehlhause, Phys. Rev. 88, 943 
(1952). 

26 L. Rosler, Ph.D. dissertation, Yale University (unpublished). 

2° V. K. Fischer, Phys. Rev. 96, 1549 (1954). 

*7V. K. Fischer and E. A. Remler, Bull. Am. Phys. Soc. Ser. IT, 
3, 63 (1958). 
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scribed the 337-kev level but no 777-kev level. A level 
at 777 kev has been suggested® from the spectra of 
high-energy gamma rays®** following neutron capture. 
Angular correlation experiments*® of limited accuracy 
with the 330- and 445-kev gamma rays following 
neutron capture indicate that the 775-kev level would 
have spin 2, 3, or 4. 

ssEu: Since 94% of captured neutrons produce Eu! 
the 95-kev transition of Fig. 11 is assigned to that 
isotope. Its energy and intensity are in satisfactory 
agreement with reference 10 which also reports a 72-kev 
transition with an intensity 22% as large as that of the 
95-kev transition. To investigate this, a rerun was made 
with the amplifier gain 4 times as large as that for Fig. 
11. The results indicated that if a 72-kev gamma ray 
were present it would have an intensity significantly 
less than that of reference 10. This might be indicative 
of an isomeric 72-kev transition. There is no informa- 
tion" available on the nonisomeric levels of Eu’. 

esGd: Thermal neutron capture produces 81% of 
Gd! and 19% of Gd!®*, The capture gamma rays from 
these have been individually investigated” using sepa- 
rated isotopes. Gamma rays of 79 and 183 kev were 
observed from Gd!*8 with an isotopic J, of 10.4 and 22, 
respectively, while 87- and 196-kev gamma rays were 
observed from Gd!** with an isotopic 7, of 13.7 and 
27.7. The energies of the gamma rays in Table I for 
elemental Gd are in satisfactory agreement with 
reference 10. However, the values of J, for the element 
as shown in Table I are in less satisfactory agreement. 
The energies of these transitions and their prominence 
in the spectrum (after correction for internal conver- 
sion) suggest that these are collective transitions in- 
volving the 0+, 2+, and 4+ ground-state rotational 
band. Measurements**® of internal conversion coefh- 
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Fic. 23. Gold, 0.50 g cm™. 


*6 B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 1051 
(1953). 

2% FE. L. Church and M. Goldhaber, Phys. Rev. 95, 626(A) 
(1954). 
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cients following thermal neutron capture in Gd have 
shown that these transitions are £2. A separate run was 
made with lower amplifier gain in order to investigate 
the expected 290-kev, 6+ — 4+ transition, of which 
there is some indication in Fig. 12. It was detected but 
is weak. 

651b: The compound nucleus is Tb! since the target 
nucleus is mono-isotopic. No information is available” 
about the excited states of Tb'™. 

esDy: The thermal capture gamma-ray spectrum has 
been reported in reference 11 for high-energy transitions 
and in reference 10 for transitions below 200 kev. The 
conversion electron spectrum is reported in reference 24, 
in which a level is suggested to be at 188 kev in addition 
to the 1.2-min isomer at 108 kev. These levels could 
account for the peaks in Fig. 14 at 82 kev and 195 kev 
and the absence of a peak at 108 kev. The intensities 
listed in Table I of these gamma rays are in fair agree- 
ment with reference 10, and the intensity of the peak at 
410 kev is in less satisfactory agreement with reference 
11. There is some evidence of a peak near 520 kev (in 
addition to the usual annihilation peak at 511 kev) when 
the spectra are compared for Dy and Ho of Figs. 14 and 
15 and for Gd obtained with a lower amplifier gain than 
that of Fig. 12. That is, the Ho and Dy samples were 
of the same thickness in g/cm? while the Gd and Dy 
samples absorbed about the same number of neutrons. 
The peak near 511 kev in Dy is much larger than for 
Gd or Ho. 

e7Ho: The peaks in Fig. 15 are from transitions in 
Ho! since Ho is mono-isotopic. In reference 10, peaks 
are reported at 121 and 142 kev. The energy and inten- 
sity of the latter are in good agreement with the 
results in Table I. In order to investigate the former, a 
rerun was made with higher gain which verified the 
kink on the low-energy side of the 146-kev peak of 
Fig. 15 and showed its energy to be 125 kev. However, 
its intensity was 0.20 times that of the 146-kev peak 
rather than 0.65 as obtained in reference 10. If this 
difference is a real one, it implies the existence of an 
isomer in Ho witk a mean life of the order of milli- 
seconds. No information is available!’ concerning the 
levels of Ho!®* except that there is an isomeric level 
(>30 years) above the 27-hr ground level. 

esEr: The peaks in Fig. 16 are probably from transi- 
tions in Er'® since the spectrum is quite similar to that 
of the even-even nuclei Gd! ¢,Gd'8 and 7.Hf!78 
which are also highly deformed nuclei. There are no 
isotopic thermal neutron cross sections available, how- 
ever. Furthermore, the energies of these peaks corre- 
spond to those seen by Mihelich and Harmatz® follow- 
ing the beta decay of Tm'®*. The gamma-ray intensities 
following resonance neutron capture have been reported, 
as well as the relative intensities following thermal 
neutron capture.” However, for completeness it is 


% J. W. Mihelich and B. Harmatz, Phys. Rev. 106, 1232 (1957) 
and private communication. 
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repeated here that the 80- and 285-kev peaks are 
consistent in energy and intensity with the rotational 
transitions 24+ —0+ and 6+ — 4+. The width and 
energy of the 192-kev peak indicate that it may be 
composed of the 185-kev second rotational transition” 
(4+ — 2+) and the 199-kev delayed (0.12-ysec) tran- 
sition® with about equal intensities of each. 

691m: The peaks in Fig. 17 are from transitions in 
Tm!”, The energy and intensity of the peak at 160 kev 
are in agreement with those of reference 10, but the peak 
at 222 kev was not reported there. No information 
is available” on the level scheme. 

72Hf: These transitions are mostly in Hf!’* as shown 
in reference 12 although the level scheme™ for Hf!® is 
very similar and there may be ~ 10% contributions to 
the peaks by Hf'®. Reference 12 contains absolute 
intensities from resonance capture, relative intensities 
from thermal capture and references to other work. The 
energies and intensities of the peaks in Fig. 18 are 
consistent with their being in the rotational cascade 
6+ —- 4+ - 24+ -04. 

zzla: The transitions are in Ta!®. The energies of 
the peaks are in agreement with those of reference 10 and 
Bartholomew et al.,* except that the 405-kev transition 
was not reported in reference 10. The intensities in 
Table I are not in good agreement with those in 
reference 10, and no intensities are reported in reference 
31. It was presumed that in the geometry of Fig. 1, 
little of the 18-usec isomer of Ta!*! would be excited by 
the gamma rays from the accelerator target, and this 
was confirmed by spectra taken at various times after 
the beam burst and taken with and without the Be in 
front of the accelerator target. The more detailed 
(n,y) studies with crystal spectrometers have led to a 
proposed level scheme* for Ta!®, While those detailed 
results show more than 20 transitions in the range 
below 509 kev, nevertheless there appears to be satis- 
factory agreement with Fig. 19 and Table I when the 
resolution and efficiency are taken into account. 

75Re: Little information is available on the levels 
of Re!** or Re'® except that from Re!**™ there are 105- 
and 63.5-kev gamma rays, both of which decay with a 
22-min half-life. 

77Ir: No pertinent information is available on the 
levels of Ir or Ir™, 

wPt: In 90% of capture events Pt! is produced. 
Although the peak in Fig. 22 at first appears to be 
single, Table I shows that its intensity would require the 
presence of more than one transition in the peak. 
Consequently, it must contain two cascade transitions 
(perhaps with others in parallel), with negligible cross- 
over and with negligible production of one transition 


31 Bartholomew, Campion, Knowles, and Manning, Proceedings 
of the International Conference, on Neutron Interactions with 
Nuclei, Columbia University, September, 1957 [U. S. Atomic 
Energy Commission Report TID-7547 (unpublished) J. 

% J. E. Draper and R. L. Hickok, Phys. Rev. 108, 1280 (1957). 

3 J. W. Mihelich, Phys. Rev. 89, 907(A) (1953). 
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without the other. The spectrum near 700 kev shows 
that the maximum possible intensity of a cross-over 
transition is less than 15% of the intensity of either of 
the cascade transitions. Pt'*® has been shown*-*> to 
have a level sequence of 0(0+-), 354(2+), and 685(2+ ) 
kev, and the ratio of the intensity of the cross-over from 
the 685-kev level to the intensity of the 331-kev 
transition®* is <4 10~*. The evidences for the collective 
vibrational character of the levels have been discussed 
by Scharff-Goldhaber.* If the peak in Fig. 22 is 
attributed entirely to Pt! and if it were composed only 
of 331- and 354-kev transitions, then after taking into 
account the measured*® conversion coefficients the 
transition intensities for each of these two would be 
100+15 gamma rays per 100 neutrons captured. On 
the other hand, there might be a closely spaced triplet 
of levels near 685 kev which produce more than two 
transitions unresolved in Fig. 22. In either case it is 
noteworthy that virtually all cascades would appear to 
proceed through the level (or levels) near 685 kev, a 
situation unlike that for the rotational transitions of 
Gd, Er, and Hf. Of course, there is also the possibility 
that a transition contributes appreciably to the peak of 
Fig. 22 which is unrelated to the levels just discussed. 
The high-energy spectrum” is interesting in appearing 
to favor transitions to the second 2+ level rather than 
to the first 2+ level. However, the estimated ratio of 
these intensities is quite dependent on a detailed 
knowledge of the background in the presence of the 
sample. 

7yAu: The transitions are in Au*, The positions and 
intensities of the peaks in Fig. 23 are in reasonable 
agreement with those of reference 4. In addition there 
is evidence for transitions near 350 kev. A sample of 
0.054 g/cm? also revealed a peak at 95 kev which is less 
clearly revealed in Fig. 23. The detailed results from a 


crystal spectrometer** show more than 30 transitions 
below 450 kev. However, when those results are folded 
with the resolution function for Nal(T1), the agreement 


4 Steffen, Huber, and Hummel, Helv. Phys. Acta 22, 167 
(1949); R. M. Steffen and D. M. Roberts, Phys. Rev. 83, 222(A) 
(1951); R. M. Steffen, Phys. Rev. 89, 665 (1953). 

3M. T. Thieme and E. Bleuler, Phys. Rev. 101, 1031 (1956). 

3° TP. E. Alburger, in Proceedings of the Rehovoth Conference on 
Nuclear Structure (Interscience Publishers, Inc., New York, 1958), 
p. 107. 

37 G. Scharff-Goldhaber, in Proceedings of the University of 
Pittsburgh Conference, June, 1957 (unpublished report). 

38 Hamermesh, Rose, and Smither, Bull. Am. Phys. Soc. Ser. II, 
1, 346 (1956). 
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of shape and intensity with those in Fig. 23 and Table I 
is quite satisfactory. 


SUMMARY AND CONCLUSIONS 


Of the radiating nuclei represented in Table I and 
Figs. 3 through 23, there are 13 odd-odd, 7 even-even, 
and 1 even Z-odd N nuclei. Little is known about the 
levels of these odd-odd nuclei since they are not easily 
excited in radioactivity studies. Nine of them are known 
to have isomeric levels and for three of them a level 
below the isomer has been observed. The neutron 
capture gamma-ray spectra of Rh, Ag, In, and Sb can 
roughly be characterized as having an isolated cluster of 
partially resolved low-energy peaks. The same descrip- 
tion can be approximately applied to the heavier Tm, 
Re, Ir, and Au. However, the intervening I, Eu, Tb, 
and Ho have a single low-energy peak. 

All of the prominent features of the spectra of the 
present even-even nuclei are apparently due to collec- 
tive motions. There are three nuclei with transitions 
which are probably vibrational (Cd, Te, and Pt), when 
one takes into consideration the energies, spins, and 
parities of the first two levels. The nuclei Gd, Er, and 
Hf apparently have well-developed rotational spectra 
with the 6+ 4+ — 2+ — 0-4 triple cascade pre- 
sumably observed for Er and Hf. For Gd the presumed 
4+ — 24+ —0+4 cascade is strong, but the 290-kev 
transition expected for 6+ — 4+ is only just visible. 
The nucleus Sm!® is at the border between the highly 
deformed nuclei with ground-state rotational bands and 
the more nearly spherical nuclei where vibrational 
motion characterizes the lowest levels. Nevertheless, 
the most prominent features of this spectrum apparently 
involve the first two excited levels.t 
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+ Note added in proof.—Recently available data of Groshev, 
Demidov, Lutsenko and Pelekhov (‘Atlas of spectra of gamma 
rays from radiative capture of thermal neutrons,” Publication of 
the Main Office for the Use of Atomic Energy under Ministry of 
the U.S.S.R., Moscow, 1958) corroborate the Pt data of reference 
28 by indicating primary high-energy transitions which go prefer- 
entially (intensity ratio 7:2) to the vicinity of the second 2+ state 
as compared with transitions to the vicinity of the first 2+ 
state of Pt, 
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I'86, produced from the slow neutron fission of uranium, has been studied with scintillation techniques. 
From the single-crystal (NaI) and gamma-gamma coincidence spectra, gamma rays were found at energies 
of 0.20, 0.27, 0.39, 0.46, 0.53, 0.71, 1.00, 1.321+0.006, 1.55, 1.72, 1.91, 2.25, 2.40, 2.63, 2.84, and 3.2 Mev. 
Also, from single-crystal (anthracene) and beta-gamma coincidence measurements, four beta-ray groups 
were observed with energies of 2.73, 4.23, 5.62, and 7.00 Mev, where the latter represents the I'**-Xe!8* mass 
difference and is present in about 6% of the total beta-ray transitions. A partial decay scheme has been 
proposed, with energy levels in Xe!® at 1.32, 2.64, 2.84, 3.03, 3.23, 3.57, 3.74, and 4.20 Mev. The half-life 
of 86 was measured as 82.8+1.5 seconds. In the course of this investigation a source of 3.8-minute Xe!%? 
was prepared, and was found to emit prominent gamma rays of 0.26 and 0.45 Mev. 


I. INTRODUCTION 


SHORT-LIVED iodine isotope with a half-life of 

1.8+0.4 minutes was discovered in uranium 
fission by Strassmann and Hahn.' Seelmann-Eggebert 
and Born? showed that its daughter was not an active 
xenon with a half-life between several hours and about 
one-half minute. Later Stanley and Katcoff* assigned a 
mass number of 136 to this iodine activity and measured 
its half-life as 86 seconds. More recently McKeown and 
Katcoff* studied I'** and reported a decay scheme with 
a pair of 1.4-Mev gamma rays in cascade, a cross-over 
transition of 2.8 Mev, and three associated beta rays 
with energies of 6.4, 5.0, and 3.6 Mev. 

For several reasons a further study of this nuclide 
seemed very interesting. Since it decays to a closed shell 
of 82 neutrons in Xe*®, a characterization of the decay 
properties of I'** would contribute to a better under- 
standing of the energy systematics at this unusually 
rigid configuration of nucleons. It appeared quite 
probable that, with the large I'**-Xe!®® energy sepa- 
ration, the decay scheme was more complex than 
previously reported and that very energetic gamma rays 
in appreciable intensity might be emitted. 


II. SOURCE PREPARATION AND 
HALF-LIFE DETERMINATION 


The I'** sources were chemically separated from 
uranyl nitrate solutions irradiated in the Oak Ridge 
Grapite Reactor. To the irradiated solutions, containing 
from 640 to 850 mg of uranium, carrier bromide and 
iodide were added, followed by selective oxidation of 
iodide with sodium nitrite and subsequent extraction 
of the iodine into carbon tetrachloride. After an aqueous 
wash the iodine was reduced with sodium metabisulfite, 
backextracted into water and then precipitated as 


* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 

1F, Strassmann and O. Hahn, Naturwissenschaften 28, 817 
(1940). 

2 W. Seelmann-Eggebert and H. J. Born, Naturwissenschaften 
31, 59 (1943). 

3C. W. Stanley and S. Katcoff, J. Chem. Phys. 17, 653 (1949). 

4M. McKeown and S. Katcoff, Phys. Rev. 94, 965 (1954). 


silver iodide. The entire operation from the end of 
irradiation until the sample was mounted and ready 
for counting required about four minutes. It was found 
that thirty-second irradiations gave the most favorable 
discrimination against other iodine fission products. 

Although decay of the iodine sources was followed 
during most of the experiments as a check on chemical 
purity, the best value of the I'** half-life was deter- 
mined using an end-window beta proportional counter. 
Counting began 44.5 minutes after irradiation, so any 
interference from 22-second I'*’ was probably negligible. 
The contribution from 52-minute I, 6.7-hour I'*, 
and 21-hour I'* amounted to about 20% at the time 
of the first count. The I’** half-life obtained from three 
careful measurements was 82.8+1.5 seconds, where 
the quoted error represents our attempt to estimate the 
combined standard and systematic errors. 


III. GAMMA-RAY SPECTROMETRY 


All gamma-ray spectra were measured using 3-inch 
X3-inch cylindrical sodium iodide crystals mounted 
on Dumont 6363 photomultiplier tubes in the manner 
described by Bell.® Due to the very energetic beta rays 
involved in the decay of I'**, it was necessary to use 
thick (3.34 g/cm?) polystyrene absorbers between the 
crystal and the sample which was axially centered 9.3 
cm above the crystal surface. For pulse-height analysis 
both 20-channel and 256-channel analyzers were used. 

A typical single-crystal gamma-ray spectrum of ['*6 
is shown in Fig. 1. A spectral analysis of the gamma rays 
was made by using Gaussian shapes for the full-energy 
peaks and by matching the distributions of the Compton 
and pair peaks with standards run under similar ex- 
perimental conditions. For simplicity, full spectral 
shapes of only the two most energetic gamma rays are 
shown. The long-lived iodine background was followed 
for some time after the 83-second I'** had become 
negligible. This contribution corrected for decay is 
represented by the broken line in Fig. 1. Almost all 


5P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. 5. 
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Fic. 1. Analysis of gamma-ray spectrum of I'**, For simplicity 
the complete pulse-height distributions of only the two most 
energetic gamma rays are shown. 


of the background was due to 52-minute I'* with a 
very small contribution from 6.7-hour ['*°, 

At energies greater than 3.2 Mev, there is a poorly 
defined contribution which may either be due to 
summing or to other gamma rays. Since its nature was 
unknown, the general level of this contribution was 
subtracted from the entire spectrum. Such a procedure 
may strongly influence the accuracy of the intensity 
calculated for the 3.2-Mev transition. The 0.49-Mev 
peak, which is somewhat broader than expected at this 
energy, was later shown by coincidence experiments to 
be a composite of two gamma rays at 0.46 and 0.53 
Mev. 

The standards used for energy calibration were Cr®! 
(0.320 Mev), Y*® (0.908 and 1.851 Mev) and ThC” 
(2.62 Mev). To avoid energy error as a result of rate- 
dependent gain shifts by the photomultiplier tube, the 
most prominent I'** peak was measured as 1.321+0.006 
Mev when the Y* standard and the sample were 
counted simultaneously, and this value was used as a 
means of internal adjustment for the calibration curve.t 
The first column of Table I lists the best energy values 
for the gamma rays, and column 2 gives their intensities 


t Note added in proof.—The error quoted for this measurement 
represents only the precision with which the I'* and Y** gamma 
rays were compared. We have redetermined the energy of the low- 
energy gamma ray of Y*® as 0.899+-0.004 Mev by counting simul- 
taneously with a source of Bi®’ (0.5697 and 1.064 Mev) and with 
a source containing Cs"? (0.6616 Mev) and Co® (1.1728 and 
1.3325 Mev). The higher-energy gamma ray of Y** was found to be 
1.832+0.006 using Na™ (1.368 and 2.754 Mev) as a standard. 
These results are in good agreement with unpublished measure- 
ments by R. L. Heath of 0.900 and 1.830 Mev. Using our new 
values for the energies of the Y** gamma rays we obtain 1.307 
+0.006 Mev for the energy of the prominent I'** peak, and the other 
gamma-ray energies of Table I should be adjusted accordingly. 


NDS. wD. 


O’KELLEY 


relative to the 1.32-Mev transitions. We feel that the 
intensities are accurate to 30% in all cases except for 
the 3.2-Mev gamma ray, which is probably within 40% 
of the true value. 

From gamma-ray spectra recorded at various times, 
the heights of most of the peaks were found to decay 
with periods of approximately 80-90 seconds and to 
turn into longer-lived components characteristic of 
other iodine activities. Two notable exceptions were 
observed. The decay curve for the 0.27-Mev peak was 
resolved into a long-lived member, and 3.8-minute and 
84-second components. Also, in a few cases when 
spectra were taken early, e.g., about 3 minutes after 
the irradiation, the 0.39-Mev full-energy peak appeared 
to consist of about 60-minute, 80-second, and 20-second 
species. Possible explanations are that there were 
metastable states involved or that the sample contained 
22-second I'*’, a delayed neutron emitter, and its 
daughter Xe'*’, Natural xenon was irradiated in the 
reactor as a check on the latter hypothesis, and a 
prominent gamma ray at 0.26 Mev and another of 
slightly lower intensity at 0.45 Mev were observed to 
decay with a half-life of about 3.8 minutes. The entire 
0.27-Mev peak in Fig. 1 cannot be attributed to Xe'%’ 
because there was no discernable 3.8-minute contri- 
bution at 0.45 Mev. The 22-second contribution to the 
0.39-Mev gamma ray could be accounted for by a 
gamma transition at about that energy in levels of 
Xe'’7, or possibly by delayed neutron emission from 
I'57 into some of the same Xe" levels populated by the 
16 decay. 

Gamma-gamma coincidence measurements were 
made using a “fast-slow” coincidence circuit with a 
resolving time of 27=0.12 ywsec. The source, placed at 
the center of a collimating anti-Compton shield,’ was 


TABLE I. Summary of I'** gamma-ray data. 





intensity 

relative 
to 1.32-Mev 
gamma rays 


0.13 
0.19 
0.20 


0.04 


0.71 t 0.03 

1.00 +0.04 0.06 

1.321 +0.006 1,00¢ 
+0.04 0.04 
+0.05 0.02 
+0.05 0.05 
+0.07 0.07 
+0.07 0.13 
+0.05 0.11 No 
+0.08 0.08 No 
+0.1 0.05 No 


Gamma ray appeared in coincidence with: 
1.32 Mev* 0.39 Mev» 0.20 Mev» 


Gamma-ray 
energy, Mev 
4 
? ? 
WwW vs 
S (0.51 Mev) 


essssssove 
NN wwe 
Se 


esessese- 


0.12 (2.0 Mev) 








® The values in this column give the ratio (intensity of the coincident y)/ 
(intensity of the 1.32-Mev 7 in window). 

» Since these data are considered primarily of qualitative value, only the 
general coincidence intensity is noted. The intensity symbols are VS =very 
strong, S=strong, W=weak, ?=data insufficient to determine if true 
coincidences are present, and No =no indications for coincidences. 

© This intensity results from a cascade of two 1.32-Mev gamma rays to 
the ground state of Xe!%6, The upper transition has 0.26 unit and the lower 
one 0.74 unit of the intensity (see Discussion). 
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viewed by two 3-inchX3-inch Nal crystals at 180° to 
each other. ; 

The low-energy region of the spectrum coincident 
with 1.32 Mev was run at expanded amplifier gain and 
is shown in Fig. 2(a). Spectral analysis was accom- 
plished in the manner described for the single-crystal 
data, although here the analysis was somewhat com- 
plicated by the poorer counting statistics. However, 
by assuming that the solid line drawn through the 
points is a reasonable representation of the gross shape, 
the analysis gave rather clearly resolved peaks with one 
exception, the region of 0.25-0.30 Mev which showed a 
broad distribution with a counting rate about 40% of 
the gross level. The most noteworthy feature of this 
spectrum is the strong 1.32-1.32-Mev coincidence 
intensity. Figure 2(b) shows the high-energy coin- 
cidence spectrum. The diffuse distribution at about 
2 Mev could be explained by the three gamma rays 
at 1.91, 2.25, and 2.40 Mev. Both of these spectra have 
been corrected for random coincidences and any long- 
lived activity. Intensities of coincident gamma rays 
relative to the 1.32-Mev peak in the single-channel 
window were calculated in a manner similar to that 
described previously.* The calculation was somewhat 
simplified since the 1.32-Mev gamma ray comprised 
about 97% of the total I'** counts through the single- 
channel analyzer, making corrections for the small 
remaining contribution unnecessary. Column 3 of 
Table I lists the number of coincident gamma rays per 
count in the window due to the 1.32-Mev gamma ray. 


© N. R. Johnson and G, D, O’Kelley, Phys. Rev. 108, 85 (1957). 
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Figure 3 shows the gamma-ray spectrum in coin- 
cidence with the single-channel window set at 0.39 
Mev. The broken curve is the contribution of long- 
lived iodine activities present in the sample. There is 
some evidence for coincidences at about 1.6 Mev and 
possibly at even higher energies, but poor statistics 
limited the analysis to gamma rays through 1.32 Mev. 
The Compton background contribution in the window 
from other I'** gamma rays is quite appreciable, and 
as there are some uncertainties in the detailed features 
of the decay scheme, it is not possible to compute 
reliable values for the number of coincidences per 
0.39-Mev gamma ray. The utility of the 0.39-Mev 
gamma-gamma coincidence data is, therefore, mainly 
qualitative. It should be mentioned, however, that the 
0.39- and 0.75-Mev peaks which are seen in Fig. 3 can 
be accounted for by Compton pulses in the window 
using the proposed decay scheme of Fig. 6. A summary 
of the gamma rays coincident with the 0.39-Mev peak 
is listed in column 4 of Table I. With the single- 
channel window covering the 0.27-Mev region, the 
observed coincidence spectrum could be explained by 
Compton pulses from higher-energy gamma rays. In a 
final gamma-gamma_ coincidence experiment the 
window as set on the 0.20-Mev peak, and two prominent 
gamma rays were observed at 0.39 and 1.32 Mev, with 
essentially no coincidence contribution beyond about 
1.4 Mev. Once again complete spectral analysis was 
impractical as a result of unfavorable counting sta- 
tistics. The relative numbers of 1.32- and 0.39-Mev 
gamma rays per 0.39-Mev event in the window were 
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Fic. 3. I'* gamma rays coincident with 0.39-Mev gamma ray. 


about 1 and 0.5, respectively. These coincidence data 
are summarized in Table I, column 5. 

It should be mentioned that in all coincidence 
experiments, both beta-gamma and gamma-gamma, 
the spectrum discussed was the result of summing the 
data for several consecutive bombardments in which 
the contributions from both long-lived coincidence 
backgrounds and random rates have been removed. 


IV. BETA-RAY SPECTROMETRY 


Beta-ray spectra also were determined by the scintil- 
lation method in which a cylindrical anthracene crystal 
1} inch in diameter and 1 inch long was attached to a 
Dumont 6292 photomultiplier tube surrounded by 
specular reflector. A cylindrical beta spectrometer 
crystal was adequate for this investigation, because 
the fraction of electrons scattered from the surface is 
small for these high energies. 

The chemical procedure used for the rapid separation 
of iodine radioactivity from fission products led to 
rather thick sources for beta-ray spectrometry. Sources 
of about 2 mg/cm? of silver iodide precipitate were 
both supported and covered by layers of polyester 
film? with 6.5 mg/cm? surface density. In addition, the 
sources were sometimes supported on about 9 mg/cm? 
filter paper. 

Energy calibration of a beta scintillation spectrometer 
to several Mev is very difficult, since there are no con- 


venient monoenergetic internal conversion lines above 


7 Polyester Tape Number 850, available from Minnesota 
Mining and Manufacturing Company, 800 Bush Avenue, St, 
Paul, Minnesota. 
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about 1 Mev. The energy scale for the I'** beta-ray 
measurements was established in the following way: 
a series of internal conversion electron sources, usually 
Hg?® (0.193, 0.264 Mev), Ba!*’™(0.624 Mev), and Bi? 
(0.482, 0.976 Mev), were employed to calibrate the 
multichannel analyzer using an amplifier gain such 
that one Mev was almost full scale on the analyzer. 
An equation expressing the linear relationship between 
beta energy in Mev and analyzer pulse height units 
was derived from these measurements. Using a pre- 
cision pulse generator, the gain of the amplifier was 
reduced by a measured factor (usually 10), whence it 
was only necessary to increase the slope of the Mev- 
pulse height equation by the appropriate amount to 
obtain the new calibration. This technique has been 
checked by measuring the 4.71-Mev beta-ray group 
of Br* and the Compton distribution from the gamma 
rays of N'® at 6.13 Mev and Br™ at 3.93 Mev. All 
measurements agreed with these reported values to 
about 1%. 

Fermi analysis of the beta spectrum shown in Fig. 4 
yielded components of 7.00+0.10, 5.62+0.15, and 
4.30+0.15 Mev. The analysis was not extended to 
lower energies because of spectral distortions caused 
by the thick sources and uncertainties in correcting for 
the large gamma-ray background. As the entire spec- 
trum was not analyzed, only the relative intensities of 
the resolved groups could be obtained, as follows: 
1(7.0-Mev8) : J (5.62-Mev) : I (4.3-Mevé) =0.1: 1.0: 3.6. 

Beta-gamma coincidence spectrometry serves not 
only to elucidate the positions of gamma rays in a decay 
scheme, but also to determine the “inner” beta groups 
more accurately than is possible by analysis of the 
single-crystal spectrum. If an intense and energetic 
gamma-ray distribution is also present, the beta-gamma 
coincidence technique generally yields an interpretable 
spectrum undistorted by summing effects. 

The same electronic system as mentioned above for 
gamma-gamma measurements was used for the beta- 





© GROSS SPECTRUM 

e CORRECTED FOR 
7.00- Mev COMPONENT 

x CORRECTED FOR 5.62- 
AND 7.00- Mev 
COMPONENTS 


5.62 t 0.145 Mev 


7.00 t 0.10 Mev J 





al i 4. 4 i 
600 700 
PULSE HEIGHT 





400 


Fic. 4. Fermi analysis of the high-energy region 
of the I'** beta-ray spectrum. 
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gamma experiments, except that the 1}-inchX1-inch 
anthracene crystal spectrometer was connected to one 
channel and a 3-inchX3-inch Nal spectrometer to the 
other. The ‘‘fast-slow” coincidence circuit could be 
arranged to display on a multichannel analyzer the 
pulse-height distribution of either channel gated by the 
other. 

Placement of the 7.00- and 5.62-Mev beta-ray groups 
was first investigated by recording gamma-ray spectra 
coincident with them. With the single-channel analyzer 
set to accept electrons greater than 5.8 Mev, no co- 
incident gamma rays were observed above the random 
background. This demonstrates that the 7.00-Mev beta 
transition decays to the ground state of Xe®, When 
the single-channel analyzer was set to record beta rays 
above 4.5 Mev, a few coincident gamma rays were seen 
at 1.32 Mev, suggesting that the 5.62-Mev beta com- 
ponent decays to the first excited state of Xe!** at 1.32 
Mev. 

Beta-ray spectra in coincidence with the prominent 
gamma rays were measured also. The beta-ray spectrum 
obtained in coincidence with the intense 1.32-Mev 
gamma rays was analyzed into components of 
5.60+0.15, 4.23+0.20, and 2.73+0.20 Mev, as shown 
in Fig. 5. Agreement between the single-crystal beta 
energies and those of the first two coincident beta 
components is quite good. An attempt was made to 
observe the beta rays coincident with the 0.39-Mev 
gamma ray. Although a component of 3.5-4.0 Mev 
appeared in coincidence, its analysis was made difficult 
by the beta coincidences with the many Compton 
electrons in the window from the 1.32-Mev gamma rays. 


V. DISCUSSION 


A decay scheme incorporating most of the above 
experimental observations is shown in Fig. 6. Since no 
gamma rays were in coincidence with beta rays greater 
than 5.8 Mev, the 7.00-Mev beta transition is assumed 
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Fic. 5. Fermi analysis of I'* beta-ray spectrum 
coincident with 1.32-Mev gamma rays. 
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Fic. 6. Decay scheme proposed for I'**. Energy values are in 
Mev. The percentage branching for the beta rays was determined 
from gamma-ray intensities. Only intensities of the observed beta 
rays are shown. 


to proceed to the ground state of Xe'** and to represent 
the I'**-Xe'® mass difference. The appearance of a 
5.62-Mev beta group in coincidence with a 1.32-Mev 
gamma ray, as well as the observation of a 1.32-Mev 
gamma peak in coincidence with beta particles 
greater than 4.5 Mev, establishes the first excited level 
at 1.32 Mev. Placement of the second excited level at 
2.64 Mev is based both on the 1.32-1.32 Mev gamma- 
gamma and the 1.32-4.23 Mev gamma-beta coin- 
cidences. The experiment showing a 2.73-Mev beta ray 
in coincidence with 1.32-Mev gamma rays implies a 
level at about 4.2-4.3 Mev. Absence of coincidences 
between 1.32-Mev and the gamma rays at 2.84- 
and 3.2-Mev suggests levels at these energies. The 
0.27-Mev gamma ray was not included because it did 
not appear prominently in the coincidence experiments, 
and hence may have arisen from a metastable state or 
from Xe’. The remaining gamma transitions have 
been arranged in the level scheme which may contain 
ambiguities because of the qualitative nature of some 
of the data. 

Relative beta intensities from the Fermi analysis of 
the single-crystal data, together with relative gamma 
intensities and the decay scheme, may be used to com- 
pute the relative intensities of the two 1.32-Mev gamma 
rays. Using 1.00 unit for the total 1.32-Mev intensity 
(see Table I), 0.30 unit may be assigned to the upper 
cascade gamma ray by this method. The 1.32-1.32 Mev 
gamma-gamma coincidence data indicate that the 
intensity of the upper transition is 0.22 units. Since 
both intensities are thought to be accurate to 20%, they 
are in agreement, and their mean value, v72. 0.26, was 
used in the calculation of absolute beta intensities 
shown below. A measurement of the number of 1.32- 
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Mev gamma rays per disintegration was made using a 
gamma scintillation spectrometer simultaneously with 
a 4m beta proportional counter. After correcting for 
long-lived activities which were also detected in the 
4m counter, the number of 1.32-Mev gamma rays per 
disintegration was determined as 0.95+0.10. It then 
was possible to compute absolute beta intensities using 
only the decay scheme and the gamma-ray intensities. 
This procedure is expected to give more precise results 
than those computed from the Fermi analysis of the 
beta spectrum, as the latter is subject to errors from the 
thick sources and instrumental effects such as summing. 
Beta intensities and the corresponding comparative 
half-lives for the three most energetic beta groups were 
7.00 Mev (6%), logft=8.1; 5.62 Mev (16%), log/t 
=7.2; 4.2 Mev (23%), log ft=6.5. The intensity of the 
7.00-Mev beta group is very sensitive to the precision 
of the gamma-ray intensity determinations, and we 
feel that the quoted beta intensity is probably an upper 
limit. 

It is interesting to attempt an identification of the 
ground state spin of I'** which contains 53 protons and 
83 neutrons. A reasonable assumption is that there will 
be little interaction between the odd neutron and the 
rigid 82 neutron core and, therefore, that it probably 
has fz: character. Its even-odd isotonic neighbors 
whose spins have been measured (Ba'®, Ce! , and 
Nd") follow such an assignment. The spin contribution 
from the three protons beyond the closed shell is not 
so simply defined because three of the lighter isotopes 
(I, 15, and I'*’) have measured spins of 3+, whereas 
the measured value of I'*® and I'*! is 3+. However, one 
can hope to gain some information from a review of the 
ideas pertinent to these assignments. De-Shalit and 
Goldhaber® have pointed out that, as neutrons of the 
iodine isotopes fill the 41/2 orbitals, the additional 
neutron pairs produce a stabilizing effect on the g7/2 
proton state (this effect is most pronounced when 
l,=l,). Although recent measurements of the quad- 
rupole and magnetic moments of I'*° indicate a pre- 
dominantly d; configuration for its ground state,’ the 
stabilizing effect of an additional /,,/2 neutron pair can 
be seen in I'*”, Here the large deviation of the [!?’ 
magnetic moment from the Schmidt value for a d; 
proton indicates some contribution from a proton 
configuration of (gz/2),°. By the time the 76th and 78th 
neutrons have filled in I’ and I'*, respectively, the 
£7/2 proton state almost certainly predominates. Ac- 
cordingly, it would not seem unreasonable to extra- 
polate to the case of I'* and assume that the proton 
contribution is mainly g7/2 in character. Then when 
it is coupled with an fz: neutron a O— ground state 
should result for I'**. However, this assignment seems 
improbable since it would indicate that the beta 
transition to the 2+ first excited level in Xe'*® would 


8 A. De-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 
®P. C. Fletcher and E. Amble, Phys. Rev. 110, 536 (1958). 
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be more forbidden than that to the 0+ ground state, 
contrary to the experimental observation. If, on the 
other hand, an fj/2 neutron couples with given con- 
figurations of (g7/2)* protons, states of 1— or 2— could 
result. The log ft of 8.1 for the beta group to the 0+ 
ground state of Xe® is consistent with a 2— 
assignment. 

Since Xe"¢ is an even-even nuclide, spin assignments 
of 0+ and 2+ can be made for the ground and first 
excited states respectively. Comparative half-lives for 
the beta transitions to the 1.32- and 2.64-Mev levels 
are compatible with spin 2 and even parity for each 
state. 

The behavior of low-lying levels in even-even nuclei 
has been interpreted in terms of two types of collective 
motion, a “free vibration” model by Scharff-Goldhaber 
and Weneser™ and a “shape unstable” model by Wilets 
and Jean." The latter authors used the equations of 
Bohr and Mottelson” to calculate a value of 0.78 for 
E,/hw for Xe'**, where E; is the energy of the first 
excited state (they used H,=1.4 Mev) and w is the 
characteristic phonon frequency of a statistically un- 
deformed nucleus. When corrected to our observation 
of E,;=1.32 Mev the ratio E£,/hw becomes 0.74. This 
large value considered with the ratio E,/E£,=2, proba- 
bly indicates very nearly pure harmonic quadrupole 
vibration of the core, with a very small coupling con- 
tribution from the four protons beyond the closed shell. 
As has been stressed by Scharff-Goldhaber and 
Weneser,” for such cases the cascade process between 
the second and first excited levels proceeds by E2 
radiation with only a very small M1 admixture. 

In Fig. 7 we have shown a comparison of the I-Xe 
mass differences in the manner used by Way and 
Wood." Here the mass difference of the isobaric pairs 
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Fic. 7. I-Xe mass differences as a function of the 
iodine neutron number. 
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has been plotted as a function of the neutron number 
of the iodine member. For masses 126-132 the Qs_ 
values listed in the table of Strominger, Hollander, and 
Seaborg" have been used. The value for mass 134 is 
taken from Cameron’s table of mass excesses and decay 
energies,'® and that for 136 is from the present work. 


4 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 
30, 585-904 (1958). 

146A. G. W. Cameron, Atomic Energy of Canada Limited, 
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These data emphasize the discontinuity in decay energy 
associated with the closing of the 82-neutron shell. 
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Cloud-Chamber Measurement of the Half-Life of the Neutron* 


N. D’ ANGELO 
Argonne National Laboratory, Lemont, Illinois 


(Received November 3, 1958) 


The half-life of the free neutron has been measured by a cloud-chamber method. It turned out to be 
12.7 min with an error of ~15%, ~10% being due to the poor statistics. This determination has about the 
same accuracy as the best previous measurement and confirms it by an independent method. 


I. INTRODUCTION 


HE beta decay of the neutron, which was first 
predicted by Chadwick and Goldhaber,! was 
observed by Snell and Miller? in a neutron beam from 
the Oak Ridge pile. Snell, Pleasanton, and McCord* 
detected coincidences between electrons and low-energy 
positive particles of approximately the mass of the 
-proton. By a spectrometer method, Robson*-* showed 
the positive particles to be protons and was able to 
get the energy distribution of the electrons. He found 
the half-life for neutron decay to be 12.8 minutes, with 
an error of +2.5 minutes. The problem was also taken 
up by Spivak et al.’ Their first measurements gave the 
half-life in the range 8-15 minutes. The accuracy was 
then increased and a half-life of 12+1.5 minutes was 
obtained. In all the above measurements, the products 
of the decay were detected by means of counters. 
Protons were accelerated by electrostatic fields and the 
errors were due mainly to the uncertainty in the value 
of the collection factor. 
It seemed then of some interest to repeat the meas- 
urement of the neutron half-life by using a completely 
different method and trying to eliminate the uncer- 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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7 Spivak, Sosnovsky, Prokofiev, and Sokolov, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
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tainty introduced by the collection factor. The idea of 
the experiment described in this paper is the following. 
(See Fig. 1.) A neutron beam from the Argonne CP-5 
reactor is freed from gamma rays and is sent through 
the sensitive region of a diffusion chamber where the 
events occurring are photographed at a rate of, say, 
two frames per second. The number of recorded elec- 
trons which can be attributed to neutron decays should 
give the half-life when the neutron density in the 
chamber is known from activation measurements. 

No problems should arise in finding the collection 
factor of the decay products. On the other hand, 
background problems more serious than those faced 
by other authors have to be overcome. All the possible 
sources of background electrons have to be reduced to 
an acceptable level. They are expected to come mainly 
from (1) gamma rays from the room background, (2) 
gamma rays in the neutron beam, and (3) gamma rays 
produced by neutron captures in the walls of the cloud 
chamber or in the surrounding materials. 

A heavy lead housing shields the cloud chamber and 
a neutron mirror reduces the gamma rays in the beam 
to a tolerable level. Materials with low absorption 
cross section for thermal neutrons are used in the con- 
struction of the cloud chamber. Very thin Mylar 
windows at the entrance and exit of the neutron beam 
from the chamber also reduce the electron background 
caused by (3). 

In the following sections we shall describe (a) the 
diffusion chamber, (b) the method of obtaining a 
suitable beam, (c) the shielding of the chamber, (d) the 
operation of the chamber, (e) the experimental results, 
and (f) the conclusions. 
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Fic. 1. General arrangement (not to scale). 


II. THE DIFFUSION CHAMBER 


The chamber works by downward diffusion of methyl 
alcohol vapor in a mixture of oxygen (~} atmos) and 
helium (~} atmos), from a warm region (at about 
35°C) to a horizontal cold surface (at about —60°C) 
which is cooled by a flow of acetone circulating through 
a heat exchanger in a mixture of acetone and dry ice. 
Near the cold surface a continuously sensitive layer 
~2 inches deep is obtained. Tracks are photographed 
through the top window of the chamber. 

The diffusion chamber is built of 61-S aluminum 
alloy and consists of three main parts (Fig. 2): (1) the 
bottom with its cooling coils, (2) the cylindrical body 
with the windows for the illumination and for the 
neutron beam, and (3) the conical region, with the 
methyl alcohol source and coils for circulation of warm 
water. 

The bottom is made of two circular plates, in one of 
which is milled a system of circular grooves. The two 
plates are welded together at the periphery to obtain a 
system of spiral channels in parallel to be used to cir- 
culate the refrigerating acetone. Two chanels in 
parallel, instead of one, are used to get a more uniform 
temperature distribution on the bottom of the chamber 
in order to avoid any effects (such as turbulent motions, 
radial gas currents, etc.) which could arise if the tem- 
perature distribution were too nonuniform. 

The cylindrical body of the chamber is of aluminum 
2 in. thick. The neutron beam enters and leaves the 
chamber through Mylar windows about 2 mils thick. 
The length of the two arms with the Mylar windows is 
approximately 3 inches. The chamber has three windows 
for illumination, the large one for continuous illumina- 
tion for visual observation and the other two for the 
flashes used in the photography. 

The cylindrical body is insulated from the conical 
section by a micarta ring. The screws fastening the 
sections together are provided with insulating micarta 
rings to provide electrical insulation between the top 
and the bottom of the chamber so that an electric 
sweeping field may be applied. Black velvet covered 
with a very thin glass plate on the bottom of the 
chamber provides the background for the photography. 


The sensitive region is insulated from the outside 
walls by a polystyrene cylinder } inch thick, about 4 
inches high, and slightly smaller in diameter than the 
cylindrical body. In addition, a tape heater wrapped 
around the top of this cylinder (just below the level of 
the micarta ring) provides the right temperature dis- 
tribution along the boundary of the sensitive region. 
This inner cylinder has two openings for passage of the 
neutron beam. To prevent turbulent motions of the 
gas and the vapor, these openings are closed with 
Mylar sheets ~} mil thick. 

The events occurring in the chamber are photo- 
graphed with a Varitron Beattie Camera, Model DR-2. 
The light for a photograph is provided by charging a 
200-uf bank of condensers to 1500 volts and discharging 
them through two linear G.E. Model FT-126 flash 
tubes. Fairly well collimated beams of light are obtained 
by using cylindrical Lucite lenses. The film used is 
Kodak Tri-X. The camera lens is a Baltar, 50 mm, 


f/2.3, of the Bausch & Lomb Optical Company. 


Stereoscopic pictures of the events occurring in the 
chamber are taken at a rate of two frames per sec. A 
beam splitter and a single camera are used to get two 
pictures (on the same frame) of the particular event to 
be recorded. Then an ordinary projector projects the 
pictures on a screen where the distance is measured 
between the two points corresponding to the same 
point of the recorded track. From this distance one can 
deduce the height of this point relative to the bottom 
of the chamber. For further details about the chamber 
and the photographic system, see the report by Caglioti 
and D’Angelo.*? Remarks on the operation of the 
chamber will be given in Sec. V. 


Ill. THE NEUTRON BEAM 


The requirements the neutron beam has to satisfy 
are that it must have (a) high neutron density, (6) very 
low gamma background, and (c) good collimation and 
small vertical spread. Since there is no need for the 
neutrons to be monoenergetic, a neutron mirror seemed 


8G. Caglioti and N. D’Angelo, Argonne National Laboratory, 
Report ANL-5745, June, 1957 (unpublished). 
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Fic. 2. The diffusion chamber. 


to be the best means of achieving requirements (a), 
(b), and (c). 

The neutron beam incident on the mirror is col- 
limated by a brass collimator ~50 inches long, with a 
rectangular slit 4 inches wide by 3} inch high. Before 
the neutron mirror was put in place, the neutron beam 
emerging from this collimator was mapped with a 
neutron counter whose sensitive area was a circle #5 
inch in diameter. The neutron counter was 75 inches 
from the pile face. A graphite plug 12 inches long was 
inserted in the beam hole all the way down into the 
graphite reflector of the pile and was left there through- 
out all the subsequent measurements. The result of a 
vertical scanning of the beam is shown in Fig. 3, in 
which the counting rate is plotted against the number 
of turns of the screw which determines the vertical 
position of the counter. Ten turns of the screw cor- 
respond to a 1-inch vertical displacement of the counter. 
The neutron flux 75 inches from the pile face and in 
the center of the beam turned out to be about 8X 10° 
neutrons cm~ sec~!. After these preliminary measure- 
ments, the mirror was put in place. 

The mirror was made of nickel since this element has 
one of the highest values of Na, where N is the number 
of nuclei per unit volume and a is the scattering length. 
Hence, other things being equal, a nickel mirror would 
give a good separation between the reflected beam and 
the undeviated beam. The mirror consists of five plates, 
each 1 footX5 inchesX} inch, laid in a row along the 
direction of the beam. The top surface of each plate 
was optically worked to flatness within a few fringes 
over a width of 2 to 3 inches. These plates were sup- 
ported by a horizontal steel plate which can be displaced 


vertically by means of three adjusting screws having 
20 threads per inch. Two of these three adjusting screws 
were on the end placed only a few inches from the pile 
face. 

To obtain the maximum flux of reflected neutrons, 
the mirror was first kept horizontal while its height was 
increased until the mirror started to intercept the 
beam. The positions of the two screws near the pile face 
then were fixed, and the beam was scanned again for 
various positions of the third screw. Figure 4 shows the 
result of one of the scannings with the counter 132 inches 
from the pile face. At this position, the neutron flux in 
the direct beam had turned out to be about 610° 
neutrons cm? sec~!. In the reflected beam, when the 
mirror was set up as in Fig. 4, it turned out to be about 
$ of that in the direct beam. The gamma background 
in the direct beam at 132 inches from the pile face was 
~10 r/hr. At the same distance in the reflected beam 
it turned out to be of the order of 10 mr/hr. 

In an attempt to lower the gamma background and 


Fic. 3. Vertical distribution of 
neutrons in the direct beam at 
~75 in. from the pile face. 
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Fic. 4. Reflected beam at ~132 in. from the pile face. 


thereby increase the signal-to-noise ratio for the elec- 
trons produced in the cloud chamber, the collimator 
opening was narrowed from } inch to 7g inch. However, 
the reduction of neutron flux was at least as great as 
the reduction of background so the net effect was 
slightly detrimental. Hence the width was kept at 
} inch. 

A better procedure was found to be the following. A 
lead plate 5 inches wide, 6 inches long, and } inch thick 
was set immediately after the last nickel plate on the 
steel plate supporting the mirror, and protruding 
slightly above the plane of the mirror. The position of 
the lead plate could be adjusted by means of four 
regulating screws so as to get rid of the last gamma rays 
still present at the very end of the tail of the direct 
beam without greatly decreasing the intensity of the 
reflected beam (Fig. 5). A steel plate, 5 ft 6 in.X 3 in., 
was put about # in. above the nickel mirror and parallel 
to it to reduce the general gamma background. Mirror 
and steel plate were then completely surrounded with 
Cd sheets to cut off the neutrons scattered (not 
reflected) by the mirror. Cd was particularly necessary 
at the end of the mirror facing the cloud chamber. 
Only a very narrow (~ 3 in.) slit was left open to allow 
the reflected beam to go through. A Bi absorber 2 inches 
thick was placed between the pile face and the mirror. 

The chamber was set up so as to have the neutron 
beam crossing the sensitive region approximately 1 inch 
above the bottom. The lead shielding of the chamber 
was then added, as will be described in Sec. IV. The 
beam is further collimated by passing through a 
; in.X@ in. rectangular hole through ~1 inch of LiF 
powder packed in a hard paper container. Immediately 
thereafter it is admitted through a rectangular hole, 

} in.X% in., in the lead housing. After traversing the 
cloud chamber, the beam leaves by way of a 4 in. X 4 in. 
hole in the rear end of the lead housing and is stopped 
in a beam catcher. 


IV. THE SHIELDING OF THE CHAMBER 


The chamber rests on a layer of lead bricks 2 inches 
thick, which in turn rests on an ordinary concrete base 
32 inches high. The rest of the shielding all around the 
chamber is built of lead bricks. The wall is 12 inches 
thick on the front side (toward the reactor) and 8 inches 
thick on the other threesides. From above, the chamber is 
shielded by a steel plate 1 inch thick which supports 


two layers of lead bricks for a total thickness of 4 inches 
of lead. Only in a small area just above the camera is 
the shielding reduced to 4 inch of steel and 2 inches of 
lead. The outside dimensions of the lead housing are 
28X 52X48 in. In building up the shielding, care was 
taken to avoid any direct path from the room to the 
inside of the lead housing. Plastic bags filled with LiF 
powder have been put wherever possible, inside the Pb 
housing, around the chamber to decrease the number 
of radiative captures in the lead shielding. A lead wall 
4 inches thick was also added between the main Pb 
housing and the mirror. It had surface dimensions of 
32 in.X32 in. and a hole for the beam of size 53 in. X1 in. 
It was covered with Cd on the side facing the reactor. 

With the reactor operating at 2 Mw, the gamma 
background outside the lead housing has been measured 
in different situations. With the beam gate closed, the 
gamma background is ~7 mr/hr between the pile face 
and the Pb wall. It is ~0.3 mr/hr between the Pb wall 
and the lead housing, and ranges between 0.3 and 1 
mr/hr on the three other sides of the housing. When the 
neutron beam is on, the background goes to ~ 18 mr/hr 
between the pile face and the Pb wall and does not 
change by more than a factor of ~1.5 anywhere else. 
With the reactor operating at 2 Mw, the gamma back- 
ground in the chamber at various points off the beam 
was found to be in the range from ~0.03 mr/hr to 
~0.08 mr/hr when the beam was on. These figures are 
intended to give only an order of magnitude. The general 
background inside the chamber was not bigger with 
the neutron beam on than it was when the neutron 
beam was cut off with a sheet of Cd at the pile face. 
In the beam, right at the center of the chamber, the 
background was ~0.4 mr/hr, both with the neutron 
beam on and with the beam cut off by Cd at the pile 
face. 

V. REMARKS ON THE OPERATION 
OF THE CHAMBER 


The operation of the chamber working in a normal 
room background was discussed elsewhere.*? A few 
remarks have to be added concerning the operation of 
the chamber in the higher background at the reactor 
and, in particular, when the neutron beam crosses the 
sensitive region. Inside the lead housing, as already 
mentioned, the general background with the neutron 
beam on is in the range between 0.03 and 0.08 mr/hr, 


Fic. 5. Reflected 
beam at ~132 in. 
from the pile face. 
The mirror is tilted 
slightly less than in 
Fig. 4. The dotted 
line shows the effect 
of the lead plate used 
to cut off the gamma 
rays remaining at 
the very tail of the 
direct beam. 
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i.e., it is several times the normal cosmic-ray back- 
ground at sea level. To have the chamber working 
properly under such conditions, it was found not only 
desirable but necessary to have an electric sweeping 
field on at all times, with a voltage drop > 20-30 volts 
between the top and the bottom of the chamber, the 
top being negative. The same voltage drop, with the 
top of the chamber positive, did not provide satisfactory 
operation. A possible explanation of this fact was given 
elsewhere.”” The voltage drop which was actually chosen 
was around 120-150 volts (top negative). 

When the neutron mean is stopped at the pile face 
with a Cd sheet and only gamma rays are allowed to 
cross the chamber, one might notice a small increase 
in the background of the electrons originating in the 
sensitive region compared to what one can see when 
the beam gate is closed. A few electron tracks starting 
from the first Mylar window of the polystyrene cylinder 
cross the sensitive region also. When the neutron beam 
is on, one does not notice any increase of the electron 
background but a few short and heavy tracks appear. 
With the chamber working with a mixture of CO: 
(~5 psi) and helium (~25 psi), the number of heavy 
tracks observed in the sensitive region was fairly high 
(5-10 at any time). The vapor depletion produced by 
such heavy tracks could interfere very seriously with 
the observation of electron tracks in the region 
traversed by the beam. Hence their number had 
to be reduced. When the chamber was operated with 
oxygen alone at slightly above atmospheric pressure, 
the neutron beam produced no heavy tracks and the 
performance of the chamber was fairly satisfactory. 
This seemed to indicate that the heavy tracks observed 
when using the mixture of CO, and helium probably 
resulted from (n,p) reactions with He*. Oxygen at ~1 
atmosphere did not provide a sensitive layer as deep 
as with the mixture of helium and COz.!! Moreover, 
to prevent any nitrogen from entering the chamber, it 
was desirable to work at pressures slightly above 


Fic. 6. Tracks observed with the chamber working with methyl 
alcohol diffusing in the mixture of oxygen and helium. The neutron 
beam is cut off with Cd at the pile face. 

1 N. D’Angelo, Rev. Sci. Instr. 29, 433 (1958). 

"' Argan, D’Angelo, and Gigli, Nuovo cimento 10, 1337 (1956). 
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Fic. 7. Tracks observed with the chamber working with methyl 
alcohol diffusing in the mixture of oxygen and helium. The neutron 
beam is on. Note the short, heavy proton tracks. 


atmospheric. A mixture of oxygen (~} atmos) and 
helium (~} atmos) was then chosen. The number of 
proton tracks still remaining was then too small to 
interfere with the observation of the electron tracks 
but still big enough to be used to locate the beam in the 
pictures, as will be seen in Sec. VI. Before filling with 
the above mixture, the chamber was usually flushed 
many times with oxygen to reduce possible traces of 
nitrogen. 

Figures 6 and 7 are two pictures taken with the 
chamber working by diffusion of methyl alcohol in 
oxygen and helium, with a voltage drop of ~ 150 volts 
between top and bottom of the chamber (top negative). 
The first picture was taken with the neutron beam stopped 
by a Cd sheet at the pile face. The second picture is 
intended to give an idea of the behavior of the chamber 
when the neutron beam is on. 


VI. EXPERIMENTAL RESULTS 


With the reactor operating at 2 Mw and the neutron 
beam on, pictures were taken of the events occurring 
in the chamber. These pictures were then projected on 
a screen where, for convenience in measuring, the 
tracks appeared slightly larger than their natural size. 
To locate the beam in the chamber, the proton tracks 
from the (n,p) reactions were used. In Fig. 8 are plotted 
the distributions of the end points of the proton tracks 
for the left and for the right side of the stereopictures. 
The dotted lines show the positions of the centers of 
the distributions. In Fig. 9 is a plot of the distribution 
of the distances between corresponding end points of 
the proton tracks in the two sides of the stereopictures, 
greater separations corresponding to end points nearer 
the bottom of the chamber. It should be noted that the 
nuclear reaction [He*(,p)H? or, less often N'“(n,p)C" ] 
responsible for a given track occurs at the “break’’ 
between the proton track and that of the residual 
nucleus—not at either end of the track.” Since the 
pressure in the chamber is not low enough to allow one 


27), J. Hughes and C. Eggler, Phys. Rev. 73, 809 (1948). 
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Fic. 8. Horizontal 
distribution of proton 
tracks on the projection 
plane. 
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Fic. 9. Distribution of proton 
tracks as a function of the 
separation S in the projection 
plane. This separation measures 
the height of the track above 
the bottom of the chamber. 
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to locate this “break,” the point at which the reaction 
occurs is uncertain. However, this circumstance does 
not affect the results of the measurements described 
below. 

On the basis of the preliminary measurements on 
proton tracks, the following procedure was used for the 
selection of the electron tracks. Two rectangular strips 
each 2 cm wide and 22 cm long, were drawn on the 
projector plane, centered around the centers of the 
proton distributions. An electron track was accepted 
only if it had an end point in each strip. If this condition 
was met, then the separation was measured between 
the left and the right end points in the projector plane. 
If an electron track had two end points in both strips, 
both end points were considered. The distribution of 
the separations S of corresponding end points of electron 
tracks in the two sides of the pictures is shown in Fig. 
10. A peak is evident around S=17.85 cm, i.e., in the 
same position as for the proton tracks. 

The same kind of measurement was made on the 
frames with the neutron beam stopped either with a 
Cd sheet at the pile face or with a plastic bag filled with 
loose LiF powder (3 or 4 cm thick) placed just before 
the first Mylar window of the cloud chamber. In both 
cases the peak around S~17.85 cm disappeared. The 


Fic. 10 Electron 
distribution with the 
neutron beam on. 
The separation S 
measures the height 
above the bottom of 
the chamber. 


a 
° 


No OF ELECTRONS 
n > 
° °o 





—— ows 4 -__—__1__— 
18.10 16.60 19.10 


S$ (cM) 


—EEE a 
17.10 17.60 


combined results of the two methods of stopping the 
beam is plotted in Fig. 11. As an additional check, the 
same kind of vertical scanning of the electron tracks 
was repeated when the rectangular strips (2 cm wide 
and 16 cm long in the projection plane) were displaced 
about 2 cm off the neutron beam. In this case also, no 
peak is evident around S~17.85 cm (Fig. 12). In each 
of the three series of scannings, the two strips in the 
projector plane were divided in two equal parts by a 
line normal to the beam and a count was made of the 
number of accepted end points of electron tracks in 
each half. The end points turned out to be divided 
equally between the two regions, within the statistical 
fluctuations, as it should be if the chamber was working 
properly and no troubles such as nonuniform illumination 
of the sensitive region were present. 

The above results seem to be a fairly strong proof 
that the observed peak around S~17.85 cm in Fig. 10 
is associated with the decay of neutrons. Actually two 
other mechanisms of production of that peak could be 
considered : (a) short-lived beta activation of the filling 
mixture in the region traversed by the beam, or (0) 
mao 


Fic. 11. Electron 
distribution like that 
in Fig. 10 except that 
the neutron beam is 
cut off. 
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Fic. 12. Electron 
distribution like that 
in Fig. 10 except it is 
taken to one side of 
the neutron beam. 
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internal conversions following neutron captures in the 
filling mixture along the beam. As for (a), no such short 
half-lives associated with capture cross sections big 
enough to produce the observed effects are known for 
the elements presumed to be present in the chamber. 
As for (6), the order of magnitude of the effect in the 
gases used to fill the chamber is too small to give any 
appreciable contribution to the peak around $= 17.85 
cm. When this is combined with the facts that neutron 
decay has indeed been observed in vacuum and that 
the half-life determined in that way coincides with the 
present determination, it is apparent that (a) and (6) 
are ruled out. 

The neutron density in the chamber was measured by 
activation of gold foils. The horizontal distribution of 
the neutron density along an axis perpendicular to the 
beam is plotted in Fig. 13. The central region between 
the two vertical lines corresponds to the two rectangular 
strips in the projector plane used in the scanning of the 
electron tracks. The activation of the thin (~1 mil) 
gold foils exposed in the beam was compared with the 
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activation of a similar gold foil exposed in a standard 
pile. Corrections were made for the presence of ‘“‘epi- 
cadmium” neutrons and the depression which the foil 
produced in the neutron density in the standard pile.’ 
A large fraction of the correction for “epicadmium” 
neutrons seemed to be due to the large resonance in 
gold at 4.9 ev. This was proved by irradiating, in the 
same slot of the standard pile, a sandwich of five gold 
foils of equal size (1 cmX1 cm and ~1 mil thick). Their 
activities, reduced to equal weights of the foils, are 
plotted in Fig. 14. The difference in the counting rates 
for the central foil (No. 3) and the upper foil (No. 1) 
of the set is of the order of 7%. It can be easily shown 
that the mean life 7 for the neutron decay is given by 


l éfe—**(e#—1) A(t) 
geen fy 40 1 
qv A(t) calibrl ¢ e (ed —1) beam 


where / is the length of the region along the beam where 
the decays are observed, g is the number of decays per 
min, &/@ is the density of slow neutrons in the standard 
pile, A(t) is the counting rate (corrected for weight, 
counter efficiency, background, etc.) of the gold foils, 
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Fic. 13. Horizontal distribution 
of the neutron density in the 
cloud chamber. 
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ty is the irradiation time, ¢ the time since the beginning 
of the irradiation, f is the fraction of the total neutron 
flux responsible for the decays observed in the two 
rectangular strips of the projector plane, and the 
subscripts “beam” and “‘calibr’” indicate that the 
brackets are to be evaluated for exposure in the beam 
and in the standard pile, respectively. 

The counting rate of the gold foil used for calibration 
(corrected for weight, background, counter efficiency, 
epicadmium neutrons, and flux depression) turned out 
to be 115 counts/min in the standard counter. The cor- 
responding / and ¢, were /=4058 min and ¢t;=4050 min. 
For the sample in the beam, the quantity >> A (t)/ 
[et(e*“—1) ] turned out to be 5.3510! counts/min 
when the corrections for the weight of the foils, back- 
ground, and counter efficiency were applied; ® was 
4500 neutrons cm™~ sec™!, 6 was taken as 2.20 10° 
cm/sec, / was 19.0 cm, and f was0.731. Hence r= 67.84/q 
and will be in minutes if g is given in min“. It was 
found that g=3.69 electrons/min so 7= 18.33 min. The 


13P), J. Hughes, Pile Neutron Research (Addison-Wesley Pub- 
lishing Company, Inc., Reading, Massachusetts, 1953). 
44. D. Klema and R. H. Ritchie, Phys. Rev. 87, 167 (1952). 
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Fic. 14. Effect of the gold reso- 
nance of 4.9 ev. 
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half-life is then 0.693r=12.7 min. The accuracy to 
which the flux in the standard pile is known is about 
5%. When this is combined with the errors introduced 
in comparing the flux in the standard pile and the flux 
in the neutron beam, an over-all error of ~7% might 
result in the flux measurement. 

Another source of error could be that the two strips 
in the projector plane (used for the scanning) might 
have been displaced from the real position of the 
neutron beam. This error is small compared with the 
one above. 

The flux fluctuations caused by the oscillations in the 
reactor were checked with the counter used to map the 
beam. They are believed to be less than 1%. 

The possibility of missing a good event in scanning 
the film seems to be very small indeed. With the film 
rate of 2 frames/sec, a track born ~1 inch from the 
bottom of the chamber is visible for at least three 
frames. It could escape detection only if missed all 
three times. 

Some uncertainty could arise in measuring the point 
of origin of an electron track. This possibility was 
checked by scanning the same roll of film at two dif- 
ferent times about 3 weeks apart. Essentially the same 
results were obtained from the two scannings. 

To subtract the background from the peak produced 
by neutron decays, the number of electron end points 
was plotted against S for each of the three runs shown 
in Figs. 10, 11, and 12. respectively, and normalized to 
the data of Fig. 10. The background with the neutron 
beam cut off by Cd or LiF is slightly bigger than in the 
two other cases. This is probably a result of the gamma 
rays produced by neutron captures in the Cd sheet at 
the pile face. In the other two instances the backgrounds 
are essentially the same. The last two have been 
assumed to give the right background in the peak 


Fic. 15. Stereo picture of an electron track showing a kind of 
cluster which could be attributed to the decay proton. 
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region. The statistical errors in counting the electron 
tracks amount to ~ 10%, when the subtraction of the 
background is taken into account. 

The over-all uncertainty in the half-life given by the 
present measurement is thus believed to be ~ 15%. 

It probably should be added that a very small 
fraction of the electron tracks starting from the neutron 
beam seemed to have a kind of cluster at the point of 
origin (Fig. 15). Although this could possibly be attri- 
buted to the decay proton, it must be emphasized that 
the measurements described above give no evidence 
for this. 


VII. CONCLUSIONS 


The cloud chamber method of measuring the half-life 
of the free neutron proved successful. The main sources 
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of error seem to be in the flux measurement and in the 
poor statistics. If the statistical error can be reduced to 
~3% and the error in the flux measurement to some- 
thing like 3-4%, an over-all error of about 6-7% should 
result. 

Although the present determination has not improved 
on the best previous measurement of the half-life of the 
neutron, it has about equal accuracy and confirms it by 
an independent method. 
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Nuclear Structure Effects in Internal Conversion Coefficients by 
Configuration Mixing* 


L. S. Kisstincert 
Western Reserve University, Cleveland, Ohio, and Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received June 2, 1958) 


The nuclear matrix elements which are needed to determine the internal conversion coefficients when a 
finite nucleus is employed are derived for nuclei for which the shell model wave functions are a good zero- 
order approximation for low-energy processes. Using configuration mixing, general expressions are derived 
for these matrix elements. It is shown that the nuclear structure alteration can be ten to twenty percent or 
more for /-forbidden transitions. Numerical results are given for the M1 and £2 279-kev transitions in T]™*, 


I. INTRODUCTION 


HE internal conversion coefficients convey im- 
portant information about the atomic nucleus. 

The point nucleus calculations of the internal conversion 
coefficients! have been extremely valuable in deter- 
mining the angular momentum and parity of nuclei. 
However, for large values of the atomic number, Z, cor- 
rections must be made for the extended nucleus. Sliv 
et al have calculated the alteration in the coefficients 
when the electron wave functions calculated for an ex- 
tended, rather than a point nucleus, are used, i.e., the 
static effect. More recently, the conversion coefficients 
with the static effect included also have been calculated 


* This research was supported in part by the Oak Ridge Insti- 
tute of Nuclear Studies and in part by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. For a more detailed treatment of this 
work see the Oak Ridge National Laboratory Report ORNL-2556 
(unpublished). 

t Oak Ridge Institute of Nuclear Studies Summer Research 
Participant, 1957. 

1 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 76, 1883 
(1949); and unpublished tables by M. E. Rose et al. 

2 L. A. Sliv and I. M. Band, Leningrad Physico-Technical Insti- 
tute Reports 1956 and 1958 [translation: Reports 57ICCK1 and 
58ICCL1, issued by Physics Department, University of Illinois, 
Urbana, Illinois (unpublished) ]. 


by Rose.* But without rather unphysical assumptions 
about the nuclear currents, the calculation of the 
internal conversion coefficients for a finite nuclear size 
requires the knowledge of the nuclear wave functions in 
order to calculate certain nuclear matrix elements (or 
the demonstration that they are unimportant).‘ 

This dependence of the conversion coefficients on the 
nuclear wave functions makes the use of the experi- 
mental results less straightforward for determining 
nuclear properties. However, it has the advantage that 
an accurate measurement of the coefficients can give 
additional information about the details of nuclear 
structure. In particular, conversion coefficients can now 
help to provide information about the accuracy of 
nuclear models. 

In the original work of Church and Weneser and in 
the more recent work of Green and Rose’ the internal 
conversion coefficients are given by the power series ex- 
pressions which separate the alterations which proceed 


5M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

4E. L. Church and J. Weneser, Phys. Rev. 104, 1382 (1956). 

5 T. A. Green and M. E. Rose, Oak Ridge National Laboratory 
Report ORNL-2395 (unpublished); Phys. Rev. 110, 105 (1958). 
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from the use of electron wave functions associated with 
an extended nucleus from those depending directly on 
the nuclear wave functions. To the extent that the 
electron wave functions do not depend on the precise 
shape of the nuclear charge density, this work makes 
possible the calculation of the nuclear structure depend- 
ence without laborious recalculation of electron wave 
functions. 

It is the aim of the present work to consider nuclei for 
which the shell model supplies a good zero-order ap- 
proximation for nuclear wave functions, at least in so 
far as they are needed to determine certain nuclear 
matrix elements. Since the largest effects are to be ex- 
pected for transitions in which selection rules diminish 
the gamma-transition probability, it is important to 
derive the matrix elements for nuclear wave functions 
perturbed by configuration mixing. 

In Sec. II, general expressions are given which enable 
one to readily calculate the matrix elements for any 
order of electric or magnetic 2/-pole transitions for any 
nucleus which is suitably described by a configuration- 
mixed wave function. The method used for deriving the 
configuration-mixed wave function follows closely that 
of Arima, Horie, and Sano.*® 

The application of these results to M1 and £2 
transitions is done in Sec. III. Numerical results are 
obtained for the 279-kev transition in Tl. When the 
alteration of the conversion coefficients is large, the 
results depend to some extent upon the radial nuclear 
wave functions employed. Therefore, a study is made, 
using harmonic oscillator wave functions, which should 
indicate the dependence on the radial nuclear wave 
functions. 


II. NUCLEAR MATRIX ELEMENTS WITH 
CONFIGURATION MIXING 


The expressions of Green and Rose for the internal 
conversion coefficients are based on the usual assump- 
tions that the electron charge and current are given by 
the Dirac operators, and obey a conservation of charge 
equation. The many-electron aspects are approximated 
by a screening model. A phenomenological nuclear 
charge and current distribution is employed, with the 
assumption that these are also related by a charge 
conservation equation, and that M dependence of the 
matrix element of the nuclear current is given by an 
angular momentum conserving Clebsch-Gordan coeffi- 
cient. Both of these latter two assumptions are valid for 
the nuclear charge density and current used in the 
present work. 

For the present work, it is convenient to express the 
conversion coefficients as the ratio of the internal con- 
version coefficients with nuclear structure included to 
those obtained when the currents are limited to the 
nuclear surface as assumed by Sliv. From Eqs. (47), 


6 A. Arima and H. Horie, Progr. Theoret. Phys. (Kyoto) 12, 623 
(1954) ; H. Horie and A. Arima, Phys. Rev. 99, 778 (1955) ; Arima, 
Horie, and Sano, Progr. Theoret. Phys. (Kyoto) 17, 567 (1957). 
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(61), and (62) of reference 5, the ratio of the internal 
conversion coefficients to those of Sliv are given by 
Br |1—p_ze**-*2_1/?+-y1 


, (1) 
Bro |1—p_ret-4E_,°|?+-yr 





and 
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where 8z(a,) is the magnetic (electric) 2”-pole con- 
version coefficient as derived by Green and Rose, while 
Br°(az°) is the magnetic (electric) 2”-pole coefficient 
which results from the surface current model. The other 
quantities in Eqs. (1) and (2) are 
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n=0 (3) 


+é,(— L—1)T(3+2n; 1)}, 


{6,(L)S(3+2n; 1) +2,(L)T(3+2n; 1)}, 


R(o;0)= faceiteo(~) / farono(=), 


x 
S(a;6)= fax. s42)( 
R 


fere@(—), (4) 
R 


r(a;)= fax 1..%)(—) / 
R 
x h 
fave, Hay( +) ; 
R 


and 
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with the reduced tensor T,;! defined’ in terms of the 


a M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley and Sons, Inc., New York, 1957), p. 106. 
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spherical vectors &» as 
Tsit*=>. C(J1L;M —mm)V ,™@—-™E,. (6) 


In Eqs. (1), (2), (3), and (4) the quantities p_z, ¢_2, 
Y—Ly TL) T—-L~-1y Any bn, En, and Uz are independent of the 
nuclear wave function, and are computed in reference 5 
for electron wave functions calculated for a uniform 
nuclear charge distribution. In Eq. (5), Jw is the matrix 
element of the nuclear current between the initial state 
with angular momentum J; and the final nuclear state 
with angular momentum J,;; the M; and My are the 
respective z-components of angular momentum for the 
initial and final nuclear state. 

The magnitude of the nuclear structure effect depends 
on the size of the quantities R in the magnetic transi- 
tions or S and T in the electric transitions. Since the 
coefficients p_, are small, in fact less than 0.01 for Z less 
than 100 and energy less than 2.5 Mev, the ratios, R, 
must be considerably greater than unity if the results 
for the magnetic case are to be observable. An analogous 
situation prevails for electric transitions. 

As pointed out by Church and Weneser, the most 
obvious situation in which a large value for R might be 
expected is one in which the y-ray matrix element, 
which is proportional to /(@,"(x)xdx, is reduced. In 
regions where the shell model gives a good first order 
approximation to the wave function for low-energy 
processes, the region to which the present work is con- 
fined, such a situation is to be found. In certain nuclei, 
transitions are observed experimentally which should 
not occur because of an orbital angular momentum 
selection rule, if the shell model wave functions are the 
correct ones for the states involved.’ One explanation 
for this is that the shell model wave functions are 
altered by configuration mixing, so that there is a finite 
transition probability, but one which is considerably 
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smaller than an ordinary single-particle transition 
probability. Although the transition probability depends 
critically upon the wave functions, Arima ef al.® have 
been quite successful in predicting y-ray lifetimes for 
many /-forbidden M1 transitions. Since the matrix 
elements needed for the calculation of the internal con- 
version coefficients are physically very similar, these 
wave functions should be quite good for use in the 
present work. Moreover, such wave functions have also 
been successfully used to predict magnetic and quad- 
rupole moments, which also involve similar matrix 
elements. 

Odd-even nuclei are considered, in which the shell 
model description of the transition is that the odd 
proton or neutron orbit is altered by a unit change in 
occupation number. There are two possibilities. The 
first of these, called “like-core”’ in reference 6, are 
transitions in which one particle in the initial odd orbit 
undergoes a transition to the orbit which is odd in the 
final state, thereby decreasing the number of particles 
in the initial odd orbit by one. The second type of 
transitions, the “‘unlike-core” transitions, are those in 
which a particle in an orbit which is even in the initial 
configuration undergoes a transition to the orbit which 
is odd in the initial configuration, thereby increasing the 
number of particles in the initial odd configuration by 
one. 

Calling 7 the angular momentum of the initial state 
and j’ that of the final state, with m and m’ their re- 
spective z-components, /, the orbital angular momentum 
of one of the incomplete spin-orbit doublets in the core, 
jr=h+} and j2=1,—} the angular momentum of 
particles in the lower and higher energy levels, re- 
spectively, of the doublet, the wave functions can be 
expressed as 


W «( jm) =o jr" (O) j2"2(0) 7?1(j) 790) 5 jm +L 5 BWC jr" (Ja) 2" (Fa) J) 92 (0) 7 1(7') ; jm) 


+similar term for each incomplete doublet in the core, 


W y(j’m!) = Wo! (jr (0) j2"2(0) 70) 7 "(7'); jm’) 


(7a) 


4¥Y 7 Bsa’ (Cpr (fr) jo" (fa) (J) GPS) 7/20) 5 ’m’) +--+, (7b) 


for like-core transitions, and similar wave functions 
(with p+1 and g+1 replaced by p—1 and g—1) for 
unlike-core transitions. In Eqs. (7a) and (7b), m and me 
are the (even) occupation numbers of the j; and j2 
orbits, respectively; the 8, and 8,’ are the mixture 
coefficients in the initial and final states, obtained as in 
reference 6 by perturbation theory: 


1 
By= ——(Vo(jm), p vi4V s(jm)), 
AE ik 


By’ 


1 
——(Wo'(j’m’), Do vie s'(j’m’)). 
AE ik 


8 E.g., see L. Spruch and A. Rotenberg, Phys. Rev. 103, 365 
(1955), for references. 


These are evaluated for like-core and unlike-core transi- 
tions needed in this present work in the Appendix. 

The usual single-particle nuclear current operator, 
with a convection and spin part, is used. This neglects 
the finite proton size and, more importantly, the two- 
and more-particle terms introduced by nuclear correla- 
tions. The success of Arima ef? al. in calculating lifetimes 
of excited states, magnetic moments, and quadrupole 
moments of nuclei is an indication that these corrections 
to the nuclear current operator might not be important 
in low-energy processes. However, assuming a specific 
form for exchange currents, the corrections could be 
readily calculated by the methods described below. This 
is not done in the present work. 

Six types of matrix elements must be evaluated in 
order to find the nuclear structure effects in the con- 
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version coefficients : 
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I f fe 2 fa Wo SW Tin MB, Some of these matrix elements differ slightly for unlike- 
core transitions, compared to like-core transitions. In 


this section the general form for these matrix elements 

1'e= f fan a fevastewe- Tae, is derived for any electric or magnetic multipole, with 
. either type of transition. 

(9) By use of the fractional parentage coefficients,’ the 


1us= f fda favenisso-Tiat, matrix element for J° can be simplified. From Eq. (9), 
for like-core transitions, 
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where the phases of the fractional parentage coefficients have been disregarded, since they cancel out of any final 
result. Using Eq. (A5) from the Appendix for the single-particle matrix element, the final result for like-core 
transitions is 
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The unlike-core transition matrix element corresponding to Eq. (11) can, in a similar manner, be written 


sai ‘oof fa Tra*™ (ji (0) 720) 717)? (I 
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which can be related to Eq. (11) by 
(pq)! ; 
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Using similar methods, the integral / 7°, 
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9G. Racah, Phys. Rev. 62, 438 (1942) (referred to as RIT), and Phys. Rev. 63, 367 (1943) (referred to as RITI). 
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is expressed as a single-particle matrix element by use of the fractional parentage coefficients, as in the section 
above, and by Clebsch-Gordan coefficients. With the use of Eq. (A4), 
he 2j+17472A+1}) 
12 (— 1) CL; 5m,— Male ajet1—m) | | [——] w Gai 1) 
| mei 2j'+1sl 4x 
dRjz Rie 
aiyones 
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x x 
ia dRj Ri 
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x x 


Following the same reasoning as in the section above, it is easy to see that, except for the alteration in the mixture 
coefficients, 
I ,©(unlike-core) = J ;,°(like-core). (16) 


In a similar manner, one can show that 
Bx’ \f2j7’+173 
re=—(*)| 7] 71°. (17) 
Br/12j+1 


It is important to recognize that the final results for 7,° and J,’© include only the value of J= ZL; i.e., the only 
admixed configuration which contributes for any spin-orbit doublet in the core is the one in which the total angular 
momentum of the two odd orbits of the doublet equals the order of the multipole. This holds for both electric and 
magnetic multipole transitions. As a consequence, very few mixture coefficients are required to obtain the nuclear 
structure alteration. This not only reduces the labor involved in carrying out the calculations, but makes the final 
results for the alteration of the conversion coefficients more accurate and far less arbitrary than they would be if 
more admixtures were involved. As will be shown in the next section, this often means that only one mixture is 
important in giving the nuclear structure effect. 

In a similar manner, using the single-particle matrix element from Eq. (A6), one finds that 
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where the sum in each case is over the values of s which are allowed by the triangle relationships satisfied by the W 
coefficients.® O, is the magnetic momentum operator, with values of the magnetic moment of the proton or neutron 
in nuclear magnetons when operating on proton or neutron wave functions, respectively. It is easily seen that 
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Using Eq. (6), one finds for like-core transitions 
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x 


x 


X (i +1] C |!) > .(—1)*(25s +1) W (ah +121; As)W (11sh.+1; 11)W (31711; $s)W (jal jis; 4L) 


dRj, Ri 
+18(—"+ (+1) ) = r}e™|IE(— 129) 
~ x 


XW (hh—1L1; As)W (11sl;—1; 1,)W G1 jh; 4s) W (jahijis; 11) |o,Ris} ; (20) 


and 


T_S(unlike-core) = J, (like-core), 


(21) 


except for the change in the mixture coefficients, as before. Also, the equation analogous to Eq. (17) holds. 


III. NUCLEAR STRUCTURE EFFECTS IN TI? 
INTERNAL CONVERSION COEFFICIENTS 


Measurements of the internal conversion coefficients 
of the 279-kev transition in Tl** indicate that there 
might be a reduction” in the magnitude of these 
coefficients beyond that calculated by Sliv with the 
surface current model. The M1 transition is of the 
l-forbidden type, according to the shell model. The shell 
model description is a j=d;°(d;) excited state and a 
j'=s;, ground state, giving an orbital angular momentum 
change of two. Since the shell-model wave function 
should be good as a first order approximation from 
which a perturbation calculation can be made, the 
method developed in the previous section should be 
applicable. 


Part A. M1 Transition 


The shell-model wave functions for the initial and 
final states in the 279-kev transition are, respectively, 


W ;(dy,m) = Vo (2d;° (d;)3s,7(0) ; dym), 


(22 
V7 (5y,m’) = Vo (2d;'(0)35,; sym’). ) 


The core contains three partially filled spin-orbit 
doublets. The 1/1:/2 proton orbit is completely filled 
with twelve particles, while the 1/92 orbit is empty. 
This is referred to as a “‘same-type”’ admixture, since the 
10 A. H. Wapstra and G. O. Nijgh, Nuclear Phys. 1, 245 (1956). 
1 F. K. McGowan and P. H. Stelson, Phys. Rev. 103, 1133 


(1956). 
2G, O. Nijgh (private communication). 


particle jumping in the core and the excited particle are 
both protons. The two neutron orbits (‘‘dissimilar- 
type’’) contributing are the 1713/2 with twelve neutrons, 
and the 3;, with four neutrons. 

The angular integral of the matrix element, 


1 
J fe Jy -Th*¥=—(—1)¥4,'(a) 
x 


XC(j1j’; m,—M,m’), (23) 


follows immediately from the equations derived in Sec. 
II, with L=A=1. 
Using the results of Sec. II, one finds that 


he 1 d RoaRss 
$)(x)=—— [1.397( (ReaRas) +3x2— ) 
x 


2mci \/4 x 


dR3> R3p 
~ (1.1058,—0.78128/)( 20°" ~") Re, 
dx x 
Riv Ri 
sein tenis 
dx x 


li 


tf 
— (2.25282—1.5928.') (2 


dRip 
+ (2.3858,— 1.6518) (23 q )Ru 
x 


+ (3.2628;— 2.30763’) 


dR Rir 
x (2-2) ru (24) 
dx x 
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The quantities needed are the ratios 


rwvat)= faven(=) ae / fore(=)ae (25) 


The harmonic oscillator functions are used to evaluate 
these ratios. The radial parameter, v, is determined by 
requiring the nuclear wave functions to produce the 
correct nuclear radius (see Appendix). Using the same 
radial functions for both orbits of the spin-orbit 
doublets, the integrals can be easily performed with the 
use of the relationship: 


dR» 
fron: dr 
dr 


1 
=a )—bht)- NW +] 


M* AE 
— [ORR (26) 
h? N 


x frRersar 


in which AE= E,— E; and M*=the effective mass of a 
nuclear particle in the shell model." 

The six mixture coefficients needed are all derived for 
the excited doublet coupled to angular momentum 
unity. The mixture coefficients in the initial state for the 
two dissimilar type admixtures, in terms of the two- 
body singlet potential, V,, and triplet potential, V;, 
using Eqs. (B6) and (B8), are 


8 lth PO 3p2d3s) 
B\= 3 35), 
‘=a. 


(Vi-V,) 3v2 . 
o = 1(1i12d3s). 
AE; 4(13)! 





From Egs. (B7) and (B8) in the Appendix, the similar 
type admixture coefficient is found to be 


—V, (15)! 

B3=—— —I(1h1h2d3s). (28) 
AE, 2(11)! 

In Eqs. (27) and (28) the quantity /(j1j2j3j4) repre- 
sents the integral $/R(j:)R(j2)R(js)R(ja)r’*dr. The 
parameters used in this work are taken the same as in 
reference 6, i.e., AE;,=AE,;=2 Mev, AE;,=0.5 Mev, 
V,=— (250 Mev/A)(x'/v!), Vi=1.5V,. Also, it follows 
from the Appendix that 6’= —v28. As was the case in 
reference 6, every 8; is <0.1, consistent with perturba- 
tion theory. For the electron matrix elements, the pure 
shell-model contribution is more than 90% of the total. 


37. Talmi, Helv. Phys. Acta 25, 185 (1952). 
“4K. A. Brueckner, Phys. Rev. 97, 1353 (1955). M*/M is altered 
to account for the finite nucleus in this work, 
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The ratios are 
R(3,1)=43.84/(vR?), 
R(5,1) = 659.2/ (»R?)?, 
R(7,1) = 8840/ (vR?)$. 
The other quantities needed, as displayed by Eqs. (1) 
and (3) are d,/do, y1, p-1, and ¢_;. Interpolating from 
the appropriate tables in reference 5, one finds a;/e@o 
= —0.15, a2/ao= 0.02, g1=0, yi = 0.0076, and p-1 
=0.025. This gives 


(29) 


_,'=0.87 (30) 


as the value of this function for the surface current 
model of Sliv. Table I gives the values of Z_; and 8/8 s, 
the ratio of the M1 internal conversion coefficient to the 
value calculated by Sliv, for the most likely values of the 
nuclear parameter, v (see Appendix). The second and 
third electron matrix elements contribute, respectively, 
33 to 16% and 8 to 2% of the first one. Therefore these 
terms are important, but the series seems to be rapidly 
converging. The number of significant figures does not 
give the absolute accuracy of the result in Table I, but 
rather indicates the dependence on the nuclear radial 
parameter. The experimental results of Nijgh et al. give 
a reduction of 0.644," and those of McGowan and 
Stelson give 0.65," when compared to the point nucleus 
calculation. Since Sliv’s correction factor is 0.77, this 
reduction of sixteen percent beyond Sliv’s results is of 
the order of magnitude of the reduction given in 
Table I. 

Two checks on the accuracy of this calculation are the 
magnetic moment of the ground state and the lifetime 
of the transition. The magnetic moment as calculated in 
reference 6 was within about ten percent of the experi- 
mental value. A more sensitive test is the lifetime. An 
equation for the reduced matrix element which is 
equivalent to that given by Arima ef a/., but more con- 
venient in using the results given above, is 


2j4+1\!  fmi(2jot1—m) hh 7 
m=2{ ) =| 
3 i (2jo+1) 21,41 
x (ge—g1) Bi, 








where the sum is over all the partly filled doublets and 
(gs—gi1)=4.585 or —3.826 for admixed protons or 
neutrons, respectively. For the 279-kev level in Tl the 
experimental value for the reduced matrix element is 
given by Mexp?=4.4X10-"/7, where 7 is the experi- 
mental mean life. 

The results of this paper give IN=0.52, in agreement 
with the results of Arima et al. The experimental values 
vary, and are made even more uncertain by the un- 
certainty in the £2 to M1 ratio, but the magnitude of 
Mexp is two to three times smaller than the calculated 
value, a result discussed in reference 6, where the 
calculation for this lifetime gave one of the poorest 
results of the cases treated. This probably reflects the 
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choice of the wave functions used, and could indicate __ TABLE I. Ratio of M1 internal conversion coefficient to that of 

‘ - d Sliv for the 279-kev transition in Tl, for the most likely values 
that the conversion coefficient is reduced more than the 6 the nuclear parameter. 
amount indicated in Table I. However, a recent calcula- § ———————__________________t. ——— 
tion’® predicts a twenty percent admixture of collective Bu 
excitations to the wave functions of Tl. This would _ 4.76 
not alter the magnetic moment very much, but could 4.28 
alter both the gamma lifetime and the probability for a 
electron emission. For this reason it is not certain how 330 
the reduction given in Table I would be affected, al- 
though the magnitude of the £2 lifetime, which is about 
four times the single-particle value, is correctly given 
only when the collective contributions are included. 


Part B. E2 Transition 
1 he 


The wave functions needed for the calculation of the ©32(x —|- se, 1.793x*Roa 
E2 matrix elements are identical to those in part A, ~ (4)! Qmci dx 

except that the excited spin-orbit doublets in the 

admixed configurations in both the initial and final dR, 

states are coupled to angular momentum two (2), — 
instead of one (1). To evaluate the possible alteration 

in the £2 internal conversion coefficient, one needs the B;! 

two angular integrals ( +e)] 


1 
feo Jy: T;, 4 =—(— 1)"C(j2;7’; m,— M,m’')®?(x), By dR; 
x? +(— +81) - Z: 165( 2 Ray—”—2Ray) 
(31) v2 dx 


1 
fe Jy : T., 3M =—(— 1)”C(j2;’ > m,— M,m’')®;?(x). Bo’ 
x ( - +6) 
v2 








2.87 





dRip, 
15.256x%*——Ria,t+ 7.760xR 1,2 
dx 


Proceeding in precisely the same way as in Part A of 


this section, one can show that dRi; 
»4 [oss7=Rs, -0.4492R| ; (33) 
1 he dRog pa 
$;?(x)= —— | 0.894x?R3,——— 0.8942? Roa 

(47)! 2mci dx In Eqs. (32) and (33) the 8 and §’ correspond to the 
same admixtures as in Part 4, except the J=2, instead 
of 1. The equations given in the Appendix, with the 
values of the parameters used in Part A of this section, 
give for the mixture coefficients 


dR; 
x| Reet *Ra—"+30ResRea Ba’ 
( +61) ~0,0154 


dR3, 
x— +2, 68xR;,Ro, —— 3.75 


dx 


Vv 
Bs; 
(—+9.) B3’ 
v2 (—+s.) = —0.06231, 
v2 


x{ 10 (—") Ryp+15. sR || Bi 
(—+#) = —0,00679. 


By dR3p 
-(=+8 ,)[4592( ‘ ) Rip +6.8800R,' From Eqs. (32), (33), and (34), one can determine the 
- ” ratios needed in Eq. (2). Interpolating from reference 5 
Bo! to find the other quantities needed for Eq. (2), one can 
-(=+#) find the conversion coefficients. The results are given in 
v2 Table II. Once more the number of significant figures in 
dR; the table does not represent the accuracy of the calcula- 
x| 4 o76x*(—" VRut6 114xR,? |}: (32) tion, but rather indicates the dependence on the radial 
dx parameter. From this it is seen that for no reasonable 


16 L, Silverberg (private communication). value of the nuclear radial parameter does there arise an 
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TABLE II. Ratio of £2 internal conversion coefficient to that of 
Sliv for the 279-kev transition in Tl for the most likely values 
of the nuclear parameter. 








Zz: 





0.310 
0.277 
0.251 
0.227 
0.211 
0.195 
0.178 
0.170 





experimentally determinable alteration of the internal 
conversion coefficient. This is a reasonable result, since 
the shell model contribution is the important one in this 
case, and therefore it does not seem likely that the ratios 
of matrix elements should be much affected by the 
admixed configurations. This result depends, of course, 
upon the shell model wave function being a good ap- 
proximation from which to start perturbation theory. 
These results are in disagreement with Nijgh ef al.,” 
who find a reduction of 11% beyond Sliv, but in agree- 
ment with the results of McGowan et al.," who obtain 
the 0.65 M1 reduction with no £2 reduction, which is 
essentially the result of Sliv. 


IV. CONCLUSIONS 


General formulas are derived for the nuclear matrix 
elements involved in determining the nuclear structure 
effect in internal conversion coefficients, using shell 
model wave functions with configuration interaction. 
By using the results of Green and Rose, one can apply 
these matrix elements to find the alteration in the 
K-shell conversion coefficients for any magnetic or 
electric 2”-pole transitions of interest at this time. 
Moreover, these matrix elements are unaffected by the 
atomic consideration, and could be used to determine 
the conversion coefficient alteration in other atomic 
shells, if the Green-Rose work should be extended. 

From a study of the general formulas, and of the 
special results in Sec. III, it is seen that the internal 
conversion coefficient is not altered greatly by purely 
nuclear structure considerations unless the gamma- 
transition is hindered by a selection rule in this region 
where the shell model gives a good zero-order approxi- 
mation for wave functions to determine low-energy 
matrix elements. The success in predicting magnetic 
moments, quadrupole moments, and lifetimes indicates 
that the configuration-mixed wave functions should be 
quite good in estimating the matrix elements needed in 
the present work, for the region of nuclei studied here. 

The largest contribution from the admixed configura- 
tions comes from any similar type spin-orbits which 
may be included; i.e., for proton transitions, the con- 
figuration interaction contribution due to an unfilled 
spin-orbit proton doublet is more important than the 
contributions from such unfilled neutron doublets in the 
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core. This means that in some cases the sign of the ma- 
trix elements, and to some extent the magnitude of the 
alteration of the internal conversion coefficient, can be 
determined by a single admixture. 
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APPENDIX A. ANGULAR INTEGRAL WITH THE 
SINGLE-PARTICLE MATRIX ELEMENT 


Let 
M=M°+M58, (A1) 


where the matrix element is broken into a convection 
and spin current part, 


- =f f d9(jmy|I¥| j.m,)-Tra*™(Q), 
Me= f f d9(jpmy|I¢| jm.)-Tr*™(Q),  (A2) 


a= ff a9 jpme|35| jm)-Tr™ 0), 


where J° and J§ are the convection and spin parts of the 
current, respectively. Using the single-particle current 
operator, the convection part is 


é 
Me= f fant" @)-¥/"(e---24)— 


xX {> »Lpnd (x—Xn)+6(X—Xn)Pn]} 
X rai (ar: -x4)d*x,---d'x4, (A3) 


where 7, is isotopic spin operator for the mth nucleon. 
The single-particle wave function is a product of a 
radial function and a spherical harmonic: 


jm(x)=Ry(x)¥(Q)=Ri De 
XC(1sj;m—r1,7)V¥i"-"x.". (A4) 
Using the gradient formula’ to express the gradient of 


16 See reference 7, p. 124. 
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the wave function in terms of tensors, and carrying out the angular integral by the use of RII (29) and Eq. (19) 
of Biedenharn et al.,!” one gets the result 


eh 2+1 
Mo= (1s tHE (ji r5 ~My | — 


2mci 


4 
[(2L+ 1)(2j;+ 1) PW (jdpsly; 3L) 





dRj,(x) — Ri;(x) 
| Rian —(1;+1)!W(L)lj;+1 LA; al (yle™|tet)( r —l; ) 
"¢ x 


dRj;(x) Ri;(x) 
+14W (jl;—1 L1; dl;) (ye ||; — v( d + (+1) ) 
x x 


dRj;*(x) —Ris*(x) 
— (—1)-4] — (1, +1)!Whd +1 LAN d+ It) —l; Jeet L1; N;) 


dx x 





dR; Y Rj * 
x(-+i}e [0 ( oO Ut ; 2) prrRate . (AS) 
x 


x 


The evaluation of Ms is done in an analogous manner. From Eq. (A2), 


eh 
wii f J dL VG. (x) Xby* (x) (uPr?+ UN )O+ Vb/*(x)Xo(uPrPt yr) Gi(x)]-Tir*™, (AO) 


2met 


where uw and yw? are the magnetic moments in nuclear magnetons of a neutron and proton, respectively. Once more 
the gradient formulas are used to express ¥¢,* and ¥¢,* in terms of the reduced tensors. Using the spherical 
representation for the @ vectors, one finds by the usual methods that 


_p2r+174 h 
M a= (—1)+o X 2X 3L (27: +1) (2L+1) HC(jiLj;; mi,— M, ms)— 


2mei 


Ri; 


d ii 
x | (-Ryto E.(- 1)*(2s+1)[— (oD Jaetatnw atts LA:As) 
x 


t 
x 


dR; Ri; 
XW (11581; +1; U)W 17d; 39)W siz; IL) +18 DAD 4 541) (—"+ Ce41)— let) 
x x 


XW (Lyl,—1 11; As)W(11sl;,—-1; UW)W 41755 39) WG spy; 11)| 


dRj,;* — Rj;* 
+(—ayrestet — dt ay( r iy Jat ile{ty Ea as+)W d+ L1; Xs) 
x 


x 


dRj,* Ri,* 
XW (11sly+1; 11) WL ly 3 48) W Gdaiys; 11) +13( : +U+1)—) dy—1]e) 
x x 


XD .(—1)*(2s+1)W Lj lys $8) W (Gdijys; AL)W (ly —1 L1;As)W (115l,—1; 11) JO,Risp (A7) 


where O,=p7?-+unr%. Note a factor of (—1)!*'i+!s-#-4s js needed if the spin wave functions are uncoupled by 
C (4317; m,m;) [also in (AS) ]. 
APPENDIX B. MIXTURE COEFFICIENTS 


From first-order perturbation theory, the mixture coefficients are obtained by Eq. (8), where v,, is the nucleon- 
nucleon interaction potential. In this work we follow the procedure used in reference 6. The two-body interaction 


17 Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 (1952). 
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potential is of the 6-function type with a singlet and triplet contribution; i.e., 
Ty'Tk 
su [Malt er-os)/AFV3+0,-08)/4 BO. r)8( 00s -1) [re (B1) 
TT 


The two parameters V, and V, are determined from experiment. As is stated in reference 6, the two-body potential 
can more conveniently be written as a scalar product of two tensors: 


VE= > (—1)+ V erin) (t:7*'t;7*"), (B2) 


zkr 
where Vo= (V,+3V,)/4 and V,;=(V,.—V,)/4 and 
hat) oC, n-t*" eens", (B3) 
where C,,*=[4a/(2k+1) ]}!V,"(Q), and o,7 is unity for x=0 and the Pauli spin operator for x=1 in the spherical 
representation. Also, in Eq. (B2), 
o,=[(2k+1)/2 8 (r.—1;)/1a7;. (B4) 
Part A. Like-Core Mixtures in the Initial State. Dissimilar Type M1 
— AEB= (j1"(0) j2"*(0) 9’ 2(0) j?*1(j) 5 jm | L vin | CI" \(Fa) F2** (G2) M1) 79) 770) 5 jm). (BS) 


Using the methods of reference 6 and a theorem due to de-Shalit,!* one obtains 





j 
—|—— ——— ——| I(jrjrii’). 


ee 
(2jo+1)(2j+1)(2j’+1) jr 


B= 
8AE 
Part B. Like-Core Mixture in the Initial State. Similar Type M1 


For similar type transition the results differ from Part A in that the Pauli principle must be applied to the matrix 
elements. The result is 


v3 (— a eae ee 1)(27-1) 


16AE (2jo+1)(27+1)(2j’+1) jj: 





4 
| Mahi f?. (B7) 


Part C. Unlike-Core Mixture Coefficients M1 

Whether the transition is of similar or dissimilar type, or the mixture is in the initial or final state, the theory 
follows in precisely the same manner. The angular momenta are uncoupled by fractional parentage coefficients and 
Clebsch-Gordan coefficients. Since all of the matrix elements of the unlike-core type have the relationship to those of 

the same kind but of the like-core type as Eq. (12) is related to Eq. (10), it turns out that in every case 

pq ] 
B(unlike-core) =| — B(like-core). (B8) 
(2j+1—p)(2j’+1—9) 


Part D. Mixtures in the Final State M1 





As an example of mixing in the final state, from which one can draw general conclusions, the like-core, similar- 
type transitions have a matrix element 


— AEB’ = (jx""(0) j2"*(0) 7” 49) 590) 5 fm| vse | LG" (Ga) Ja"** (Fe) (1) 790) 9? ( 9) 5 fm’), (B9) 


which is to be compared with Eq. (B5). They are identical if the following pairs are interchanged: (p,q), (j,j’), and 
(1,l'). In doing this, one should keep in mind that there are two possible cases. One may have j= j’+1, corresponding 
to /=/'+2; or one may have j= j’—1, corresponding to /=/'/—2. In general, the mixture parameters for the two 
cases are different, so the coefficient corresponding to j= j’—1 must be used (after the three pairs mentioned above 
are switched) instead of j= j’+1, or vice versa. However, in the M1 case, the final results are the same in every 
case. The result is 

B’= —[(2j+1)/(2j'+1) 16. (B10) 


18 A. de-Shalit, Phys. Rev. 91, 1479 (1953). 
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Part E. E2 Mixture Coefficients 


For each case, the E2 coefficient is obtained by techniques similar to those in the corresponding M1 case, although 
the calculations are all somewhat more tedious for the E2. The results are given below. 


(1) Initial State Admixiure, Dissimilar 
j=j'tH1: 


v5 1 iiiliilaidies, my(2jo+1—m2) } 
(pq)! (Qjo+1)(2j-+1)(2j’+1) 
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ji(ji— 1) (Jr +1) 7(G+1) (j+2) 
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[—3Vo+2(j+1)jiVi). 


x1 junds] 
(2) Final State Admixture, Dissimilar 
j=jt: 
V3 1 I L(27+1—p)(2j’+1-g) } m(2jrti—m) 7) 
16 AE (pq)! UNECE 
(2j:—1)(2j+1) 
AAD AD IG-NGED 
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x1 junds) | (-avetajin, (B13) 
j=j'-l: 
a nial | my (2j2+1—m2) ] 
16 AE (pq)! (2jo+1)(2j+1)(2j’+1) 





e (2j1—1)(2j+1) } Li } 
x1 juni) - : — —| [3Vot2ji(j+1)Vi]. (B14) 
ji(fr— 1) (fr) 7(G—-1) (f +1) 





(3) Initial State Admixture, Similar 
j= f+: 
V5 1 (£(27+1—p)(2j’+1—q) }! 1, (2jo+1—n2) , 
"32 AB (pq)! [een reryzey 
(2j1—1)(2j—-1) 


4 
xI(j inid)| — mrencireiticenasinninonnn | (3-27 j1)(V,), 
Ti DAF DIG-DG+D : 
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J5 a y(2jo+1—n2) } 
f (pq) (2jo+1)(2j-+1)(2j’+1) 
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(4) Final State Admixture, Similar 


j=s ti: 





_ v5 1 aimee 


B =e 
32 AE (pq)! 


XI (jrjeii’)| — 
8 LAG DGrtDIG-DG+D 


j=j'-l: 
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(2j2+1)(2j+1)(2j7’+1) 


(2j1—1)(2j+1) 





" 
| (3+2jj:)(—V.), (B17) 





vs 1 oii hilad | 
32 AE (pq)! 


XI iui) = 
juli Dirt |G+D G42) 


n(2j2+1—m2) ] 
(2j2+1)(2j7+1)(27’+1) 


(2j:—1)(2j+1) 





4 
Jo-2G+nAav. (B18) 


In Eqs. (B11) through (B18), the curly bracket indicates that the upper quantity, [(2j+1—p)(2j7’+1—g)]}, is 
used for like-core transitions, while the lower quantity, (pq)', is used for unlike-core transitions. 


APPENDIX C. NUCLEAR RADIAL PARAMETER 


In choosing the nuclear radial parameter, v, the con- 
dition is that the normalized nuclear wave functions 
give the proper expectation value for the square of the 
radius; i.e., that the mean square radius for these wave 
functions is the same as the value for a uniform density. 
This condition is 


favs Vt =2R. (C1) 


This condition is not unique, however, for it is difficult 
to determine which orbits should be used. It is not 
correct to use all of the orbits, as can be seen either by 
examining the nuclear surface generated by this method, 





or recognizing that the independent particle approxima- 
tion certainly does not imply that the nucleons deep 
within the core act as the same nuclear particles near the 
surface. Therefore various assumptions were made, and 
the nuclear parameter was calculated; as a result, the 
range of nuclear parameters obtained should give a good 
limit to the proper value of the nuclear parameter. The 
calculations were made for Pb*®. 


(a) Using the 3s protons in the last orbit, »R?=9.2. 

(b) Using all of the protons in the last orbit, vR? 
= 9.78. 

(c) Using the neutron last p orbit, vR?= 10.8. 

(d) Using the neutron last g orbit, yR?=12.5. 

(e) Using all the neutron orbits in the last neutron 
shell, »R?= 11.4. 
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The cross sections of the (a,y) reaction have been measured as a function of bombarding energy in Ni®* 
and Xe"* up to about 35 Mev. In both cases the capture events were identified by means of the specific 
radioactivity produced in the reaction. In the bombardment of Ni** it was necessary to make use of the 
tight angular spread of recoils in the capture reaction to distinguish these recoils from those of the Ni®(a,2n) 
reaction. Both measured capture cross sections rise to a maximum value (Ni**: 400 ub, Xe*: 60 ub) at an 
excitation energy of about 20 Mev. A comparison of the observed cross sections with those obtained in 
(p,y) reactions at similar energies suggests that these higher energy capture reactions take place largely 
through the formation of a compound nucleus rather than by any “direct’’ mechanism. 





I. INTRODUCTION 


ie the general effort to obtain a better understanding 
of the mechanisms of nuclear reactions at moderate 
energies (tens of Mev), rather little attention has been 
paid to the electromagnitic radiation that is emitted. 
In principle, measurements of the total intensity and 
spectral distribution of photons emitted in a reaction 
could provide evidence for “direct” or compound nu- 
clear features of the reaction.! Perhaps one reason for 
the lack of spectrum measurements is the difficulty of 
distinguishing the more interesting photons, which 
happen to be emitted before any particles are emitted, 
from the many more photons which are generally 
emitted only after particle emission. A type of photon 
emission study that does not suffer from this particular 
trouble is the radiochemical determination of the so- 
called capture cross section. Here one measures the 
probability that no particles, but only photons, are 
emitted when the projectile hits the target. At moder- 
ately high excitation energies, only a few measurements 
of this kind have been reported.?~* Such measurements 
tend to be somewhat difficult because the capture cross 
sections are small. 

The two-cross-section studies described here are the 
first in a program to examine capture cross sections at 
moderate energies using a variety of targets and pro- 
jectiles.* In both present studies the projectiles were 
alpha particles. The previously observed (p,y) cross 
sections were found to be unexpectedly large at the 
highest energies examined,” and it has been suggested* 
that this might be evidence for “direct” capture-i.e., 
for the inverse of the direct ejection of a nucleon by a 
high-energy photon. Since such direct ejection or cap- 
ture would be much less probable for an alpha particle 
than for a nucleon (if we make the reasonable assump- 


*This work was supported in part by the U. S. Atomic 
Energy Commission. 

1P. C. Gugelot has studied (p,y) spectra with 18-Mev protons 
(private communication). 

2E. L. Kelly, University of California Radiation Laboratory 
Report UCRL-1044, 1950 (unpublished). 

3B. L. Cohen, Phys. Rev. 100, 206 (1955). 

4H. Morinaga, Phys. Rev. 101, 100 (1956). 

5 Ball, Fairhall, and Halpern, Bull. Am. Phys. Soc. Ser. II, 1, 
388 (1956). 


tion that the process involves an electric dipole transi- 
tion), it was considered useful to obtain a few (a,y) 
cross sections to compare with the available (p,7) cross 
sections. 


II. EXPERIMENTAL METHODS AND RESULTS 


There are unfortunately very few nuclides where the 
(a,y) cross section can be easily measured radiochem- 
ically. In most nuclides it cannot be measured at all 
since the nuclide formed upon alpha capture by a 
stable nuclide is generally stable. Even when the nuclide 
produced is radioactive, its period will often be long or 
its radioactivity may be difficult to measure for other 
reasons. 

One particularly convenient target for the study of 
alpha-particle capture is xenon. Its heaviest stable 
isotope, 8.9% Xe'*, lies well to the neutron-rich side 
of the stable valley of nuclides and leads upon alpha 
capture to unstable Ba’. One advantage of using a 
target where the heaviest isotope gives a measurable 
capture activity is that the other isotopes in the target 
will not contribute to the very same activity by reac- 
tions in which neutrons are emitted. (See, for example, 
the following discussion of the Ni** measurement.) 

The excitation function for the reaction, Xe!**(a,y)- 
Ba was obtained by a modified “stacked-foil” tech- 
nique. Each ‘“‘foil’’ was the volume of gas contained in 
a two-inch diameter chamber, 4 inch thick. Each 
chamber was made of }-mil pure aluminum foil and 
was supported in a heavy aluminum ring. A stack of 
such chambers was placed in a cylindrical container 
which was filled with xenon at one atmosphere pressure. 
The alpha-particle beam from the University of Wash- 
ington cyclotron entered this container through a thin 
window. It passed down along the cylinder axis, going 
through one chamber after another as its energy was 
degraded. 

After a bombardment (lasting on the average about 
12 hours with a current of 3 wa), the xenon was removed 
from the cylinder and the aluminum chamber walls 
were chemically processed for the Ba’ recoils which 
were both embedded on them and deposited on their 
surfaces. The Ba™ was found to adhere quite well to 
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the walls of the chambers in which it was made. The 
evidence for this is, in part, the reproducibility of the 
rather sharp excitation function when it was measured 
under slightly different conditions. It is also supported 
by the observation that no detectable amounts of Ba 
were swept out with the xenon when it was pumped 
out of the container at the end of a run. Each chamber 
was processed chemically (as described in detail in the 
Appendix), and the final precipitates were counted in a 
battery of four cross-calibrated end-window Geiger 
counters. It should be remarked that it was possible 
to identify the Ba’ with particular certainty by 
making periodic milkings of the radioactive daughter, 
La. 

In this way the excitation function given in Fig. 1 
was obtained. The data in this figure were accumulated 
in a number of separate runs. 

The second reaction studied was Ni®*(a,y)Zn®™. Here 
the excitation curve was somewhat more difficult to 
measure. It had already been explored up to 16 Mev 
by Morinaga* and we were anxious to extend these 
results to higher energies. By 16 Mev the capture cross 
section has just reached what proved to be its maximum 
value. One can hope to learn considerably more from 
the nature of the cross section at energies beyond the 
maximum than from its behavior below it. The char- 
acter of the excitation curve below 16 Mev is dominated 


by the energy dependence of the penetrability of the 
alpha particle into the target nucleus. At higher ener- 
gies the penetrability has levelled off and the energy 
dependence of the relative chance for de-excitation by 


EXCITATION ENERGY OF COMPOUND NUCLEUS (MEV) 
10 (5 20 25 30 35 40 
70 7 T T T T 





w b a a 
i?) 9 (°) ° 


CROSS SECTION IN MICROBARNS 
Os 
So 











1 i 1 i 1 
A 15 20 25 30 35 40 
Ej CENTER OF MASS ENERGY (MEV) 
Fic. 1. The (a,y) cross section in Xe" as a function of incident 


alpha-particle energy. The three sets of symbols giving the data 
refer to three separate runs. 
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photon emission can be seen more directly in the excita- 
tion curve. 

Unfortunately the threshold of the reaction Ni®(a,2n)- 
Zn® occurs at about 17 Mev. Even with available tar- 
gets of enriched Ni®’, the Zn® produced by the trace of 
Ni® which is present tends to confuse the capture 
measurement. The reason that even small amounts of 
Ni® prove troublesome is, of course, that the (a,2n) 
cross section is of the order of one barn rather than 
10~ barn like that of the capture reaction. 

It was possible to overcome this difficulty and to 
distinguish the Zn® produced in Ni®8(a,y) from that 
produced in Ni®(a,2n) by making use of the different 
angular distributions of the two sets of recoils. The re- 
coils in the capture reaction are emitted into the forward 
direction making an angle with the beam of less than 
[E,?/(2M.c*Eq) |'. Here E, is the energy carried off by 
photons; EZ, and M,c* are the kinetic energy of the 
incident alpha particle and its rest energy, respectively. 
Putting in some reasonable numerical values, we find 
that this angle is about three degrees. That is, the cap- 
ture recoils are well collimated in the forward direction. 
The (a,2n) recoils, on the other hand, come out at much 
larger angles. The maximum momentum carried off by 
the evaporated neutrons, (2M,£,)!, is about four or 
five times as large as the maximum momentum, E,/c, 
carried off by the capture photons. The (a,2m) recoils 
are therefore spread over a solid angle about twenty 
times larger then that of the (a,y) recoils. This factor 
is a measure of the sensitivity with which the capture 
recoils can be distinguished from the others. In view of 
the foregoing considerations, the angular distribution 
of Zn® recoils would be expected [above the Ni®(a,2n) 
threshold] to consist of a sharp forward peak super- 
posed on a broader distribution. The intensity in the 
sharp peak is proportional to the radiative capture 
cross section. 

In the experimental arrangement the target was a 
thin gold foil (2.7 mg/cm?) which had been plated on 
one side with nickel enriched to 99.6% Ni®’. The plating 
thickness was about 0.2 mg/cm?. A beam of helium ions 
from the cyclotron was degraded to the desired energy, 
well-collimated, and passed through the foil from its 
unplated side. The recoil catcher was a sheet of 0.5-mil 
hyper-pure aluminum foil placed 14 cm beyond the 
target foil. The alpha-particle beam was allowed to pass 
right through the catcher. In fact a thin sheet of paper 
was placed immediately behind the catcher to indicate, 
by charring, exactly where the beam center was. 

At the end of a bombardment (lasting typically 6 to 
8 hours with a current of } wa) the aluminum catcher 
was removed and cut into eight annuli concentric with 
the beam. The widths of the inner annuli corresponded 
to about 2° in polar angle subtended at the target. The 
outer annuli were somewhat wider. All of the annuli 
were processed chemically for the Zn® activity as de- 
scribed in the appendix. The final precipitates were 
counted with the Geiger counters mentioned above. 
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Figure 2 shows the angular distribution of Zn® recoils 
obtained in a typical run at 30 Mev. The dashed curve 
in the figure is for an experimentally determined 
(a,2n) distribution. This (a,2”) curve has been normal- 
ized to agree at large angles with the curve taken with 
the enriched Ni** target. Unfortunately it was not 
possible to measure the distribution for Ni®(a,2n) 
directly. The distribution measured with a natural 
nickel target would have been inappropriate because 
of the contributions from the reaction Ni®(a,3n)Zn®. 
The dashed curve in Fig. 2 was obtained from a study 
of the reaction Co®(a,2)Cu® at the appropriate bom- 
barding energy. It is reasonable to assume that no 
significant errors arise from this substitution of the 
Co®(a,2n) angular distribution for that from Ni®. 
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Fic. 2. The upper heavy curve gives the angular distribution of 
Zn® recoils with respect to a beam of 30-Mev alpha particles 
incident upon an enriched Ni®* target. The dashed curve repre- 
sents the contribution of Zn™ from the Ni®(a,2) reaction. It was 
determined as described in the text. The lower heavy curve is the 
difference between the other two, and represents the Ni®*(a,7)Zn™ 
reaction. 


The contribution of the (a,y) reaction at small angles 
stands out quite clearly. A quantitative measure of the 
capture yield was made by integrating the difference 
between the two curves in Fig. 2 over solid angle. 

This type of angular distribution measurement was 
repeated at several bombarding energies. The excitation 
curve obtained in this way for the Ni®’(a,y) reaction 
is shown in Fig. 3. 

The errors on the points beyond 17 Mev are rather 
large because of uncertainties introduced by the sub- 
traction of the (a,2) distributions from those measured 
with the enriched Ni** target. These uncertainties are 
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Fic. 3. The (a,y) cross section in Ni® as a function of incident 
alpha-particle energy. The open circles give the data of Morinaga 
(reference 4). 


mostly to be blamed on the scattering of the recoils that 
occurs as they leave the target. It was possible to make 
a separate study of the scattering of recoil atoms of 
this mass and kinetic energy in foils of appropriate 
thickness. It showed that the scattering introduced a 
spread of a few degrees in an initially collimated beam. 
Fortunately the (a,y) recoil distribution is so very 
sharp to begin with, that the scattering does not seri- 
ously affect the usefulness of the technique in its 
present application. 

There are a number of other problems where it might 
be useful to measure the angular distributions of re- 
coils. To take an example, one could hope to infer the 
angular distributions of neutrons in high-energy (a,n) 
reactions from a study of the angular distributions of 
the appropriate recoils.*~’ The distributions of neutrons 
from the (a,m) reactions could be clearly distinguished 
in this way from those of (@,2m) and other reactions. 
Such (a,n) distributions should give information about 
the way in which nucleons are “directly” ejected in the 
high-energy reactions. It must be admitted, however, 
that the amount of scattering found in the present ex- 
periment would be too large to permit a useful (a,n) 


larger than (a,y) cross sections, and one could therefore 
hope to reduce the scattering by using a considerably 
thinner target for (a,n) studies than the one used here. 


6 J. M. R. Hutchinson, M. S. thesis, University of Washington, 
1956 (unpublished). 

7 Donovan, Harvey, and Wade, Bull. Am. Phys. Soc. Ser. II, 2, 
385 (1957). 





BALL, 


III. DISCUSSION OF RESULTS 


In order to bring the results of Figs. 1 and 3 into a 
form more useful for their interpretation, one should 
divide the observed capture cross section, o., at each 
energy by the corresponding total reaction cross section, 
or. That is, one should remove the effect of the incident 
particle’s penetrability from the considerations. At the 
lowest energies, this amounts to the division of one 
steep and somewhat uncertain function of energy by 
another. The resulting function is therefore poorly de- 
termined. At higher energies, cr is rather well known 
and fairly constant. Consequently the shape of the 
curve o,/or is very much the same as that for ¢, itself 
at the higher energies and the absolute magnitudes of 
o./or can be safely estimated. 

It is of interest to notice if any vestige of the maxi- 
mum in Figs. 1 and 3 remains after the division of 
o- by or. This will tell us whether the peak has some 
significance as regards the capture process or whether 
it comes about merely because a rapidly increasing 
function of energy (the penetrability) is being multi- 
plied by a rapidly decreasing one (the relative chance 
for the emission of photons only). 

Figure 4 shows the results of dividing o. by or for 
three examples. In addition to our own data, we have 
included that of Kelly on the (p,y) reaction in bismuth.’ 
For the values of or we have used the appropriate in- 
terpolations between the curves tabulated in Blatt and 
Weisskopf for the parameter ro>=1.5X10-" cm.* Al- 
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Fic. 4. The ratio of capture to total reaction cross section as a 
function of the excitation energy of the compound nucleus formed. 
These cruves were obtained by dividing those in Figs. 1 and 3 and 
the bismuth data of Kelly (reference 2) by computed reaction 
cross sections. 


y.M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 352. 
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though there is some uncertainty connected with the 
determination of penetrabilities, we feel that any rea- 
sonable estimates of the penetrabilities will lead to 
curves showing the kink or flattening that is visible in 
Fig. 4. It occurs in the neighborhood of 20-Mev exci- 
tation energy for all three curves. 

It is seen that the magnitudes and shapes of the 
“reduced” (p,y) and (a,y) curves do not differ much 
from each other. It is very unlikely that the (a,y) cap- 
ture mechanism in Ni*® involves the direct electric 
dipole absorption of the alpha particle from its orbit.‘ 
(This has been suggested as a possible mechanism to 
explain the observed (,y) cross sections.*) The electric 
dipole moment of an alpha particle with respect to the 
Ni®® nucleus is very small. It is only about 10% that 
of a proton. This would lead to an expected (a,y) cross 
section two orders of magnitude below the observed 
(p,y) cross section. These considerations suggest that 
the Ni®* capture involves the formation of a compound 
nucleus.’ In view of the similarities in shape and size 
of the two other curves in Fig. 4, it is simplest to 
suppose that, here too, one is involved with a com- 
pound nucleus. However, it is not possible, on the basis 
of such qualitative arguments, to exclude some “‘direct 
capture,” particularly in Bi (p,y). 

If we accept the conclusion that the observed capture 
reactions involve primarily the formation of a com- 
pound nucleus, the next important question to answer 
is how this nucleus decays. Does the decay take place 
mostly by the emission of fairly energetic (giant reso- 
nance) photons, or does it take place more often by the 
successive emission of a number of softer photons? The 
fact that the kinks in Fig. 4 occur at about 20 Mev is 
suggestive of the presence of giant resonance photons. 
However, it is not possible to eliminate the possibility 
of some de-excitation by a cascade of softer photons. 

To see what photon energies and emission probabili- 
ties would be required in a photon cascade in order to 
account for the observations let us consider a somewhat 
oversimplified model. Imagine that all photons are 
emitted with the same energy, ¢, and let P be the 
probability that a photon instead of a particle is emitted 
from an excited nucleus. Then 


o./Or= PEl«, (1) 


where E is the total energy that must be taken off by 
the photons to guarantee radiative capture. That is, E 
is the excitation energy minus the lowest particle bind- 
ing energy of the compound nucleus. To the extent 
that « and P do not depend on excitation energy or on 
nuclear species, the quantity (1/Z) log(e./or) should 
be independent of excitation energy. That is, the slopes 
of the curves in Fig. 4 should be constant. The curves 
are most reliable to the right of the flat part, and here 
they do have fairly similar and constant slopes (~ —¢ 

® A calculation of the capture cross section based on a compound 
nuclear model was recently reported * V. A. Madsen and E. M. 
Henley, Bull. Am. Phys. Soc. Ser. II, 3, 322 (1958). 
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Mev"). According to Eq. (1), this corresponds to 
(1/e) logP= —3. This value of (1/e) logP is also roughly 
consistent with the observed values of o./or at, say 
24 Mev, if one allows for some decrease in the value of e 
in the photon emissions which take place toward the 
end of a cascade. If the mean energy with which the 
postulated cascade photons are emitted happens to be 
6 Mev, then according to this result, each such photon 
has a 10% chance of being emitted instead of a particle. 
If instead, the mean energy, ¢, is 12 Mev, the same 
numerical relationship is satisfied by P=1%. Values 
between 6 and 12 Mev for the mean photon energy do 
not seem unreasonable for a cascade of, say, dipole 
photons, and although P’s of a few percent are a bit 
higher than one might expect, it seems possible that 
some of the capture reaction might be due to a cas- 
cade of photons. As we pointed out, the kinks near 
20 Mev suggest that some of the capture is due to 
the emission of giant resonance photons. Finally, it 
should be remarked that although the similarity of the 
three curves of Fig. 4 suggests that capture proceeds 
mostly by a common (compound nuclear) mechanism, 
a part of the observed capture cross sections may be 
due to direct effects. 

It is clear that more information is needed about the 
cross sections and photon spectra in high-energy cap- 
ture reactions before one can be reasonably certain 
about the mechanisms involved. A number of excitation 
curves for capture are now being measured in this lab- 
oratory. Among them are the following: He*(a,y)Be’, 
N¥(a,y) F'8, A“(d,vy)K*®, and Ba'8(d,y)La™.” 
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APPENDIX ON RADIOCHEMICAL SEPARATIONS 


Barium.—The aluminum foils which lined each target 
chamber were dissolved in aqua regia and 50 mg of 
barium carrier was added. The barium was precipitated 
as the sulfate and converted to the carbonate by boiling 
the precipitate in 50% K2CO; solution. The carbonate 
was then dissolved in a few drops of HCl, and the 
barium was precipitated twice as chloride with HCl- 
ether reagent. Iron and lanthanum were then scavenged 
from the solution as hydroxides, and the barium solu- 
tion was acidified and set aside to allow the lanthanum 
daughter to grow in. 

After allowing the lanthanum daughter to grow in for 
about six days, the lanthanum was removed from solu- 
tion as the hydroxide. The lanthanum was repeatedly 
precipitated as the hydroxide, using barium hold-back 
carrier. The lanthanum was finally precipitated as the 
oxalate and mounted for counting. In each run two 
lanthanum milkings were done to make sure that the 
observed La™ activity was due to a Ba parent. 

Zinc.—The aluminum catcher foils were dissolved in 
aqua regia and 10 mg each of copper, gallium, nickel, 
and zinc carriers were added. The copper and zinc were 
precipitated from slightly acid solution with mercuric 
thiocyanate reagent. The zinc and copper precipitates 
were dissolved by heating with a few drops of 6V HNOs3. 
The resulting solution was taken to dryness and then 
taken up in 0.3N HCl. The mercury and copper were 
then removed as sulfides. The sulfide scavenging step 
was then repeated until the precipitate showed no 
activity. The zinc was then precipitated from basic 
solution as the sulfide; the precipitate was dissolved in 
a few drops of HNOs, gallium hold-back carrier was 
added to the solution, and zinc was precipitated again 
with mercuric thiocyanate reagent. The zinc mercuric 
thiocyanate precipitate was mounted for counting. 

The Zn® was identified by its 9.3-hour activity. The 
gallium hold-back carriers were used to eliminate any 
9.4-hour Ga®® that might be formed from target 
impurities. 
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Angular distributions of alpha particles scattered from Mg™ and Ca“ are reported and effective interaction 
radii are obtained, based on the Born approximation for elastic scattering and direct-interaction theory for 
inelastic scattering. For Mg™, levels at 0, 1.37, 4.2, and 6.3 Mev yield interaction radii of 6.4, 6.55, 6.5, and 
6.5, respectively (units of 10- cm). Evidence is presented in support of the assignment of the 6.3-Mev 
level to Mg™ rather than to Mg or Mg**, with spin and parity 1—. For Ca®, levels at 0 and 4.48 Mev 
yield interaction radii of 6.65 and 7.3, respectively. Alpha-gamma angular correlations, which correspond 
closely to those predicted on the basis of direct-interaction theory, were obtained for C!? (4.43-Mev level) 
and for Mg™ (1.37-Mev level). For Ca® (4.48-Mev level) the correlation corresponds qualitatively to that 
predicted for a 1— level with cascade decay through an intermediate state to ground level. Further evidence 
is presented which supports this interpretation. A higher level in Ca is observed at 8.4 Mev. All alpha 


bombardments were made at 43 Mev incident energy. 


I. INTRODUCTION 


INCE the advent of direct-interaction theory’? to 
explain the behavior of scattering of nucleons by 
nuclei, several angular distributions of scattering proc- 
esses have been compared with the theoretical pre- 
dictions.*~"“ These comparisons, in general, seem to 
indicate indifferent fits of data to the theory in the 
cases of proton scattering, and fair to good fits for 
alpha scattering. With regard to the theoretical treat- 
ment of the interaction, the comparisons almost in- 
variably involve several simplifying assumptions, among 
which are (a) surface interaction, (b) elementary 
nucleon-nucleon interaction independent of angle and 
energy, and (c) plane waves for bombarding and 
scattered nucleons at the nuclear surface. 

Since the possibility exists that at least a portion of 
the observed scattering might be due to compound 
nuclear interaction, Satchler™ suggested that angular 
correlations between scattered particles and subsequent 
* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ Now at Lockheed Aircraft Corporation, Missile Systems 
Division, Palo Alto, California. 
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gamma radiation from the excited target nuclei might 
provide a definite means of distinguishing between 
direct and compound nuclear interaction. 

Banerjee and Levinson"® analyzed the effect of the 
assumption of plane waves versus distorted waves for 
the incident and scattered nucleons on the cross section. 
They were able to show that, in a direct interaction, 
the formula of the correlation is essentially unchanged 
from that predicted by plane waves, but that distorted 
waves lead, in general, to a shift in the symmetry axis 
for the correlation. They also pointed out that to be 
consistent, the same wave forms which best explain 
the angular distribution should give the correct shift 
of the correlation symmetry axis. Their application of 
these principles to the data of Hornyak and Sherr':!¢ 
resulted in a convincing demonstration of the validity 
of the direct-interaction model when distorted waves 
are used. 

A primary purpose of the present work was to extend 
the experimental data to cases not yet considered, in 
order to provide a wider comparison of theory and 
experiment. The work consisted of obtaining angular 
correlations between inelastically scattered alpha par- 
ticles and the resultant gamma rays together with the 
angular distributions of the scattered alpha particles 
for three target nuclei (C”, Mg”, Ca) and to.compare 
their relative deviations from the plane wave pre- 
dictions. 

II. EXPERIMENTAL 
A. General 


The data reported here were obtained in the 24-in. 
scattering chambers which at present represents the 
end of the line for the external beam of the University 
of Washington cyclotron. 

Angular distributions were obtained with a thin 
Nal(TI) crystal scintillator mounted on a 6291 photo- 


16 M. K. Banerjee and C. A. Levinson, Ann. Phys. 2, 499 (1957) ; 
C. A. Levinson and M. K. Banerjee, Ann. Phys. 3, 67 (1958). 
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multiplier tube. Normalization of the alpha-particle 
beam was achieved by means of integration of charge 
collected in a Faraday cup, and by monitoring of 
scattered particles with an auxiliary counter mounted 
at a fixed angle with respect to the beam. 

Angular correlations were obtained by the use of the 
thin NaI alpha-particle detector at a fixed angle, to- 
gether with a variable-angle gamma-ray detector con- 
sisting of a 13X2-in. NaI(TI) crystal mounted on a 
6292 photomultiplier tube, with crystal and tube almost 
completely surrounded by a heavy lead shield. The 
gamma-ray detector was moved through approximately 
one quadrant coplanar with incident beam and particle 
detector in obtaining the correlation. 

Signals from particle detector and gamma-ray de- 
tector were compared in a fast coincidence circuit for 
detection of simultaneous events. 

All alpha bombardment runs were made at 43-Mev 
incident energy. A few proton bombardment runs were 
made (see Sec. IV C) at an incident energy of 11 Mev. 

The external beam system and scattering chamber are 
described elsewhere and will not be dwelt upon here 
except as noted in the following paragraphs. 


B. Target Materials 


The carbon target for the C"(a,e’y) angular correla- 
tion study consisted of a small disk of 4-mil poly- 
ethylene. No difficulty was encountered in resolving 


the 4.43-Mev energy level in C” with this comparatively 
thick (10 mg/cm?) target. 

Natural magnesium foil, 1.1 mg/cm*, was used for the 
Mg"(a,e’) angular distribution measurements. Six 
thicknesses of this foil were used for the Mg*(a,a’y) 
angular correlation study; even so, the 1.37-Mev level 
in Mg*™ was resolved nearly as well as when the single 
thickness was used. 

Natural calcium foil was made by vacuum evaporation 
of calcium turnings from a tungsten boat onto a Pyrex 
plate, whence a foil was stripped and a section chosed 
as a target having a thickness of 13.4 mg/cm? for the 
Ca“(a,a’y) angular correlation study; another section 
of 6 mg/cm? was used for the Ca“(a,a’) angular distri- 
bution measurements. A first attempt at this technique 
resulted in a badly oxidized foil; in the second trial, 
the evaporator was filled with argon after the foil 
deposition, and subsequent handling of the foil was 
always done in an argon atmosphere. This proved 
satisfactory, with only minor impurities showing up in 
the angular distribution. 


C. Electronics and Gamma-Ray Shielding 


The use of 43-Mev alpha particles gave rise to a large 
background of gamma radiation, especially from col- 
limators which defined a }-in. diam beam incident on 
the target. In addition to the 2 in. of lead surrounding 
the gamma detector, approximately 6 in. of lead 
shielding was placed about the collimator, with lesser 
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amounts of shielding at other points. Even so, a number 
of measures were required to obtain resolvable gamma 
spectra from the target. Among these measures were 
relatively thick targets combined with a large accep- 
tance angle (a cone of 21° 20’ half-angle) for the gamma 
detector, low beam intensity (10-° ampere or less) 
incident on the target, and fast coincidence techniques. 
(Time resolution 0.025 usec.) In the coincidence work, 
a 40-channel analyzer was used to obtain first an 
ungated alpha-particle spectrum, then a gated spectrum 
for each angle setting of the detectors. The comparison 
of the spectra corresponding to elastically scattered 
alphas then gave the chance to true coincidence ratio. 
This method proved as reliable as the more usual 
technique of introducing a time delay in one branch 
of the fast coincidence circuit and saved an appreciable 
amount of cyclotron running time. 

In a few runs, protons were used in place of alphas as 
bombarding particles for purposes of calibration or, in 
the case of calcium, to investigate the decay mode of the 
4.48-Mev level. Here the gamma background was very 
substantially reduced due to the lower (11 Mev) 
energy of protons from the cyclotron. 


Ill. THEORY 
A. Angular Correlation 


The general theory of angular correlation is well 
developed, with several comprehensive and rigorous 
treatments of the subject now in the literature.!” The 
application of this theory to direct interaction proc- 
esses!>.16 leads to the unambiguous prediction that the 
gamma distribution, taken in coincidence with the 
emergent nucleons, will have a form characteristic of 
the multipolarity of the nuclear de-excitation transition, 
with a certain symmetry axis 4 for the simple cases of 
single, pure transitions. With the simplifying assump- 
tions of surface interaction, plane waves, and zero- 
range forces, 0 is just the recoil direction 6x of the target 
nucleus. Thus, any deviation of 6) from @z is a measure 
of the deviation of the nature of the actual process 
from these assumptions, and a failure to observe the 
multipole pattern would constitute a challenge to the 
validity of the direct-interaction theory for the case 
under study. 

As pointed out by Satchler,’® the prediction of sym- 
metry of the multipole pattern about 69 is in sharp 
contrast with the predictions of compound-nucleus 
theory where the recoil axis has no special significance 
with regard to the distribution of gammas. 

For the specific cases of X (a,a’)X*(y)X, where X is 
an even-even nucleus, with ground state spin and 
parity 0+, the correlation is given specifically by 
Biedenharn and Rose [reference 17, p. 752, Eq. (80) ] 


, L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 
25, ae (1953) ; G. Racah, Phys. Rev. 84, 910 (1951). 
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W(@)=DA, P,(cos@), 


where 
A = F, (Li jij) F (Lejoj), 


and v is a summation index which is restricted by vector 
addition rules and parity considerations to be integral 
and even, with ymax equal to or less than the smallest 
of 27;, 2L;, 2L2. The j:, 7, and j are nuclear spins for 
initial, intermediate, and final states, respectively, of 
the target nucleus, while ZL; and LZ» are the changes in 
orbital angular momenta occurring in the transitions 
jrj and j— 2, respectively. The P,(cos#) are Legendre 
polynomials, with @ the angle between the observed alpha 
and gamma, or, equivalently, between the recoil direc- 
tion and the gamma. The effect of this interchange of 
angles on the solid angle correction is discussed further 
in Sec. V. The / is understood to replace LZ; or L2 in the 
F functions according as to whether the alpha particle 
is emitted in the j;—j or j— 72 transition, and for the 
experiments reported herein, is always the former. 
The F functions are tabulated in reference 17, pp. 
746-748. 


B. Angular Distributions 


At least three types of direct-interaction theories 
have been presented in attempts to provide an explana- 
tion of the diffraction-like scattering pattern so fre- 
quently observed. Austern, Butler, and McManus,? 
hereafter abbreviated as ABM, have developed a theory 
involving interaction of the bombarding particle with 
elementary nucleons near the nuclear surface. This 
theory is usually developed so as to separate the cross 
section magnitude from the angular dependence, where 
the magnitude involves a calculation of the radial wave 
function and elementary cross section for scattering 
between the incident particle and a nucleon near the 
nuclear surface, while the angular dependence is con- 
tained in spherical Bessel functions 7,(Kr). Here, / is 
the order of the Bessel function, #K is the momentum 
transferred from incident particle to nucleus, and r is 
the interaction radius at which the transfer takes place. 
Blair and Henley’* suggest that the elementary inter- 
action might take place between incident particle and 
groups of nucleons (such as alpha particles) in the 
target nucleus. The angular dependence again is con- 
tained in the spherical Bessel functions. Hayakawa and 
Yoshida” extend the concept of the elementary inter- 
action still farther to be between the incoming particle 
and collective modes of motion of the target nucleus, 
where the collective modes are assumed to be those 


18 J. S. Blair and E. M. Henley, Bull. Am. Phys. Soc. Ser. II, 1, 
20 (1956); and private communication. 

1S. Hayakawa and S. Yoshida, Proc. Phys. Soc. (London) 
A68, 656 (1955); Progr. Theoret. Phys. Japan 14, 1 (1955). 
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described by Bohr and Mottelson.” Spherical Bessel 
functions again describe the angular dependence of the 
scattering. In all three cases, the angular dependence in 
terms of simple functions is a consequence of certain 
simplifying assumptions. These assumptions are (a) in- 
teraction at the nuclear surface, (b) no angular or 
energy dependence is involved in the elementary inter- 
action, and (c) the bombarding and scattered nucleons 
can be described by plane waves in the region of the 
nuclear surface. 

Using direct-interaction theory together with the 
simplifying assumptions previously listed of plane 
waves, delta-function interaction, and evaluation of the 
ji(Kr) at the nuclear surface r=R [hereafter, the 
abbreviation 7,(KR)=j.(p) will be used], one obtains 
two kinds of information from a comparison of theory 
with experiment: values of the effective interaction 
radius R and the values of / pertinent to a particular 
transition being investigated. As long as the simplifying 
assumptions are retained, this is nearly all that can be 
hoped for, although an absolute magnitude experiment 
could also yield cross-section measurements which 
could be then compared with the predictions of the 
various types of direct-interaction theory for differ- 
ential scattering cross sections. 

When the simplifying assumptions are dropped, it 
should, in principle, be possible to predict much more 
detailed behavior of the inelastic scattering processes, 
such as the dependence on nuclear well depth and shape 
and the nuclear wave functions. 

Banerjee and Levinson have used optical-model well 
parameters and shell-model wave functions to analyze 
the elastic and inelastic scattering of protons from C” 
at a variety of bombarding energies. They were able to 
predict simultaneously both the experimental behavior 
of the C"(p,p’) inelastic scattering and the observed 
shift in the symmetry angle 6) for the C!(p,p’y) 
angular correlation studies of Sherr and Hornyak. In so 
doing, they showed that the plane wave approximation 
to the inelastic scattering is quite poor at the energies 
used in the correlation studies, although at higher 
(>150 Mev) energies the behavior of the inelastic 
scattering more nearly approaches that predicted by 
the plane wave approximation. 


IV. RESULTS 


In the following paragraphs, the various angles 
referred to are shown schematically in Fig. 1. 


A. Carbon 


The angular distributions for C® have been reported 
previously” and the data have been extended since 


»” A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 16 (1953). Alder, Bohr, Huus, Mottelson, 
and Winther, Revs. Modern Phys. 28, 432 (1956). 

*1 Progress Report, Cyclotron Research, University of Washing- 
ton, 1957 (unpublished). 
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Fic. 1. Schematic drawing of scattering chamber, showing 
relationship of detectors to target and beam line. All angles are 
considered as being measured counter clockwise from the beam 
direction. 


then.” The oscillatory behavior of the angular distribu- 
tion of a’s from the 4.43-Mev level are well represented 
by the [j2(p) } curve out to a momentum transfer 
value* of 2.2 f'. Using 2.21 f for the alpha-particle 
radius” gives ro= 1.41 f. 

The angular correlation of the inelastically scattered 
a’s (59° lab) with the gammas from the de-excitation 
of the 4.43-Mev level is shown in Fig. 2(a). A least- 
squares solution of the form W(@)=Co+C; sin2é 
+C,2 cos26+C; sin4é+C, cos4# to the data points is 
given by the dashed line”; the solid line is the curve 
predicted on the basis of the simple assumptions 
(60=8r), corrected for the finite acceptance angle of 
the detectors. Both curves have been arbitrarily normal- 
ized to a peak value of 1. The least-squares derived 
equation was used to find the minimum in the region 
near the recoil direction 0z(=49° lab), which turns out 
to occur at 8.3°+6e (measured counterclockwise from 
the beam direction). This checks well with the value, 
chosen by inspection, of 7.5°+4p. 

A second angular correlation at an alpha scattering 
angle of 28°, giving @z= 65° lab, is presented in Fig. 2(b). 
Here, a value of (@.—@z) of 4° is found by inspection 
of the curve. 

2S. F. Eccles (private communication) and A. Yavin, refer- 
ence 14. 

23 The abbreviation f (=fermi) is used for 10-* cm. Momentum 
values are quoted in units of f~. 

% This radius is based on the interpretation of the quantity 6 in 
the equation R=roA!+6 used in the article by Kerlee, Blair, and 
Farwell, Phys. Rev. 107, 1343 (1957), as that describing the 
radius of the alpha particle, with extrapolation of the results 
reported in this reference to small values of A. 

26 The W (@) given here is simply the expansion of the theoreti- 


cally predicted correlation W (6) = a9+-a2 cos*(6—6) +a, cos*(@—5), 
where 6=6)—6r. 
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Fic. 2. (a) Alpha-gamma angular correlation for 4.43-Mev 
state of C® in reaction C®#(a,a’y), for recoil angle @g=49°. 
520W (@) =coincidences per 10° excitations of the 4.43-Mev level. 
The value 8.3° for @.—@r, the difference between the observed 
correlation symmetry axis and the recoil direction, is obtained 
from the least-squares fit to the data (see text). (b) Alpha-gamma 
angular correlation for 4.43-Mev state of C” in reaction C"(a,a’y), 
for a value of @g=65°. 514W (@) =coincidences per 10° excitations 
of the 4.43-Mev level. The value of 4° for 6)>—@r is obtained by 
inspection, with a relatively large error of perhaps +6° due to 
the scarcity of experimental values in the region 0<0°. Note.— 
The abscissa in (b) should read 0(=0,—8p). 


B. Magnesium 


The angular distribution of alphas from the elastic 
and first excited state (Q= —1.37 Mev) of Mg™ were 
reported by Gugelot and Rickey‘ at 43-Mev incident 
energy, by Watters* at 31.5-Mev incident energy (who 
also included data on the 4.2-Mev doublet), and by 
Vaughn® at 48 Mev. The data are extended in the 
present work to 140° (center of mass) and include the 
doublet state at 4.2 Mev and the state at 6.3 Mev. 

Figure 3 is a plot of these distributions in the lab 
angle system, with arbitrary normalization of the 
differential cross section. The relative differential cross 
section values shown for the various states are as 
found experimentally. Figure 4 is a comparison of the 
elastic angular distribution with the Born approxi- 
mation result for a square well potential, [p~'71(p) P. 
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Fic. 3. Angular distribution of alpha particles from Mg”, with incident laboratory energy of 43 Mev. The distributions for the ground 
state and first four excited states are given, with the unresolved doublet at Q@= —4.2 Mev shown as a single curve. 


From this comparison, a best fit was found at an 
effective radius of 6.4 f. Again, taking 2.21 f for the 
alpha particle radius, this gives a value of ro= (1.46 
+0.07) f. 

Figure 5 is a comparison of the Q= —1.37-Mev data 
with the function [ j2(p) ? predicted by the plane wave 
simplification of the ABM theory for this level having 
known spin and parity of 2+. An effective radius for 
this interaction of 6.55 f is obtained, giving ro= (1.51 
+0.07) f. It is to be noted that the observed magnitude 
decreases with increasing momentum transfer faster 
than predicted by the theoretical curve out to about 
3.5 f-, then reverses this trend and actually rises 
slightly beyond this value of momentum transfer 
(~ 100° center-of-mass scattering angle). 

Figure 6 compares the data for the doublet 
(Q=—4.122, —4.24 Mev) with the theoretical func- 


tions [ j2(p) ? and [j4(p) ?. Good fits are found with 
both these functions, with effective radii of 6.5 f and 
6.2 f, respectively. However, the data are suggestive 
of some combination of these two functions, for ex- 
ample, [ j2(o) P-+[ja(o) F as given by the dashed line 
in Fig. 6, and indicate that both levels of the doublet 
may have been excited. Since the 4.122-Mev level has 
been found to have spin and parity 4+ and the 4.24- 
Mev level has been found to have spin and parity 2+, 
there is no @ priori reason why both levels should not 
appear at our bombarding energy of 43 Mev, although 
Watters’ concludes that at 31.5 Mev, only the 2+ level 
is excited. 

The angular distribution data also included several 
higher energy states. A level at 5.3 Mev was observed, 
but was not resolvable at a sufficient number of angles 
to obtain a meaningful distribution. At an excitation 
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Fic. 4. Elastic scattering of 43-Mev alpha particles by Mg™. 
The term [p~'j; (9) ¥ is the Born approximation result for a square 
well potential. The best fit of the theoretical curve to the data 
gives an interaction radius of 6.4 fermi. 


energy of Q= —6.3 Mev, a level was clearly resolved 
for most of the angular range covered. Figure 7 shows 
the latter data compared with the theoretical functions 
[71(p) ? and [j3(p) , leading to ro values of 1.48 f and 
1.35 f, respectively. Consistency with the effective radii 
found from the lower excited levels and the elastic 
scattering suggests assignment of spin and parity 1— to 
this level; however, as pointed out by Blair and 
Henley,'® the fit to a [7:(p) } function may under 
certain conditions lead to an assignment of 0+. An 
angular correlation would aid in resolving this assign- 
ment. No reasonable effective radius could be found 
with even-value spherical Bessel function curves. 

Some doubt has existed”® as to the assignment of the 
6.3-Mev level to Mg** or Mg”®. Since the present data 
covered a fairly wide range of angles, the relative shift 
in energy with angle should be an indication as to the 
isotopic assignment of this level. Three curves are shown 
in Fig. 8 comparing the energy shift with respect to 
angle for 6-Mev excitation of Mg™*, Mg”> and Mg*®, in 
addition to the data obtained. The dashed line is for 


26See comments of P. M. Endt and J. C. Kluyver [Revs. 
Modern Phys. 26, 95 (1954)] on Mg™(p,p’)Mg* data. Again, 
P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957), list this level as doubtful. 
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Fic. 5. Inelastic scattering of alpha particles of 43-Mev incident 
energy from the 1.37-Mev level of Mg*™. The j2(p) term is the 
second order spherical Bessel function predicted on the basis of 
the direct interaction process for this level. 


an excitation of 6.3 Mev in Mg™. These comparisons 
enable one to conclude that the observed 6.3-Mev level 
probably belongs to Mg**; the assignment of this level 
to Mg*® is not ruled out, but an assignment to Mg*® 
seems unlikely. 

The angular correlation results for the 1.37-Mev 
level are shown in Fig. 9. The dashed line indicates the 
least-squares fit to the data, again by the use of the 
form W (@)=Co+C,sin20+C,cos20+C;3sin40+C, cos4é, 
the solid line gives the plane wave prediction, corrected 
for finite acceptance angle of the detectors. The mini- 
mum in the vicinity of 6g was found from the least- 
squares derived equation to be at 62+5°. Again, this 
is consistent with the shift observed by inspection. 


C. Calcium 


The doubly magic 2oCa* nucleus was chosen as the 
third nucleus to be investigated for two reasons. First, 
it is the heaviest nucleus which can be thought of as 
consisting of alpha particles only, and it was hoped the 
results of the investigation might provide data helpful 
to those concerned with the alpha-particle model of the 
light nuclei. Second, because of the doubly magic 
character of the nucleus, some unusual features might 





316 S. B. 
be expected. In the latter respect, the results were not 
disappointing. The levels reported at 3.35, 3.73, and 
3.90 Mev did not show up anywhere in the angular 
range covered (20°-80° lab). This result was surprising 
when compared with the proton bombardment results 
at 11-Mev incident energy, where these levels showed 
relatively large scattering magnitude. It is suggested 
that these may be single-particle, rather than collective 
states, although it is difficult to understand why the 
0+ level at 3.35 Mev did not appear in the alpha 
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Fic. 6. Inelastic scattering of alpha particles of 43-Mev incident 
energy from the 4.2-Mev doublet level of Mg*. The distribution 
is compared to the second order spherical Bessel function term 
(--—-) with a best fit at an interaction radius of 6.5 f, to the 
fourth order spherical Bessel function term (— — —) with a best 
fit at an interaction radius of 6.2 f, and to the sum of second and 
fourth order function terms (— -— -) assuming an interaction 
radius of 6.4 f. A comparison of the experimental distribution with 
those of Fig. 5 and Fig. 7 suggests that the distribution of Fig. 6 
may be the sum of contributions from both 4.122-Mev and 4.24 
Mev levels (unresolved) giving rise to less sharp peaks and valleys 
in the summed distribution than in the cases illustrated in 


Figs. 5 and 7. 


particle bombardment, while a 0+ level at 7.6 Mev in 
C” appears under these conditions with easily dis- 
cernible amplitude over a wide range of angles.” The 
identification of the 4.48-Mev level as an odd-spin 
level (see below) leaves only the level at 3.90 Mev as a 
possible 2+ level among the first four excited states, 
in sharp contrast with nearly all other even-even nuclei 
where the first excited level is usually 2+ and low- 
lying. It may be significant that O'*, another even-even 
doubly magic nucleus, has a very similar level structure 
to Ca® in the first four excited states if one is willing 
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Fic. 7. Inelastic scattering of alpha particles of 43-Mev incident 
energy from the 6.3-Mev level of Mg* (see Fig. 8 and discussion 
in text). The distribution is compared to the first order spherical 
Bessel function term (— - —) and the third order spherical Bessel 
function term (————), giving interaction radii 6.5 f and 6.1 f, 
respectively. 


to guess the 3.90-Mev level in Ca® as being 2+ 
(although, if it is 2+, its failure to appear in the present 
work is puzzling) and to accept the 4.48-Mev Ca® 
level as being 1—. Again, the doubly magic Pb”® has a 
first excited level with spin and parity 3—. 
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Fic. 8. A comparison of the calculated rate of change of energy 
versus scattering angle for the 6.3-Mev level in Mg* with observed 
values. The curves of E/Eo versus angle for Mg™, Mg**, and Mg”® 
for an excitation of 6 Mev furnish a guide for the isotopic mass 
assignment of the 6.3-Mev level. On this basis, the assignment to 
Mg™ is considered most likely. The dots indicating the experi- 
mental observations exceed in diameter the probable error 

+0.1 Mev) of the observed values. 
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Fic. 9. Alpha-gamma angular correlation for the 1.37-Mev 
state of Mg” in the reaction Mg™(a,a’y) for a recoil angle 6g= 68°. 
391W (6) =coincidences per 10° excitations of the 1.37-Mev level. 
The value of 5° for the difference between the observed correlation 
symmetry axis 0 and the recoil direction @z is obtained from the 
least-squares fit to the data. Note——The abscissa should read 
6(=6,—6p). 


In Fig. 10 is shown the elastic and 4.48-Mev level 
alpha scattering cross section with respect to scattering 
angle. Figures 11 and 12 show typical pulse-height 
spectra of scattered alphas and protons, respectively. 
It should be noted that in the proton spectra, the 
strong group at Q=—3.7 Mev could be the sum of 
contributions from the 3.73- and 3.90-Mev levels, since 
the resolution is not sufficient to separate the two 


C04 %er,cc') 


OIFFERENTIAL CROSS SECTION (ARBITRARY UNITS) 








30 46 30 60 70 80 
LAB SCATTERING ANGLE (DEGREES) 
Fic. 10. Angular distribution of alpha particles scattered from 


Ca, with incident laboratory energy of 43 Mev. The distributions 
for the ground state and the 4.48-Mev level are shown. 
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Fic. 11. Typical pulse-height spectrum (@4=—72° lab) for 
alphas from the reaction Ca“(a,a’). The incident alpha energy 
is 43 Mev. 


levels. All Q values in both Figs. 11 and 12 are obtained 
by calibration with the well-known level separations in 
C®, obtained under identical conditions on the same 
series of runs. 

The comparison of the elastic alpha scattering from 
Ca“ with the Born approximation result [p~'j:(p) P 
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Fic. 12. Typical pulse-height spectrum of protons of incident 
energy 11 Mev scattered from Ca®. The scattered points between 
the elastic and 3.35-Mev groups are due principally to oxygen and 
carbon impurities present in the target. The group at Q= —3.75 
Mev (value from calibration with carbon spectrum) could be due 
to levels at both 3.73 and 3.90 Mev in Ca®, but the shape of the 
curve (no broadening apparent) implies that the 3.90-Mev level 
is not contributing appreciably. 
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Fic. 13. Elastic scattering of 43-Mev alpha particles by Ca®. 
Experimental results are compared to the function [p™7: (9) P. 
The best fit of this Born approximation result for a square well 
potential to the data gives an interaction radius of 6.65 f. 


shown in Fig. 13 gives an effective interaction radius of 
6.65 f. Again using the value 2.21 f for the alpha- 
particle radius, a value of ro= (1.30+0.06) f is obtained. 

This value of ro is significantly smaller than those 
found from the C” and Mg* data, and probably repre- 
sents the effect of the doubly closed shell character of 
this nucleus. The effective interaction radius of 6.65 f 
should be compared also with the value 7.12 f found® 
for A*. No such reduction in radius is to be expected on 
the basis of any model except the shell model. 

A comparison of the data for alpha scattering from 
the 4.48-Mev state with the function [j3(p) ? is given 
in Fig. 14. The lack of information at smaller mo- 
mentum transfer values is unfortunate, since with the 
available data, a fit almost equally good is found with 
the [ j:(p) ? curve. The radii from these two comparisons 
are ro= (1.39+0.06) f and ro= (1.49+0.06) f, respec- 
tively. The comparison with even-value spherical Bessel 
functions all gave quite unreasonable values to ro, as 
well as providing poorer fits to the various maxima and 
minima. Thus, one can conclude from these data only 
that the 4.48-Mev level is probably either 1— or 3—, 
with a slight preference for the 3— assignment based 
on the fact that the ro value for this spin and parity is 
more consistent with that found from the elastic 
scattering. 

It should be noted in the graph of the alpha spectrum, 
Fig. 11, that levels higher than the 4.48-Mev level 
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appear. Of these, only the one appearing at 8.4 Mev 
showed up with enough consistency and resolution 
from surrounding levels to permit an identification. 
Figure 15 shows the ratio E/E» at which this level 
appeared versus scattering angle, compared to the E/E 
ratio for the elastic and 4.48-Mev groups. Again using 
the calibration afforded by the C” level separation and 
a knowledge of the target thickness, the Q value of this 
level is found to be (8.4+0.2) Mev. This value lies in 
an intermediate energy region where other investi- 
gators*’8 have not reported levels. 

No attempt is made to assign spin and parity to this 
new level, since an insufficient angular range, especially 
over small angles, was covered and the scattering cross 
section at many angles was difficult to obtain with 
accuracy. 

A series of attempts was made to obtain an angular 
correlation of the 4.48-Mev level alpha scattering with 
gamma rays of energy greater than 2.0 Mev. The results 
were not consistent with a direct transition to the 
ground state and seemed at first to indicate that the 
scattering process might be taking place via some com- 
pound nucleus mechanism, although the angular distri- 
bution data were consistent with the direct-interaction 
scattering theory. It was decided then to investigate 
the mode of decay of this state by means of coincidence 
analysis of inelastic proton scattering groups and any 
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Fic. 14. Inelastic scattering of 43-Mev incident energy alpha 
particles from the 4.48-Mev state of Ca®. The [ j3(p) ? term is the 
third order spherical Bessel function term predicted on the basis 
of direct interaction theory with the assignment of 3— spin and 
parity for this level. The best fit of this function to the data gives 
an interaction radius of 7.3 f. A similar comparison with the func- 
tion [j:(p) # (not shown) gives an interaction radius of 7.0 f. 


27 Towle, Berenbaum, and Mathews, Proc. Phys. Soc. (London) 
A70, 84 (1957). 
28C. M. Braams, Phys. Rev. 101, 1764 (1956). 
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resultant gamma rays. The pulse-height spectra of 
gammas gated with the 4.48-Mev and 3.7-Mev group 
protons scattered by Ca” were obtained and compared 
with the gamma spectrum obtained by gating with the 
4.43-Mev group protons scattered by C”. If the 4.48- 
Mev level in Ca® were decaying directly to the ground 
state, the gated spectrum should be nearly identical 
with that for the gated C” spectrum. This was not the 
case; rather there resulted a nearly identical gated 
gamma spectrum for the two Ca“ levels, indicating 
that the 4.48-Mev level of Ca“ is decaying principally 
by cascade through the 3.7-Mev level to ground. It was 
not possible to determine with certainty whether the 
intermediate state is the 3.73- or the 3.90-Mev state, 
because of an inability to discriminate between these 
two proton groups. 

An analysis of the angular correlation in view of this 
result is complicated. It constitutes a triple correlation 
with intermediate gamma unobserved, a situation 
analyzed in the literature.'”.* In view of the uncertainty 
as to the assignment of spin and parity for the 4.48-Mev 
level and the spin of the intermediate state, several 
cascade possibilities exist. These have been investigated 
on the assumption that only pure transitions are in- 
volved. The only possibility which even qualitatively 
fits the observed correlation (Fig. 16) is that the 4.48- 
Mev state is 1—, with cascade through either 2+ or 
3— level. Figure 17 shows the level scheme for Ca” 
postulated on the basis of information from reference 26 
and the present work. 

The correlation function for this latter case is still 
simple and depends on the knowledge of the 7 value of 
each level in the cascade and the multipolarity of the 
transitions between levels. With the assumption that 
the 4.48-Mev level is (1—), j2.=3—, and unobserved 
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Fic. 15. A comparison of the rates of change of energy versus 
scattering angle observed for the 4.48-Mev and 8.4-Mev levels in 
Ca with calculated rates of change for several excitation energies. 
Since the calcium foil used was relatively thick (16 mg/cm) 
corrections were necessary for the average alpha particle energy 
loss in the foil. The corrected values of E/E» are shown as the 
first dashed (— - —) curves below the solid curves for Q=0, —4, 
and —8 Mev. These corrected curves were then used to establish 
the values 4.48 Mev and 8.4 Mev for the excitations observed. 


*® Biedenharn, Arfken, and Rose, Phys. Rev. 83, 586 (1951). 
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Fic. 16. Alpha-gamma angular correlation for 4.48-Mev state 
of Ca“ in reaction Ca (a,a’y1)Ca®* (y2)Ca® for a value of 0g =73°. 
500W (6)=coincidences per 10° excitations of 4.48-Mev level. 
The curve for the angular correlation predicted on the basis of 
spin and parity assignment of 1— for the 4.48-Mev level, 3— for 
the intermediate level and quadrupole unobserved radiation is 
shown by the dashed line. The solid tine is the least-squares curve 
assuming the 4.48-Mev level is 1—. A 4 value of 11$°+6p is 
obtained from the least-squares analysis. 


radiation is quadrupole, one gets the simple correlation 
form W (8) =1+2P2(cos@). 

In the graph of this correlation, Fig. 16, the dashed 
line represents the prediction for the 1— assignment to 
the 4.48-Mev level. Thus, the experimentally observed 
angular correlation can be said to furnish supplementary 
evidence for the assignment of spin and parity 1— to 
the level at 4.48 Mev. 
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Fic. 17. Energy level diagram of Ca®. Levels shown are ob- 
tained from present work and reference 26. The reactions Ca® 
+p—p’ and Ca®+a—a’ diagrammed at either side of the energy 
level diagram represent the present work only. The doublet level 
at 3.73 and 3.90 Mev with arrows from the Ca®+p—p’ reaction 
was not resolved in the present work. Energies of the various 
levels shown are in Mev. The spin and parity assignment of the 
4.48-Mev level and the energy value for the 8.4-Mev level are 
from the present work, as is the gamma cascade indicated from 
the 4.48-Mev level. 





V. DISCUSSION 
A. Target Impurities 


Impurities existed in all three targets. 


1. Carbon 


In the carbon target, oxygen and nitrogen were 
present in small amounts. Both were easily identified 
and gave no trouble. 


2. Magnesium 


The magnesium target was of natural isotopic ma- 
terials (Mg*—78.8%, Mg*—10.1%, Mg?®—11.1%). 
Many levels previously reported above the 4.24-Mev 
level in Mg™ are now suspect as belonging to one or 
another of the heavier isotopes.”® Figure 8 is presented 
as evidence that the 6.3-Mev level should be assigned 
to Mg", although it is conceded that the evidence is 
not conclusive. It is difficult to imagine, however, that 
the 6.3-Mev level scattering magnitudes shown relative 
to the elastic and 1.37-Mev groups in Fig. 6 could arise 
from either heavier isotope of ~ 10% abundance. 


3. Calcium 


The Ca“ target showed some oxygen contamination 
and a trace of carbon. At laboratory scattering angles 
less than 25°, these presented some difficulty, especially 
in defining the 4.48-Mev group. At larger angles, the 
large disparity in masses was helpful in removing these 
impurities from the region of interest as the scattering 
angle increased. 


B. Finite-Geometry Correction 


The correction of the theoretically predicted angular 
correlation for the effects of finite geometry requires 
knowing (a) the form of the correlation, (b) the gamma- 
ray absorption coefficient to be used. In the case of C” 
and Mg” correlations, the expected correlation form on 
the basis of pure transitions and direct interactions 
using the plane wave assumptions is, for point detectors, 


W (6) =1+-0.714P2(cos@)—1.714P4(cos6), 


where @ is the angle between scattered alpha and co- 
incident gamma, or alternatively, the target nucleus 
classical recoil direction and coincident gamma. (See 
following paragraph.) In the Ca“ correlation, no 
attempt was made to correct for finite geometry. The 
pertinent gamma ray absorption coefficients were ob- 
tained from a tabulation by Miller, Reynolds, and 
Snow.” 

The finite-geometry correction made here and that 
outlined by Rose* differ slightly. The situation analyzed 
by Rose is in terms of the angle between alpha-counter 


® Miller, Reynolds, and Snow, Rev. Sci. Instr. 28, 717 (1957). 
31M. E. Rose, Phys. Rev. 91, 610 (1953). 
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and gamma-counter center lines, while in this work the 
angle @2=60r—86, is used. That the finite geometry cor- 
rections are not entirely equivalent is easy to demon- 
strate, since the relationship between the solid angle of 
the alpha-crystal and the resultant solid angle of the 
recoil directions is dependent on “external parameters” 
such as energy, Q value of the nuclear reaction, recoil 
mass, and scattering angle. 

However, for all correlations in the present work, 
the alpha-scattering angle was sufficiently large so that 
the ratio AQ(recoil)/AQ(alpha crystal) was always less 
than one. (This would not be true at very small alpha- 
scattering angles.) Therefore, in view of the very small 
AQ defined by the half-angle subtended of less than 1° 
for the alpha crystal, the assumption was made that 
detection of an alpha particle at @, was entirely equiva- 
lent to detection by a point detector of the recoil 
nucleus at @r. The solid angle of the gamma detector 
was characterized by the half-angle subtended of 21° 20’. 

Effects due to recoil of the emitted gamma radiation 
on the direction of recoil of the target nucleus were 
ignored, since in the extreme case considered, this 
resulted in an angular deviation of less than 1° from 
the original recoil direction. 


C. Results 


Table I presents in tabular form the various Q values 
and effective interaction radii for the nuclear levels 
investigated, together with their spin and parity assign- 
ments as deduced from this work and as reported in the 
survey reviews on energy levels in light nuclei.?*.* Also 
listed are the available data on (0)—4@p). 

Various direct interaction theories?:'* all have in 
common (in the plane wave approximation) the pre- 
diction that the angular distributions should be repre- 
sented in terms of appropriate spherical Bessel func- 
tions. The data in references 13, 14, and the present 


TABLE I. Summary of level information and angular correlation 
results. All reactions are (a,a’) with incident alpha energy of 
43 Mev. 








Effective 
interaction 
radius 
Q for (1073 cm) 
reaction from present 
(Mev) work 


Spin and 


60 —OR 
parity (lab deg) 


57-49" 
69-65* 


Target 
Cc —4.43 





Mg* 
73-68" 








* Values from present work. 


BF, Ajzenburg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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work strongly support this feature, while at the same 
time indicating just as clearly that the Bessel functions 
are no better than a good first approximation. This is 
made clear by inspection of the various comparisons of 
angular distributions with the spherical Bessel functions 
presented in references 13, 14, and the present work. 
Two features frequently encountered are the failure of 
the [j:(p) ? to represent the correct rate of change of 
differential cross section with scattering angle (alter- 
natively, with momentum transfer) and the failure to 
represent correctly the various maxima and minima at 
large values of momentum transfer. The differences in 
the predictions of the theories mentioned above as far 
as angular distributions are concerned (again in the 
plane wave approximation) lie principally in the magni- 
tudes of the cross sections. Since no attempt was made 
in the present work to obtain absolute values for the 
scattering amplitudes, no magnitude comparisons can 
be made. 

It should be pointed out that while the spherical 
Bessel function as an approximation to the dependence 
of the scattering with respect to angle seems quite 
valid for alpha particle scattering at 43 Mev, the work 
of Sherr and Hornyak” '® clearly indicates that the 
same approximation functions completely fail to predict 
proton scattering angular distributions from light nuclei 
at bombarding energies less than 20 Mev. On the other 
hand, the values of (@)>—8z) from the present work are 
the same magnitude as those found by Sherr and 
Hornyak for comparable values of momentum transfer. 
It would appear that the quantization axis 6) of the 
excited recoil nuclei which subsequently decay to the 
ground state by gamma emission is never very different 
from the classical recoil direction 6r (except for mo- 
mentum transfer values less than 1 f~'), arguing for the 
approximate validity of the plane wave approximation, 
but that strong scattering amplitude corrections de- 
pendent on momentum transfer are needed to interpret 
the angular distributions successfully over a range of 
bombarding energies. If one assumes a direct inter- 
action between incident alpha particles and alpha- 
particle-like groups of nucleons in the target nucleus'® 
or if the interaction is assumed to take place with 
collective modes of motion of the target nucleus," one 
would expect a much more gradual drop-off of cross 
section with angle than in the interaction with single 
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nucleons in the target nucleus, an effect which can be 
used at times to distinguish single-particle levels. In 
either case, detailed analysis is needed to justify any 
more than qualitative statements regarding the scatter- 
ing amplitude corrections. 


VI. SUMMARY 


The proposal that inelastic scattering of nuclear 
particles from nuclei proceeds principally by direct 
interaction rather than some variation of compound 
nucleus interaction seems well validated as far as the 
conditions of the present work are concerned. The 
trend toward larger scattering cross sections at large 
values of momentum transfer (not predicted by ABM) 
noted here, and in references 5, 13, 14, and 21, would 
indicate that the interaction occurs with some collective 
mode of the target nuclei rather than with single 
nucleons in the target nucleus. 

As noted above, the plane wave approximation seems 
sufficiently good to predict the general behavior of 
inelastic scattering of alphas in the energy range 30 to 
48 Mev and of alpha-gamma angular correlations, but 
it fails when applied to the finer features of both the 
inelastic scattering and the angular correlations. This 
failure is not surprising in view of the rather unrealistic 
nature of the approximation; what is more interesting 
is that the plane wave approximation is as good as it 
appears to be. Thus, one is forced to conclude that 
direct interactions under the experimental conditions 
typical of the present work (light nuclei, 30-40 Mev 
alpha energy) proceed mainly by interaction very close 
to the nuclear surface involving some collective mode 
of motion of the target nucleus, and that distortion of 
the wave function of the bombarding particle is evident, 
but is apparently not severe. 
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Cross sections for the reactions Cr®*(p,n)Mn*™, Cr52(p,n)Mn*, Ag!°’(p,pn)Ag'®™, Ag!°?(p,pn)Ag!6, and 
Cu®*(p,n)Zn®™ were determined as a function of energy with the 20.6-Mev proton beam of the U.C.L.A. 
synchrocyclotron. The relative yields of Sr*5, Sr*°", and Sr’ obtained in the proton bombardment of 
rubidium were also determined. In all cases the isomer yield ratios varied with energy over the entire energy 
range studied. The results are discussed in terms of conservation of angular momentum, assuming com- 


pound nucleus formation. 


INTRODUCTION 


LTHOUGH much evidence has been cited in recent 

years to indicate that ‘direct interaction” is a 
much more probable mechanism in nuclear reactions 
than was previously assumed,'~ it is generally believed 
that below 30 Mev nuclear reactions proceed mainly 
through the formation of a compound nucleus. Under- 
lying the theory of compound nucleus formation is the 
assumption that the compound nucleus decays inde- 
pendently of the way it is formed. When energetically 
possible, the compound nucleus will emit one or more 
particles and leave a residual nucleus, which may still 
be highly excited. Eventually, the residual nucleus will 
decay to the ground level by a gamma cascade, or, in 
the case of isomers, to the isomeric states. 

When the incoming particle has a low energy it must 
have low orbital angular momentum in order to pene- 
trate the centrifugal barrier, and so the compound 
nucleus will be formed with angular momentum not 
very different from that of the target nucleus. Since 
angular momentum must be conserved in the over- 
all reaction, the isomer with spin closest to target 
nucleus will be favored at low energies. Recent experi- 
ments confirm this rule.** 

At high energies transfer of angular momentum can 
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mission. 
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2 Cohen, Newman, Charpie, and Handley, Phys. Rev. 94, 620 
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International Conference on Nuclear Reactions, Amsterdam, July 
2-7, 1956 (Nederlandse Natuurkundige Vereniging, Amsterdam, 
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be achieved by particle emission and gamma cascading 
(although particles are unlikely to transfer large 
amounts of angular momentum if a Maxwellian distri- 
bution of outgoing particles is assumed), and so con- 
servation of angular momentum is expected to place no 
restrictions on the random decay of the nucleus, and 
the two isomeric states will be populated in constant 
ratio dependent on the statistical weights of their 
respective spins. No such limiting ratios were found in 
the recent work on isomer cross sections’! in the 
region of compound nucleus formation. 

In the investigation reported here the ratio of the 
cross sections for formation of several pairs of isomers 
produced by different nuclear reactions has been de- 
termined as a function of bombarding proton energy up 
to 21 Mev. Included in this work are also yield ratios 
of neighboring isotopes differing by two mass units. 
The results are interpreted in terms of spin changes and 
conservation of angular momentum. 


EXPERIMENTAL 


All targets were wrapped in a single (~5 mg/cm?) 
sheet of aluminum foil and irradiated with the 41-inch 
U.C.L.A. synchrocyclotron. The targets were either 
salts or metal foils. Salts were always bombarded with 
the circulating beam of the cyclotron; the proton energy 
was adjusted by varying the radial distance of the 
target from the origin of the beam. Metal foils were 
irradiated in the deflected beam. 

Chromium was bombarded as chromic oxide when a 
relative yield determination was sought and as a mixture 
of chromic and cupric oxide (in a definite proportion) 
when it was intended to determine absolute cross 
sections. The reaction Cu®(p,7)Zn® was used to 
monitor the Cr®?(p,2)Mn®" reaction since foils of 
chromium were not available. The Cu®(p,7)Zn® excita- 
tion function was determined, independently, by the 
method of stacked foils and was in agreement with the 
results of Ghoshal.!? 

Rubidium was bombarded as the chloride and silver 
as silver oxide and also as the metal. 


Meadows, Diamond, and Sharp, Phys. Rev. 102, 190 (1956). 
1H, B. Levy, Ph.D. thesis, University of California Radiation 

Laboratory Report UCRL-2305, August, 1953 (unpublished). 
22S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 
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CROSS SECTIONS FOR NUCLEAR REACTIONS 


TABLE I. Cross sections for the reactions Cr®*(p,n)Mn®™ 
and Cr®(p,n)Mn®. 








(Mn52m) 
(millibarns) 


Energy 
(Mev) 


6 y eee 
7S 128 21.2 
10 358 116 
10 312 104 
12:5 410 203 
16 265 197 


(Mn*) 
(millibarns) 











For the bombardment of stacked foils a special 
shielded target holder was used. It consisted of an 
aluminum box (2} inchX 14 inchX} inch) with a one- 
inch diameter opening in front, in which the foils were 
placed. The box was completely insulated with Lucite 
except for the opening above the foils and the whole 
assembly wrapped in a thin aluminum shielding foil 
which was grounded. The target holder was attached 
to a current-reading probehead, which was connected 
to a vibrating-reed electrometer current integrator. 

After being irradiated, all targets other than the 
silver and copper foils were subjected to chemical 
separations. Carriers were added, and after suitable 
separations, the radioactive products strontium, silver, 
manganese, and zinc were recovered as strontium oxalate, 
silver chloride, manganese dioxide, and ZnHg(SNC)s, 
respectively. The activities of the 38-minute Zn® 
and the 24-minute Ag™® obtained in the bombard- 
ment of copper and silver foils were measured directly 
from the foils by using aluminum absorbers to decrease 
unwanted activities. After the 24-minute Ag'® had 
died out, however, the silver foils were also dissolved; 
the silver was separated from other elements and pre- 
cipitated as AgCl before the activities of the 8-day 
isomer were determined. 

All precipitates were mounted, dried, and weighed in 
a standardized manner in order to correct for chemical 
yield. 

The activities were determined by means of a Geiger 
counter or a scintillation counter. The counting unit 
of the Geiger counter was a lead-shielded end-window 
G-M tube with a thin mica window used in conjunction 
with a scaler of conventional type. The sensitive unit 
of the scintillation counter was a one-inch by one-inch 
NalI(Tl) crystal mounted on a DuMont 6292 photo- 
multiplier tube. The pulses were shaped, amplified, and 
then fed into a single-channel Atomic Instrument Com- 
pany Model 510 pulse-height discriminator whose out- 
put was connected to a scaler. The scintillation counter 
was used to measure the manganese activities produced 
from chromium and to determine the absolute dis- 
integration rate of the 8-day Ag" activity. 


RESULTS 


In all cases relative yield curves were first obtained 
by determining the ratio of activities as a function of 
proton energy. For those reactions where absolute cross 
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Fic. 1. Ratio of cross sections of Mn® isomers. O determined 
from absolute cross sections; all other points from relative yields, 
normalized at 10 Mev. 


sections were determined, the relative yields were 
normalized to the ratio of cross sections at one particular 
energy. 


1. Cr(p,n)Mn 


For the determination of the Cr®?(p,n)Mn*™ cross 
sections, chromium and copper oxides were mixed in 
the target and the ratio of Zn® to Mn*” was determined 
at several different energies. Zn® was particularly 
suitable to monitor this reaction since both Zn® and 
Mn*™ decay by the emission of positrons with about 
the same energy. The cross sections for Mn*? were then 
calculated from the ratio of activities after correction 
for self-absorption and assuming 35% positron emission 
for Mn*?. Table I gives the results of these meas- 
urements. 

Figure 1 shows the ratio of these cross sections and 
also other values obtained from relative yield curves 
normalized to the cross-section ratio at 10 Mev. 

All points were determined with the Geiger counter 
except the yield ratio at 20 Mev, which was measured 
with the scintillation spectrometer. At high energies 
the formation of the 44-minute Mn®*! by the (p,2n) 
reaction made it impossible to resolve the Geiger- 
counter decay curves. Since the 44-minute Mn?®! is a 
pure positron emitter while the two Mn* isomers both 
have high-energy gamma-rays, decay curves of the 
gamma-rays were easily resolved into the 21-minute 
and 5.8-day components. The activities obtained with 
the scintillation counter were calibrated in terms of 
Geiger counter readings by following the decay of a 
manganese sample produced at 15 Mev with both 
counters. 

The (p,m) cross sections on chromium have been 
determined by others’ in the energy range below 6.7 
Mev. Their data indicate a value of about 40 milli- 
barns for the Cr®?(p,2)Mn*™ cross section at 6 Mev as 
compared to 2 millibarns obtained in the present work. 
However, just below 6 Mev the cross section decreases 
very rapidly and in view of the large energy spread of 
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Fic. 2. Cross section for 24-minute Ag™. O 14-mg/cm? foils; 
@ 56-mg/cm? foils. 


the circulating beam with which our samples were 
irradiated, the discrepancy cannot be considered serious. 


2. Ag'°’(p,pn)Ag'®® (24-minute) and 
Ag'’’(p,pn)Ag'”® (8-Day) 


The excitation function for the reaction Ag’’(p,pn)- 
Ag"® (24-minute) is shown in Fig. 2. For the determi- 
nation of the 24-minute activity the foils were not 
subjected to chemical separation. The activities were 
measured with the Geiger counter. The branching ratio 
was taken from the data of Bendel, Shore, Brown, and 
Becker who reported that 56% of the 24-minute 
activity decays by 1.96-Mev positrons, 7% by positrons 
of 1.45 Mev, the rest by electron capture. In the present 
work, the cross sections were calculated on the basis of 
a 63% positron decay (all of 1.96 Mev) and 37% decay 
by electron capture; the somewhat smaller over-all 
counting efficiency of the 1.45-Mev positron was 
ignored. A probable error of 30% was estimated for the 
silver reaction. 

The general shape of the excitation function agrees 
with the data of Cohen, Newman, Charpie, and 
Handley; but the cross sections these authors obtained 
are larger than ours by a factor of about two. A possible 
explanation for this discrepancy is the use of a different 
electron capture branching ratio. 

Figure 3 shows a plot of the Ag"’(p,pn)Ag"’® (8-day) 
excitation function. The silver samples were chemically 
separated from cadmium and palladium. 

All silver samples were counted with the Geiger 
counter, then one silver chloride sample was counted in 
two different ways: by the Geiger counter and by the 
scintillation counter. The sum of the emission rates of 
the two gamma-rays at 1.55 Mev and 0.511 Mev” was 


8 Bendel, Shore, Brown, and Becker, Phys. Rev. 90, 888 (1953). 
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taken as the absolute disintegration rate of the 8-day 
Ag. 

Large deviations were introduced in the determina- 
tion of the absolute disintegration rate of the 8-day 
Ag™®, where, because of Compton scattering, the area 
under the 0.511-Mev peak could not be precisely de- 
termined. An error of 30-40% was estimated for this 
reaction. 

Although the 24-minute Ag'® was obtained in good 
yield at much lower energies, the counts of the 8-day 
isomer were too low to permit an accurate determination 
of its activity below a proton energy of 16 Mev. The 
ratios of the activities of the two isomers and the 
approximate cross-section ratio are shown in Fig. 4. 
The point at 15 Mev represents a lower limit; the actual 
ratio could not be determined with certainty. 


3. Rb(p,n)Sr 


In Fig. 5 a plot is shown of the ratio of the activities 
of Sr®* to Sr**, Sr™ to Sr, and Sr®™ to Sr®™ as a 
function of the bombarding proton energy. The 2.8- 
hour Sr8 and the 65-day Sr* were easily resolvable 
from the decay curves, but some difficulties were 
experienced in resolving the 70-minute Sr*™ since it 
was largely masked by the 2.8-hour Sr*’". The error 
indicated in the graph is the maximum possible error 
in the yield ratios. 

DISCUSSION 


The yield ratio curves appear to follow the rule 
previously cited, at least as far as the low-energy portion 
of these curves is concerned. 

In the case of the Cr®*(p,2)Mn*™, Mn* reaction, Cr®? 
has a spin of 0, Mn*?™ a spin of 2, and Mn*? a spin of 6. 
At low excitation energies the small change in spin with 
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formation of Mn" would favor formation of this 
isomer and the ratio of Mn*?" to Mn® should decrease 
as the bombarding particle energy is increased. Figure 1 
shows that this is the observed behavior. 

The spins of the 24-minute and 8-day Ag’® isomers 
are 2 and 6, respectively. The low spin of the target 
nucleus, Ag’, should then cause a decreasing ratio of 
the 24-minute to 8-day activities as is shown in Fig. 4. 

In the case of Rb**(p,n)Sr, the spins are Rb*, 5/2; 
Sr", 1/2; Sr**, 9/2, with an excited state in the Sr® 
with spin 7/2. A spin of 5/2 is intermediate between 1/2 
and 7/2 (and 9/2), so that at low excitation energies 
both isomers can be reached, except of course, near the 
threshold where only the ground state is possible. At 
higher energies, the total angular momentum of the 
compound nucleus increases on the average and the 
formation of Sr**™ decreases relative to Sr®* but not to 
the extent observed in the other cases discussed above. 

The ratio of the activities of the two Sr** isomers to 
the activity of Sr*’" can also be related to the spins of 
the respective nuclides. (This, of course, does not apply 
to the region near the threshold.) The spins of Sr*’™ 
and Sr®? are 1/2 and 9/2; Sr*’, however, is not radio- 
active. Since the spins of the target nuclides Rb** and 
Rb*’ differ but little (Rb*’ has a spin of 3/2 as compared 
to the spin of 5/2 of Rb**), we can expect the ratio of 
the activities of Sr®” to Sr*’™ to remain constant and 
the ratio of the activities of Sr*® to Sr*’™ to increase 
with increasing energy. Figure 5 shows this to be so. 

Thus, in every case tested, it is seen that low-spin 
target nuclei produce nuclides with low spin at low 
excitation energy and that with increasing energy, 
product nuclides with high spin become increasingly 
probable. There is, however, no indication of a high- 
energy limiting ratio as one would expect on the basis 
of the statistical theory. According to the simple 
statistical theory of nuclear reactions,“ particles are 
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curves of Fig. 2 and Fig. 3; O from experimental points. 


4 J. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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emitted from the compound nucleus in a Maxwellian 
distribution. Further de-excitation takes place through 
a gamma cascade with no correlation between the 
emitted particles and gamma rays. This investigation 
shows that some correlation exists, even at relatively 
high energies. This is not altogether surprising. The 
number of compound nuclei having high spin states 
increases very rapidly with increasing energy. De- 
excitation by gamma emission does not transfer a 
great deal of angular momentum since, on the average, 
only 2.5 gammas are emitted in a cascade below the 
threshold for particle emission,'® and transitions in- 
volving gamma-rays of high multipole order are rare. 
Apparently, many of the high-spin states must de- 
excite by emitting particles of high angular momentum. 
But if this is so, there will be a shift of the distribution 
of emitted particles toward higher energy. 

This shift toward higher energies is easily seen by 
the following qualitative argument: Consider a par- 
ticular state of the compound nucleus which decays by 
particle emission to the various states of the residual 
nucleus by emission of particle b. The emitted particles 
will then have an energy distribution, e, up to a certain 
maximum, € max- Because of the centrifugal barrier 
some of the possible states within the interval de, are 
not accessible but only a fraction, f(@), which is an 
increasing function of «. The distribution of emitted 
particles is then given by 


T,(@)de,= consteo.(e) f(@)W (E)de, 


where W(E£) is the true level density irrespective of 
spin and f(@)W(£) is an “effective level density.” 
Since a shift in the distribution toward higher energies 
will increase the probability of charged particle emission 
relative to neutron emission, reactions in which charged 
particles are emitted become more probable than when 
the conventional Maxwell distribution is assumed. 
This may, in addition to ‘direct interaction,” partly 
account for the large cross sections which are found in 
reactions where charged particles are emitted. 


16 C, O. Muehlhause, Phys. Rev. 79, 277 (1950). 
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PHYSICAL REVIEW 


Effect of Configuration Mixing on Magnetic Multipole Radiation* 


K. K. Guprat anp R. D. Lawson 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received November 12, 1958) 


Expressions for the matrix element governing the emission of magnetic multipole radiation are given. 
The effect of weak configuration mixing and the small additional contribution to proton matrix elements 
(~5%) arising from the nuclear spin-orbit interaction are considered. For M4 transitions, even in nuclei 
near closed shells, the theoretical matrix elements derived from pure configurations are too large by a factor 
of two. The effect of configuration mixing reduces these. Choosing a 6-function interaction of reasonable 
strength leads to a reduction of ~25% in the matrix element for 1g9/2 — 21/2 transition in 39Y50". The 
(2p1/2)~* — (1go/2) transition in ssSrq9*” is reduced close to the required 50%. The 1/112 — 2d3/2 matrix 
element becomes ~25% smaller. However, there are no data available for the nucleus 59Sng5"!5, with which 
one would like to make comparison. Finally, the (1i:3/2)~! > (2fs/2)~ transition in g2Pb,257 has its matrix 
element reduced by only ~6%. Although the reduction in 39Y50" is somewhat too small, one cannot make a 
positive statement that configuration mixing is incapable of explaining the experimental result since a two- 
body force of a more realistic type may close the gap between theory and experiment. However, 


for s2Pby25”” there seems no doubt that other effects, for example, meson currents, must be incorporated. 


INTRODUCTION 


N the nuclear shell model with j-7 coupling one has 
to invoke the existence of residual two-body forces 
in order to explain the ground-state spins of nuclei 
having more than one nucleon outside a core of filled 
shells.’ The wave function y of a nucleus then no longer 
corresponds to a pure configuration, but has admixtures 
of wave functions representing other configurations 
of the same spin and parity. For nuclei near closed 
shells, the admixture coefficients, a;, should be small 
and the wave function can be represented by 


=got Yai, (1) 


where @» is the wave function of the pure configuration 
and ¢; those of the admixed ones. Correspondingly, 
the expectation value of a nuclear quantity 2 is altered 
in accordance with 


(|2\y) 
= (¢0|2| go) + Di ai(¢o|Q| gi)+ Li ai*(¢;|Q| go), (2) 


where we have neglected terms in a’. 

The importance of these admixtures for the explana- 
tion of the magnetic moments and the quadrupole 
moments of nuclei, which could not be accounted for 
on the basis of pure configurations, was first realized by 
Blin-Stoyle? and Arima and Horie.’ It is precisely the 
linear terms in (2) (with a;~1/10) which account for 
many of the large deviations of the magnetic moments 

* This work was done under the auspices of the U. S. Atomic 


Energy Commission. 

+ On leave of absence from Tata Institute of Fundamental 
Research, Bombay. 

1M. G. Mayer, Phys. Rev. 78, 22 (1950); G. Racah, in L. 
Farkas Memorial Volume, edited by A. Farkas and E. P. Wigner 
(Research Council of Israel, Jerusalem, 1952). 

2 R. J. Blin-Stoyle, Proc. Phys. Soc. (London) A66, 1158 (1953) ; 
R. J. Blin-Stoyle and M. A. Perks, Proc. Phys. Soc. (London) 
A67, 885 (1954). 

3A. Arima and H. Horie, Progr. Theoret. Phys. (Kyoto) 11, 
509 (1954); H. Horie and A. Arima, Phys. Rev. 99, 778 (1955). 


of nuclei from the Schmidt values, and for the fact that 
many quadrupole moments are factors of two or three 
greater than the single-particle values. In addition, 
weak configuration mixing is also important in deuteron 
stripping,‘ beta decay,® internal conversion, /-forbidden 
magnetic dipole transitions,® and electric quadrupole’ 
and octupole* gamma transitions. 

The theoretical lifetimes for magnetic radiation, 
assuming pure configurations, have been investigated 
by several authors." In particular, Moszkowski has 
pointed out that the theoretical matrix element for 
M4 transitions in nuclei away from closed shells is too 
large by approximately a factor of three. This is not 
hard to understand since the nuclear states involved 
are far from pure. For nuclei near closed shells the 
experimental value is larger; however, theory still 
exceeds experiment by a factor of two. In this note we 
shall investigate the effect of weak configuration mixing 
on magnetic multipole radiation with emphasis on the 
M4 transitions. 


THEORY 


Following Moszkowski,” we write the transition 
probability per unit time for radiation of multipole 


4S. Okai and M. Sano, Progr. Theoret. Phys. (Kyoto) 15, 203 
(1956). 

+ J. Blin-Stoyle and C. A. Caine, Phys. Rev. 105, 1810 
(1957). 
as Horie, and Sano, Progr. Theoret. Phys. (Kyoto) 17, 567 

57). 

7A. de-Shalit, Proceedings of the Rehovoth Conference on Nuclear 
Structure, edited by H. J. Lipkin (North-Holland Publishing 
Company, Amsterdam, 1958), p. 202. 

8M. Sano, Progr. Theoret. Phys. (Kyoto) 18, 223 (1957). 

®V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

1B. Stech, Z. Naturforsch. 7a, 401 (1952). 

1S. A. Moszkowski, Phys. Rev. 83, 1071 (1951); Phys. Rev. 
89, 474 (1953). 

2S. A. Moszkowski, in Beta and Gamma-Ray Spectroscopy, 
edited by Kai Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), Chap. 13. 
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MAGNETIC MULTIPOLE RADIATION 


order L as 
8r(L+1) 1fw\*4* 1 
j ae ) dtl 
X | WyllMlvs)1?, (3) 


Cc 
where 


Wy! | Mra | yi) 
=(-1)4™V (7, 9:L; —mym; — M) |My). 


V is the Racah form of the Clebsch-Gordon coeffi- 
cients,'* fw is the energy of the emitted gamma-ray, ¢ 
is the velocity of light, and 7; and j; the spins of the 
initial and final nuclear states. For magnetic transitions 
involving protons, Wz is given by 


en 1 
Ww =— ——L.-[grad(r“V,) ] 
mc L+1 
en 


+—n,o-[grad(r4V,™)], (4) 
2mc 


where »»= 2.79 is the magnetic moment of the proton 
and Y;™ is the usual spherical harmonic. The analogous 
neutron operator is obtained by replacing yw, by 
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Mn=— 1.91 and omitting the term involving the orbital 
angular momentum operator L. In order to be able to 
apply the methods of the Racah algebra, it is convenient 
to recast (4) in a somewhat different form. By straight- 
forward application of the formulas given by Condon 
and Shortley," one can show that 


en 
Mim = —2(— neem (at+L(—) 


2mc 


1 
x © V(L-1 11; msi (1»-—) 
L+1 


mime 


x Vi Lm wgY 1-1" mn (5) 


J being the total angular momentum operator. 

We shall call transitions for which | j:—j;s|=L 
normal transitions, and for these the term in the inter- 
action proportional to Y;1"'Jmz cannot contribute 
since J mz does not change the total angular momentum 
of a state. The matrix element for a single particle 
(or hole) making a transition from an initial state 
(1;j;) to a final state (/j7) then becomes 


WW yll Mell y,) = 2(—)#- a — (1/ L+ 1) (20, +1) (2L+- 1) CL (2L— 1b (li +1) (21 +1) (29:41) (25+ 1)/4 } 


X (eh/2mc)V (L—1 lily; 000)W (L—1 Lili; U)W (Li jilsds; 11) f RyRy, (6) 


where W is the Racah coefficient’ and R;, Ry are the 
normalized radial eigenfunctions of the initial and final 
nuclear states. This should be a good approximation to 
the transition matrix element for nuclei in which the 
initial and final states can be assumed to be reasonably 
pure single-particle configurations.'® 

We shall now consider the effect of terms linear in a, 
Eq. (1), on the above matrix element. There are two 
types of mixing which can contribute and we shall 


discuss them separately. 





(1) Like-Particle Mixing 

Under this category we consider mixings in which the 
neutron core is inert, if shell-modelwise the transition 
is attributed to a proton. Thus if the initial and final 
states have predominantly the configurations (j1)?/!*1j; 
and (j1)?/'*"j;, respectively, j: being a proton level 
which is full, then the only mixing in the initial state, 
say, which can contribute linearly to the matrix element 
will be one in which only a single nucleon is different 
from the final state, and so will be of the type (j1)?"jji, 
it being assumed that the spins j:, j;, 7; couple to the 
resultant j;. The wave function of the initial state may 
thus be written as 


FI OM fLO YIP tas 2 (1) tered (27+1)(2j,4+-1)}! 


mim2m3M 


x VijijyJ; mm, — M) V(Sjiji; Mms —m,)Xjy™ (fr) Yip Yii™, (7) 


where ¢o"(j:°/!*!) is the normalized wave function of the full 7; level, which necessarily couples to spin zero, and 
xii™(j°") that of a hole in this level. Y;” is a single-particle wave function of spin j, and J, which ultimately 
must be summed over, is the resultant spin of 7; and /;. 
The contribution from this admixture to the transition matrix element is easily calculated, and for normal 
3G. Racah, Phys. Rev. 62, 438 (1942). 


“E. U. Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge University Press, London, 1935), p. 53. 
‘6 The reduced matrix element for a transition involving holes differs from Eq. (6) by the phase factor (—1)/*!. 
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transitions is given by" 


AND R. 


D. LAWSON 


WW y|M Wir =D yay (— 1)¥-* (eh /2me) (2L+1) (27, +1)[L(2L—1) (20; +1) (2 j1 +1) (2h +1) (2I+1)/4e]! 
XV (L—111,; 000) W (GLI 75; ij) (— [wp 1/(L4+-1) (i +1) (204-1) }} 
KW (L=1 Lids; 1)W (ljdiji; §L)—m pli Ge +1) (27:4+1))! 
XW(L=-1 Lifes 1j)W(lijdijr; 3 L—1)) f Ror! Ryn, (8) 


To estimate the mixing coefficient a7, we assume a two-body interaction of the form 


V (ri— 2) = — Ved (r1— Fr), 


One then finds!” 


(— 1)Jtuta 


as= 
awa 


x > (2I3+1)W (Ly 7 liji; 5I3)W (Lijilijs; 


J3 


where AE is the excitation energy of the admixed 
configuration, and as used here is a positive quantity, 
and the integral is over the normalized radial wave 
functions of the states in question. 

If one assumes AE to be independent of J, the sum 
over J in (8) can be performed by making use of the 
relation 
La(—1)2 (+I) W (Gi ISG5 FI) 

XW (jLIjs5 jij) =(— IIe 
x W ( JpLI oj *Jiji)- 


yim= g0'( JF) X 5 (f7") G0 ( FP?) +8 > 


mimom3M 


XV (GJ 53 msM —m)V(jijoJ ; mums — M)X ix (J 2") Y 50 Go (F241) X57 (FP), 


————vo(atctt)( f R RRM )[(2I4+1) 2jc+1) Ah-+1) Qjrt1) ArH) iA} 


bI3)W (GI 3J jis Jidi) V (LJ 3; 000) V (Ll J 3; 000), (10) 


(2) Unlike-Particle Mixing 

This type of mixing will be used for transitions 
involving holes only.’’8 Suppose that (#j1)?/*7(vj,)7 
and (2j:)?4!*1(vj,)— are, respectively, the predominant 
initial and final state configurations, where w denotes 
a proton, v a neutron, and j; is a proton level which is 
full in the unperturbed initial and final states. Then the 
initial state can have an admixture of the configuration 
(4 j1)?**(wjo) (vj), with 71 and 72 coupling to angular 
momentum L, and L and j; to j;. The initial state 
wave function may be written as 


(—1)2+Mtietm (27+1)(27;+1)]}! 


(11) 


where the notation is similar to that in (7). Only the term J=Z will contribute to the matrix element since in 
the final state the protons have spin zero. The additional contribution to the matrix element from this admixture is 


given by 


(Ws||M||Ws)2= — 28(—1)*-3(eh/2me) LL (2L+1) (2L—1) (2h +1) (25:41) (2,41) (2le+1) (2j24+1)/4e]}! 
XV (L—1 hile; 000) { (— 1) Lh (4+1) (2h4+1) }Lep— (1/L+1)] 
xWw(L-1 Lhh; 1l2)W (lijileje; 4)-— (—1)#+0 7,( 7141) (27: +1) tu pW (L-1 Lagi: 1 j2) 


XW (hijileje; 3 L—1)} f Ro!“ Rerdr (12) 


In this case the mixing coefficient, 8, depends on the neutron-proton interaction, which we take to be of the 


form 


V (r1— fe) = —4(3+0-¢2) V 6(t11—1e) —3 (1 —@1' 0») V 6(r1—f). 


(13) 


where V, and V, measure the strength of the interaction in the triplet and the singlet states, respectively. 


16 For transitions involving holes, the coefficient of ay in the reduced matrix element, Eq. (8), is multiplied by (—1)#*/t4-1, ay is 
multiplied by (—1)***/+#1, so that the complete matrix element is again multiplied by (—1)4*. 
17 See, for example, L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Company, Inc., New York, 1949), Chap. VII. The minus 


sign is used in this definition so as to make AE positive. 


18 See, for example, Strominger, Hollander, and Seaborg, Revs. Modern Phys. 30, 585 (1958). 
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One easily finds that 


(Vi- V,) 
8rAE 


[(2L+1) (2l;+1) (2j7+1) (20:+1) (2h +1) (2f1 +1) (2l2+1) (2 j2+1) }'(—1)8t#-4 Y (2s+1) 


XW (yj shijr; 2I3)W (Lijdeje; 253)W (GLa ji; j¢j2)V Uhts; 000) V (LileIs; 000) f RR, RiRyrdr. (14) 


It is interesting to note that 8 vanishes for a spin- 
independent potential, V.=V,. This result is quite 
general and holds independently of the 6-function 
approximation. To see this, one notes that the protons, 
which were initially in a state of spin zero, are excited 
to spin L. Hence only the Zth spherical harmonic in the 
Slater decomposition of the (spin-independent) po- 
tential’ can contribute to 8. But the Lth spherical 
harmonic connects states of same (opposite) parity 
when L is even (odd). However, for normal magnetic 
multipole transitions the parities of the initial and final 
states are opposite for Z even and the same for L odd. 
Hence B=0. 

In addition to mixings in the initial state considered 
above, one will in general, also have admixtures in the 
final state, giving rise to additional matrix elements. 
For this case the indices 7 and f are interchanged in 
Eqs. (8), (10), (12), and (14) and in addition Eqs. (8) 
and (12) are multiplied by (— 1)”. 

The coefficients 8 for mixings in the initial and the 
final states are simply related. To see this, note that!® 


B=—(V)/A, 


where (V) is the matrix element of V between the 
perturbed and unperturbed states. For a potential of 
the form given by Eq. (13), with V,; and V, arbitrary 
functions of |r—r2|, one can easily show that the 
kth term in its Slater expansion has matrix elements 
in the two cases which are related by 

(Vi) tinal (Vi)initiat 

= (—1)*1§ —_____., (15) 

(2j:+1)! (2j,+1)! 


Since j;, jy (and therefore also 71, j2) are states of 
opposite (same) parities for L even (odd), only odd 
(even) values of & will contribute in (V). Thus for L 
even, 8; and 6, have the same sign; since the coefficient 
of 8 in Eq. (12) does not change sign on interchange 
of (j,1;) and (j,l,), the contributions from both mixings 
add. Although for Z odd, the 6; and 8; are of opposite 
signs, their coefficients in Eq. (12) also change sign, 
and so the contributions to the matrix element are 
again of the same sign. 


RESULTS AND DISCUSSION 


In the previous section we set up expressions for the 
transition matrix elements governing the emission of 
magnetic multipole radiation under the assumption 


that the configuration mixing involved was small. 
Hence our theory is applicable only to nuclei having 
a single particle or hole outside a closed core, for which 
one can with some certainty assume relatively pure 
single-particle configurations. The fact that away from 
closed shells the configurations are far from pure is 
vividly illustrated by comparing the (1g9/2—21/2) 
energy difference in the neighboring nuclei 39Ys50® and 
39 43°’. In the former!’ it is 915 kev, while in the latter, 
only 388 kev. This shows that in 39Y4s°7 what is 
commonly called the single-particle level with the 
neutron core having spin zero must in fact contain 
large admixtures of configurations with the neutron 
core excited to spin 2. 

We shall now specialize the theory to M4 transitions, 
According to the shell model, there are three regions 
where isomeric states emitting M4 radiation should 
exist; namely, where the (19/2,21/2) levels lie close 
together, where the (1/11/2,2d3/2) levels are nearly 
degenerate, and where the (1713/2,2/s/2) levels are near 
neighbors. 





(a) (199/22p1/2) Region 


There are two nuclei exhibiting this type of nuclear 
isomerism which have a single particle (or hole) 
outside a doubly closed shell or subshell, namely, 
30 Y 50 and ggSrag°”. 


(2) 39¥ 50°" 


In this nucleus the 1g9/2 level lies 915 kev above the 
2p1/2 level. The experimental half-life of the transition, 
corrected for internal conversion, is’ 20.4 seconds. 
Assuming that the nuclear radius is R=1.2X10-"A! 
cm and further (in accordance with Moszkowski’s 
square well estimate’) that 


f R;(r/R)Redr= $, 
eo 


one finds from Eqs. (3) and (6) a theoretical half-life 
of 5.2 sec. Thus to bring theory and experimental in 
agreement, one must reduce the theoretical matrix 
element by ~50%. 

The theoretical estimate of 5.2 sec assumes that the 
proton configuration of the initial state is 


(2p3/2)*(1fs/2)®(1gs/2) 


19 See, for example, M. Goldhaber and A. W. Sunyar, Phys. 
Rev. 83, 906 (1951). 
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while that of the final state is 


(23/2)*(1fs/2)®(2p1/2), 


where we have written down the entire proton con- 
figuration above the 28 shell, even though in zeroth 
order the 23/2, 1fs/2 levels do not affect the transition 
probability. To include the effect of configuration 
mixing, we must take account of the admixtures in the 
initial state of the form 


(2p3/2)*(2p1/2) (1fs/2)°(1g9/2), 


and 
(2p3/2)*(1fs/2)°(2p1/2) (1g9/2). 


If one restricts oneself to excitations within the 28-50 
shell, then these are the only admixtures which con- 
tribute linearly in a to the matrix element. The reduced 
matrix element then is the sum of Eqs. (6) and (8). 
Assuming harmonic oscillator wave functions for the 
radial integrals, we find 


9(35)! ch 
Wy mlv)=— (ue D(—) 
ry! 


2mc 


fede) 
2304 (AE); \mr/7 \y,—}? 
143 Vo Y 3 Mp—? 
SVCD) 
8064 (AF), \r Me—t 


where (AE)3/2 is the difference in energy between the 
23/2 and 2;,2 single-particle levels; (AE)s5/2 between 
the 1/s/2 and 2),,2 levels; and ¥ is related to the nuclear 
radius and comes from the harmonic oscillator wave 
functions which are of the form R~exp(—yr’). 

One can estimate Vo from the experimental pairing 
energies. For example, the 31/2 level which fills between 
N= 124 and 126 in lead should have a high degree of 
purity. From the pairing energy of this state,”” which 
is 0.646 Mev, one obtains 


Vo(y/mr)'=2.8 Mev. 


Since y is related to the nuclear radius, this quantity 
changes with A. Using Ford and True’s” prescription 
for the relationship between y and the nuclear radius 
one finds that for A~90, Vo(y/x)? should be ~3.5. 
With this assumption, the square bracket in Eq. (16) 
becomes 

0.15 0.08 


1—-—___—__. 


(AE); 


With (AE)3)2 and (AE)5;2~1 Mev, the matrix element 
is reduced by ~23%. Thus assuming a 6-function 
interaction between nucleons and limiting oneself to 
mixings lying within the 28-50 shell, one sees that the 


” J. R. Huizenga, Physica 21, 410 (1955). 
2. W. W. True and K. W. Ford, Phys. Rev. 109, 1675 (1958). 


a. &. GUPTA AND AR: D. 


LAWSON 


transition matrix element is not sufficiently reduced. 
One can argue that the 28 shell is not particularly well 
defined and hence one should also include mixings 
which involve excitations of a (1f7,2) proton to the 
(21/2) level. If this contribution is included, an addi- 
tional term must be subtracted from the square bracket 
of Eq. (16) which has the magnitude 0.19/(AZ)7,2. In 
this case (AE)7,/2 is probably 3-4 Mev, and hence this 
term tends to reduce the matrix element by an addi- 
tional 5%. However, the over-all effect of the con- 
figuration mixing seems too small to reduce the matrix 
element by the desired amount. 


(it) 38 9T 49%! 

In this case we have a neutron transition between 
the 394-kev (21/2) hole and the ground-state (1g9/2) 
hole. The experimental half-life!’ is 1.86X10' sec, 
whereas the theoretical estimate gives 0.4 10* sec, so 
that the neutron M4 matrix element must also be 
reduced by ~50%. In this case the mixings which 
involve only the 28-50 shell and contribute linearly 
to the matrix element correspond to a proton excitations 
from the (23/2) or (1fs5/2) level to the (1gg/2) state 
together with a neutron switch between the (1go/2), 
(2p1/2) levels. For mixings in the final state only, the 
reduced matrix element is 


' 3(21)! eh 
Ys\|M Yi =- (—) 
: (2n) byt 2mc 


11/3 AV f1\"uy+h 
os Ce 
3844/6 (AE); \4 Mn 


143\/5 AV sy\!up—3 
eye 

896,/6 (AE), \x Hn 
where AV=V,—V,, the difference in the singlet and 
triplet potential strengths, (AE)3/2= (E2p3/2—E199/2) 
+0.394, and (AE)5/2= (E1/5/2—E109/2)+0.394. Here 
—E2p3)2 is the binding energy in Mev of a single 
particle in 23,2 level, and as defined with the minus 
sign, E2p3,2>0, and similar definitions hold for the 
other E’s. The additional energy, 0.394 Mev, corre- 
sponds to the fact that in the admixed configuration 
the neutron state which was originally a 1g9/2 hole must 
be excited to the (21/2) hole. 

A similar contribution to the matrix element comes 
from mixings in the initial state. From the discussion 
following Eq. (15) it follows that this gives an identical 
contribution except that in the definition of the AZ’s 
the energy, 0.394, must be subtracted instead of being 
added, since in this case the neutron configuration is 
“‘de-excited” from the (2p1/2)~! state to the (1go/2)~! 
state. 

The magnitude of the correction term depends on 
the difference between the triplet and singlet inter- 
action strength. For V,—V,~3V., the value assumed 
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by Pryce,” and taking AE’s~2 Mev, it appears that 
one can reduce the neutron matrix element by the 
required 50%. 


(b) ( Lhy, 2323/2) Region 


For neutron transitions between these two levels, the 
reduced matrix element including the effect of weak 
configuration mixing is given by 


ce 


_ 27(10)! eh 559 Vo /7\} 
(elms) = »(—)fi- nal (*) 
ry} 2mc 22528 (AE);\r 
5525 ( Vo )C)] 
202752\(AE)z24 \eJ J 


where (AEZ)5/2 and (AE);,/2 are, respectively, the energy 
differences between the single-particle levels (2d5/2,2d3,/2) 
and between (1g7/2,2d3/2). Assuming these to be ~1 
Mev, the reduction turns out to be approximately 25%. 
One would like to apply this result to 50Sng5!!°, but there 


are no experimental data for this nucleus. 





(c) (ij; oy2fs 2) Region 


The nucleus g2Pb,.5;2"7 exhibits an M4 transition of 
the form (1113/2)!8(2f5/2)® > (1t1s/2)"(2fs/2)5 between 
two of its excited states, of half-life 1.3 seconds. 
Although one would expect an almost pure configura- 
tion, since any admixture can arise only from excitations 
across the 82 proton shell or the 126 neutron shell, the 
theoretical lifetime on the basis of pure configurations 
is only 0.32 second, again requiring a reduction by a 
factor of two in the matrix element. One would not 
expect to obtain such a reduction from configuration 
mixing, since the AEZ’s involved are ~3-4 Mev. How- 
ever, to be sure that there are no anomalously large 
contributions, we have calculated the contributions 
to the transition matrix element from the admixtures 
corresponding to excitations across the shell. Including 
only like-particle mixing, we find for the reduced 
matrix element: 


: 45\/7 en 
Wy JI Vi= eS fae ».(—) 1 
riy} 2mc 


0.016 


0.005 0.001 


(AE)y2 (AE)i2 


0.006 0.111 
(AE) 15/2). 


where (AE)5/2, (AE); /2, (AE)9/2, and (AE),1/2 are the 


energy differences between the single-particle level 


(AE )o;2 (AE 


1713/2 and the levels 3d5/2, 2g7/2, 2go/2, and 1711/2, respec- 
tively, and (AZ)j5/2 is that between the 2f5/2 and 
1 jis/2 levels. Further, Vo(y/)! has been taken to be 


2M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 
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2.8 Mev. We see that although each of the contri- 
butions from configuration mixing tends to decrease the 
matrix element, the net effect is much too small, of the 
order of 5% even if all the AEZ’s are taken as small as 
2.5 Mev. 

Mixings corresponding to proton excitations across 
the 82 shell also give small negative contributions. 
There are twelve mixings in both the initial and the 
final states which can contribute. The one with the 
largest numerical factor arises from the excitation of a 
proton from the 1/j1/2 level to the 1232 level, and this 
gives a contribution 


169575 e ny Mpt+8/5 
6443008 \AE a ( bn ) 
and even this gives a reduction of only 1-2%. 

One might argue that with so many admixed con- 
figurations the original normalization of the wave func- 
tions should be reduced from 1 to 1—>o;a?—0; 8. 
However, this is a small effect since in the case of 
Pb”? each a; or B;~ 1/20. 

Thus one can conclude that in the case of Pb*®’, weak 
configuration mixing—and certainly near the doubly 
closed shell all mixings are small—is not capable of 
bringing the theoretical M4 lifetime into agreement 
with experiment. 


EFFECT OF SPIN-ORBIT INTERACTION 


A proton experiences an additional electromagnetic 
interaction because of the strong spin-orbit force. 
Assuming that the spin-orbit potential is a multiple, A, 
of the Thomas term, 


An? 1dV 
-o'l, 


V5.0 cape 


4m?*c? r dr 


with A>0 to give the desired level sequence, it follows 
from gauge invariance that for a proton there is an 
additional operator which can lead to emission of 
multipole radiation of order L 


en 
M,.0.= 


x| ae dS V(L+11L; mum: M)V 141™0me 
(L+1)! mim 


V ( L- 1 LE mM Moe M) VY; moms] (17) 


+s 


mime 


Using the standard Racah techniques, one finds that 
for normal transitions the first term in Eq. (17) gives 
=}. Es Mayer, Phys. Rev. 85, 1040 


, D. Jensen and M. G. 
(1952). 
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rise to the reduced matrix element: 


eh d dV 
(Ws|/Ms.0.!W) = (— yir( \(- )( fe! Reta 
2mc mc? dr 


AND RR. D0. 


LAWSON 





): — (2lp+1)(2j¢+1) (2+ een) 


4n(L+1) 


XV(L+1 Lily; 000){C9s(GeF1) (25-41) PW (L+1 Ljijis 17 )W Lids 3 2 E41) 
— [h(i +1) (2:41) YW (L+1 Ld; UW (ijidsis5 4D}. (18) 


The second term in (17) gives a similar contribution 
except that in the V’s and W’s L+1 is replaced by L—1, 
and in the multiplicative part L[(2L+3)/(Z+1) ]! by 
[L(2L—1) }i. 

The effect of this term on the proton transition is 
easily calculated. Assuming harmonic oscillator wave- 
functions with the oscillator potential written as 
V=—Vot+}kr’, we find that the square bracket of 
Eq. (16) should contain the additional term 


(~) dnh*k (= 1 

607 4mrct\ hi? aa 

For 1/y=7.3X10-** cm?, the value needed to make 
S Ri(r/R)Redr=} in »Ys50™, this correction term 
becomes —0.05(Ah?k/4m*c?). Further, the quantity 
(Ah?k/4m*c*) (2/4-1) gives the energy difference between 
the states with j=/+3 and j=/—}. Assuming Ah?k/ 
4m?c?~1 Mev, the spin-orbit contribution reduces the 
proton matrix element by 5%, bringing the theoretical 
value closer to the experimental value. 

In conclusion one can say that in all cases the effect 
of weak configuration mixing is to reduce the M4 
matrix element. For Yso" the reduction is ~25%, 
with a further reduction of 5% due to spin-orbit 
coupling. Although the calculated reduction falls short 
of the required 50%, one cannot make a positive 
statement that configuration mixing is not capable of 





giving an adequate reduction of the matrix elements, 
for it is possible that a two-body force which is more 
realistic than the 6 function might close the gap between 
theory and experiment. For gsSri*" the effect depends 
sensitivively on the difference between the strengths of 
the triplet and singlet interactions. In this case one 
seems to be able to get the desired reduction with a 
value of (V:—V,) which is not in disagreement with 
n-p and p-p scattering data. 

On the other hand, for Pb’ one can with some 
certainty say that the effect of configuration mixing is 
not sufficient to explain the observed lifetime. In this 
case one is, therefore, forced to consider possible 
contributions from other effects, for example, meson 
currents. 

It is interesting to note that a somewhat similar 
situation seems to exist for magnetic moments. An 
adequate explanation of the magnetic moments of 
medium weight nuclei can be given by considering 
configuration mixing. However, the magnetic moment 
of s3Bijos* requires a 5% admixture® to explain its 
anomaly—a mixing much greater than seems reasonable 
near a doubly closed shell. 
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Twenty-nine examples of 2+ hyperon decays at rest into protons were used to determine the mass of the 
2+ hyperon. The stopping power for each batch of emulsions containing these events was determined by 
making use of »4*-meson ranges obtained from the decay of +*-mesons at rest. The mean range of protons 
from 2* decays was found to be 1686.5+6.0 microns. The rms deviation was 37.2+6.0 microns. The Q value 
for the decay (Z+ — p+7°) was found to be 116.37+0.4 Mev and the mass of the 2+ hyperon, (2328.1 
+0.8)m,. An analysis of three collinear events, which resulted from the interaction of stopped K~ mesons 
with hydrogen nuclei of the emulsion, gave the ~ hyperon mass to be (2341.6+2.0)m, and the mass differ- 


ence between =~ and 2+ hyperons (13.5+2.0)m,. 





INTRODUCTION 


HE following decay schemes for the decay of the 
+ hyperon, 


xt — pt+n°+116 Mev, (1) 
~t+— n+n++110 Mev (2) 


are well established. Since the energy of the proton 
from the 2+ decay at rest in Eq. (1) is about 18 Mev, 
it is clear that the mass of the 2+ hyperon could be 
determined with considerable precision from a small 
sample of decays. A precise measurement of the 2+ 
mass was made by Fry e# al.' and by Barkas et al. 
using the decay scheme given by Eq. (1). In the work 
presented here a sample of 29 protonic decays of 2+ 
hyperons at rest was selected for the re-determination 
of the 2+ mass. The events in (1) are also included in 
this work. 

The range straggling of protons and variations in the 
stopping power and shrinkage factors of different 
emulsion batches are the main factors that set a limit 
on the accuracy of the mass measurement. For this 
reason it is necessary to determine the shrinkage factor 
and stopping power for each batch of emulsion with 
considerable precision. In order to keep the errors in 
the mass measurement to a minimum it is essential to 
have the error in the proton energy, due to uncertainty 
in the stopping power and shrinkage factor, less than 
the error introduced by the range straggling of protons. 

The mass of the 2~ hyperon cannot be determined 
with considerable precision from its decay products, 
for a >~ hyperon either decays in flight into a meson 
or interacts from rest with a nucleus of the emulsion 
giving rise to an evaporation star. However, the =~ 
mass can be determined accurately by utilizing the 

* Supported in part by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 

+ Present address: Tata Institute of Fundamental Research, 
Bombay, India. 

1 Fry, Schneps, Snow, and Swami, Phys. Rev. 103, 226 (1956). 

2 Barkas, Giles, Heckman, Inman, Mason, and Smith, Uni- 
versity of California Radiation Laboratory Report UCRL-3892 
(unpublished). 


following K~ reactions together: 
K-+p— 2*+2-+0s3, (3) 
K-+p— 2-+9t+0,. (4) 


Two possible procedures exist for determining the =~ 
mass using the above reactions: 


(i) Knowing the mass of the 2+ hyperon, the mass 
of the K~ meson can be determined using the reaction 
(3). Then the 2~ mass can be computed from reaction 
(4). 

(ii) The reactions (3) and (4) lead to the relation 
My-—My+=(Q;—(Q,, and if the values of Q; and Q, are 
measured, it gives the mass difference between the 2~ 
and + hyperons. Here an iteration method can be used 
to estimate the mass difference. In this method it is 
first assumed that the 2~ mass is equal to that of the 
y+ and the value of Q, is determined. This value of Q4 
is used to calculate the mass difference, which in turn 
gives the =~ mass. This procedure is repeated using 
mass value until the =~ 


the new = 
alters the value of Q4. 


mass no longer 


MASS OF THE &*+ HYPERON 


Procedure.—A sample of twenty-nine 2+ decays from 
rest into protons, obtained in plates exposed to particles 
from the Cosmotron and Bevatron accelerators was 
chosen for the mass determination. The regression 
method’ was used to determine the shrinkage factor 
and stopping power for each batch of emulsions. This 
was done using the measured ranges of u-mesons 
resulting from the decay of positive pions at rest. The 
expected range straggling of the protons from the =* 
decays from rest is about 25 microns (i.e., 1.5%) and 
hence it is necessary to know the stopping power for 
each batch with an accuracy of at least 0.5%. The 
straggling of u-mesons from m-u decays has previously 
been found to be 29.1+0.7 microns by Fry and White’ 
and 27.1+0.8 microns by Barkas.‘ Thus to obtain an 


3 W. F. Fry and G. R. White, Phys. Rev. 90, 207 (1953). 
4 Barkas, Smith, and Birnbaum, Phys. Rev. 98, 605 (1955). 
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TABLE I. Summary of u-meson range measurements. 


Mean range Shrinkage 
Exposure in microns Variance factor 
K 599.1+2.1 30.142.1 2.58 
3-Bev x 588.9+ 2.2 31.442.2 2.40 
3-Bev p 611.0424 35.4424 2.58 
K~ (Stack 3) 599.2+ 2.2 29.2+42.2 2.48 
598.0+ 2.0 27.0+2.0 2.39 


K~ (Stack 4) 


accuracy of 0.5% in the mean ringe of u-mesons, it 
was necessary to have a sample of 100 2-» decays for 
measurement. 

The energy of the protons was determined from their 
mean range using the range-energy relationship of 
Barkas.® The mean range of u-mesons from m-y decays 
in the emulsion of the density used by Barkas was 602 
microns. The range of each proton from a 2* decay was 
corrected for variation in the stopping power by multi- 
plying it by the ratio of the mean range of the u-mesons 
from m-u decays (in the same emulsion batch) to the 
range 602 microns. The mean energy of the protons 
was then found from the mean of the corrected ranges. 
The energy of the 2°-mesons was determined by the 
requirement that momentum be balanced between the 
proton and the w°-meson. The energy release from the 
+ decay and the mass of the 2+ hyperon were then 
determined by assuming the decay scheme 2+ — p+7° 
and using the known masses of the proton and the 
m’-meson. 

Experimental results.—Of the twenty-nine =* decays 
from rest into a proton, twenty-four were produced 
by the absorption of stopped negative K mesons, three 
by 3-Bev ~-mesons, and two by 3-Bev protons. 

The mean range of u*-mesons from m-u4 decays was 
determined for each pellicle stack and the details of 
the measurements are given in Table I. The best value 
for the variance of the u-meson range distribution is 
30.6+1.0 microns which is consistent with previously 
measured values. 

The following are the main sources of error in 
measuring the proton ranges: (i) inaccuracy in stepping 
off the segments, (ii) distortion of the emulsion, and 
(iii) errors due to “following through” at the surfaces 
of the adjacent pellicles. These sources of error were 
taken into consideration in measuring the ranges of 
the protons. The mean range of the protons from the 
29 &* decays was 1686.5+6.0 microns. The root-mean- 
square deviation was 37.2+6.0 microns. 

It is to be noted here that the ranges of protons from 
>* decays in different emulsion batches are consistent 
with a single distribution only after correction for the 
stopping power. The range frequency histogram for 
the protons is given in Fig. 1 and the smooth curve 
represents the normalized Gaussian distribution fit for 
the histogram. This distribution is consistent with the 


5 W. H. Barkas, University of California Radiation Laboratory 
Report UCRL-3769, 1957 (unpublished). 
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assumption that the protons from 2+ decays are mono- 
energetic. 

The energy of a proton of mean range 1686.5+6.0 
microns is 18.91+0.1 Mev. The error in the energy not 
only represents the error due to straggling but also the 
error in the range energy relationship which is 0.7% 
in range when the stopping power is accurately known. 
With this energy for the proton, the energy the 7°- 
meson must have for momentum balance is 97.7+0.4 
Mev. Using the known mass of the proton (1836.12 
+0.02)m,,° and that of the r°-meson, (264.27+0.32)m.,® 
the Q value for the decay scheme 2+ — p+7° is found 
to be 116.37+0.4 Mev and the mass of the 2+ hyperon 
is (2328.1+0.8)m,. The error arising due to uncertainty 
in the °-meson mass was taken into account in com- 
puting the errors in the Q value and the =* mass. 


MASS OF THE &- HYPERON 


Procedure and results——In a systematic survey of 
1001 stars produced by stopped A~ mesons, three 
events were observed which were interpreted as cap- 
tures from rest of K~ mesons by protons. The 2 hyperon 
and the x meson produced in each of the three events 
were collinear within errors of measurement. The 
observed collinearity is strong evidence for inter- 
preting these events as captures in hydrogen. A sum- 
mary of the measurements is given in Table II. 
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Fic. 1. Range frequency histogram of protons from 2+ decays 
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Dip angle Angle between 





Range of Energy of Energy of of the =-meson and 
the hyperon the hyperon the z-meson Q value hyperon the hyperon 

Event Reaction in microns in Mev in Mev in Mev in degrees in degrees 
1 K-+p > 2t++2- 828.0+13 13.82+0.14 88.66+0.74 102.48+0.75 5 180.0+0.5 
2 K-+p—2-+2t 694.2+11 12.51+0.12 83.08+0.60 95.59+0.61 37 180.0+0.5 
694.9+11 12.51+0.12 83.08+0.60 95.59+0.61 0 180.0+0.4 


3 K-+p—2-+2+ 





It is worthwhile to point out that these events are 
undoubtedly not captures in heavy elements of the 
emulsion with invisible recoils, because the chance of 
observing such collinear events is small. Out of a total 
1001 K~ stars observed, 44 consist of only a meson and 
a hyperon.’ The probability that the © hyperon and 
the r meson from such a star are collinear within 1° 
is 2.5X10~*, assuming that the hyperon is distributed 
uniformly over a solid angle of w steradians. In addition 
another factor which reduces the probability of our 
observed events being accidental is the fact that the 
energy of a ~ hyperon emitted in a nonhydrogen 
capture will be substantially different from the ob- 
served energies. 

The shrinkage factors and the stopping powers of 
the emulsions containing these events are known 
accurately and the error estimates made here are similar 
to the errors estimated in determining the mass of the 
+ hyperon. 

Some of the events presented here had been described 
elsewhere® but have been remeasured and, therefore, 
only the essential details will be presented. In event 1, 
the range of the proton (1635-426 microns) is strong 
evidence that the 2+ hyperon decayed from rest. Since 
the mass of the 2+ hyperon has been determined with 
considerable accuracy, the mass of the A~ meson can 
be computed from reaction (3). Taking the masses of 
the + hyperon and the r~ meson to be (2328.1+0.8)m, 
and 273.3+0.2)m,, respectively and using the range 
energy relationship of Barkas,® the mass of the K- 
meson is found to be (965.8+1.5)m.. 


7 Fry, Schneps, Snow, Swami, and Wold, Phys. Rev. 107, 257 
(1957). 

8 Fry, Schneps, Snow, Swami, and Wold, Phys. Rev. 104, 270 
(1956). 
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In event 2 the =~ hyperon does not produce a visible 
star at the end of its range but there appears to be a 
low-energy electron associated with its end suggesting 
the capture of a negative particle. The 2~ hyperon from 
event 3 has a low-energy electron and a 5-mm long 
singly charged particle associated with its end. In order 
to determine the mass, a self-consistent procedure was 
adopted. The 2~ mass was made a variable parameter 
in reaction (4) and the mass of the K~ meson was 
determined. The parameter was varied in small steps 
and the value of it which gave the correct mass of the 
K~ meson as determined from reaction (3) was adopted 
as the mass of the 2~ hyperon. The mass of the =~, 
using method (i), was found to be (2342.0+2.0)m, and 
the mass difference was (13.942.0)m,.. The mass 
difference between the 2~ and Yt, using method (ii), 
was found to be Ms-—Mys+=Q3—Q4= (13.542.0)m, 
and the mass of the =~ would then be (2341.6+2.0)m,. 
This determination of mass difference is independent 
of the exact knowledge of the stopping power of the 
emulsion and of the absolute K~ mass value. 

The above mass difference is in excellent agreement 
with the value (12.3+1.3)m, given by Barkas ef al.? 
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Positron Spectrum from the Decay of the y Meson* 
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(Received October 20, 1958) 


A magnetic spiral-orbit spectrometer was used to study the positron spectrum from an isotropic u* decay. 
The detected positrons were identified by an electronic technique designed to measure the lifetime of the 
muon. Our measured weighted mean value of the u* mean life is 7,=2.21+-0.02 psec. 

The data have been analyzed according to the simplified one-parameter theory of Michel, as modified by 
Behrends, Finkelstein, and Sirlin and corrected by Berman to include radiative corrections to the muon 
decay theory. We obtained py =0.741+0.027 for the Michel parameter as the weighted mean value from 
four experiments. In these experiments the measurements in the low-energy positron region were not of 
sufficient accuracy to yield an estimate of the second Michel parameter. 

Included is a measurement of the maximum positron energy. The weighted mean value of this measure- 
ment is W =52.87+0.07 Mev. From this value and its simple algebraic relation to the masses of the decay 
particles one obtains a value of the u* mass «= 206.94+0.27. 

Tables of the radiative correction to muon decay are given as well as the total corrections that must be 
added to the Michel parameter that is derived from experimental data by using the simple Michel theory 
without radiative corrections. For the energy region of the majority of experiments from which the py value 
is determined, this total correction in Ap is approximately 0.040. 

From our measured value of the maximum positron energy, an estimate is made of the possible upper limit 
on the mass of the neutral particle in muon decay. This upper limit is reported as 8 electron-mass units. 





INTRODUCTION 


 faprwael observations of the energy of electrons from 
the decay of the muon have guided theoretical 
calculations through the many proposed assumptions 
for the possible mode of decay of the muon. From the 
experimental point of view, the most successful theo- 
retical calculations were based on the assumption of a 
direct interaction between four fermions, i.e., on 


ut — e++r14+ 02. 


Using this assumption for the decay scheme of the muon 
and the mechanics first proposed by Fermi for describ- 
ing 8 decay, Tiomno and Wheeler’ and Michel? have 
predicted the probable energy dependence of the e+ in 
muon decay for this process. Michel, in particular, 
calculated the energy distribution of the positrons from 
the isotropic u-meson decay, using a linear combination 
of all five interactions (i.e., scalar, vector, tensor, axial 
vector, and pseudoscalar) for both distinguishable and 
indistinguishable neutrinos. These calculations led 
Michel to the following general expression for the 
energy-dependent probability of e+ emission in isotropic 
u-meson decay : 
(E?—e’)! 
P(E)dE=— ul 3E(W—E)K,+2(E?—e)Ke 


3h (Qehi2c?) 
+3e(W— E)K; \dE, ( 1) 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+ Present address: TEMPO, Santa Barbara, California. 

t Present address: Japanese Atomic Energy Commission, 
Research Institute, Shimbashi, Tokyo, Japan. 

§ Present address: Lockheed Missiles Systems Division, Palo 
Alto, California. 

1J. Tiomno and J. A. Wheeler, Revs. Modern Phys. 21, 144 
(1949). 

2L. Michel, Proc. Phys. Soc. (London) A53, 514 (1950) ; thesis, 
University of Paris, 1953 (unpublished). 





where K,, Ke, and K; are functions of the five Fermi 
coupling constants, i.e., 


Ki=g5'+2(gv*+gr+g47)+¢P’, 
Ko=gy?+2g7*+g,’, (2) 
K3=gs°—2gy?+2g.?— gr’. 


FE and W are the total energy and maximum energy of 
the positron, and ¢ and y are, respectively, the electron 
and muon rest mass. This transition probability can 
easily be rewritten in terms of two parameters that are 
bilinear functions of the five coupling constants: 


1 (E?—e)! 
P(E)dE=—- ———_{3E(W— E) 


2 oy (4E2?—3EW—@)+3ye(W—E) WE, (3) 


where pw=3K2/(K1+2K¢) and is limited to the range 
of values OS pw<1, and y=K;3/(Ki+2Ky2) and is 
limited to the range of values —1<y<1. The terms 
A and B are constants that depend on the value of W. 
(Note: y= Michel’s ». We reserve 7 so as to conform 
with the notation in Behrends et al.* and Berman.) Thus 
the Michel theory predicts a family of possible energy 
spectra for the positrons from an isotropic positive 
muon decay, each of which has two free parameters 
that may in principle be determined experimentally. In 
addition to these two parameters, two other measure- 
ments can be made. These are (a) the maximum energy 
W and (b) the mean lifetime of the muon, 7,. A meas- 


3 Behrends, Finkelstein, and Sirlin, Phys. Rev. 101, 866 (1956). 

4S. M. Berman, “Radiative Corrections to Muon Decay,” 
memorandium, California Institute of Technology (unpublished) ; 
(also private communication). The correction used here omits the 
last term presented in this reference. The author likewise omitted 
this term in his published paper [Phys. Rev. 112, 267 (1958) ]. 
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urement of W becomes a measurement of the muon rest 
mass uw because W is related to the rest masses of the 
interacting fermions by the expression W = (u?+e)/2y 
when the assumption is made that the neutrino rest 
mass, v, is 0. The purpose of this experiment was to 
measure these four quantities. 

We succeeded in determining three of these parame- 
ters—that is, in measuring t,, paw, and W. In what 
follows we deal with details of these measurements. 
However, a few remarks should be made about our 
efforts to measure the y parameter. 

Consider the effect of y on the shape of the positron 
decay spectrum as shown by Eq. (3) [even though y, 
like pau, no longer has this simple meaning when 
radiative corrections are considered in deriving the 
transition probability, Eq. (1); these corrections were 
ignored in the derivation of Eq. (1) ]. The effect of y 
on the shape of the spectrum increases as the positron 
energy decreases. Calculations summarized in Table I 
show that the difference in the ratios of the positron 
intensities [ P(E=10)/P(E=5) ]y=Qy, when evaluated 
at 5 Mev and 10 Mev for two y values at the same py 
value, can be as large as 10%. This is a measurable 
difference. 

In our experiment we obtained the ratios from the 
intensity measurements at three positron energies in 
this low-energy region. The lowest positron energy at 
which measurements were made was 5 Mev. In the 
reduction of these data we found that the background 
contribution to the measured intensity was comparable 
to the contribution arising from positrons leaving the 
target. Because there is some ambiguity in determining 
the magnitude of this background in the very-low- 
energy region (Appendix D), we feel that these intensity 
measurements are not reliable. Therefore they are 
omitted in the presentation of our data and no estimate 
is made of the value of the y parameter. 


EXPERIMENTAL PROCEDURE 


The measurements of ty, pm, and W arise from 
experiments® summarized in Table II and are related to 


TABLE I. Ratios of Q= P(E=10)/P(E=5) for different y values. 











Calculated ratio for Calculated ratio for 
value of OQ at~=—1 value of Q aty=0 





pM to value at y =0 to value at y= +1 
0.50 1.088 1.070 
0.70 1.115 1.086 
0.75 1.092 


1.146 











5 These experiments were conducted during August and 
September, 1955. The analysis of the data is primarily the effort 
of one of us (W.F.D.). It does not utilize data obtained prior to 
this time. The analysis was delayed by (a) the departure from the 
Laboratory of one of us (R.S.) following the completion of the 
experiment, (b) the involvement of the other two authors in other 
experiments, and (c) the time required to develop and numerically 
check the correctness of the computer programs that are used in 
the analysis of the data. The results of Experiment A were 
presented at the 1956 Physical Society meeting in Washington 
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Fic. 1. Schematic diagram of the experimental arrangement. 


the same general experimental procedure. Except for 
target modifications and other parameters that affect 
the resolution of the spectrometer, the procedure was 
the same. We discuss it here in a general way and 
present the details in the Appendixes and in a Labo- 
ratory report.® 

Each measurement was made by using a spiral-orbit 
spectrometer?” for determining the momentum dis- 
tribution, and a quadruple-coincidence electronic tech- 
nique for identification of positrons from a muon decay. 

Figures 1, 2, and 3 represent schematically the 
general features of our procedure. As shown in Fig. 1, a 
pulsed proton beam was introduced along the magnetic 
axis of a spiral-orbit spectrometer. It was used to create 
pions in a lithium target that was mounted coaxially 
with the magnetic axis. Those pions that were created 
with insufficient energy to emerge from the target 
decayed inside the target into muons that in turn 
disintegrated, giving birth to positrons. The energy 
spectrum from this positron source was magnetically 
analyzed by means of the spiral-orbit principle, as 
shown in Fig. 2. 

Positrons were detected as quadruple coincidences of 
signals from four plastic scintillators (three were 3 by 3 
by } in., and the fourth one 4 by 4 by } in.). Asillustrated 
in Fig. 3, counts were taken between proton pulses 
during four consecutive gates each having a 2-micro- 
second width. The start of the first gate was delayed by 3 
usec relative to a proton pulse. The full width of each 


(see reference 16). The analyzed results of Experiments B(a) and 
B(b) were presented by W. H. Barkas at the Seventh Annual 
Rochester Conference on High-Energy Physics, April 15-19, 1957 
(Interscience Publishers, New York, 1957). 

® Dudziak, Sagane, and Vedder, University of California 
Radiation Laboratory Report UCRL-8202 and supplement 
March and June, 1958 (unpublished). 

7G. Miyamoto, Proc. Phys.-Math. Soc. Japan (in Japanese) 17, 
557 (1943). 

8 Iwata, Miyamoto, and Kotani, J. Phys. Soc. Japan 2, 1 (1947) 
[in Japanese; English translation by Ryokichi Sagane, University 
of California Radiation Laboratory Report UCRL-111 (un- 
published) ]. 

®Sagane, Miyamoto, Nakamura, and Takechi, Proc. Phys.- 
Math. Soc. Japan 25, 274 (1943). 

0 M. Sakai, J. Phys. Soc. Japan 5, 178 (1950); J. phys. radium 
14, 570 (1953). 

4 Walter Dudziak, (thesis, University of California Radiation 
Laboratory Report UCRL-3564) April, 1954 (unpublished). 

#2V. S. Shpinel and O. Sh. Grois, Zhur. Tekh. Fiz. 26, No. 10, 
2259 (1956). (In Russian.) 
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TABLE IT. Summary of experiments conducted and experimental conditions. 








Experimental geometry 





Cylindrical target —— 
Diameter Spectrometer diameter 
Type of experiment Type (in.) slit, 8’ (deg) (in.) 
A Measurement of the Michel By ratios from intensities at Li (a) 23 25 a 
parameter, py three energies E’=39.84, (b) 1 25 3 
46.96, and 48.72 Mev (min- 
imum of 25 repeated meas- 
urements at each energy) 
B Measurement of the Michel By measuring the spectrum Li (a) 23 25 3 
parameter, pw (minimum of 10 repeated (b) 23 25 3 
measurements at each (c) 23 35 4 
energy) (d) 1 25 4 
(e) 1 35 3 
Cc Measurement of the maximum By spectrum measurements Be (a) 4 35 1 
positron energy, W near the end point (mini- Be (b) 13 35 1} 
mum of 10 repeated meas- Li (c) §-} 35 1 


urements at each energy) 








proton pulse was <0.5 usec. This counting procedure measured by introducing a 1-inch lead positron stopper 
enabled us to use the same counts that determined the — between scintillators 2 and 3. During the course of the 
shape of the electron spectrum from the muon decay for experiment the magnitude of an average proton pulse 
a measure of r,. The 3-usec delay after a proton pulse was <} the pulse responsible for this background. 

was sufficient to decrease to <2% the accidental back- To eliminate errors in counting rate during the first 
ground at our highest counting rate and largest possible gate that would be caused by insufficient recovery time 
proton pulse. This background is defined as the count from voltage overload brought about by secondaries 
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Fic. 2. Left: section at the median plane of the spectrometer for the muon experimental geometry. Right, below: 
schematic diagram of experimental arrangement used to measure the radial magnetic-field distribution. 
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produced during the proton pulse, we used (a) a 
negative voltage pulse applied to the second dynode of 
each photomultiplier during the time of the proton 
pulse (illustrated in Fig. 3), (b) a series of pulse-height 
limiters, and (c) a modified slow amplifier giving a 
moderately fast recovery—that is, from 2 to 2.5 usec 
after a maximum proton pulse overload that occurred in 
the absence of (a) and (b). Normally this would have 
been about 15 usec. 

Effects of temperature variations on all electronic 
components were studied. Components that could not 
withstand the day-to-day temperature variations with- 
out drifting were enclosed in a temperature-controlled 
atmosphere held constant to within 1°C. These pre- 
cautions eliminated drifts and permitted even day-to- 
day reproducibility of the adopted standard check 
points. In addition, a continuous check on the reliability 
of the tandem gate circuit was obtained by splitting the 
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Fic. 3. Block diagram of the electronic gates and timing system. 


pulse from the modified linear amplifier, and passing 
one part of it through a variable gate and then through 
a second tandem gate unit. (This is not shown in Fig. 3.) 
A variable gate has the property of converting any 
pulse above a present pulse height into a constant- 
output voltage pulse that has a fixed shape. Other 
standard electronic tests were made on variations that 
could introduce systematic errors into our results. 
These included measurements of (a) counting-rate 
uniformity across the surface of each scintillator, (b) 
high-voltage plateaus on each photomultiplier, (c) 
effect of magnetic-field variation on photomultipliers in 
magnetic shields (this test covered twice the magnetic- 
field variations that occurred during the experiment), 
(d) cable-length plateaus of the fast-electronics system, 
and (e) proton-monitor plateaus. We found that under 
certain proton beam conditions argon-filled ion cham- 
bers" gave false indications of the true number of 
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protons. We attribute this to recombination in the 
highly ionized regions of the gas resulting from the 
passage of an intense proton pulse. For this reason we 
used a modified helium-ion chamber in tandem with a 
Faraday cup. This permitted a continuous check of our 
proton monitor, which was found accurate for variations 
of a factor of nine in the proton-beam intensity. No 
such variations of the proton beam intensity were 
allowed to occur during the course of our experiment. 


MEASUREMENT OF THE MUON MEAN LIFE 


The data presented in this paper (experiments A and 
B, Table IT) as a measure of the Michel parameter were 
obtained during twelve different days. For each day the 
counts obtained during each gate were also added 
together. From this sum the accidental background for 
that gate was subtracted and then divided by the 
proper time width of the gate. By means of the method 
of least squares" we fitted a straight line to the semilog 
plot of the results from the four gates, and obtained the 
most probable value for the slope of the linear equation 
that determines the mean life of the muon, r,. We also 
calculated the standard deviations of the constants 
defining the linear form of the equation. The mean life 
obtained from these calculations is displayed in Column 
2 of Table III as the mean life measured by the counts 
for that particular day. Column 3 of Table III repre- 
sents the corresponding standard deviation obtained 
from a statistical treatment of the data for that day. 
Basing the weights on the statistical errors as given in 
Column 3, one obtains 7,=2.210+0.015 usec for the 
weighted mean value of the positive muon mean life. 
(For calibration of time scale see Appendix E.) We 
round off this value to r,=2.21+0.02 in order to 
account partially for possible unknown systematic 
errors. 

MEASUREMENT OF THE MICHEL PARAMETER ox 

A value of the Michel py parameter can be deter- 


mined (a) from a measure of a ratio of the counting 


TABLE IIT. Measurement of the mean life of the « meson. 





T a(r 

Trial (usec) rie 
1 2.208 0.022 
2 2.277 0.045 
3 2.220 0.086 
4 2.224 0.075 
5 2.224 0.041 
6 2.216 0.047 
7 2.168 0.108 
8 2.184 0.072 
9 2.168 0.080 
10 2.175 0.065 
11 2.146 0.081 
12 2.159 0.070 


Weighted statistical mean value= 7, = 2.210+0.015 usec 
13 Raymond T. Birge, Phys. Rev. 40, 207 (1932); Am. J. Phys. 
7, 351 (1939). 
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Fic. 4. Radial plot at one energy setting of the measured 
magnetic-field density and calculated vector potential in the 
median plane of the spectrometer. 


rates at two positron energies near the high-energy end 
of the spectrum" or (b) from the measured shape of the 
positron decay spectrum. As shown in Table II, both 
these methods were used. The first of these methods is 
inferior to the second because of the greater influence of 
possible unknown systematic errors on the measurement 
of this Michel parameter (see reference 6). For this 
reason the data obtained in the Type A experiment 
listed in Table II were combined as part of the data of 
the Type B experiment and treated together. For each 
of these methods a momentum-analyzed positron beam 
arising from the decay of the muon is necessary. The 
momentum analysis was obtained by a new type of 
magnetic spectrometer that permits large-solid-angle 
focussing with good resolution (Appendix A). This 
spectrometer property arises from a nonuniform radial 
magnetic field (as shown in Fig. 4) that is symmetric 
about the magnetic axis (and therefore also about the 
axis of a cylindrical source that is placed coincident 
with it). The position of the focus orbit is determined 
by the shape of the magnetic-field distribution. This 
shape must remain unchanged if the focus-orbit position 
is to remain unchanged when the magnitude of the 
magnetic field is varied. In this spectrometer the 
resolution is very sensitive to very small changes in the 
shape of the magnetic field near the focus orbit. With 
the aid of improved magnetic measuring techniques 
(see Fig. 2), permitting a continuous display of radial 
position and the corresponding magnetic field at that 


4 Sagane, Dudziak, and Vedder, Bull. Am. Phys. Soc. Ser. II, 1, 
174 (1956). See also reference 6 for a detailed discussion of these 
data. 
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radial position, we have found that there were small 
variations in field shape during our earlier measure- 
ments of the high-energy region of the u-meson decay 
spectrum (Appendix B). Hence a large systematic 
error was introduced by these variations into the 
preliminary report of our early measurements. From 
extensive experimental tests, which included a study of 
the corrections necessary for the previously reported 
measurements, we conclude that these difficulties were 
corrected by our reshaping of the magnetic field 
(Appendix B) and therefore did not affect the subse- 
quent measurements that are summarized in Table IT. 

As shown in Fig. 2, the magnitude of the magnetic 
field was established by the frequency setting of a 
nuclear fluxmeter that was located in the flat region of 
the magnetic-field distribution. By calibration, each 
frequency setting was related to the vector potential at 
the focus orbit. We define Eo’ as the total positron 
energy that is obtained from this vector potential at the 
focus orbit. During each intensity measurement the 
magnetic field at the position of the nuclear fluxmeter 
was continuously monitored. Our magnet-current regu- 
lation was such that a drift of only +1 gauss in 7000 
gauss was observed during this measurement. From this 
and the calibration methods that were used (Fig. 2) 
we estimate that the accuracy of the absolute value of 
each Eo’ setting is better than 0.2%. 

Figures 5 and 6 summarize the raw experimental data 
obtained in our measurements of the Michel py 
parameter by the two different methods. These were 
the data used in Table III to yield a measure of the 
mean life of the muon. (By “raw data” at an Eo’ energy 
we mean actual counts minus accidental background— 
previously defined and very small—per unit proton 
monitor, divided by the vector potential that corre- 
sponds to the frequency setting of Zo’ by a nuclear 
fluxmeter.) The plotted errors are standard deviations 
as obtained by the rule of propagation of errors. 

As shown by Table II and these figures, our data for 
measuring pw from the shape of the spectrum were 
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Fic. 5. Actual measured intensities as obtained for two spec- 


trometer geometries with a solid 1-inch-diameter lithium target. 


18 Sagane, Dudziak, and Vedder, Phys. Rev. 95, 863 (1954). 
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obtained with four variations of the spectrometer 
resolution—two of these were changes in target diameter 
and two of these were changes in the “angular slit” 0’ 
defined by the detector (see Appendix A). In these 
figures each point was obtained by combining the data 
from a series of measurements at each Zo’ energy 
arising from frequent repeated changes of the magnetic 
field that covered the listed Eo’ values for each spec- 
trometer geometry. In the ratio method as many as 
forty resettings and remeasurements were made at one 
energy. 

All our data are in accordance with Chauvenet’s 
criterion for maximum acceptable deviations that occur 
in repeated measurements. A very small amount of our 
data (<1%) was thrown out by this criterion. This 
amount is insignificant and would not influence the 
plotted data. 

The results from each of the two tandem gates were 
analyzed and compared for possible systematic error 
resulting from the use of these gates. The two sets of 
data were in very good agreement (easily within the 
indicated statistics in these figures). Since these two 
sets of data are not independent, only one set of these 
results is used (actually the arithmetic mean is used). 

In order to compare the Michel theory with experi- 
ment and determine the proper Michel parameter pw, 
we must first modify Eq. (3) to incorporate the radiative 
corrections that have been omitted in the original 
derivation. It has been shown* that if one neglects 
the mass of the electron (e=0) in Eq. (3) and introduces 
these radiative corrections into the theory one obtains 
the following expression for the probable energy dis- 
tribution of positrons resulting from an_ isotropic 
positive muon decay : 


[P(n) ]dn= (4/7,)n’[1+A(n, AE) —A, (AE) J 
X{3(1—n)+3orl4n—3+Ai(AE)n 
—3A,(AE)(1—n) }}dn, (4) 


where pp is related to the Michel parameter py by 
PM 
Pr ¥ 2 eT ' 
{1+A1(AE)—3pm[lAi1(AE)—A2(AE) }} 








é 
@ 25° 
@s5s° 


| POINTS OFFSET 
©€  Jannow REPRESENTS E) 


Ss 


8) 
°® 
7 - 


‘ 


oJ 
T 


Paw pata 


> 


RELATIVE INTENSITY X(E 
n 








6 (Mev) 


‘1G. 6. Actual measured intensities as obtained for two spec- 
trometer geometries with a solid 23-inch lithium target. 


341 


Here 7 is p-/Pmax (i.e., the fraction of maximum possible 
positron momentum), and AE is the acceptance-energy 
interval that is used in the experiment. The expression 
for h(n,AE) depends on the type of interaction that 
occurs between the particles during the disintegration 
process. For our calculations we have chosen the expres- 
sion for vector coupling, which—to the accuracy of the 
calculations as given by Behrends e¢ al.’ and modified by 
Berman*—is also the expression for axial vector coupling. 
This expression is presented in Appendix C along with 
tabulated results for different values of AF. Found also 
in this Appendix are the defining expressions and 
numerical results of the integral functions A,(AZ) and 
A2(AE). Since their values depend on the function 
h(n,AE) they also depend on the assumed coupling 
describing the nature of the interaction. As shown by 
the tabulated results, h(n,AE) and, to a lesser extent, 
A,(AE) and A2(AEF) are varying functions of the energy 
interval AF that is used in the experiment. 

Our procedure for determining the proper theoretical 
curves to be used for comparison with our measure- 
ments follows. Figures 16 and 17 in Appendix A 
illustrate two of our resolution functions. Each resolu- 
tion function was subdivided into varying AF incre- 
ments that correspond to the AEF increments of the 
tabulated h(n,AF) functions. At a specific positron 
momentum 7, the weight of each AZ increment is given 
by w(AE,n), where 


4 Emax 
f w(AE,n)d(AE) = 1. 
0 


We define the weighted functions 


h(n, (AE)w), Ai(n(AE)w), and As(n,(AE)w) 


at a particular positron momentum 7 by 
A Emax 
f(n, (AE) w) -{ f(AE,n)w(AE,n)d(AF), (6) 
0 


where {(n,AE) symbolizes one of these functions. These 
weighted functions were calculated for each n value. For 
each chosen Michel py parameter we used the weighted 
functions Aj(7,(AE)w) and Ao(n,(AE)w) to determine 
pr(n,(AE),,) for each positron momentum 7 from Eq. (5). 
These weighted functions, pr(n,(AF)») and h(n,(AE)»), 
were then substituted into Eq. (4) to determine the 
proper value of the probability function P(y,pm) at 
each 7 value. In our calculations we used An=0.01 as 
our “mesh” (i.e., the interval between calculation 
values was 0.01). Following this procedure we con- 
structed a family of theoretical curves for py (0.65 to 
0.80), with ps varying by 0.01 for each experimental 
geometry. In what follows, we refer to these curves as 
modified Michel curves. 

For each geometry and each pw value the expected 
measured intensity was obtained by folding the calcu- 
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lated resolution curve (Appendix A) that was obtained 
at each Ey’ value into each one of this family of modified 
Michel curves. For these folding numerical calculations 
an 0.08-Mev mesh was used. In this way a table of 
expected theoretical intensities P(E o',pa) versus values 
of pw was calculated at each measured Fy’ energy for 
each geometry of our spectrometer. 

Prior to comparing these calculated intensities with 
the data shown in Figs. 5 and 6, one must subtract a 
background which could not be distinguished elec- 
tronically by lifetime measurement from the true 
intensities arising from the target. The sources of this 
background are muons that decay from pions whose 
energies are sufficient for them to leave the target. 
These pions impinged on areas that could not be 
screened from the detector without destroying the 
experimental geometry. Since no intense pion beams 
were available at the time of this and another spec- 
trometer experiment,'® one had no choice but to tolerate 
and allow for this background due to energetic pions. 

Knowledge of the nature of this background is 
imperative to a true prediction of the measured py 
parameter. The seriousness of this background is 
illustrated in Fig. 7 for one set of our data from the four 
geometries in our experiment. Here we replot the raw 
data shown in Fig. 6 which were measured with the 
@’=35° geometry. In addition we present experimental 
measurements above Ey’ = 57.5 Mev that are not included 
in Fig. 6. The point on this plot shown at Eo’ =57.5 Mev 
is a very accurate measurement. At this magnetic 
setting our counting rate from the desired positron 
source (i.e., the lithium target) should be zero. [At a 

16 Crowe, Helm, and Taufest, Phys. Rev. 99, 872 (1955); 
Proceedings of the Sixth Annual Rochester Conference On High- 


Energy Nuclear Physics, 1956 (Interscience Publishers, Inc., New 
York, 1956). 


magnetic setting corresponding to Eo’=56.5 Mev the 
low-energy cutoff of the resolution function would be 
above 53.8 Mev (Fig. 17, Appendix A), and therefore 
no overlap is possible in the fold of this resolution func- 
tion at Eo’=57.5 Mev with a modified Michel curve 
whose upper energy cutoff is about E=52.8 Mev. ] 
Shown also on this plot are four background curves. One 
of these curves, indicated by bo, is the background for 
this geometry as established by the methods described 
in Appendix D. The other three curves indicated by 
b; (t40) are assumed background curves (positioned 
between 6) and the assumed constant background 33) 
and are used only to stress the influence of background 
subtraction on the pa parameter. We tabulate in Fig. 7 
the py values that result from the reduction of the data 
after background subtraction of the amount specified in 
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Fic. 8. Left: comparison of the reduced data for the stated 
spectrometer geometry (at @=35°, 23-inch diameter lithium 
target) with three modified Michel curves that are normalized to 
the data by the minimum-x? method. Right: plot of the depend- 
ence of the calculated minimum x? on the Michel parameter. 
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each of the four cases. Realizing the seriousness of a 
wrong estimate of this background, we have arbitrarily 
assumed up to 50% more error in our established back- 
ground in the lower energy region prior to the reduction 
of our most accurate measurements (Fig. 6). 

In subtracting this background from the raw data 
(Figs. 5 and 6) we followed the same procedure for each 
of the four experimental geometries as is described in 
Appendix D. We present the results following this 
subtraction in Figs. 8, 9, and 10. In Fig. 10 the data from 
the two geometries involving the 1-inch lithium target 
are combined and treated as data from one experiment. 
As shown in detail in reference 6, we are justified in this 
decision by the fact that the errors are large and do not 
warrant a consideration of the small differences that 
exist in the resolution functions of these two geometries. 

In the reduction of our data we found the x? test a 
very suitable statistical method for determining what 
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Fic. 9. Left: comparison of the reduced data for the stated 
spectrometer geometry (at @©=25°, 23-inch diameter lithium 
target) with three modified Michel curves that are normalized to 
the data by the minimum- x? method. Right: plot of the depend- 
ence of the calculated minimum x? on the Michel parameter. 


member of the Michel family of curves agrees best with 
the measurements. As seen in Eq. (4), we are confronted 
with the problem of determining a particular Michel 
distribution that contains an unknown parameter!’ 
pm about whose values we possess only such informa- 
tion as may be derived from our observations. We 
determine the proper Michel curve by solving for the 
most likely ps parameter to render the expression 


x?= 20 a *( Eo’) [LT Eo’) — P(Eo',om) ? 


Eo’ 


a minimum. We limit the sum to only those Eo’ values 

17 Actually we should be dealing with the more general Eq. (3), 
following its modification for radiative corrections in muon decay, 
in which we would be confronted with the problem of determining 
two unknown parameters (py and y). Our simplification is valid 
under one of the following conditions: (a) when the parameter y 
is very close to 0 (it is zero in the two-component theory) ; (b) for 
y=-+1, when the accuracy to which the parameter py is to be 
determined by the high-energy end of the spectrum (>30 Mev) is 
not in the neighborhood of 1 or 2%. 
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Fic. 10. Left: comparison of the reduced data (combined for 
@=25° and @=35°, 1-inch-diameter lithium target) with two 
modified Michel curves that are normalized to the data by the 
minimum-x? method. Right: plot of the dependence of the 
calculated minimum x? on the Michel parameter. 


whose measured intensities are greater than 2 on the 
ordinate scale of the reduced data (Figs. 8, 9, and 10), 
so as to avoid measurements that are greatly influenced 
by the magnitude of the subtracted background. In this 
equation /(K’) is the experimental intensity measure- 
ment at an Jy’ setting, o(/’) is the standard deviation 
of this measurement, and P(E’, par) is the correspond- 
ing predicted theoretical intensity for a specific py 
value. 

Because of tie experimental errors in the measured 
I(E,’) intensities, some care is necessary in locating the 
proper normalization factor that fixes the ordinate 
scale of J(Eo’) in relation to the P(E’,p™) scale before 
Eq. (7) can be used correctly in evaluating the x? for a 
specific par value. In only a few of the many calculations 
presented in this paper was it found that normalization 
by area of the experimental measurements and the 
predicted measurements was correct. The proper nor- 
malization factor in our use of Eq. (7) was found by 
IBM-650 computer calculations, which were initiated 
by using an area normalization. This resulting x? value 
was then compared with a newly determined x? value 
based on a normalization factor that was slightly larger 
or smaller than the area normalization factor. By 
repetition of this hunting process a minimum x? was 
determined at each py value. It is this minimum x? 
that is plotted at each py value in Figs. 8, 9, and 10. 
We stress this point on normalization because, from our 
experience—even with as fine a py mesh (Apy=0.01) 
as is used in our calculations—a difference of 0.01 to 
0.015 would have been introduced into the reported pa 
value as determined by the minimum-x? method by 
using only area normalization. (Our py value would 
have been lower.) 

We summarize the results of these calculated mini- 
mum x? values for each geometry in Figs. 8, 9, and 10. 
Shown also in these figures are the expected P(Eo’,pa) 
values for pw=0.65, 0.70, and 0.75, which have been 
normalized by the minimum-x? method as discussed 
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TABLE IV. Summary of the measured py values. 


Spectrometer geometry 


Lithium Angular 
target slit 

diameter (degrees) 
0’ 


Experiment (inches) 


2 35 
2 25 
1 35 
1 25 


Weighted mean value 


above. For convenience the calculated P(E ’,p4) values 
at each py are connected by a continuous curve. 
Except at the measured Ey’ values, these curves are not 
to be interpreted as obtained from IBM calculations. 
These curves, with Eq. (7), illustrate the energy region 
(Eo’ <50 Mev) that is most significant in determining the 
final minimum x? value. 

We obtain the best value of px, from the minimum ,? 
value of the plotted x’ calculations. This minimum is 
determined by setting equal to zero the first derivative 
with respect to py of a parabolic equation that is first 
obtained from a least-squares fit of the plotted x? values. 
This best py value and its standard deviation as ob- 
tained from the data for the spectrometer geometry 
under consideration are also given in the respective 
figures. From the theory of propagation of errors we 
obtain, for the error on this px value, 


Opm\? 
oom’ =>, (—") o*(Ey’), (8) 
ol 


Eo’ 


which according to Eq. (7) may be expressed as 


9 


OP \? o?P OP \? 
oom?=4> ( —) =(t~ Pj |(—) ce 
Eo’ L\ dpm Opa’? S\ 0pm 


0°? : oP 2 
“p(y Cem 
Eo’ \ Opa? dpm 


It should be noted that the uncertainty contribution 
that results from the presence of the second Michel 
parameter [Eq. (3) ] is not included in this expression 
for the error in the best py value.!” In addition we omit 
the very small error that arises from the deviation 
(which is approximately 3%) of the x? values as 
obtained from the parabolic equation from the plotted 
x? values in the neighborhood of the minimum ,’. 
Additional remarks concerning these data and the x? 
test are given in reference 6. 

Table IV summarizes the results of all experiments 
conducted in our measurements of the Michel pa 
parameter. These results are dependent on the assump- 
tions that were used, in particular on the background 
as estimated by methods described in Appendix D and 
on the assumption that the second Michel parameter 


y is 0. 
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MEASUREMENT OF THE MUON REST MASS 


Another factor (other than background subtraction) 
that seriously effects the measurement of py is a mis- 
alignment of energy scale when the experimental 
intensities J(Eo’) are compared with the predicted 
intensities P(E ’,o). A misalignment or an error of 
+0.25 Mev in W (i.e., a 3% change in the absolute 
energy scale) yields a variation Ap=0.03 in py. 
Measurement of the magnetic field can determine the 
energy of the focused particle to sufficient precision to 
make the influence on py of the error in this energy very 
small. However, the question arises: To what accuracy 
can one determine the energy of the focused positron at 
the moment of muon decay, i.e., before it experiences 
ionization and radiation losses within the target? 
Because of the large effect of energy scale, one purpose 
of our experiment was to measure the maximum energy 
W by the same method as was used for the determina- 
tion of the Michel parameter. This is indicated by the 
Type C experiment listed in Table II. As shown in 
Figs. 8 and 9, the separation of the different px curves 
is very small near the cutoff because of the steep slope 
that occurs in this positron energy region. The steepness 
of the slope for a set of Michel curves that are within a 
pm interval of +0.05 is determined primarily by the 
resolution of the spectrometer. One may use this strong 
dependence of the shape of the positron spectrum on the 
spectrometer resolution to measure the value of W 
without knowing precisely the value of the Michel 
parameter py. 

In our experiment we have used three different 
targets as the primary means of change in spectrometer 
resolution. For each of these three targets we deter- 
mined the resolution of our spectrometer. Using the 
modified Michel equation that arises from Eq. (4) for 
pu=0.73, we calculated the expected family of theo- 
retical intensities for different W values and for each 
resolution by the folding procedure we previously 
described. If these calculations for each spectrometer 
resolution were plotted, they would represent a family 
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Fic. 11. Left: reduced ne data as obtained for three 


different spectrometer resolutions in a study of the maximum 
positron energy. Right: plot of the dependence of the calculated 
minimum x? on the maximum positron energy for each set of data. 
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of steeply varying curves, each indicating a different 
W cutoff energy. 

The data from the three Type C experiments are 
presented in Fig. 11. The plotted data illustrate the 
strong effect of spectrometer resolution on the Michel 
spectrum near the maximum position energy. Because 
normalizations are involved in presenting these data on 
one plot, this illustration should be treated as qualita- 
tive. Each set of data is analyzed separately and we give 
quantitative significance only to this analysis. 

We analyze each experimental set of measurements 
by the minimum-x? method that we previously de- 
scribed. To do this we rewrite Eq. (7), after replacing 
pu by W, so that we have 


x?= > 0? ( Eo’) [1 (Eo’) — P( Eo’, W) }?. (10) 
Eo’ 


As an illustration, a curve connecting the predicted 
calculated intensities at one W value, normalized by 
determination of the minimum x? at this W value, is 
also plotted in Fig. 11 for one set of measurements 
(lithium target). The most probable value of W is 
determined from the minimum x? obtained by setting 
equal to zero the first derivative of the fitted parabolic 
equation representing the calculated minimum x? values 
as a function of W. To determine the standard error on 
this W measurement, we use the expression 


oP 2 0°x? —2 
ow?=4 D o?(Ey’) —) [=| . (11) 
Eo’ 


OW? Law? 

The results of our calculations are shown in Fig. 11 
and are also summarized in Table V. The very high x? 
values for the experiment using a Be target (}-inch 
diameter) are a direct result of the high measured 
intensity at Eo’ =52 Mev- 

Because these measurement have been made in air, 
a small energy correction is necessary in the energy scale 
to account for positron energy loss in air. (This correc- 
tion was included in the energy scale of the previously 
discussed data.) To establish the most probable path 
length in air, we have used the data from our a-particle 
studies on the resolution of a spiral-orbit spectrometer. 
One phase of these studies involved positioning a well- 
collimated line source of monoenergetic a particles at a 
fixed radius and measuring the intensity and shape of 


TABLE V. Summary of the measured maximum positron energy W. 





Spectrometer target 
External and 
internal 
diameters 


Experiment 
N (inches) 


Ww ow 
oO. Element (Mev) (Mev) 


0.101 
0.175 
0.112 
0.069 








1 3-3 52.755 
2 4 52.844 
3 52.739 


Weighted mean value 52.763 
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the resolution at the detector by varying the magnetic 
field. The line source was rotated after each measure- 
ment (i.e., @ was varied and 79 was constant) until 
measurements had been made for angles covering a 
complete 360° rotation of the line source. From these 
data an experimentally measured curve of collection 
probability as a function of angle of emission with 
respect to the a-particle detector was determined. Each 
angle of emission corresponds to a particular path 
length (Fig. 2). From these relations a most probable 
path of positrons in air was determined. Following the 
procedures outlined in Appendix A, we have calculated 
the most probable energy loss by using Sternheimer’s 
results'® for nitrogen and oxygen. These calculations 
yield an 0.11-Mev correction to the measured value of 
the maximum energy. Adding this correction to the 
weighted mean value appearing in Table V, we obtain 
W =52.87+0.069 Mev for the most probable value of 
the maximum positron energy. 

A measurement of the maximum positron energy W 
is also a measure of the muon rest mass yu, because of the 
relation between these two quantities and the known 
electron mass ¢, which is given by W=(u?+€)/2uy. 
From our value of W and this simple algebraic relation, 
we obtain u= (206.94+0.27)e for the most probable 
muon rest mass. 


STUDY OF THE EFFECT ON oy OF SOME 
SYSTEMATIC ERRORS 


A third factor that will influence the measured py 
value is the shape of the resolution function that is used 
in determining the predicted intensities P(Eo',p4). In 
Appendix A we discuss the procedure of calculating our 
resolution. We have found that had we simplified our 
calculations by separating the resolution into two parts 
—i.e., first taking into account the effect on the Michel 
curve of ionization and radiation losses in the target 
(Fig. 14) and then folding in the magnetic resolution of 
the spectrometer (Fig. 18)—we would have arrived at a 
different pw value (lower by approximately 0.02). This 
method of separating the magnetic resolution from 
energy losses in the target in accounting for the resolu- 
tion of the combined system is only an approximation. 
In our reduction we also used a third method of account- 
ing for the resolution of the combined system that led 
essentially to the same results as the resolution derived 
in Appendix A. 

In the course of these computation we also varied 
some of the parameters that affect the shape of the 
resolution function. 

We present in Table VI a summary of our calculated 
results on how these variations influence the py value 
in our experiment. Column 1 specifies the modification 
that has been made, and Column 2 the corresponding 
Ap value. 


18R. M. Sternheimer, Phys. Rev. 103, 511 (1956); 91, 256 
(1953). 
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TABLE VI. Effect of modifications in resolution 
function on the py parameter. 


Type of modification in 
resolution function from 
that described in 
Appendix A 


Effect on Michel 


parameter Apu Additional comments 


Brought about by misalign- 
ment of magnetic poles. 
We observed a 3/64-inch 
separation. Part of this 
may be attributable to 
our inability to know the 
exact location of the 
center of the small bis- 
muth probe. 


Separation of magnetic axis +0.0014 
otf symmetry trom geo- 


metric axis of symmetry 


Axis aligned with surveyor's 
transit to within width of 
the cross hairs. 


Misalignment of axis of cy- < +0.0014 
lindrical target and mag- 


netic axis of symmetry 


A small physical radial dis- 
placement of our detec- 
tor will not significantly 
change the shape of the 
resolution. However, it 
will introduce shift in the 
energy scale. 


Radial misalignment of de- + 0.004 
tector, either physical or 

simulated by nonuniform 

ity in sensitivity across 

counter (5% sensitivity 

variation in our experi- 

ment). At most a +4-inch 

shift might be allowed. 


We find that neglecting the 
effect of z focusing in our 
experiment is equivalent 
to an energy shift in the 
abscissa scale of 0.015 
Mev. 


Effect of z focusing —0,.0018 


A 1° error corresponds to a 
of the detector system, 4-inch error in the height 
+1° at r=19 inches. This 
height was  frequentiy 
checked, thus eliminating 
the probability of such an 
oversight. 


Error in angular aperture +0.006 


Such variations could be 
caused by nonuniform- 
ities in the proton beam, 

weighting factor W(ro) in small errors in parameters 

Eq. (25) ] that yield the Landau 

distribution. 


Small variations of electron +0.004 
distribution in the target 


[i.e., changing the volume 


Calculated to test sensi- 
tivity of pw to small errors 
in the assumptions lead- 

tion which introduces cor- ing to this correction. 

rections for positron en- Such errors would not 
ergy losses by radiation influence our value. 

processes (Appendix A) 


Elimination of the Bethe —0.011 
and Heitler modification 


of the Landau distribu- 


This corresponds to approxi- 
mately a 12% change in 
target volume. The value 
is used to estimate the 
influence of ‘“‘flyback”’ 
effect. Over the measured 
range of positron energies 
the target variation be- 
cause of the flyback effect 
was <0.2%, leading to a 
possible error Ap <0.001, 


Elimination of positron- —0.021 


"source contribution from 
the outermost shell of 
the target. (Target sub- 
divided into 15. shells. 
Considering the inner 14 
shells only. See Appendix 
A.) 


The results from this experiment have yielded a 
meson mass value of w= (206.94+0.27)e, which is in 
very good agreement with the value obtained by other 
methods. If we accept the error on this mass value as 
an estimate of our knowledge of the true energy- 
scale alignment, then we must introduce an error into 
the Michel parameter of Ap==F0.0084. 

If one combines statistically this error for energy-scale 
misalignment, an assumed 25% systematic error in nor- 
malization of the computed background (Ap=+0.010; 
see Appendix D), and the errors presented in Table VI 
with the error of pw=0.741+0.022 that is obtained by 
the computer under optimized conditions, the result 
becomes py=0.741+0.027. 
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Estimate of the Mass of the Neutral 
Particles in Muon Decay 


In one of his earlier articles on the spectrum of the 
secondary positrons from muon decay,'* Michel has 
also considered the decay scheme 


pt — e=+)A+ 7, 


where J is a neutral particle of spin } with a mass either 
nonvanishing or (more probably) zero. The question 
arises, can an estimate be made of the probable upper 
limit to the mass of \? We employ a graphical method to 
make this estimate in Fig. 12 by using our measured 
value of the maximum positron energy W and the most 
accurate reported value of the muon mass that does not 
take our measurement into account.” In this case the 
maximum energy of the positron in muon decay is given 
by the expression 


W = (w+e—)?*)/2uy, 


where the assumption is made that the neutrino mass is 
zero. Shown in Fig. 12 is a family of curves for different 
values of the mass A as given in electron mass units. Also 
plotted in this figure are two points: (a) our measured 
value of W against the most accurate quoted muon 
mass, w= (206.86+0.11)e, and (b) our value of W 
against the muon mass as determined from mesonic 
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Fic. 12. Graphical estimate of the allowable neutral particle 
mass in positive muon decay. The hatched region is the area 
defined by the standard deviations in our measurement of W and 
the muon mass uy. 

9 L. Michel, Nature 163, 959 (1949). 

* Cohen, Crowe, and DuMond, Fundamental Constants of 
Physics (Interscience Publishers, Inc., New York, 1957). 
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x-rays, u= (206.93+0.13)e. Each of these points repre- 
sents the center of a hatched region that defines the 
area subtended by the standard deviations of the 
measurements of W and yw. From examination of the 
figure, a probable upper limit to the mass of the neutral 
decay particle \ is obtained; it is 8 electron masses if 
the best value of the muon mass is used, and 9 electron 
masses if the muon mass as determined by mesonic 
x-rays is used. 
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APPENDIX 


A. Ionization and Straggling; 
Spectrometer Resolution 


The resolution of the spectrometer was obtained by 
use of an IBM-650 computer and the following 
numerical calculations. 

The radius of the cylindrical target was subdivided 
into fifteen equal segments. The circular boundaries of 
these radial segments defined a target volume. In what 
follows let ro represent the mean radius of any one of 
these fifteen cylindrical segments. For each radius ro a 
probability-of-occurrence function of a straight-line 
path length ¢ through the target was determined. This 
probability-of-occurrence function results from a nu- 
merical calculation of the angle subtended by a path 
length ¢ and /+-A/, where Af was set equal to 0.005 inch. 
According to the procedure of Yang,”! the most probable 
path length / for an electron was calculated from each 
straight-line path length ¢ by use of the simplified 
expression /=1(1+//A), where \ is the characteristic 
scattering length. We used the result as obtained by 
Scott” for the definition of A, which is 





(12) 


1 2ne!Z?N 150 pc 
ee (), 


dh pr? me?Z* 

where m, p, v, and e are the mass, momentum, velocity, 
and charge of the electron, c is the velocity of light, Ze is 
the charge of the scattering nucleus, and J is the 


21C, N. Yang, Phys. Rev. 84, 599 (1951). 
2 W. T. Scott, Phys. Rev. 76, 213 (1949). 
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Fic. 13. Calculated probabilities of the most probable positron 
path length / in a solid cylindrical lithium target as a function of 
target radius ro. 


number of nuclei per cm*. This calculation yielded 
fifteen separate probability-of-occurrence functions 
P(l,ro) (one for each ro) of the most probable path 
lengths for electrons originating in the cylindrical 
volume segment defined by a differential radial element 
at a radius ro. (For example see Fig. 13.) 

A monoenergetic beam of electrons of energy Eo, 
after traveling a certain path length / in material, loses 
energy by ionization and radiation processes. The 
probable energy distribution of an initially mono- 
energetic electron beam that results from collision losses 
after it has traveled a path length / through matter has 
been calculated approximately by Landau™ and more 
recently by Shultz,** Blunck and Leisegang,”® and 
Symon.” We find that the analytic expression given by 
Blunck and Leisegang for this energy distribution 
would be very useful in our type of calculation. How- 
ever, calculations reveal that the full width at half 
height of the energy-distribution function that is 
obtained by use of their results is smaller by 7% than 
that given by Symon. Since Symon’s results are in 
excellent agreement with the experimental data of 
Goldwasser, Mills, and Hanson,2”7 we have used his 
data to represent what is normally referred to as the 
Landau distribution in our work. In addition we have 
extended the tail of Symon’s calculated probability 
distribution from abscissa values (A—e,)/Ap=10 to 
(A—e,)/Ao=15 by Landau’s derived inverse-square 
behavior for this region. 

For an initial electron energy Ey associated with each 
electron path length / (cm) there is a probable electron- 
energy (or Landau) distribution L(/,A) and also a most 
probable electron energy loss ey. The most probable 
energy loss ¢, was obtained by using the Sternheimer 

%L. Landau, J. Phys. (U.S.S.R.) 8, 201 (1944). 

4 W. Shultz, Z. Physik 129, 530 (1951). 

26 Q. Blunck and S. Leisegang, Z. Physik 128, 500 (1950). 

26 Keith R. Symon, thesis, Harvard University, 1948 (un- 


published). 
27 Goldwasser, Mills, and Hanson, Phys. Rev. 88, 1137 (1952). 
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expression,'® 


2aNZe*[ 2mv*(2eNZe'l/mv*) 
¢=— E ln lane ad -#-+0.37-8), (13) 
P(1—6?) 


mv? 


which can also be written as 


pb Ap'l 
€p= a4 B+ 1.06+2 Inn —— 68), 
B 


mc 


where Ay=Ap/l/8?, and where p’ is the density of 
target material (g/cm*), A and B are tabulated con- 
stants as presented in (21a), and 6 is given approxi- 
mately by an analytic expression. For lithium we used 


5=4.606X —3.07+0.374(2—X)*", (for X<2) 
5=4.606X —3.07, (for X>2) 
X= logio(p/mc). 


In addition the electron loses energy by radiation in 
passing through matter. To take account of this radi- 
ation correction we use the results of Bethe and Heitler*® 
to modify each Landau distribution in the following 
manner. Consider each ordinate L,(/,A;) of a normalized 
Landau probability distribution, 


(14) 


0 


f L(l,A)dA=1, 
Eo 


that results only from ionization losses, for a mono- 
energetic electron beam of energy Eo traversing matter 
and having the most probable electron path length /. 
We have A;=(Eo—£;), which represents the corre- 
sponding electron energy loss due to ionization only. 
Each ordinate L;,(l,A;) must first be modified by 
W (1,E,), i.e., by the probability that an electron still has 
approximately the energy E; after radiation losses are 
also considered. To calculate W(l,E;), we use the 
Bethe-Heitler relation 


W (b1,y)=[bl—1, y]Y/T (60), 


i.e., the probability that an electron still has an energy 
greater than e~” times the energy £; after traversing the 
path length /. The (d/—1,y)! is the “incomplete 
gamma function,’” y=In[E,/(E,—k) ]; k is the energy 
loss by radiation after traversing a short distance; and 
b is a constant whose value depends on the density and 
nuclear charge of matter being considered. For lithium, 
b is 5.56X10-* cm. To determine W(l,E;), we set 
k=k’=1.28 kev. 

In addition, the Landau probability-distribution 
ordinates are modified by contributions from those elec- 
trons that experience radiation losses, i.e., [1—W (1,E;) ] 

28H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 
(1934); W. Heitler, Quantum Theory of Radiation (Oxford Uni- 
versity Press, London, 1954), p. 379. 

*K. Pearson, Tables of the Incomplete T-Function (Cambridge 
University Press, Cambridge, 1946). 
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<L,(1,A,). Because of radiation losses there is a shift 
of electrons from the higher £; energies to lower electron 
energies, resulting in an increase of the W (/,E,)L;(L,A,) 
probability ordinates for lower E; energies. To deter- 
mine 6L;(1,E;) (that is, the amount of this increase in a 
particular probability ordinate that corresponds to an 
energy £;), we use the expression 


6L; (LEJ=d: [1 sal (1,E,) JAw(yis)Li(1,A,), 


where the summation over 7 is the contribution of all 
electron energies E;>E;, and ¥,; is the value of y 
obtained for a particular energy loss through radiation 
kij=(E;—E;). For w(y) we use the Bethe-Heitler 


expression 
w(y)=exp(—y)y/T (6), (17) 


which represents the probability that the energy of an 
electron that has traversed a finite distance / has 
decreased by the factor e~¥. In all our calculations we 
normalize by setting w(y)=100% for k= k’=1.28 kev. 
Aw/(y,;) is defined as the difference between two values of 
w(y) evaluated for k= E;— E; (in Mev) and k= (E,—E; 
—0.00128). (In these calculations we use a fixed energy 
mesh of 0.04 Mev.) 

The Landau probability ordinates, modified to take 
into account electron radiation losses, are given by the 
sum [W(1,E,)L(LE£;)+6L;(1,E;)] for each most prob- 
able path length / and initial electron energy Eo. In 
addition, this sum must be multiplied by the probability 
of occurrence, P(l,ro), of the path length / for the 
differential volume segment designated by ro. Four of 
the fifteen probability functions P(/,ro) are illustrated 
in Fig. 13. These are normalized so that we have 


, P(1,ro)dl=1. 


lmin 


(16) 


For obtaining the most probable electron distribution 
Q(A,ro) from a differential volume 7» that results from 
a monoenergetic electron source the above calculations 
are performed for each possible / value. The resulting 
sum of the contributions from all / values yields the 
desired probability, 


Imax 


Q(A,r0) = LW (Lk) L(I,A)+6L (1,4) |P(L,ro)dl. (18) 


min 


We evaluated this expression for each ro by approximat- 
ing the integral by a sum. For the innermost first six ro 
shells a Al mesh of 0.2 mm was used. A Al mesh of 
0.4 mm was used for the seventh, eighth, and ninth 
shells and 0.5-mm A/ mesh for the remaining larger 
ro shells. 

Figure 14 illustrates the function Q(A,ro) for five of 
the fifteen different ro values for a lithium cylindrical 
target whose diameter is 2.375 inches. These Q(A,ro) 
values represent the most probable energy distribution 
for electrons initially at 50 Mev, originating at a 
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specific target position ro, and undergoing ionization and 
radiation losses while emerging from the target. The 
areas under these curves are normalized so that we have 


Amax 


Q(A,ro)dA =1. 


Amin 


Consider now the magnetic focusing of these electrons 
when the source is centrally located in a magnetic field 
such that the longitudinal axis of the cylinder coincides 
with the magnetic axis of a spiral-orbit spectrometer. 
Suppose that this is the z axis of a cylindrical coordinate 
system (r,0,z) and that z=0 defines the median plane 
of the spectrometer. One of the principal spectrometer 
requirements is that the magnetic field be axially 
symmetric, that is, in a cylindrical coordinate system, 


B,(1,2)= —B,(-2, r); 
By=0; 
B,(r,2)=B,(r, —2). 


(19) 


As illustrated in Fig. 2, equations of motion show that a 
charged particle originating in the cylindrical source 
spirals into an orbit r= p about the z axis if the magnetic 
conditions are such that its radial velocity and radial 
acceleration become zero. For motion in the median 
plane, these requirements state’-" that the vector 
potential is at a maximum at r= p and that the following 
relations exist between the vector potential, magnetic 
field, and radius (r=) of the circle of convergence at 
r=p: 


(20) 


1 p 
A (p)=pB(p) =- J rB(r)dr. 
p 


It was first pointed out by Iwata, Miyamoto, and 
Kotani® that this expression defines a circle of con- 
vergence and that the radius p of this circle depends on 
the shape of the magnetic field strength irrespective of 
the absolute value of the magnetic field. Figure 4 
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Fic. 14. Calculated radial dependence of the probabilities of 
positron-energy loss for a monoenergetic positron source under- 
going combined ionization and radiation energy losses in emerging 
from a solid cylindrical lithium target. 


Fic. 15. A source repre- 
sented by a cylindrical shell 
of radius ro located con- 
centric with the axis of 
magnetic symmetry in a 
spiral-orbit spectrometer. 





presents the shape [with respect to strength B(r) ] of 
the radial magnetic field that was used in this experi- 
ment. It also illustrates a graphical method that can be 
used to determine the value of the radius p. 

Suppose that a detector is located so that the center 
of the detector coincides with the circle of convergence 
and so that the radial dimension of this detector defines 
two circles, in the neighborhood of the circle of con- 
vergence, having radii equal to p+d and p—d. Particles 
whose spiral paths pass through the inner circle can be 
detected. The probability of detection for these particles 
varies between zero and one. It depends on the length 
of the spiral path within the annular region defined by 
the two circles of radii p+d and p—d. This portion of 
the path length can best be measured by the central 
angle © that it subtends. For all practical purposes the 
detection probability is unity for all particles whose 
paths are within these radial boundaries and whose 
central angles are > 27, since these are lost after passing 
through the detector for the first time. 

Consider now a monoenergetic source located con- 
centric to the axis of magnetic symmetry at a radius ro 
as illustrated in Fig. 15. Suppose that the source 
intensity is independent of the angle of emission a. 
Under these conditions it can be shown?” that to a 
very good approximation the subtended central angle 
is given by 


O—xv2 cosh (u+e sina)~°* 

for (u+esina)>0, 
Omxv2 sink (|u+e sina| )~°* 

for (u+e sina) <0, 


Case 1 
(Case 1) (21) 


(Case 2) 


where x is a constant, obtained from the shape of the 
magnetic field at the focus orbit, that is related to the 
more familiar field parameter n= —(r/B)(dB/dr) by 
the expression x=[2(n—1) }}, 


AB p* 
p=K?* , (22a) 
B @ 
To p” 
e=K? . (22b) 
pd’ 


Case 1 represents all particles that do not have sufficient 
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Fic. 16. Dependence of resolution on parameters of a spiral-orbit 
spectrometer (expressed in terms of momentum) 0 =35°, x«=0.90, 
2}-in. Li target. 


momenta to escape from the region of the magnetic 
field. Case 2 applies to all particles whose momenta are 
such that they can escape from this region. 

The resolution of a homogeneous monochromatic 
source located at ro is given by the integral of © for all 
possible values of a. In an experiment a detector and a 
slit system located so that the defining edge is at a 
radius r=p—d subtended a central angle ©’. This 
angular width ©’ of the detecting system limits the 
actual number of detectable particles as given by 0. 
For such a system the resolution of the spectrometer is 
given by 

1 «/2 
1(n8)=— f (O—O')da, for 


TY _w/2 


@>0’, (23) 


and 
T(p,<,0')=0, for O<0’. 

In our experiment ©’ had two values, @’=25° and 
©’ = 35°. We have numerically evaluated these integrals 
for the two values of 0’ by the following simplified 
procedure. Given 0’, u, and e, we used Simpson’s } rule 
with a Aa mesh of 1 degree. As previously mentioned, 
proper care was taken in evaluating the region 
rl OCga. 

Figure 16 illustrates the intensity-distribution func- 
tion J (u,e,0’)/«v2 for four of the fifteen different ro or € 
values as obtained for x=0.90 and @’= 35°. For each ro 
the total momentum width of the intensity distribution 
is limited by the angular width 0’ and can be calculated 
from the expression 


—[e+esch?(0’/xv2) ]<u< [e+sech?(0’/xv2) ]. 


These calculations are for trajectories in the median 
plane. They are applicable only to such trajectories and 
to those that closely approximate this motion. Therefore 
cylindrical copper electron stoppers (2 in. thick and 
30 in. id.) were used to limit the aperture above and 
below the median plane to z= +1.5 in. These are shown 
in Fig. 1. This limitation of aperture, plus the fact that 
the magnetic field strength is very flat (up to r=15 


(24) 
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inches), permits us to use these curves as good approxi- 
mations for the magnetic focusing properties of the 
spectrometer. We have verified this experimentally by 
studies with monoenergetic alpha particles (and will 
present these results in a forthcoming paper) and also 
by calculations (Table VI). 

Having determined the Q and / distribution func- 
tions, we can now calculate the function R(Ey’,0’,E), 
which represents the spectrometer resolution for elec- 
trons that are initially born in a cylindrical target with 
an energy E, lose energy by radiation and ionization, 
and are brought to a focus at the detector of angular 
width ©’ by a magnetic field strength set so that the 
value of the vector potential at the focus orbit is a meas- 
ure of an electron energy Eo’. We obtain R(Ey',0’,E) 
by a series of numerical calculations whereby we 
approximate the integral over r in the expression 


R( Ey’ ,O’ Eo) = f F (Eg ,Eo,0’ ro) Vu "(ro)dro 
0 


Tmax Eo 
- f W (ro)dro f I (Ey ,AE',O’,r0) 
0 0 


XO(E)AE,n)dE (25) 
by a summation of fifteen different ro shells. Here W (ro) 
is the volume-weighting factor. The integral deter- 
mining the function F is approximated by numerical 
calculations, in which 0.04 Mev is used as a AE mesh 
for each Ey value. Neighboring /o values differ by 
0.08 Mev. 

Figures 17 and 18 summarize the results of these 
calculations for two different geometries that were used 
in this study of the Michel py parameter. (For addi- 
tional details and resolutions of the other geometries see 
reference 6.) These are the resolution curves that were 
used when the magnetic field strength was such that the 
focus-orbit positron energy /o’ was 50 Mev. Therefore 
they represent the resolutions of our spectrometer for 
the specified geometries near the maximum positron 
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Fic. 17. Combined resolution for positrons having a focus energy 
of 50 Mev for @=35°, x=0.90, 1-in. Li target. 














POSITRON: SPECTRUM 
energy that is possible in the muon decay. Also shown 
are the variations with magnetic setting of the focus- 
orbit energy /o’ and the energy FE, of the peak of the 
resolution, from the energy /; at which the half area 
of the resolution occurs. These illustrate the point that 
the simple magnetic-spectrometer property (AP/P 
equals a constant) no longer holds. This arises from the 
fact that positron ionization and radiation losses do not 
have the same momentum dependence as the magnetic- 
focusing properties of the spectrometer. 

Figure 19 presents a summary of additional calcula- 
tions illustrating the focusing properties of the spiral- 
orbit spectrometer when straggling, ionization, and 
radiation losses are neglected. We define the resolution 
R(AP/P,0’) by the integral 


R(AP/P,0')= f 1(AP/P,O',r.)W (ro)dro. (26) 
0 


The plotted curves are for the four geometries stated. 
They are the results of numerical calculations in which 
we approximate the integral over r by a summation of 
fifteen different 79 shells. Here W(ro) is the volume- 
weighting factor. 

As a final remark we would like to state that errors 
exist in some of the published resolution curves in 
reference 8. 


B. Effect of Saturation on the Michel 
ou Parameter 


One point that has not been stressed is the effect of 
small changes of the magnetic-field distribution on the 
counting rate. As has been stated, one determines the 
position of the focus orbit from the solution of Eq. (20). 
In our early experiments, which led to publication of our 
preliminary evaluation of the Michel parameter,” we 
compared the positions of this focus orbit obtained from 
two magnetic distributions. The radii of these two 
positions were p=27.13 inches and p=26.93 inches. 
Since the radial dimension of our detectors was 3 inches, 
we did not attribute any significance to this difference, 
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Fic. 18. Combined resolution for positrons having a focus energy 
of 50 Mev for @=35°, «=0.90, 23-in. Li target. 
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Fic. 19. Comparison of spiral-orbit spectrometer resolution 
for the four experimental geometries. 


which corresponds to a 0.7% difference in momentum at 
the position of focus and is even less when the arithmetic 
average of these two values is used. 

The true significance of this difference was finally 
recognized when the large pole tips that were part of a 
large vacuum chamber (Fig. 4) were removed and the 
spectrum remeasured with poles that were the core of 
the magnet (Fig. 4). Because of the striking difference in 
the shapes of our measured positron spectrum obtained 
with the two magnetic geometries, magnetic-field dis- 
tributions were measured at numerous positron energies 
(for method, see Fig. 2). From these magnetic measure- 
ments it was learned that there was a systematic 
decrease of the focus-orbit position in the old magnetic 
geometry, and that this decrease resulted from a gradual 
change of the shape of the radial magnet field distribu- 
tion. This is partially summarized in Table VII, where 
Binax is the maximum magnetic field in the median plane 
(which for this geometry occurs at r=5 inches), A (p) is 
the vector potential at the focus orbit, p is the radial 
position of the focus orbit, and the B,/Byax are the 
ratios of the magnetic field at the stated radii to the 
maximum magnetic field. For the radial magnetic-field 
distribution to be the same, the ratios in each of the 
five B,/ Bmax columns should be the same. Because the 
slit system remains fixed for each ©’ geometry, the 
decrease in the focus orbit together with the changing 
of the radial magnetic-field distribution constitutes an 
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TABLE VII. Summary of saturation-effects study of the old* geometry. Eo’, Bmax, A (>), p, and the ratio B,/Bynax are defined in the text. 











Eo’ r hry 0 in, Alp p Ratio Br/Bmax 

(Mev) (gauss) (kilogauss-in.) (in.) r =11.25 in. y =18.25 in. r =23.0 in. y =25.0 in. ry =27.0 in. 

45.36 7021 59.57 27.32 0.874 0. 634 0451 0.389 0.322 

47.59 7403 62.50 27.13 0.873 0.632 0.446 0.383 0.316 

48.74 7593 0.873 0.631 0.443 0.380 0.313 

49.82 7772 0.873 0.630 0.441 0.378 0.313 

50.90 7949 60.84 29.63 0.873 0.629 0.440 0.376 0.310 

51.79 8101 68.01 26.86 0.874 0.628 0.438 0.374 0.307 

52.79 8273 69.32 26.81 0.874 0.628 0.436 0.372 0.305 
8453 0.874 0.627 0.434 0.369 0.303 

Repeated measurements 
45.47 7028 59.72 27.33 
52.19 8185 68.53 26.89 





* See reference 15. 


increase in resolution as positron energy is increased. This difference is given by 
This additional change in resolution caused the striking 


change in counting intensity that we overlooked in (X—V)={1—6?+In(q+w—1)[2 In2R—w—Inn)}}, (27) 

reporting our earlier data.'® ; where meh i.e., the fraction of maximum possible 
Table VIII represents similar information on the new _ positron momentum. 

magnetic geometry that was used throughout this For the function 4(n,AE) we used the expression for 


experiment. From this table the conclusion can be vector and axial vector coupling : 
drawn that the necessary condition—that the shape 
of the magnetic field distribution remain the same over /v, a(n, AE) 


the positron-energy range of this experiment— has been - 0), 1—n) 
fulfilled by our new geometry. eas —{2U 4 n+ — Ing—4+- - 
In addition to making these magnetic-distribution (3—2n) 3n(3—2n) 


studies, we made another study in which we employed ; 

a scattered positron beam created by photons from a 

330-Mev synchrotron to determine the influence of x alias: (Iny-+w)+34—22}}, (28) 
saturation on py. Details of this study are summarized 


in reference 6. where 
o 7” 3? 1 
C. Radiation Corrections to Muon- (U+X)= {2 a ~~" +n in( --1)~20| 
Decay Spectrum m=1 m? n 
Berman has recalculated the electromagnetic inter- w 
actions that constitute the radiative correction to the +——w*+ (w—Inn) (In+-w—1) 
muon decay.‘ His results differ from those of Behrends, 2 
Finkelstein, and Sirlin (BFS)* because of an apparent 1 
use of an inconsistent method by the original authors +{2 Inn-+20-1--) 
for handling the infrared divergences, which arise n 
separately in the real and virtual processes. The disa- AE 
greement between the old and the new functions xin(1-1+—) |. (29) 
h(n, AE), A,(AE), and A2(AE) is significant. The differ- mye 


ence between the old and the new exists in the function 
X(n,AE), which replaces the old function V(n,AEZ). Here we havea= 1/137, w=In(m/mz) = 5.3327, m= rest 


TABLE VIII. Summary of saturation-effects study of the new geometry. 





Ey’ Poon ) A(p) is Ratio B,/ Bmax 
(Mev) r=8 (kilogauss-in.) (in.) r =16.0 in. r =21.0 in. r =23.0 in. r =25.0 in. ry =26.0in. 
30.34 3994 39.86 25.57 
48.64 6403 63.58 25.60 0.919 0.668 0.541 0.422 0.369 
50.95 6703 66.91 25.59 0.920 0.669 0.542 0.422 0.371 
52.49 6905 68.94 25.58 0.917 0.668 0.540 0.421 0.369 
66.23 8762 86.98 25.56 0.917 0.667 0.540 0.420 0.368 


76.08 10064 99.92 25.58 0.916 0.666 0.538 0.421 0.367 
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TABLE X. Corrections to the Michel py parameter due to radiative 
corrections to the one-parameter muon-decay theory. 


Momentum range of 


experiment 


wae Guse (4e)Berman-BFS (4°) Berman-Michel 


0.0488 
0.0449 
0.0417 
9.0394 
0.0382 
0.0386 
0.0399 
0.0412 
0.0411 
0.0407 


0.0086 
0.0085 
0.0082 
0.0076 
0.0071 
0.0067 
0.0066 
0.0068 
0.0068 
0.0063 


0.01 
0.11 
0.21 
0.31 
0.41 
0.51 
0.61 
0.71 
0.81 
0.91 


mass of the muon, m2=rest mass of the electron, 
e= 2.71828, and AE the energy interval used in the 
experiment. To pass from one energy interval AE; to 
another interval AZ», one can use the relation*®:4 


a 1 
h(n, AE») =hinak+—| 2(2 Inn+2w—1 --) 
2r n 


(1—n)me+2AEs 
xin| neo |}: (30) 
(1—n)mye+2AF, 


Because of a misprint, the factor a/2m does not appear 
in the reference cited as the source of this relation. We 
have calculated this function h(y,AZ) for different 
constant AE values. Most of the results of our calcula- 
tions of this function are presented in Table IX. Also 
appearing in this table are the evaluated integrals 
A, (AE) and As(AE), where 


1 
init f h(n,AE)E3n2(1—n) Ian, 
0 


(31) 
Ao= af h(n, AE)[m? |dn. 


0 


Tables of the function 4(n,AE) varying by steps of 
An=0.01 were used throughout all our numerical 
calculations involving this function. A corresponding 
table based on a definition by Behrends et al. of h(n, AE) 
was calculated by us and is given in reference 6. 

In Table X we present the necessary increment that 
must be added to an experimentally measured Michel 
parameter because of radiative corrections to the 
theory of muon decay. In the first column we list the 
range of the experimental momentum interval. Column 
2 presents the Ap increment that should be added to 
those reported experimental py values that have 
already been corrected properly by using the BFS 
expressions for the radiative correction so as to take 
into account the Berman modification of these expres- 
sions. In Column 3 are the increments Ap that must be 
added to a Michel parameter that is determined from 
experimental data by using the simple one-parameter 
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Michel equation without radiative corrections. These 
increments are determined by calculations following a 
minimum-x? procedure whereby the Berman modified 
Michel curves are compared with a specific one- 

parameter Michel or Michel-BFS modified curve. 
For our calculation of Columns 2 and 3, we define 

x? as 
[P(Eiem)—M(E;,pw’) 
xin 2 ; 
‘ M(E;,pu’) 





(32) 


where M represents that particular theoretical curve to 
which the family of theoretical curves given by P(E,par) 
is being compared. All these comparisons are made in 
the neighborhood of p4=0.75. One may now omit the 
complications introduced into the analysis of the 
experimental data by the radiative corrections to the 
one-parameter Michel theory by (a) first determing a 
value of per¢ from the experimental data by using the 
simple theory uncorrected for these radiative correc- 
tions, and (b) adding to this perp the (Ap) Berman- 
Michel increment from Column 3 of Table X, which 
corresponds to the momentum range of the experiment 
to determine the proper Michel par parameter. 

In Table X one notes that for the experimental 
ranges between qmin=0.30 and qmax=1, the average 
value of the correction that should be applied to 
pers determined from the Michel one-parameter equa- 
tion without radiation correction is lower than the 
value that one would expect by adding the value 
0.007 from Column 2 to the reported value, which is 
(0.750—0.706) =0.044.% This difference arises from 
an overestimate of the original correction in this 
reported value. The reported difference should have 
been (0.750—0.717) =0.033.81 


D. Background Determination 


In Fig. 7 we have shown the serious effect of back- 
ground on a magnetic-spectrometer-measured value of 
pm when pions are created in the target that is also used 
as the source within the spectrometer of positrons from 
muon decay. Published values on the variation of pion- 
production cross section with pion energy" illustrate 
that the desired sources of positrons originate only in a 
very small pion-energy interval. Pions not in this 
energy interval leave the production target and embed 
themselves in the surrounding areas. Those pions that 
give rise to muons near or at the surface of the spec- 
trometer geometry become an undesirable source of 
positron background that cannot be distinguished by 
electronic techniques that measure muon lifetime from 
positrons that originate in the target. One can screen out 
some (but not all) of this background. We present the 


%” T, Kinoshita and A. Sirlin, Phys. Rev. 107, 593 (1957). 

31 This was pointed out also by A. Sirlin in a letter to S. Bludman 
(May 18, 1958). Sirlin’s new calculations give an 0.040 increment 
that should be added to pers. This is in good agreement with values 
appearing in Table X. [See T. Kinoshita and A. Sirlin, Phys. Rev. 
(to be published) ]. 
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procedures that were used to estimate this background 
in our experiment, along with other corrections that 
must be considered in our reduction of the raw data. 
We present these in the order of increasing influence on 
the reported data. 


1. Correction For Electron Scattering in the Detector 


Figure 20 illustrates the experimental procedure 
that was used to measure the correction for electron 
scattering in the detector. This information was ob- 
tained by use of a scattered beam of electrons created by 
photons from a 330-Mev synchrotron. As shown in 
this figure, an additional thickness ?¢’ of scintillator 
material was introduced directly in front of the first 
counter, and quadruple coincidences were measured. 
The ratio (with its standard deviation) of the number 
of these coincidences when thickness ¢’ was present to 
the number when it was absent was determined, and is 
plotted for various thicknesses ¢’ in Fig. 20. These 
measurements were made at two Eo’ energy settings, 
which define the positron-energy interval in which this 
correction would most seriously affect the measured py 
value. We draw the conclusion that within the statistics 
of these measurements no correction is necessary for 
positron scattering in our detector. 


2. Effect of Muon-Density Distribution 


An effect that could seriously change the resolution 
of the spectrometer and therefore the determined 
value of py is the distribution of muons within the 
target. We tested for this effect in our experiment by 
changing the size of the incident collimated proton 
beam (from } in. in diameter to 2 in. in diameter). 
This was done first for a lithium target 23 in. in diameter 
and then for a target 1 in. in diameter. In both cases we 
found no significant changes in our intensity measure- 
ments that would arise from a possible variation of 
muon density. Table XI illustrates this with the raw 
data obtained by use of the 23-inch target. 

We conclude that within the statistics of these 
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Fic. 20. Results from the experimental study of the correction to 
the measured intensity for positron scattering in the detector. 
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TABLE XI. Intensity measurements for beams of different sizes 
(counts minus accidental background divided by magnetic field). 








Diameter of collimated proton beam 

2 inch 
X (Eo’) ox 
9.17 


9.63 
6.15 


4 inch 
Eo’ X (Eo’) ox 
32.9 9.19 0.16 
46.9 9.85 0.08 
50.5 6.10 0.11 





0.30 
0.26 
0.21 


measurements and the accuracy of the assumed vari- 
ations in our calculations leading to the conclusion 
shown in Table VI, the assumption of a uniform muon- 
density distribution within the target introduces no 
serious systematic error in the calculation of our 
spectrometer resolution functions (Appendix A). 


3. Pion “Flyback-Effect” Background 


In our experiment there are pions that leave the 
target and remain trapped by the magnetic field in the 
region between the target and the detector (Fig. 2), or 
are returned to the target before the positron is born. 
The number of these pions varies with the magnetic 
field strength. We give the name “‘flyback effect” to the 
influence of the positrons that originate from these pions 
on the measured intensities at the various Eo’ values. 
We have calculated the effect of this source of positrons 
on the resolution of the spectrometer. We find that it 
becomes significant only when the proton-beam diame- 
ter is larger than the target diameter and at the same 
time the target diameter is very small. The target and 
proton-beam conditions that were chosen for the 
measurement of the py parameter were such as to 
render negligible the effect of this variable positron 
source (Table VI). 

In addition to our calculations of the influence of the 
flyback effect on the resolution, we have conducted an 
experiment that could measure its presence. By revers- 
ing the polarity of the magnetic field one brings electrons 
into focus at the detector position. The sources of these 
delayed electrons are the negative muons that arise 
from the decay of negative pions experiencing the same 
trajectories in this magnetic region. From measurements 
of negative and positive pion-production cross sections 
at low pion energies (as shown in reference 11), a ratio 
of positive to negative pions is determined for the small 
range of energy for pions that give rise to the muons that 
decay into positrons and electrons. With this ratio and 
the electron measurements one can estimate the con- 
tribution to the measured positron intensities of the 
flyback effect at each Ey’ value. These measurements 
were made at three Eo’ values. Our estimate of the 
contribution was approximately 0.2%. Calculations 
yielded values less than 0.1% for the targets that 
were used. 


4. Background Due to Pions Stopping in the Detector 


There are, within a very small low-energy interval, 
pions that satisfy the same focusing conditions as do 
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the desired positrons. The energy of these pions is not 
sufficient to penetrate through the first scintillator until 
the energy setting of the spectrometer exceeds the 
maximum energy of positrons originating in the target. 
From these pions, positrons eventually arise that have 
a large probability of triggering the electronic system. 
If one neglected the effect of this positron source and if 
it were significant, it would result in an overestimate of 
the pw parameter. 

We have measured the magnitude of this positron 
source, at three Ey’ values, by the following procedure. 
First the spectrometer resolution was determined for 
pions that would reach the detector at the chosen Ep’ 
positron-energy setting. This resolution function was 
used to decide on the thickness of a CHe pion-energy 
degrader that should be used at this Eo’ setting to 
degrade the energy of these pions sufficiently that they 
would be deflected by the magnetic field and miss the 
first counter. As shown in Fig. 2, intensity measure- 
ments were made with absorber in and absorber out. 
Our measurements showed that the positron intensity 
with absorber in was 1% less than the intensity with 
absorber out at positron ane settings of Eo’=33 and 
48 Mev. No change in the intensities was observed at 
Eo’ =58 Mev, at which positron setting the pions have 
sufficient energy to pass through the first counter. 
These measurements were accurate to 2%. We give 
significance to these measurements because at the two 
positron-energy settings (Zo’=33 and 48 Mev) both 
positron-intensity measurements with CH, absorber in 
were low. In the reduction of our raw data a constant 
1% background was attributed to this effect over the 
measured range of positron energies below Eo’ = 58 Mev. 
Because this effect was small in our experiment, we 
ignored the slow increase of this background with 
increasing E,’ settings. The increase of this background 
results from the increase in the pion-production cross 
section in this pion energy region. 


5. Background from Pions Stopping in Pole Tips 


The largest contribution to the background arises 
from pions stopping in the pole tips of the spectrometer. 
Equations expressing the focusing properties of the 
spectrometer show that the probability of particle 
detection increases with a decrease of the radius 19 of 
the particle source, which is measured from the axis of 
magnetic symmetry. The contribution of this back- 
ground to the measured positron intensities can be 
determined experimentally. Our procedure for measur- 
ing this contribution is illustrated in Fig. 21. In addition 
to this illustration Figs. 1 and 2 are an aid to an under- 
standing of the experimental procedure. 

Shown in Fig. 21 is the configuration of the source 
that is used in these measurements. The original 
lithium target is positioned inside a thick-walled hollow 
cylindrical shield made of lead. This assembly is 
mounted on one side of the median plane of the spec- 
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trometer. The wall of the lead cylinder is 2.5 in. thick. 
This thickness is sufficient to stop (a) all positrons 
originating in the target that would be focused into the 
detector, (b) all pions that are created in the target and 
are emitted into space on the source side of the median 
plane (except those passing out from the magnet), and 
(c) all positrons eventually arising from pions that stop 
in the lead shield. Pions emitted by the target into 
space opposite to the source side of the median plane 
embed themselves in the pole of the spectrometer. Some 
of the positrons that eventually arise because of the 
presence of these pions at the pole are focused into the 
detector. 

We were able to make significant measurements of the 
contribution of this background to the measured 
intensity because of the large-solid-angle focusing 
property of a spiral-orbit spectrometer. Measurements 
of this contribution as obtained by this method for one 
spectrometer geometry® (0’=35°; 23-inch-diameter 
lithium target) are shown in Fig. 20. The best poly- 
nomial that represents this set of data was obtained by 
least-squares fitting and minimum-x? methods. We 
treated the result that arose from this polynomial 
expression as one-half the contribution of this back- 
ground to the measured intensity at the desired Eo’ 
value. As seen, the effect of this background on the raw 
data is very significant in our experiment. Were this 
background contribution ignored, the reported py value 
(as shown in Fig. 7) would have been between 0.68 
and 0.70. 


6. Background from Pions Stopping in the Counter Shield 


The most uncertain background in our experiment 
results from pions stopping in the lead shield that 
screens the counters from the secondary particles that 
are produced during target bombardment by a proton 
pulse (Figs. 2 and 22). In one of our unreported 
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Fic. 21. Measured background from pions stopping in spec- 
trometer pole faces as a function of positron energy at the focus 
orbit. @=35°, 23-in. target. 

® Data used for reduction of results in another spectrometer 
geometry (@’=35°; 1-inch-diameter lithium target) are given in 
reference 6. 
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experiments we tried to eliminate this lead shield. Our 
true counting rates were thereupon seriously impaired 
by the necessary increase in the delay time between the 
proton pulse and the first gate during which counts 
were collected. In addition, the background contribu- 
tion to the measured intensities from pions stopping in 
the magnetic poles also increased. Because of these 
serious disadvantages we chose to use this lead shield in 
our experiments. 

It is not practical to directly measure the contribution 
of this background to the raw data. Therefore we resort 
to the following computed calculations to determine its 
magnitude. First the resolution for the system is 
determined as shown in Fig. 22. For this study a 
uniform positron-source distribution is assumed over 
the face of the lead shield exposed to positive pions and 
over all trajectories studied. More complex trajectories, 
which are not shown in Fig. 22, were also considered. 
These contribute very little to the resolution function. 
Then, this resolution is folded into a modified Michel 
(pm=70) distribution [Eq. (4)], and a curve repre- 
senting the behavior of the intensity of this background 
with positron-energy setting Eo’ is obtained. We refer 
to this as unnormalized computed background Q(£y’). 
It is very flat over the positron-energy intervals that 
are considered, with a peak occurring at approximately 
50 Mev. For the geometry ©’=35°, 23-inch target 
diameter (see Fig. 7), it contributes roughly 45% to the 
total background at electron energies 255 Mev. At 
electron energies of about 30 Mev its contribution is 
approximately 14%. We determine the magnitude of 
this background at energies Eo’ <50 Mev by establish- 
ing the normalization factor for Q(/o’) from measure- 
ments made, during the regular experiment, of total 
background beyond the £)’ energy cutoff of the desired 
spectrum, as shown in Fig. 7. Background measured 
above Ey’=56.5 Mev originates from two sources, (a) 
from pions stopping in the pole faces of the magnet 
(which is separately measured) and (b) from pions 
stopping in the lead shield protecting the counters. 
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Fic. 22. Magnetic resoultion for a broad positron source resulting 
from pions stopping in the lead detector shield. 
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In establishing the normalization factor the computer 
executed the following series of instructions. 
1. By a series of repeated calculations, a polynomial 


m 
> ayx* 


k=0 


was fitted to the data representing the pole-face back- 
ground (Fig. 21). In this least-squares fitting the data 
were weighted by the square of the reciprocal of the 
plotted standard deviations. For each value of m, a x? 
value was determined. The value of m could range 
between zero and 14. The polynomial (where m was not 
equal to the number of points) that yielded the minimum 
x? value was chosen to represent these data. Let us call 
this polynomial y;(£’). 

2. In a similar way a polynomial y2(E’ > 56.5) was 
determined to represent the total experimental back- 
ground shown in Fig. 7 above Ey’ 256.5 Mev. 

3. Then the polynomial y3, which best represents the 
difference y2—2y:, was determined in the region 
Eo’ 256.5 Mev. We multiply y; by 2 in obtaining this 
difference because the data shown in Fig. 21 are for one 
magnet pole face. The polynomial y; represents the 
background contribution to the measured intensities 
above Eo’=56.5 Mev from the lead shield protecting 
the counters. 

4. The area under the computed background Q(£y’) 
was calculated above Eo’=56.5 Mev and normalized 
to the area under the function y3, and a x? value was 
determined. Because no positron ionization or radiation 
loss was introduced into the determination of the 
resolution given in Fig. 22, we accounted roughly for 
them by shifting the energy scale of the distribution 
Q(Ey’) and, as before, normalizing and determining the 
x’? value. That normalization factor and energy scale 
which yielded the minimum x? in this comparison of the 
distribution Q(£o’) and y3 was taken as the desired one. 
The final computer calculation was the subtraction of 
these backgrounds from the raw data, yielding the 
reduced data after a multiplication by a normalization 
constant (Figs. 8, 9, and 10). 

It is of interest to point out the effect on the Michel 
parameter of a systematic error in the normalization 
factor for this computed background. Consider a large 
change that is not justified by the background measure- 
ments that have been made. As an example, a 50% 
increase or decrease of the computed background would 
require approximately a 40% change in the measured 
background in the energy region in which the normali- 
zation factor for the computed background is deter- 
mined (E9’>56.5 Mev). 

We summarize the results from the study of this effect 
in Table XII, where we present in Column 1 the amount 
of calculated background as related to that actually 
used (i.e., 100% corresponds to the optimized condition 
as selected by the computer) in our reduction of the 
data; in Column 2, the value of py that arises from the 
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TABLE XII. Effect of computed background 
on the py parameter. 


Amount of 
computed 
background 
present (%) pM Ap 


50 0.764 40.019 
100 —-0.746-4.0.035 


Comment 


Assumption 
Optimized background 

selected by computer 
Assumption 
Assumption 


—0.023 
—0.034 


150 0.723 
200 0.711 


minimum-,? determination for the chosen background; 
and in Column 3, the amount of Ap that would have 
been added to the psy value (as shown in Fig. 8) if the 
chosen assumption were true. 


E. Time-Scale Calibration for Determination 
of Muon Mean Lifetime 


The determination of the muon mean lifetime depends 
on knowing the time widths of the gates and the dead 
times between them; these times establish that par- 
ticular moment—which we call the instant of the mean 
counting rate—at which we could represent by an 
instantaneous counting rate all the counts occurring 
within the duration of any one gate. (Because of the 
finite lifetime of the particles, this time of the mean 
counting rate occurs before the midpoint of the gate 
duration). We define the time from “zero” up to this 
moment as the sum of (a) the delay, after the proton 
pulse, of the start of the first gate, (b) the total of the 
time widths and dead times between the gates of all the 
foregoing gates, and (c) the time from the start of 
the gate in question until the instant of the mean 
counting rate. 

The absolute measure of Time (a) is not important 
for a lifetime measurement. Its setting is governed 
by the magnitude of the accident counting rate. We 
have measured Interval (b) by photographing the 
active time of each gate and the dead time between 
gates on a calibrated time scale. For a measure of the 
gate width the sine wave of a 10-megacycle Tektronix 
time-mark generator (accuracy 50 cycles per megacycle) 
was fed into the amplifier section of a Tektronix 517 
oscilloscope. The amplified signals were then used as 
input into the tandem gate unit. A Berkeley Instru- 
ments double-pulse generator triggered the tandem gate 
and also the sweep circuit of another 517 Tektronix 
oscilloscope on which the output from each gate was 
displayed. The display of each individual gate width 
was photographed together with the superimposed sine 
wave. Approximately twenty such oscilloscope displays 
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were photographed for each gate. Under magnification 
we could see that the error of measuring the number of 
sine waves displayed during the active time of the gate 
was less than one-half cycle. For each gate the active 
time was defined as the time between the half height of 
the voltage ordinate during the start of the gate and 
that at the cutoff. In our reduction of the data we used 
the time width of each gate and its error as obtained 
from the arithmetic mean of these measurements. Each 
gate width was approximately 2 microseconds. The 
gate widths of the four gates were the same within 5%. 

The dead time between adjacent gates was measured 
in the same manner except for small modifications. In 
this measurement the sine wave of a 50-Mc Tektronix 
time-mark generator was used. The signal from this 
source was fed directly to the oscilloscope. Super- 
imposed on the same photograph were the rise and 
cutoff portions of the two adjacent gates. The number 
of sine waves displayed during the nonactive time 
between gates was measured under magnification. The 
arithmetic mean of such measurements was used as the 
dead time between gates. 

Interval (c) is obtained by a calculation relating the 
counting rate for the measured gate width to the 
instantaneous counting rate corresponding to the decay 
rate for particles having the mean life in question. For 
exactly equal gate time widths no error is introduced in 
calculating the time of Interval (c) by the assumed 
value of the mean life, because a measurement of the 
lifetime is independent of the origin of the time scale. 
An error of 10% in the assumed mean life introduces a 
shift of approximately 1% in the time given by Interval 
(c) for our system. Because the gate time widths in our 
system are approximately equal, a 10% variation of the 
assumed mean life introduces a maximum error of 
0.001 usec in the time used for a particular gate. These 
errors, corresponding to errors in the time of the mean 
counting rate of a gate, do not influence the data 
appearing in Table III. 

In the treatment of our data we simplified our calcula- 
tions of the mean life by considering that there was no 
error in the timer of the mean counting rate. This 
simplification introduces a maximum additional error 
of 0.005 ysec in the mean life. This error is in addition to 
that obtained from a statistical treatment of the data in 
which errors from the time widths of gates and the 
number of counts are taken into account. We have 
allowed for this additional error in reporting the 
accuracy of the weighted mean value of the mean life 
as given in Table ITI. 





PHYSICAL REVIEW VOLUME 


114, 


NUMBER 1 APRIL 1, 1959 
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Nuclear emulsion stacks were exposed to the Bevatron ~360-Mev/c unseparated K* beam at two dif- 
ferent distances from the target. The Ky, to r’ and K, to K,; ratios at the two positions, combined with the 
known Kz lifetime, yield (1.0_9.3*°-5) X 10-8 sec for the 7’ mean life and (1.2_o.4*!°) X 1078 sec for the Kys 
mean life. These lifetimes, when compared with other K+ lifetimes, are consistent with a single lifetime for 
all K* mesons. The x* energy spectrum from r’* decay is obtained, using 72 events, and by Dalitz-type 
analysis is found to be consistent with spin zero but would be unlikely for spin one. Hence, the 7’ spin is 
consistent with being the same as that of the 7. The u* energy spectrum from K,s* decay is obtained from 
0 to 63 Mev, using 47 events, and is found to be consistent with the energy distribution of the density of 
final states in the region. The relative abundances of r*, 7’*, and K,s* are found to be 0.052+0.003, 
0.015+0.002, and 0.028+0.004, respectively, the K,s; abundance having been estimated by assuming that 
the u* spectrum above 63 Mev is proportional to the density of final states. 


I. INTRODUCTION 


HE purpose of the present experiment is to meas- 

ure the lifetimes and decay spectra of r’+ and 

K,3* using nuclear emulsion stacks exposed to the 

Bevatron A+ beam, one stack being six feet farther 
from the target than the other. 

The lifetimes of K,2+, K,2*, and 7* are now well 
known!‘ and are consistent with a single K+-meson 
lifetime. The lifetimes of the rarer types, 7’+, K,3*, and 
K,3* are less well known, the values being based on very 
few events.?® 

Exhaustive studies have been made of the 7 decay 
spectrum®* but relatively few data have been presented 
on the decay spectra of the rarer r’+, K,3+, or K.3t.4.%” 
If, as expected, the 7’ is an alternate mode of decay of 
the 7, then 7’+ — a++ 27", and the r+ energy spectrum 
from 7’* should be similar to the m~ energy spectrum 
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from 7+ (except for small effects such as that of the 
mass difference between 7° and r+), giving, by Dalitz 
analysis," spin zero as the most likely spin of the parent 
particle. The maximum z+ energy would be 53 Mev. 
Published results to date**!° are consistent with these 
predictions. Also, Dalitz pairs have been found asso- 
ciated with r’ decays,” indicating the presence of at 
least one 7’ among the neutral decay products. Hence, 
there is strong evidence for the above decay scheme. 
For the K,3, evidence favoring the decay scheme 
u3st > wt+’+yv has been obtained at Rochester." 
Furuichie/ al.'® have calculated theoretical decay spectra 
for Kyst > wt+aq°+yv and K,3+ — e++7°+», for spin- 
zero and spin-one K mesons, with various Fermi inter- 
actions. As they point out, it is not possible to estimate 
the validity of some of their assumptions. Assuming 
that their prodecure is valid, it is still difficult to draw 
conclusions from experimental data, since all the spectra 
obtained are very similar to a spectrum based only on 
the density of final states, with the exception of a spin- 
zero K with a tensor Fermi interaction. Furuichi ef al. 
draw no firm conclusions about K,; from their analysis. 
However, they conclude from early data that K,3 very 
likely has spin zero and that the tensor Fermi inter- 
action is primarily involved, perhaps with the mixing 
of some scalar interaction.'®'* The general shape of the 
experimental decay spectrum is not changed with the 
addition of subsequent data.‘’ In a later paper,'’ 
Furuichi and co-workers analyze the spin-zero K,;* 
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problem on more general grounds and conclude from 
the experimental data that the interaction is an approxi- 
mately equal mixture of tensor and scalar. Radicati 
and Rosati!* have also obtained theoretical K,3 spectra, 
under slightly different assumptions. However, these 
spectra are again very similar to a spectrum based on 
the density of final states alone. 

The experiment reported here is a direct extension of 
earlier work performed by the Columbia Nuclear 
Emulsions Group. In the earlier work, two emulsion 
stacks (designated A and B) were exposed at different 
distances from the target in the Bevatron 114-Mev Kt 
beam. Data from these stacks were used to measure 
the K,+ and r* lifetimes* and to obtain the r+ decay 
spectrum.® To extend the work, two additional stacks 
(C and D) have been exposed in essentially the same 
geometry. Stack sizes and exposure times were planned 
to give a sufficiently large number of 7’ and K,; decays 
so that the lifetimes, the entire expected 7’ decay 
spectrum, and the low-energy part of the K,; decay 
spectrum could be measured. Preliminary results have 
been reported previously.‘ Observations by this labo- 
ratory of Dalitz pairs associated with 7’ and K 2 decays 
and the observation of an event believed to be 
K+ — x++2°+y7 have been reported elsewhere,” as 
have the negative results of a search for particles of 
~ 540 electron masses as decay products of K+ mesons.”! 


II. EXPERIMENTAL PROCEDURE 


Two nuclear emulsion stacks composed of 4 in. X 4 in. 
X 600-4 Ilford G5 pellicles were exposed to the Berkeley 
K+ beam” produced by 6.2-Bev protons on a Ta target. 
Stack C, of 49 pellicles, 161 inches from the target, had 
an average beam momentum of 354 Mev/c. Stack D, of 
149 pellicles, 233 inches from the target, had an average 
beam momentum of 374 Mev/c. The momenta were 
determined from the average K-meson ranges in the 
stacks. The range-energy and grain count-energy curves 
of Barkas ef al.™ have been used throughout the 
experiment. 

The emulsions were fast-track-scanned for K-meson 
endings. Assuming about 80% pickup efficiency for the 
K-meson tracks, the K fluxes were ~240 K/cm? in 
stack C and ~130 K/cm? in stack D. Scanners were 
able to find and make initial measurements on about 
13 K endings per scanner per day. K secondaries were 
grain counted for the purpose of detecting r’ and K,3 
secondaries with grain counts 1.25 times minimum or 


greater, corresponding to 92 Mev for pions and 70 Mev 
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for muons. Since the maximum z energy expected from 
7’ is 53 Mev (1.57 times minimum grain count), the 
entire spectrum should be included. The K,2 has a x 
secondary of 109 Mev (1.18 times minimum). If second- 
aries are counted initially for ~ 200 grains, then 1.25 
times minimum grain count is about 1 standard devia- 
tion from the average K,2 secondary grain count, and 
hence one would expect to find that an appreciable 
number of secondary tracks initially classified as 1.25 
times minimum or greater are actually m tracks from 
Ky». The uw secondary from Ky,2 has an energy of 152 
Mev (1.05 times minimum). For 200 grains, 1.25 times 
minimum grain count is about 3 standard deviations 
from the K,» secondary grain count. Hence one would 
expect very few K,2 secondaries to be initially classified 
as 1.25 times minimum or greater. 

The detailed scanning procedure was as follows. Grey 
tracks were picked up at a position corresponding to 
about 2-cm residual range for K mesons. These tracks 
could be abandoned at the discretion of the scanner at 
any point before reaching the ending. Most background 
protons were eliminated in this manner. To avoid 
scanning bias, once the end of the track was reached it 
was required that the track be identified. If no secondary 
were seen, the track was grain counted at 2-cm residual 
range in order to separate K mesons from protons. If 
the track gave a K grain count, it was classified as a K 
and a further search was made for the secondary. In 23 
of these cases, no secondaries were found. It is assumed 
that in these cases a lightly ionizing secondary existed 
but was difficult to observe, and hence these tracks 
were classified as K,’s. (The Ky category is to include 
all Ky2, Ky2, Kes, and K,3 with high-energy secondaries.) 

All single secondaries with grain count visibly heavier 
than 1.25 times minimum were followed. All other 
single secondaries with original dip angles <40.5° were 
grain counted for ~ 200 grains. If the grain count were 
1.25 times minimum or greater, the secondary was 
followed. If the secondary stopped in the emulsion, it 
was identified by the decay product as a r+ or a w* and 
its range was measured. Energies obtained from these 
ranges are accurate to ~3%. 

In those cases where the heavy secondary track left 
the emulsion, the track was grain counted for ~500 
grains at the point of leaving the emulsion and also at 
the K-meson decay. About 5 beam z tracks (at ~360 
Mev/c) were counted for ~200 grains each at both 
positions in order to determine minimum grain count in 
the particular region of the emulsion. The grain counts 
relative to minimum at the two positions of the second- 
ary track and the range of track between the points 
served to identify the secondary as a 7 or uw and to 
establish the energy to ~7%. In the energy region 
where the secondary could be either a z+ from 7’+ or a 
u* from K,3+, some errors may have been made in 
identification. However, assuming the expected maxi- 
mum m* energy of 53 Mev, only 5 2’s and 2 y’s were in 
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this category. Due to possible differences between stacks 
C and D in calibration of grain counts relative to mini- 
mum, in variation of grain density with depth in the 
emulsion, in local variations in grain density, and in 
scanners’ counting criteria, all K’s with heavy second- 
aries of energy greater than that corresponding to 1.3 
times minimum grain count (63 Mev for muons and 83 
Mev for pions) were classified as K,’s. Five K,3’s were 
thus eliminated. About 80% of all secondary tracks 
followed which left the emulsion proved to be of high 
energy, corresponding to average grain densities less 
than 1.25 times minimum. Presumably these were 
mostly m’s from K,»’s, and were all classified as Kz, 
secondaries. 

A summary of stack C and D data is given in Table I. 


III. RESULTS 
A. Lifetimes 


About 90% of the Kz, category consists of K,2 and 
Ky2.4-*4 Since Ky2 and K,2 have equal lifetimes within 
experimental error,‘ it is meaningful to consider a “Ky, 
lifetime.”’ Since all K-meson masses are experimentally 
the same,” the lifetime of any category of K, say Kj, 
can be calculated using the ratios of the number of K; 
endings to the number of K,, endings in the two stacks, 
combined with the known K, lifetime. The formula for 
the K,; mean life is 





1 sects “t 


r(k)=| 


n — ‘ 
LN (Kx) JeLN (Ki) Jo! 
Here subscripts C and D refer to the two stacks, the ?’s 
are the proper times of flight, and the N’s are the 
numbers of events observed. For the K,;, mean life, the 
Berkeley value* 7(K ,)= (1.24+0.018)1X0-* sec was 
used. The difference in proper times of flihgt was calcu- 
lated to be tp—tc=0.70X 10 sec. 
The 7’ and K,3 mean lives obtained from (1) are: 


T,’= (1.0_0.3+°-*) x 10-8 sec, 
7(Kys) = (1 294° *)X 10-8 sec. 


(Kz) tp—te 


The errors are the statistical standard deviations. 
Errors in 7(K) and tp—tc¢ are negligible in comparison. 
As a check, the 7 lifetime was also calculated, giving 
T,= (1.0+0.2)X 10-8 sec. This result is in good agree- 


TABLE I, Stack C and D data. 


Distance 
from Momen- 
target tum Proper time Number of events observed 
Stack (in.) (Mev/c) (sec) Ki T r’ Kui 
Cc 161 354 1.90 1078 1611 98 30 19 
D 233 374 2.60 1078 1755 94 29 20 


* Birge, Perkins, Peterson, Stork, and Whitehead, Nuovo 
cimento 4, 834 (1956). 
25 J. R. Peterson, Phys. Rev. 105, 693 (1957). 
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ment with the more precise Berkeley value for the + 
lifetime.‘ 


B. x* Energy Spectrum from +’+ Decay 


The 59 K events from stacks C and D having second- 
ary pions of energy 53 Mev or less have been combined 
with the 13 events previously reported from stacks A 
and B*. These data are presented in Fig. 1. In addition, 
three K secondaries initially classified as pions were in 
the energy range 53-83 Mev (1.59-1.30 times minimum 
grain count). Excluding these three events, the data 
are consistent with the accepted decay scheme 
7'+—+» x++2n°. Two of the three secondaries do not 
end in the stack, and the identifications as pions were 
made by grain counting. However, the grain counts are 
not inconsistent with identifications as muons, and 
hence these two tracks have been classified as Kys 
secondaries. The third event has been interpreted as a 
radiative K,2 decay, and has been previously reported.” 

The remaining events are assumed to be r’+ — at 
+27r°. Scanning efficiency is believed to be high for 
both steep and flat secondaries throughout the entire 
energy range (see Discussion). Using a procedure similar 
to that previously used for spin-parity analysis of the 
7 decay spectrum by the Dalitz method,*" the likeli- 
hood ratios Po_/P1, and Po_/P,_ have been calculated. 
Here the subscripts refer to the spin and parity of the 
final three-pion state. The results are: 


Po_/Pi4 = 1G, 
Po /P, —_ 105 1 


Six interval x? tests give y?=6.1 for O— with a prob- 
ability of 0.30, x?= 95 for 1+ with a probability <0.001, 
and x?= 22.3 for 1— with a probability <0.001. If the 
final state of the decay is taken as a mixture of 1— and 
1+, no appreciable improvement is obtained, since the 
major disagreement with the data is at low energy for 
both 1— and 1+. Hence the observed distribution is 
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Fic. 2. Histogram of u* energies from K,;* decays. Between 42 
and 63 Mev, the events have been weighted by the efficiency factor 
2.07. Events with energies greater than 63 Mev have been ex- 
cluded. The smooth curve is proportional to the density of final 
states for the process Kys*—u*+7°+v, normalized such that the 
area under the curve below 63 Mev is equal to the area of the 
histogram. 


consistent with spin zero for the r’, but would be un- 
likely for spin one. 


C. u* Energy Spectrum from K,;+ Decay 


Thirty-seven events from stacks C and D have been 
combined with the 10 events from stacks A and B*. 
The data are presented in Fig. 2. Scanning efficiency is 
believed to be high for both flat and steep secondaries 
up to 42 Mev (see Discussion). Between 42 and 63 Mev 
the scanning efficiency is believed to be low except for 
flat secondaries (dip <40.5°) in stacks C and D. Hence 
in this region the two steep y’s found have been elimi- 
nated and the number of events has been adjusted by 
the factor 2.07, based on the geometrical fraction of 
flat tracks and the ratio of the number of K endings 
found in stacks C and D to the total number of K 
endings (3656/4910). The smooth curve plotted in 
Fig. 2 is proportional to the density of final states for 
the K,3 decay (assuming K,3;+ — w++7°+y), the nor- 
malization being such that the area under the curve 
between 0 and 63 Mev is equal to the area of the experi- 
mental histogram. The experimental data are consistent 
with this curve. 


D. Relative Abundances of <*, «’*, and K,;* 


Using the combined data of stacks A, B, C, and D, 
the relative abundances presented in Table II are ob- 
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tained. The errors are the statistical standard devia- 
tions. The relative abundance of K,3 before extrapola- 
tion, with ut energy <63 Mev only, is 0.012+0.002. 
The ratio of the number of 7’ events to 7 events, say 
R, has been discussed theoretically by Dalitz,?* assum- 
ing r’+ — w++-2r°. If the final 3x state is a pure isotopic 
spin state, and AT=} for the decay, then the final 
state would have 7=1 and R should lie between } and 
1. If in addition the final state is predominantly sym- 
metric in the three pions (the Dalitz 0— state) as indi- 
cated by the experimental data, then R should equal 4. 
Dalitz shows that if one includes the mass difference 
between 7° and r* and the Coulomb interaction in the 
final state, then one obtains 0.316 instead of } as the 
predicted value of R. However, experimental measure- 
ment of R is only a weak test for a general AT=} rule, 
since for AT=3, no symmetric state is accessible. 
A AT=3 contribution is possible, and would lead to a 
lower value of R if the contribution is small. The experi- 
mental value from the data of the present experiment 
is R=0.28+0.04, consistent with AJ =}3, but not ruling 
out a small AT=$ contribution. 


IV. DISCUSSION 


The 7’+ and K,3* lifetimes are in agreement with the 
earlier Columbia estimates based on 13 and 10 events, 
respectively.’ The K,; lifetime is also in agreement with 
the value of Hoang ef al. based on 83 events.® The + 
lifetime obtained from the data serves as a check on 
possible systematic errors and is in good agreement with 
the best available value.* Comparing the 7’* and K,s* 
lifetimes obtained in the present experiment to the 
Berkeley values for the K,2*+, K,2*+, and +r* lifetimes* 
and to the value of Hoang et al. for the K,3* lifetime,° 
it is seen that the results are consistent with a single 
lifetime for all A+ mesons. See Table III. 

Both the 7’ and K,3 decay spectra may have small 
contaminations. Radiative decays of Ky2’s or Ky2’s 
would appear as false r’ and K,3 events, respectively, 
but the abundances are expected to be small.'®.*? If the 
accepted decay scheme 7’t—> at+27° is taken as 
correct, then radiative K,2 decays can be eliminated for 
m energies above 53 Mev (if the secondaries end in the 
stack), but not below. It is not thought that the three 


TABLE II. Relative abundances of K types. 


N (Ki) /N(R) 
Dublin» 
0.0677 +0.0043 
0.0215+0.0042 
0.0590+0.013 


N(Ki)/N(K) 
Berkeley® 


N (Ki)/N(K) 
Ki Present experiment 


0.0556+0.0041 
0.0215+0.0047 
0.0283+0.0095 


T 0.052+0.003 
7’ 0.015+0.002 
Kus 0.028+0.004° 


» See reference 9. ; ; 
¢ Extrapolated beyond 63 Mev assuming spectrum is proportional to 
density of final states only. 


26 R. H. Dalitz, Proc. Phys. Soc. (London) A69, 527 (1956). 
27 R. H. Dalitz, Phys. Rev. 99, 915 (1955). 
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apparent pion secondaries of energy greater than 53 
Mev, mentioned above, constitute sufficient evidence 
for questioning the accepted decay scheme. In fact, 
once these events are eliminated, the Dalitz analysis of 
the remainder of the spectrum and also the ratio of the 
numbers of 7’ to 7 constitute additional support for the 
three-pion decay. Another small source of contamina- 
tion in both the 7’ and K,; decay spectra, as already 
mentioned, is the possible misidentification of a few 
secondaries identified by grain counting. Finally, 7, 7’, 
and K,3 events with very low-energy secondaries can 
under certain circunstances be mistaken for one another. 
However, all such events have been very carefully 
re-examined. 

The shape of the observed r+ energy spectrum from 
r+ decay (Fig. 1) is in agreement with that obtained by 
other laboratories.**: These experiments are also con- 
sistent with spin zero for the 7’. In the present experi- 
ment it is believed that the small number of events in 
the energy region 44.2-53 Mev (1.74-1.59 times mini- 
mum grain count) is not primarily due to scanning bias. 
It is unlikely that the grain counting for secondaries 
heavier than 1.25 times minimum in the region of dips 
<40.5° would have missed any events in this energy 
region. It is possible that some steep tracks (dips > 40.5°) 
were missed, but it is unlikely that the loss was appreci- 
able, since one of the two events observed in this energy 
region was steep, and since two steep K,3 secondaries 
with even lower ionization were found. However, as a 
check on the conclusion that spin one is unlikely, the 
cases hav been considered where the number of events 
expected for the Dalitz 1+ or 1— distributions in the 
energy region 44.2-53 Mev is reduced by 35.1% (the 
geometrical percentage of tracks with dips >40.5°) and 
in the energy region 35.3—44.2 Mev by half that amount. 
After renormalizing, six-interval x” tests for these modi- 
fied distributions give x?= 78 for 1+ with a probability 
<0.001, and x?=22 for 1— with a probability <0.001. 
Hence spin one is still unlikely. Actually, the serious 
lack of fit for the spin-one distributions arises in the low- 
energy region. The first two intervals only of the x? 
tests give x?= 73 and 20 for the unmodified 1+ and 1— 
distributions, respectively. One could consider a mixed- 
parity spin-one final state, mixing the Dalitz 1+ and 1— 


TABLE III. Lifetimes of K types. 


Mean lives , 
(1078 sec) Reference 





Berkeley* 
Berkeley* 
Berkeley* 
Present experiment 


1.24+0.018 
1.210.030 
1.19+0.046 


Present experiment 
Rochester? 

® See reference 4. 

b See reference 5. 
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distributions, but the fit would still be poor in the low- 
energy region. Higher spins have not been considered 
in detail. However, the fact that spin zero is a good fit 
and spin one a poor fit indicates that the r+ spectrum 
from r’+ is similar to that of the x from 7+.*-* For the 
7, spin two is a reasonable possibility, and spin three a 
weak possibility. Any spin possibility for the 7 would 
also be a spin possibility for the 7’, if the decay spectra 
are similar, only more strongly so, since for the 7’ dis- 
crimination must be made on the energy distribution 
alone, and not on the angular distribution. 

The observed ut energy spectrum from K,;*+ decay 
in the energy region 0-63 Mev is in agreement with that 
obtained by other laboratories.‘:*:° That the data of the 
present experiment are consistent with the density of 
final states is not surprising, since the data would agree 
with almost any distribution which rises smoothly with 
energy in the energy region 0-63 Mev. All that can be 
said is that there is no evidence for prominent peaks or 
valleys in this energy region. The data would not be 
inconsistent with any of the theoretical w+ energy spec- 
tra presented by Radicati and Rosati'* or by Furuichi 
et al.'® for spin-zero or spin-one K,3’s. With the excep- 
tion of the Furuichi w+ spectrum for a spin-zero Ky 
with tensor interaction, all the spectra are quite similar 
to a spectrum based on the density of final states alone. 
In the present case, not even the spectrum for spin zero 
with tensor interaction, showing a peak at ~25 Mev, 
could be ruled out, due to the small number of events 
in the energy region 42-63 Mev. Experiments detecting 
the entire spectrum of yu’s with high efficiency and with 
a large number of events could make an apparent dis- 
tinction between the various theoretical spectra. How- 
ever, except for a spin-zero K,3 with tensor interaction, 
it is questionable whether such a distinction would be 
meaningful because of the assumptions and approxi- 
mations made in obtaining the theoretical spectra. 

For ut secondaries in the energy region 52.5-63 Mev, 
the scanning loss is estimated as not more than ~ 10% 
of the flat w’s (dips <40.5°) in stacks C and D. No 
correction has been introduced for this possible loss 
As a check, 11 additional secondaries were traced, hav- 
ing initial grain densities between 1.22 and 1.25 times 
minimum. No additional yw’s with energies less than 
63 Mev were found. No data have been presented above 
63 Mev, since the scanning efficiency for secondaries is 
believed to drop rapidly above this energy. 

The relative abundances presented here are in good 
agreement with those of Berkeley*™* but the 7 and 
K,y3; abundances are low compared with those of 
O’Cealleigh.° See Table II. The procedure for finding 
K-meson endings is essentially unbiased by the ap- 
pearance of the K-meson decay. If it is assumed that 
all K-meson endings where no secondaries were seen 
were actually proton endings, which is unlikely, the 
number of K endings found in stacks C and D would be 
decreased by a total of 23 events and in stacks A and B 
by 177, making a total reduction of ~4%. This would 
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change the abundances by a negligible amount. If the 
scanning efficiency for finding heavy secondaries were 
low, the abundances would be low, but the scanning 
efficiencies are believed to be high, as discussed above. 
If the w+ spectrum from K,;*+ departs markedly from 
being proportional to the density of final states in the 
energy region above 63 Mev, then the calculated total 
K,3 abundance could be low. However, O’Cealleigh’s 
u* spectrum is also consistent with the density of final 
states. 


Vv. SUMMARY 


The 7+ and K,;+ mean lives are found to be 
(1.0_9,.3+°-*) 10-8 sec and (1.2_0.4*!°)K 10-8 sec, _re- 
spectively, and are consistent with a single K* lifetime. 
The x+ energy spectrum from 7’* decay is found to be 
consistent with spin zero for the 7’ but would be un- 
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likely for spin one, and hence the 7’ spin is consistent 
with being the same as that of the 7. The u* energy 
spectrum from K,3* decay is found to be consistent with 
the density of final states for the process Ky3+— ut 
+7°+y in the energy region 0-63 Mev. 
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The fluxes of primary cosmic-ray a particles over Minnesota and Texas have been measured during the 
present period of maximum solar activity. A value of 136+9 a particles/m? sec sterad was measured over 
Minnesota and of 68-4 a particles/m?* sec sterad over Texas. In both cases these values are significantly 
lower than those observed at solar minimum. The energy spectrum of these particles has been determined 
between 200 Mev/nucleon and 3.0 Bev/nucleon. It is shown that the slope of the integral spectrum is less 
than that observed at solar minimum and that a significant number of low-energy particles is still present. A 
possible mechanism for these changes is discussed briefly. The determination of energies of particles from a 
measurement of their ionization is discussed in detail in an appendix. 


I. INTRODUCTION 


HE flux values and energy spectra of cosmic-ray 

a particles have been investigated with nuclear 
emulsions and counter arrays for at least eight years. 
During the first half of 1957, during a period of in- 
creased solar activity, there was a marked and rather 
rapid decrease in the total cosmic-ray intensity.! In a 
stack of emulsions exposed on May 17, 1957, the a- 
particle flux above 200 Mev/nucleon was measured. The 
flux had decreased by 48+10% from the mean value 
obtained between 1950 and 1954.? In order to investigate 
this decrease further, we have again measured the a- 
particle flux over Minnesota using nuclear emulsions. 
The stack, henceforth called the M stack, was exposed 
during a large Forbush decrease on August 31 to 
September 1, 1957. In addition, we have measured the 
a-particle flux over Texas, using the T stack which was 
exposed on October 19, 1957. 

By employing ionization and multiple-scattering 
measurements, we have investigated the energy spec- 
trum of the @ particles between 200 Mev/nucleon and 
3.0 Bev/nucleon during this time of decreased intensity. 
The energy spectrum obtained in this experiment has 
been compared with those found previously by similar 
techniques. 


II. EXPERIMENTAL RESULTS 
1. Exposure Details 


The M stack, used to measure the a-particle flux at 
Minnesota, was launched in the evening of August 31, 
1957, as part of a series of flights being made during the 
IGY. The balloon was launched at 45.1°N and 93.2°W 
(geographic), and the load was released at 44.5°N and 
96°W. The average altitude was 18+2.8 g/cm? (see 
Fig. 1). The absorption of a particles in air is well known, 
so the fluctuations in altitude could be corrected for in 


* This work was supported in part by the joint program of 
the U. S. Atomic Energy Commission and the Office of Naval 
Research. 

7 On leave of absence from a Royal Society Mackinnon Re- 
search Studentship. 

1H. V. Neher and S. E. Forbush, Phys. Rev. Letters 1, 173 
(1958). 

2 Freier, Ney, and Fowler, Nature 4619, 1319 (1958). 


the calculation of the flux. Because of these fluctuations, 
the energy of individual a particles had an uncertainty 
of about 10 Mev/nucleon at an energy in the emulsion 
of 200 Mev/nucleon. The uncertainty in energy is 
smaller at higher energies. 

The altitude of the 7 stack is also shown in Fig. 1. Its 
altitude was measured by four methods; the average 
value is 3.8+0.2 g/cm?. The trajectory of the flight is 
given in Fig. 2. The balloon reached altitude at 31.8°N 
and 98.4°W (geographic), and the load was released at 
32.7°N and 95.4°W. 

The details of the detection procedure used in the two 
stacks are given in Table I. A line scan was made at 1.2 
cm from the top edge of each emulsion for tracks which 
satisfied the required geometrical conditions of length 
and angle and which had ionizations greater than three 
times the minimum ionization. In the Texas stack we 
made two independent measurements of the a-particle 
flux, denoted by 7; and T». The possibility that scanning 
of this sort should fail to detect all the a particles that 
crossed the scan line has been discussed extensively in 
the literature.* Checks similar to those used previously 
(i.e., length, grain density, depth, and angular distribu- 
tions) were made on the tracks obtained in these three 
scans. In addition, part of the area was independently 
re-scanned by different observers (24% of the area in 
the M stack and 17% of the area in the 7; scan). All 
these checks on the scanning efficiency, with the excep- 
tion of the angular distribution in the M stack (see Sec. 
III-2), indicated that there were negligible scanning 
losses. 


2. Identification of Particles 


In order to distinguish between the a particles and the 
more numerous background of slow singly-charged 
particles, measurements must be made on every track 
found during the scanning. In the M stack, where both 
slow and fast a particles were expected, measurements 
were made of the velocity (ionization) and momentum 
(multiple scattering). In the T stack both ionization and 
scattering were measured, although the scattering meas- 


3C. J. Waddington, Nuovo cimento 3, 930 (1956). 
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urement would have been sufficient because of the high 
cutoff energy of 1.5 Bev/nucleon (see Sec. IV-3). 

The ionization measurements were made with a 
photodensitometer similar to that described previously.‘ 
The ionization measured in this manner we call the 
opacity and denote by the symbol O. The provisional 
scattering measurements used for identification were 
made on 1000-y cells without noise elimination. A plot 
of the ionization measurements versus those of multiple 
scattering in the M stack is given in Fig. 3 showing the 
clear resolution between a particles and singly-charged 
particles. Some of the tracks, when aligned on a scat- 
tering stage, were obviously protons. They were not 
completely measured and hence are not on the plot. 

In the Texas stack it was readily apparent that when 
a track was aligned along one of the axes of the micro- 
scope stage, the great difference in multiple scattering 
between fast a particles and slow singly-charged par- 
ticles—a difference of the order of 10—could be observed 
by inspection. As a result, particles were identified 
without being formally measured. It should be empha- 
sized that such a technique is only applicable for long 
tracks (28 mm) and that care must be taken in clearly 
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Fic. 2. Flight trajectory for the T stack. 
4 Fowler, Waddington, Freier, Naugle, and Ney, Phil. Mag. 2, 
157 (1957). 


distinguishing between multiple scattering and local 
distortion of the emulsions. Measurements of scattering 
were made on those tracks where there was any ambi- 
guity in the identification by inspection. 


3. Energy Measurement by Ionization 


The opacity of each a-particle track found in the M 
stack was measured over 1 mm of its length centered 
about the middle of the emulsion. The distribution in 
opacity (O) for the 265 @ particles is given in Fig. 4. In 
order to obtain energies from the densitometer ioniza- 
tion measurements, we must calibrate the densitometer 
using particles of known energy. The calibration pro- 
cedure is discussed in the appendix. The residual range 
of each particle at the place where it is measured in the 
emulsion is determined from the calibration curve. The 
energy of each particle at the top of the atmosphere was 
then calculated, taking into account the emulsion the 
particle had passed through before measurement, the 
packing material, and the air. For the air path, 
18 sec# g/cm? was used, where @ is the zenith angle of the 
track measured in the emulsion. The balloon’s altitude 
did fluctuate somewhat (see Fig. 1). A careful analysis 
of the altitude record, using 48 g/cm? for the air absorp- 
tion mean free path of a particles, showed that 18 g/cm? 
was the equivalent altitude of this flight; i.e., if it had 
stayed at a constant altitude for the same flight time, 
that altitude would have to be 18 g/cm? to yield the 
same number of @ particles in the emulsion. This 
fluctuation in altitude of the balloon produces an 
uncertainty in the energy of any individual a particle. 
This uncertainty is small. At 300 Mev/nucleon at the 
top of the atmosphere, 82% of the particles will have an 
uncertainty in energy <12 Mev/nucleon; at higher 
energies the uncertainty is less. About 1% of the a 
particles enter the stack during ascent; these particles 
will have a larger uncertainty in their energy. 
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TABLE I. Exposure and scanning details of stacks used to measure a flux. 








Total No. 


re) 
Date emulsions*® e 


No. of 
scanned 
mulsions* 


Min 
track 
length 
(mm) 


a flux at top 

of atmosphere 

(particles/m? 
sec sterad) 


Max 
zenith 
angle 


Scan 
area 
(cm?) 


No. of 
alphas 





August 31, 1957; September 1, 1957 12 
October 19, 1957 117 
October 19, 1957 


117 


13649 
65_,+7 
70+4 


45° 
45° 
60° 


265 
226 
411 


8 2.75 10 
20 7.19 10 
23 8.47 




















® The emulsions were 4 in. X4 in. 600-u Ilford G5 strips. 


The upper limit of the energy which we can measure 
by ionization is determined by the spread in ionization 
of relativistic particles. The M, stack (consisting of only 
12 plates, all developed in one batch) gave a sharp 
distribution in opacity whose half-width is consistent 
with the statistical fluctuation in the number of grains 
in the 1 mm of track we measured. (See Fig. 4.) For 
opacities > 11.3 there is less than 1% probability that 
any particle is really fast. For opacities between 10 and 
11 there is 20% probability the particle is really fast. We 
have calculated the energy of those particles with 
opacities 2 10.8, corresponding to those particles with 
less than 800 Mev/nucleon at the top of the atmosphere. 


4. Determination of Energies from Multiple- 
Scattering Measurements 
The energies of those a particles which satisfied certain 
additional geometrical criteria were determined by 
measuring the multiple Coulomb scattering. In making 
these determinations, procedures were used similar to 
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Fic. 3. Ionization (densitometer opacity) as a function of 
multiple Coulomb scattering (D per 500 micron cells) for the 
particles obtained in the line scan of the M stack. 


those employed by Fowler and Waddington® to examine 
the energy spectrum of a particles over northern Italy. 
For this reason the results of this earlier work should be 
comparable with those obtained in the present experi- 
ment. The reader is referred to that paper for details of 
the experimental procedure used to calculate energies 
and eliminate noise. 

In the M stack, where an appreciable portion of the 
particles are of low energy, scattering measurements 
were made on basic cell sizes of 500 uw, 250 u, or 100 yu, 
the particular cell size used being selected so as to obtain 
significant® answers. Tracks were accepted for measure- 
ment if they had a projected length of greater than 1.4 
cm in at least two emulsions and were more than 1 cm 
from a processed edge. Measurements were made on 126 
particles using 500 yw basic cells on 109 particles, 250 u 
cells on 15 particles, and 100 yu cells on 2 particles. 





MINNESOTA 
AUGUST 3!-SEPTEMBER |, 1957 
265 a-PARTICLES 


NUMBER OF PARTICLES 








8 10 2 18 20 22 


14 16 
TRACK OPACITY 
ENERGY AT PLATE 700 500 400 300 200 150 100 ~=—s $0 

mev7nucleon | | || | | ! | 
TOP OF ATMOSPHERE-750 555 455 370 280 240 207 = 182 


ENERGY AT PLATE 
2 
FROM onze) lol | | | | 


CALIBRATION 500 400 300 200 150 100 50 


Fic. 4. Ionization distribution (opacity, O) in the emulsion for 
a particles found in the M stack. The energy scale has been drawn 
for two calibrations (see Appendix). The upper energy scale is 
drawn from O= {(Z?/B!:7) which we believe is the best fit to the 
data. The lower energy scale is drawn from O= f{(Z?/8*) which was 
the calibration used in reference 2. 


6 P. H. Fowler and C. J. Waddington, Phil. Mag. 1, 637 (1956). 
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In the T stack, where all the particles had relatively 
high energies (>1 Bev per nucleon), a basic cell size of 
1000 » was used on all particles. Tracks were accepted 
for measurement if they had a projected length of 
greater than 2 cm in at least two emulsions and were 
more than 1 cm from a processed edge. A total of 187 
tracks had measurements made on them in this stack. 

The experimental measurements were then analyzed® 
to determine the rate of variation of the noise with cell 
size. The effect of this noise was then eliminated from 
the data in order to determine the true multiple 
Coulomb scattering. In the M stack the noise varied 
with the cell-size to the power of 0.65+0.08 and in the 
T stack to the power of 0.70_9.1:7°*. 

On each particle the true multiple scattering was ex- 
pressed in terms of the scattering parameter, @, in 
degrees per 100 1. The momentum was then calculated 
from the relation 


pB=KZ/Aa (Mev/c) per nucleon, 


where Z is the charge, A is the mass number of a particle 
of momentum # and velocity 8, and K is the scattering 
constant. Unfortunately, K is not well known experi- 
mentally for multiply-charged particles, and it is neces- 
sary to use values calculated from the known composi- 
tion of emulsion.* Using a 4D replacement cutoff, the 
following values have been adopted for K: 100 uw basic 
cells, K=28; 250, basic cells, K=29.6; 500 u basic 
cells, K = 30.7; 1000 uw basic cells, K=32. The value of 
K = 32 for 1000 yu basic cell size is that used previously.*7 

To check on the validity of the energy values obtained 
in this way, values of the noise, determined in microns, 
(4), have been calculated for groups of tracks selected 
on the basis of their apparent energies, Table II. Also 
shown in this table is the quantity 27D 2—D¢, in arbi- 
trary units, where D, and D; are the mean deviations on 
the basic cell size and on a cell size three times as great, 


KINETIC ENERGY WW MEV/NUCLEON 


KINETIC ENERGY IN MEV/NUCLEON 


Fic. 5. The distribution in energy as measured by scattering at 
the top of the atmosphere of a particles observed in the M and T 
stacks. The unshaded areas represent particles where the energy 
attained was a lower limit. 


~ 6C, Fichtel and M. W. Friedlander (private communication). 
7It should be noted that the signal is calculated from twice and 
three times the basic cell length. 
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since this quantity is independent of the value assumed 
for the rate of variation of noise with cell size. It can be 
seen from Table II that in the M stack there is no 
evidence to suggest that some particles have apparently 
low energies only because they have high noise values or 
have been appreciably affected by distortion—which 
would lower the apparent value of the noise. In the 
T stack, however, those particles with apparent energies 
of less than 1.5 Bev/nucleon appear to have been 
affected by distortion which varies faster with cell size 
than the true multiple scattering, resulting in negative 
values for the noise. Slow particles scattered on large cell 
sizes will have noise values which are very sensitive to 
such distortions due to the subtraction procedure used 
to determine the noise value. For this reason all those 
particles with apparent energies less than 1.7 Bev/ 
nucleon were remeasured on a 500 yu basic cell, over as 
long a path length as was available in the stack, in order 
to determine the true noise level on them and to reduce 
the effects of distortion. Calculation of the noise from 
these measurements gave, after correction for the 


TABLE II. Values of (27D,2—D,2) in arbitrary units and 
noise in microns for particles separated on the basis of their 
apparent energy. 





E>3.0 Bev/N 1.50 <E<3.0 Bev/N E<1.5 Bev/N 


T Stack 
—-27D2-D2 6.88 _o.40**-78 
0.1944.0.008 
aa E> 1.5 Bev/N 


6.96_;.37!:7 
0.195+0.020 
E<15 Bev/N 


‘W134 


0.25+0.02 


ny (mu) See text 





M Stack 


—- 27De—D3 


11.2_o tt 


0.25+0.015 


(yu) 


different basic cell size, a value for 2:(u)=0.21+0.015, 
which is in good agreement with the values found on 
faster tracks. The individual energy values found from 
these measurements did not differ significantly from 
those found previously, nor are there appreciable differ- 
ences on individual particles between different emulsions. 
Furthermore, examination of the data shows that there 
was not a large amount of C-shaped or S-shaped dis- 
tortion present. For these reasons, the low energy values 
obtained on these tracks have been considered to 
represent true energy values. 

The distribution in energy, corrected to the top of the 
atmosphere, of the particles found in the M and T 
stacks is shown in Fig. 5. 


Ill. FLUX VALUES 
1. Flux at Texas 


The a-particle flux was calculated in the same manner 
we have used before.? The zenith angular distribution in 
both the 7; and 7, scans showed isotropy. The flux 
measured at the scan line is corrected for those a 
particles which have correct geometry and reach the 
scan line but interact before they go the required length. 
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The flux is then corrected to the top of the emulsion 
using a mean free path of 20 cm in emulsion, and to the 
top of the atmosphere using a mean free path of 48 
g/cm*, The a particles are all followed to their entry 
point in the stack to verify that they are not the 
products of a disintegration of a heavy nucleus. We 
subtract that part of the flux that would come from the 
interactions of heavy nuclei in the air by assuming that 
1 a particle is produced per interaction. The fluxes 
measured on the two independent Texas scans are given 
in Table I. The average flux is 68+4 particles/m? sec 
sterad, where the error quoted, like all those in this 
paper, is the standard deviation. 


2. Flux at Minnesota 


The total flux over Minnesota was calculated in the 
same manner. The resulting flux averaged over 45° of 
zenith is 136+9 particles/m? sec sterad. This is the flux 
of particles with 2 200 Mev/nucleon. 

This last flux value is somewhat uncertain due to an 
experimentally observed anisotropy of the a particles. 
After making corrections for the different geometries 


TABLE III. Zenith angular distribution of a particles in three 
different stacks. The normalized number of particles is given in the 
table. 


T stack 
(Scan 7) 
0.94+0.18 
0.97+0.17 
1.03+0.17 
1.02+0.17 
1.02+0.17 
0.97+0.17 


Angular 
interval 
45— 31 
30- 16 
1S- 0 
359-345 
344-330 
329-315 


M stack May 17, 1957 


1.09+0.28 
0.97 +0.23 
1.35+0.23 
1.04+0.23 
0.84+0.21 
0.70+0.22 


0.78+0.15 
0.93+0.16 
1.27+0.17 
1.25+0.18 
0.71+0.14 
0.93+0.17 


and absorption, the zenith angle distribution of a 
particles down to 45° has always previously been found 
to be isotropic. That is, in six other scans, three at 
relativistic cutoff energies and three at low cutoff 
energies, we have never observed such an anisotropy. 
This observation practically excludes the possibility 
that this anisotropy is due to scanning loss. The magni- 
tude of the effect is shown in Table II, which gives the 
normalized number of particles in each 15° interval, 
both for the M and T stacks, and the May 17, 1957, 
stack. We can put limits on the true flux in the M stack 
by assuming either that there was a scanning loss at 
large zenith angles, giving an upper limit; or that there 
was an additional flux of a@ particles arriving from the 
vertical, which should not be included in the flux, re- 
sulting in a lower limit. These limiting values are 172 
and 115 a particles/m? sec sterad, respectively. 


IV. ENERGY SPECTRUM 
1. Differential Energy Spectrum at Minnesota 


From the ionization measurement of the energy we 
have calculated the differential energy spectrum in the 
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Fic. 6. The differential energy spectrum of the a particles 
at Minnesota during 1957. The spectrum obtained in June, 
1954, is also shown. The data have been recalculated using the 


O= f(Z?/B'") calibration rather than the O= /(Z?/B'-*) used in 
reference 4. 


M stack. The air and emulsion cutoff limits our measure- 
ment of the flux to particles above 20 Mev/nucleon. 
Figure 6 gives the differential energy spectrum for the 
M stack and the May 17, 1957, stack. We believe that 
the difference between these two stacks is significant and 
is reflected in the lower total flux in the M stack. The 
flux on May 17 was 157 +17 particles/cm? sec sterad for 
a particles 2 225 Mev/nucleon. ‘The flux on August 31- 
September 1 above the same energy is 135 +9 particles 
cm? sec sterad. The flux in the energy interval 225-600 
Mev/nucleon was 42+8 particles/m?* sec sterad on May 
17, and 19+3 on September 1. 


2. The Integral Energy Spectrum 


The integral energy spectra obtained from scattering 
measurements is shown in Fig. 7, together with the 
spectra obtained during the period of sun spot minimum 
by similar techniques.'* In all cases it appears that for 
energies appreciably higher than the cutoff energy, 
these spectra can be represented over this limited energy 
range by the conventional expression 


n(>E)=C/(mo?+ E)", 


where C and » are constants. The values of C and n 
found in the present experiment are: C= 185_25+*® and 
n=1.17+0.14. These values can be compared with 


8 C. J. Waddington, Nuovo cimento 3, 930 (1956). 
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Fic. 7. The integral energy spectrum of a particles obtained from 
scattering measurements. 


those of C=360_+® and n=1.48+0.12 found during 
the sunspot minimum! over the same range of energies. 
It can be seen that the slope of the integral energy 
spectrum measured in this experiment is appreciably 
flatter than that observed previously. This result is in 
agreement with the evidence from neutron monitors.° 

The integral flux values found in 1954 and on May 17, 
1957, and September 1, 1957, are tabulated in Table IV. 
These values are those obtained from ionization meas- 
urements of the energies. 


3. The Cutoff Energy 


Geomagnetic theory would predict that the cutoff 
energy for vertically incident particles over Texas 
should be 1.8 Bev/nucleon. A number of experiments 
have shown that over Northern America the observed 
cutoff energies appear to have been lowered by an 
amount corresponding to a 3-4° shift in geomagnetic 
latitude.’ Such a shift over Texas would imply that the 
true cutoff energy should be as low as 1.2 Bev/nucleon. 
However, as has already been pointed out,® the flux of 
a particles of northern Italy, at a measured cutoff of 

9 Peter Meyer and J. A. Simpson, Phys. Rev. 106, 568 (1957). 


1 Fowler, Freier, and Ney, reported at the Proceedings of the 
1957 Varenna Conference (Suppl. Nuovo cimento 8, 492 (1958) ]. 
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TABLE IV. Integral flux of a particles above Emin where Emin is 
measured by ionization. Fluxes are in particles/m? sec sterad. 








Emin 
(Mev/nucleon) June 18, 1954 


140 302+21 

200 283419 13648 

225 157417 
300 250+19 128+8 146+ 16 
400 230+ 18 124+8 140+14 
500 211417 120+6 127+13 
600 190+ 16 117+6 115+13 
700 177+16 109+8 109+12 
800 155415 10347 


September 1, 1957 May 17, 1957 











1.55+0.06 Bev/nucleon, is not significantly different 
from the flux observed over Texas, and therefore it 
might be expected that the cutoff energies would be 
closely similar. 

By putting the observed value for N(> Eo) into Eq. 
(1), we can determine the cutoff energy on the assump- 
tion that it is a sharp cutoff. The value found for the 
cutoff energy is 1.5+0.1 Bev/nucleon, in agreement 
with that found over Northern Italy. 


V. CONCLUSIONS AND DISCUSSION 


The principal features of the data obtained in this 
experiment are": 


1. The total flux of cosmic ray particles arriving at 
the earth at geomagnetic latitudes sufficiently near the 
poles so that the flux is not seriously distorted by the 
earth’s magnetic field can be reduced by an external 
agency to only 50% of the value recorded at solar 
minimum. Furthermore, this reduction can be main- 
tained for at least three months, and from neutron 
monitor data, has been maintained for over a year. 

2. This decrease is not due to a sharp cutoff removing 
only the lower energy particles, nor is it due to an 
incremental increase in the cutoff energy at all latitudes. 

3. Although particles with at least 3 Bev/nucleon, 
and presumably considerably higher energies, are re- 
moved, it is still possible to observe particles with 
energies down to the minimum value imposed by our 
experimental techniques. Furthermore, the differential 
energy spectrum of the low-energy a particles observed 
in this experiment does not show the maximum, followed 
by a sharp falling off, of the sort predicted by most 
screening mechanisms previously proposed (see, for 
example, Parker"). 


A number of mechanisms have been proposed to ex- 
plain the 11-year variations in cosmic-ray intensity and 
the long-scale large-magnitude decreases of the sort 
observed in this experiment. The majority of these have 
suggested some form of screening of the earth which 


Tn what follows it will be implicitly assumed that the behavior 
of the cosmic-ray a particles reflects that of all the primary cosmic- 


ray particles. 
2 E. N. Parker, Phys. Rev. 110, 1445 (1958). 
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reduces the number of galactic cosmic-ray particles 
which can reach the earth. The screening mechanisms 
proposed all assume some form of diffusive barrier which 
is more efficient for low-energy particles than for those 
of high energy. None of them appears to be able to ex- 
plain satisfactorily the relatively large number of low- 
energy a particles observed, and to allow an appreciable 
diminution of those high-energy particles entering at the 
equator—although neutron monitor data show that 
there is an appreciable decrease in the intensity at the 
equator. 

We would like to suggest, therefore, consideration of 
an alternative mechanism which appears to satisfy such 
experimental data as we have at present and has the 
added advantage that it should be capable of experi- 
mental check. 

If the sun should itself emit cosmic-ray particles 
during the period of minimum activity, but be unable to 
do so at solar maximum, then we can readily explain our 
experimental data. Under this hypothesis, during a 
period of solar minimum we would observe a superposi- 
tion of the solar cosmic rays on those of galactic origin, 
while at solar maximum we must be assumed to be 
observing only those particles of galactic origin. 

Such a hypothesis may be confirmed or disproved 
although, unfortunately, not completely, by the follow- 
ing experiment. It is, a priori, unlikely that the cosmic- 
ray particles of solar origin should pass through the 
same amount of interstellar material as those of galactic 
origin. Thus, aside from any source differences, they 
should have different chemical compositions. This point 
could be readily checked by determining the abundance 
of the elements lithium, beryllium, and boron having 
energies between, say, 200 and 600 Mev/nucleon at 
solar maximum and solar minimum. 
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APPENDIX 


In work on determining the energy spectrum of a 
particles in cosmic rays, one is frequently faced with the 
problem of convertIng a measurement of the ionization 
to a range or energy for the a particles. In the earliest 
work on this subject,‘ namely the determination of the 
energy spectrum of primary a particles in Saskatoon, 
Canada, in 1954, the determination of the a@ particle 
energies was straightforward over much of the energy 
range because of the presence of low-energy a particles 
which came to rest in the photographic emulsion. The 
emulsions were large enough so that a particles of ranges 
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as great as 20 cm could be brought to rest. This allowed 
direct calibration of the emulsion in which the measure- 
ments were made up to a particle energies of 300 
Mev/nucleon at incidence in the plate. 

In certain other stacks which we have studied, how- 
ever,” one wishes to determine the a-particle energies 
when lower energy a particles are completely absent. An 
example of this is the determination of the cutoff energy 
for a particles in Missouri, where no a particles were 
present with ionization as great as that of a relativistic 
lithium. It is necessary in such cases to be able to 
calibrate the emulsion using protons of various ranges 
and to infer from the proton ionizations and the 
corresponding a-particle ionizations what energy a@ 
particles are being detected. What is required is some 
procedure for converting in any stack a densitometer 
opacity reading to an energy for the a particles. Even in 
a very large stack with all energy @ particles incident, 
there is a region of energies in which it is very difficult to 
obtain direct calibration points from the a particles 
themselves. At an energy of about 300 Mev/nucleon, 
the a-particle range is about one mean free path in 
emulsion. Therefore, a direct calibration at higher 
energies than this requires examination of large numbers 
of a particles in stacks with very long possible residual 
ranges. For example, an a particle of energy 1 Bev/ 
nucleon has a residual range of about 125 cm of emulsion 
or approximately 6 mean free paths. In order to find 
such a particle ending, one would need to examine ap- 
proximately 400 incoming a@ particles in order to obtain 
one which did not interact. In addition to this, the 
largest stacks at our disposal do not have enough 
emulsion range to stop a particles of this energy. At the 
present time, a particles in the energy range of 500 Mev/ 
nucleon to 1 Bev/nucleon are not available from ma- 
chines; if they were available, they would allow a direct 
calibration of the emulsion development in terms of 
a-particle energy. 

Certain experimental facts are known about the 
ionization of various particles in photographic emulsion, 
and a number of observers agree on the approximate 
values of the following quantities: 


1. The residual range of protons which produce the 
same densitometer reading as relativistic alphas. Our 
measurements show that a proton of residual range 2.8 
cm has the same densitometer reading, and therefore the 
same core density, as a relativistic a particle. Protons of 
this range are readily available in any emulsion exposed 
to cosmic rays. Relativistic a particles can be positively 
identified by scattering and ionization measurements. 

2. The residual range of alpha particles which ionize 
like relativistic lithium. In our emulsions we find the 
densitometer reading that corresponds to a relativistic 
lithium is obtained on an a particle of 10-cm residual 
range. In addition to this, a proton of 4-mm residual 
range has the same ionization as the relativistic lithium 
and the 10-cm a particle. 
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Since these two calibration points are fairly readily 
available, we have attempted to construct in a consistent 
way a general calibration curve which applies to all our 
stacks and which allows us to determine the f(8) (8=v/c) 
or range of an a particle, given its densitometer opacity 
and the densitometer opacity corresponding to rela- 
tivistic a particles. The procedure is to plot the densi- 
tometer reading against various functions Z?/(8). The 
functions of 8 we have plotted are 1/8*, the function of 6 
given by the total energy loss, and the function of 6 
given by the restricted energy loss.'* Calculations show 
that in the range of 6’s required, excluding the extreme 
relativistic particles, both the total energy loss or the 
restricted energy loss may be expressed with adequate 
accuracy as power laws in 8, i.e., 1/8”. In these terms the 


13 B. Stiller and M. Shapiro, Phys. Rev. 92, 735 (1953). 
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Fic. 8. Normalized opacity (O) measurements for calibration 
particles measured in three different stacks. The circled points are 
mesons, the dots protons, and the crosses a particles. The opacity 
readings for relativistic a particles and lithium nuclei are also 
shown. These are: (a) Z°/(8)=Z?/6?; (b) Z*/(8)=Z*/p!:"; (c) 
Z’{(8)=Z*/s'*, Curve (b) corresponding to the restricted energy 
loss is the calibration curve we have adopted. 


function of 6 corresponding to the total energy loss in 
nuclear emulsion is 1/8!-*, and that corresponding to the 
restricted energy loss is 1/8'-7. We have tried to de- 
termine which of these functions of 6 allows all particles 
observable for calibration to fall on a smooth curve 
without systematic differences between protons and a- 
particles and between protons and relativistic a particles. 

In the figures which follow, all the particles used for 
calibration have their energies, and therefore 6, de- 
termined by their residual ranges. Figure 8 shows the 
collected data from three stacks in which approximately 
equal numbers of particles were measured, normalized 
to a single curve. The normalizations were obtained by 
multiplying the individual densitometer readings by the 
appropriate ratio to make the relativistic a particles in 
all the stacks have the same value. Consideration of 
these three plots shows the following facts: in the plot, 
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Fic. 9. a-particle ranges as a function of normalized densitometer 
opacity for three different calibrations. The curve marked 1/8!:7 
is for the calibration we have adopted. 


8(a), of opacity O vs Z°/B?, the agreement between low- 
energy a particles and low-energy protons is quite good. 
Relativistic a particles, however, do not have the same 
Z*/g? as do protons of the same ionization. In other 
words, a-particle point falls very far away from the 
calibration curve as does the point corresponding to 
relativistic lithium. On the curve for restricted energy 
loss, 8(b), the a-particle point and the lithium point fall 
slightly above the best proton curve, but very much 
closer to it than when the function of 6 plotted was 
1/6*. Finally, in Fig. 8(c) in which total energy loss is 
plotted, the relativistic a particles and protons fall 
together, but there seems to be a systematic separation 
of the low-energy a particles and low-energy protons. 
We believe that the use of the restricted energy loss 
function, or in our approximation 1/8!-7, represents the 
best approach to the calibration problem at the present 
time. It can be seen from Fig. 8 that all of the data from 
the three flights presented, although the emulsions 
themselves had quite different developments, are well 
represented by a single calibration curve. The equation 
for this curve is shown in Fig. 8(b). The fact that the a 
particle and relativistic lithium points fall slightly above 
the best-fit curve could be consistent with the relativistic 
increase in the average ionization of fast primary cosmic- 
ray particles. We are not, however, suggesting that our 
data indicates the presence of a relativistic increase. 
The procedure for normalizing a new stack, therefore, 
is to measure the value of densitometer reading obtained 
for relativistic a particles, match that to the a-particle 
point shown on Fig. 8(b), i.e., slightly above the proton 
line, and draw the universal calibration curve. The 
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Fic. 10. a-particle energies as a function of normalized densi- 
tometer opacity for three different calibrations. The curve marked 
1/6!’ is for the calibration we have adopted. 


equation of this curve is 
O=C(1—e-*'®) (1—0.5/x), 


where «= Z?/6'"’ and C is a constant. The correctness of 
this curve can be checked in any stack, of course, by 
measuring a few proton points and seeing that they do 
indeed fall on the line. This allows a normalized opacity 
to be determined and in turn a value of 8 for each a 
particle. Our stacks have all been normalized to an 
opacity for relativistic a particles of 9.2. Figure 9 gives 
the inferred range of @ particles in terms of this nor- 
malized opacity and shows also the proton ranges 
corresponding to various values of normalized opacity. 
This graph also shows the values that would be inferred 
for the a-particle ranges using the other two calibrations. 
The calibration that best fits our data is the 1/6!7 
curve. Figure 10 shows the corresponding normalized 
opacity, that is, normalized to 9.2 for relativistic a 
particles, as a function of the kinetic energy of the 
incident @ particles. Again, the curve marked 1/!:7 is 
the one used by us to convert densitometer reading to 
kinetic energy. 

To summarize our calibration procedure, we use the 
curve of Fig. 8(b) in which all opacity measurements 
for a@ particles are normalized by direct multiplication 
so that the value for relativistic a particles corresponds 
to the alpha circle given in this figure. By the use of this 
standard curve, each normalized opacity can be used to 
determine directly the value of x, or of 8, and therefore 
the range or energy of the a particle under consideration. 
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Effective Mean Free Path of Antinucleons in Nuclear Matter* 


Jose R. Furcot 
Radiation Laboratory, University of California, Berkeley, California 
(Received November 6, 1958) 


The effective mean free path for antinucleons in nuclear matter is calculated at intermediate energies from 
the Fermi gas model, in terms of the nucleon-antinucleon total and differential scattering cross sections. 
The results are used to obtain the imaginary part of the optical-model potential in the formalism of Riesen- 


feld and Watson. 


I. INTRODUCTION 


HE antiproton beam from the Berkeley Bevatron 

has been used in many experiments with 
counters,'~ bubble chambers,’ and photographic emul- 
sions® to study the interaction of antinucleons with 
nucleons and nuclei. 

Since the most successful theoretical approach to the 
problem of the nucleon-nucleus scattering has been 
made through the optical model of the nucleus,’ 
Glassgold" has recently presented a detailed calculation 
of the antinucleon-nucleus interaction using this form- 
alism. His work has shown that the most important 
parameter of the problem is the imaginary part of the 
central optical potential, since its value becomes very 
large as a result of the large antinucleon-nucleon cross 
section. Unfortunately, at the time Glassgold made his 
calculation, neither the N-N differential scattering cross 
sections nor the total cross sections were known at the 
required energies, so that he could not obtain the actual 
value of the effective cross section. Therefore he chose 
for the imaginary part of the optical potential two 
extreme values: One corresponding to the total experi- 
mental cross section as measured in reference 3 at 
450 Mev, and the other corresponding to the annihila- 
tion part only of this cross section. 

Since, at the energies here considered, these two 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t A visitor from the Argentine Army. 
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extreme values differ by a factor of 2, we have considered 
it advisable to calculate the effect of the Pauli principle 
in the scattering, using the now known differential 
cross sections.” 

In doing this we have chosen for the imaginary 
central optical potential the standard definition, 


Ver=k/M),, (1) 


where k is the antinucleon momentum in the N-N 
barycentric system, M the nucleon mass, and A, the 
“effective mean free path” defined by 


1 4nd} 


(2) 


where ¢ is defined below [Formula (4) ], and p and \ as 
in reference 8. 

Within this formalism our problem has been reduced 
to calculating the “effective N-N cross section,” i.e., 
the part of the total N-N cross section not excluded by 
the Pauli principle. 

In order to do that, we have followed the ideas of 
Goldberger’ and Hayakawa, Kawai, and Kikuchi" in 
their calculations of the same effect in the nucleon- 
nucleus system. However, there are two main differences 
between the N-nucleus and NV-nucleus interaction. The 
first is that the Pauli principle applies only to the 
nucleon inside the nucleus (and not to the incoming 
antinucleon), and also only to the scattering part of the 
cross section (the annihilation part is entirely un- 
affected). The second is that the N-N differential 
scattering cross section is strongly peaked in the forward 
direction, owing to diffraction from the annihilation 
process, thus invalidating the assumption of isotropy 
of the angular distribution. Also we take an energy 
dependence of the N-N scattering cross section as 1/k 
instead of 1/k*, as chosen by Hayakawa in the NV-N 
case. Therefore we have maintained the picture of the 
nucleus as a mixture of two noninteracting Fermi gases 
at zero temperature, but we have dropped the hypoth- 
esis of isotropy and have instead used a differential 


2 J. R. Fulco, Phys. Rev. 110, 784 (1958); J. S. Ball and J. R. 
Fulco, Phys. Rev. 113, 647 (1959). 
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' Hayakawa, Kawai, and Kikuchi, Progr. Theoret. Phys. 
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Fic. 1. Coordinate systems and limits of integration. 
N-N scattering cross section of the form 
do (@) 
dQ 


1 
=-[A+B cos6+C cos’6], 
k 


which fits the theoretical and measured differential cross 
sections for p-p and p-n scattering fairly well in the 
energy range between 100 and 250 Mev.‘'” It would be 
possible to have a better fit with higher powers of cos6, 
but the calculation becomes unreasonably complicated. 
Considering the rough nature of the model, elaborate 
computations are unjustified. 

One difficulty with the Fermi gas model that plays 
an important part in antinucleon phenomena is the lack 
of any consideration of the real shape of the nucleus. 
As we shall see, the interaction of antinucleons with the 
nucleus is mainly on the nuclear surface, where the 
density of nucleons is smaller and the Pauli principle 
less effective. Some consideration of this effect can 
perhaps be accomplished by using a small value of the 
Fermi energy. We have chosen 33 Mev for this 
parameter, corresponding to A=0.857. A second de- 
ficiency of our calculation is that the uniform k de- 
pendence of the coefficients of the cos# expansion of the 
differential cross section fails to represent the narrowing 
of the forward diffraction-scattering peak with increas- 
ing energy, and therefore underestimates the effect of 
the Pauli principle at the higher energies. This error is 
not very important, however. 


II. CALCULATION OF THE “EFFECTIVE 
MEAN FREE PATH” 

Let P; and P,’ be the antinucleon momenta in the 
laboratory system, before and after the collision, re- 
spectively, and P. and P»’ the corresponding momenta 
of the target nucleon. The Fermi model gives rise to a 
uniform distribution of P: bounded by the Fermi 
momentum Pr, which we assume to have the same 
value for neutrons and protons. The Pauli principle 
requires P2’> Pr. See Fig. 1. 

If we write the differential scattering cross section in 
the nucleon-antinucleon barycentric system as 


do 


dQ 


(|Pi—Ps|)=K+L cosb-+M cos", 
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doit 2 ‘ ‘ — 
Stee [are cos 8 +C cos’ 6] with exclusion principle 
$2 isotropic with exclusion principle 


Without exclusion principle 


dg (107 em) 











Etop (Mev) 


Fic. 2. Mean free path of antinucleons in nuclear matter. 


we get for the effective scattering cross section 


3P\ 
Carll oD _ a 


— (3) 
4a Pp 


4 (J; +Jo+J3)dx, 
where ; 

Ji = 49° Kx[(14+42—202)Z1+Z2], 

Jo= — 2m? Lx?(1—2«2)[Z1— (14+22—2a?)*Z; ], 


J3= 2? Mx? {3Zot+ (1+2°—20*)Z) 
+ (1—2*)?(1+-2?—2a*)*Z,— (1+-2?— 2a") 
<[4(1+-2?—2a*)?+ (1—x*)?]Z3}, 


t= P>/P,, a= Pr/P,, 


1 2% 
A= sin — ), Z.=2, 
x 1+ 


2 
Z3= fot Ree Pa ee 
(1+-x?)?(1— x?) 


2/ 3(1+27)?— 8x? 
Z,=-| ————— }.. 
3 \(1-+-27)4(1—2*)* 
We consider a nucleus with the same number of 
protons and neutrons and average over the p-p and p-n 


cross sections (the former including charge exchange), 
therefore defining 


o= (@annih) + (Fseat)s (4) 
where 
1 2I+1 
(@annih as Zz. , 


I=0 


Oannih » 


1 27+1 
(scat) aa p 
I=0 4 


“Oscat » 


I being the isotopic spin. 

We now determine K, L, and M by fitting the aver- 
aged theoretical angular distributions of p-p and p-n 
scattering at different energies.” 
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TABLE I. Imaginary part of the central optical-model potential, 
Vcr, in Mev (A=0.857). 


Eisb (Mev) 50 100 140 200 260 


Vey, with exclusion principle 64" 73 
Ver, without exclusion principle 90 103 106 107 108 


* The value of A, has been extrapolated. 


The integration (3) has been made numerically and 
the results, expressed in terms of the mean free path X,, 
are shown in Fig. 2. For comparison the mean free 
paths obtained (a) from an isotropic angular distribution 
(with the same & dependence), and (b) from complete 
neglect of the exclusion principle, are also plotted. 

Finally, Table I shows the imaginary part of the 
central optical-model potential, according to formula 
(1), at several different energies, together with the 
corresponding values for the case of no Pauli principle 
effect. 
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III. CONCLUSION 


The large value of the nucleon-antinucleon cross 
section has long been known to imply a very short mean 
free path for antinucleons in nuclear matter. The 
exclusion-principle effect considered here increases some- 
what the mean free path, but not enough to change the 
conclusion that nearly all antinucleon interactions occur 
on the nuclear surface. 

In the same energy range the nucleon effective mean 
free path is larger than 5X 10-* cm, showing a striking 
difference between the nucleon-nucleus and antinucleon- 
nucleus interaction. 
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In this paper a particular term in the perturbation expansion for the two-particle scattering amplitude 
is examined. We consider the real plane defined by the square of the total four-momentum and the square of 
the momentum transfer, and show that the scattering amplitude is an analytic function of both variables 
in a certain connected region in this plane. The precise boundary of the region is found. The purpose of this 
work is to find some conditions that integral representations of the scattering amplitude must satisfy, with 
the hope that such examples may aid the study of such integral representations in general. 

We also apply our general result to some particular cases of physical interest. 


N a recent note! we discussed some properties of 
the vertex operator in perturbation theory, corre- 

sponding to the three-vertex (triangular) Feynman 
diagram. For simplicity, we restricted our discussion 
to the case of six (possibly different) scalar fields, and 
studied the matrix element as a function of the three 
independent kinematic invariants of the problem, 
which in our case were chosen to be the squares of the 
three incident four-momenta. We then studied the 
properties of the matrix element as a function of one 
of these invariants, keeping the other two fixed at 
values corresponding to physical particles satisfying a 
number of “stability conditions.” The function so 
defined was shown to be analytic in a cut plane, and 
our objective was to determine the exact position of 
the first branch point on the real axis. 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t National Science Foundation Postdoctoral Fellow. 

1 Karplus, Sommerfield, and Wichmann, Phys. Rev. 111, 1187 


(1958). This will be referred to as Paper I, References to the 
literature may be found there. 


In this paper we investigate in a similar fashion the 
matrix element corresponding to the four-vertex square 
diagram of Fig. 1, which describes a contribution in 
perturbation theory to the so-called “four-point 
function.” We again restrict ourselves to the case of a 
number of interacting scalar fields; since the spins of 
the particles in no way affect the analytic properties 
of the scattering amplitude, spin may, for the purpose 
of this study, be ignored. 

In this problem we may distinguish six independent 
kinematic invariants: the squares of the four incident 
four-momenta, the square of the total incident mo- 
mentum, and the square of the momentum transfer, 
for example. 

We keep the first four variables at fixed values 
corresponding to physical particles, and subject to a 
number of “‘stability conditions.” Our limited objective 
is to show that the matrix element is an analytic 
function of the two remaining variables in a certain 
connected region in the plane where both are real, and 
to determine the precise boundary of this region. The 
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thresholds in the spectral representation of the scat- 
tering amplitude may be inferred from this information. 
Our hope is that a few examples will aid in the study 
of general spectral representations, especially when 
several stable particles occur in the theory. 

Our discussion is applied to some “realistic” cases 
of physical interest.” 

Consider the diagram in Fig. 1, where the lines 
represent scalar particles. For the sake of symmetry 
we take the four-momenta 12, p23, pss, and pai of the 
four particles to be “ingoing,” so that the law of 
momentum conservation takes the form 


Prot post put pu=O9. (1) 


If a constant factor is ignored, the Feynman ampli- 
tude for this diagram is given by the integral (real 
momenta) 


1 1 1 1 
F=f des f das f das f da, 
0 0 0 0 


6(1—a,—a2—a3— 4) 


D? 





? 


4 4 
Di=> am?2— SX awa;pi;, 


i=l i<j=l 
where we have used the abbreviations 
pis= prot pos= — (past par), 
pos= post pu =— (patpie), 
Pis= Pii- 
For convenience we introduce the variables 4; by 
prP=me+m?e—2memiyei- 


With these variables we have 


4 4 4 
Di= Darmet+2 > LY aaryermem. (5) 


k=1 k=1 l=k+1 


We subject the four variables associated with the 
single-particle invariants to the stability conditions 


y2>—1, ys>—1, ya>—1, ya>—1, (6) 
which state that at each vertex the external mass is 
less than the sum of the two masses to which it is 
coupled. One might impose further conditions of this 
nature by restricting these variables to values less than 
1; this would correspond to triangular conditions, 
according to which any mass is less than the sum of any 
two other masses to which it is directly coupled. We 
will, however, use only conditions (6), which we assume 


to hold throughout the remaining part of this paper. 
2R. Oehme and J. G. Taylor [Phys. Rev. 113, 371 (1959) ] have 
treated a variety of general scattering processes without resort to 
perturbation theory. 
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Pia 





Fic. 1. Feynman diagram for 
general scattering process in 
fourth order. 











Pia Pas 


Our objective now is to study the integral in Eq. (2) 
as a function of the remaining two variables y;3 and 
yes; to determine the connected region in the corre- 
sponding real plane in which the amplitude is an 
analytic function of both variables; and to describe 
the boundary of this region, say, 

yis> Jrs(Vos). (7) 
Since inspection of Eq. (2) shows that the function is 
analytic when any one variable is complex while the 
others are real, it follows from Eq. (7) that the singu- 
larities of F in the complex ;; plane are then confined 
to part of the real 3 axis, 


yisX His. 


A spectral representation for F that displays this 
information is 


F (y13,924) = lim — ———-——d!, (8) 


UE 00 t— 413 


1  - ImF (t+7e, yea) 


To continue the analysis, the following fractional 
linear transformation is convenient: 


4 4 
a= (xn/me)/ X (xi/m), Lo xe=1. 
l=1 k=1 


It may be solved for the x; : 
4 
xp=aym,/ > ami. 
l=1 


The region of integration remains unchanged under this 
transformation, and in place of Eq. (2) we obtain 


1 1 1 1 
f= f di f dx. f dxf dx, 
0 0 0 0 


6(1— 417X439 X3— x4) 


mymom3m4D? 


4 aa 
D= Do xF+2>0 Dd xexryer. 
k 


=1 k=1 l=k+1 


In Appendix A, the analogous transformations are 
applied to the triangular vertex diagram considered in 
Paper I, and the results are rewritten in the new 
notation. This forms a useful introduction to the study 
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of the four-point function, since the case of the vertex 
function is much simpler. 

Some properties of F may be inferred directly when 
D is rewritten: 


D= (%+-%3—%2— 24)? + 20 143(yis— 1) + 2x 2%4(yoa— 1) 
+ 2[ayx2(1+-yi2) + 2x3(1+- yes) + r3x4(1+ yaa) 
+ayxa(1+y14) ]. (10) 


The stability conditions (6) then imply that, in the 
region of the x integration, the denominator D cannot 
vanish if 


yis>l and you>I. (11a) 


On the other hand, if 


yis<—1 and/or yau<—1, (11b) 


the denominator D vanishes at some point in the region 
of integration. 

Thus F(y13,ye4) is an analytic function of both 
variables in the region defined by the inequalities 
(11a). This plane region is included in a larger con- 
nected plane region R in which F is an analytic function 
of both variables. We shall find the boundary of this 
region R and show that R consists of all points (713,24) 
such that in the range of the x integration the expression 
D does not vanish. 

To prove this assertion let the region of integration 
be T, 

y hes {x.20, Mtxretast+x= 1}, (12) 


and let R’ be the region in the real (yi3,yo4) plane in 
which D cannot vanish if x is in T. Then, if the point 
(y13,¥e4) is in R’, so is the point (yis+4:, yostde) for 
non-negative 6, and 6. Furthermore, our previous 
remarks show that R’ is included in the region y;3;> —1, 
Yos> —1. Thus, if we let yoq be fixed and such that some 
point of the line yes=constant belongs to R’, then 
there is a #13 such that the point (y13,ye4) is in R’ if 
and only if yis>%13. Furthermore, if yis>91s, the 
integrand is positive. Therefore the point (913,yo4) is 
necessarily a singularity of F as a function of 4,3.’ On 
the other hand, F is certainly an analytic function of 
Yis and yoq in R’. Hence R and R’ are identical. 

The problem is thus to find the region R in which 
the expression D cannot vanish if x is in T. The region 
T consists of the interior and boundary of an equilateral 
tetrahedron. The x, may then be interpreted as bary- 
centric coordinates. We note that at the vertices 
(x,=1, k=1, 2, 3, or 4) we have D=1. Our procedure 
will be as follows: We first find a region R,; such that 
the expression D is positive on every edge of T if and 
only if (y13,V24) is in R;. Next, we find a smaller region 
R;; such that the expression D is positive on every face 
of T if and only if (y13,y24) is in Ri. Finally, we find the 

3 It may be remarked that if a function is defined by an integral 
like (2), and if the variables 4; are not restricted to be real, then 
the mere fact that for a certain set of y,; the denominator can 
vanish in the region of integration in no way guarantees that the 
function has a singularity at this point. 
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region R for which D cannot vanish at all in T. We are 
thus led to consider three cases. 

Case (i).—D can take on nonpositive values on some 
edge of T. On an edge two 2’s are equal to zero, e.g., 
x,=x,=0. The smallest value that D assumes on such 
an edge is 


Because of the stability conditions we need consider 
only the two edges «;=23;=0 and «2=2,=0; the region 
R; therefore is 


(13) 


Ri: {y13> —1, yoa> —1)}. (14) 


Case (ii).—We assume that (y13,yo4) is in R; and 
consider the possibility that D has a nonpositive value 
on the face of T defined by x,=0. Except for the 
subscripts, the function D is then the same as Do, Eq. 
(A4), which occurs in the vertex problem. The solution 
from Appendix A may therefore be used. Accordingly, 
we introduce six angles between 0 and 7, 612, 613, 914, 
623, O24, O34 by the conditions 


(15) 


which are to be used only when they are real, i.e 
| yer] <1. Furthermore, let 


Yer= COSO,1, 


Ih=-1 
L,=cos(623+634) 
[,.=—-1 
L2=cos(014+634) 
[;=—-1 
L3=cos(012+614) 
Iy=—-1 
L4=cos(012+623) 
Lo=max[L,Ls |, 
Li3=max[Lo,Ls ]. 


Yost ¥aa > 
Yost Ys ap 
yutyas2 
yutys4<0 if 
yet yu 2 
sone | 
yet yes 20 
Via tyes col 


We may then conclude that the region Rj; is 


(21) 


The denominator D is positive on all faces of T if and 
only if (¥13,Ve4) is in Ri. 

Case (iii).—Let (y13,y24) be in Rj; We must now 
consider the possibility that D can take nonpositive 
values in the interior of the tetrahedron 7, which means 
that D has a nonpositive minimum there. This occurs 
if and only if the following conditions are met: 


Ri: {y13> L13, yoa> Loa}. 


(a) yi2<1, yos<1, yss<1, yu<, 


(b) 2m <O12+603 +034 +041 < 2r 
+2 min[612,423,034,041 |; 


(22) 
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then the region R ist 


R: {yoa> yor, yis> Lis} 
+ {13> 913", Yoa> Loa} 

+{A(y13,¥24)>0}, (23) 
where 
| 1 Yi2 Vis 4 
yio 1 Yo3 You 
Y13 0 -Y23 1 ysa\? 
Via Yo, V34 1 


A(y13,V24) = (24) 


and where 


A(L13,yo4°) = O= A (y19°, Loa) (25) 


define y2,° and y;;° uniquely. If the conditions (22) are 
not satisfied, then 
R= Rx. (26) 
The algebraic details are described in Appendix B. 
The regions R;, R;;, and R are illustrated in Fig. 2. 
The limits used in Eq. (23) may be stated explicitly 
by solving Eq. (25). They are 


Cos6 2 $in634+cosbo3 sinOy4 
y= S2= 2 , 
sin (014+654) 


COSO14 $in8o3-+cosbs4 sin6 12 
= Ss sea , = | IP 


sin (812+623) 


Ly3=L2 





(27) 





cos6 i. sinO34-+cos644 sinOo3 
sin (023+634) 
COSAo3 sinO14-+cos0s4 sin812 


=)3>= ’ Lu=L3. 


sin (814+612) 





y13°=S1= 





The function 9; defined in Eq. (7) may also be directly 
inferred from Eq. (23) by solving Eq. (24),‘ 


Yi3= Ly, You> you", 


i-— Yor" 


Cyr2vest y14ysa— Yoa(Vi2Vsat Yi4yes) (29) 


—(KiK;3)', you°> you> Lea. 

A great simplification results when the scattering 
process is the elastic scattering of equal particles with 
equal internal masses. Then we have 


V12= Vo3= V34= V1s= (30) 


The boundary of the region R for positive y is 


Yiz=—1 for yu>—1, y20, (31) 


t Note added in proof.—To this description of the region R there 
must occasionally be added those points {13,¥24} whose abscissas 
and ordinates are greater than the abscissa and ordinate of any 
point satisfying condition (23). 

4 The quantities K,, Ke, Ks, K, are defined by Eq. (B2) and its 
appropriate permutations. 
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(1-1) 


Fic. 2. (a) The region R;; (b) the region Ri;A~R;; 
(c) the region RARj;. 


while for negative y it becomes 


fis=2y’—1 


for yo>1 


4y* y <0. (32) 


——1 


= for 1>yu>29°-1 
1+ yo4 


We shall examine several scattering processes illus- 
trative of the various cases (Fig. 1). If pis and pos 
(— pis and — 34) are the initial (final) four-momenta, 
then the total four-momentum squared (W?) and the 
square of the four-momentum transfer (— A?) are given 


by 
W2= (prot pos)?= (prt psa)? 
>max[(Mi2+M23)*, (Mu+M 4)" ], 
A?= — (prot prs)?= — (post pra)? 
>max[—(My2—Mis)’, — (M2s— Ms)? ]. 


(33) 


The inequalities define the physically accessible regions 
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of W? and A®. In terms of 413 and yo4, we have 


m,°+-m;?—W? 
Vi3 — 
2m\m3 


m?+m2+ A? 
ee 
2mom, 
Suppose we seek a spectral representation of the 
scattering amplitude in terms of W? for a fixed physical 
value of A*. Then the inequality (34b) guarantees that 
the threshold for yi3 is 13. The ‘‘normal” threshold 
determined by the mass of one real intermediate state 
is L;3=—1. Equations (17), (19) show Li;>—1 only 
if a sufficient number of yio, y23, Ysa, Via are sufficiently 
negative. To see which processes might exhibit ‘“ab- 
normal”’ thresholds, we list in Table I the values of the 
y’s (and corresponding 6’s) for ten possible interactions. 
We observe that there are only six vertices which have 
negative y’s, and that virtual dissociations of N and r 
are not among them. Thus we conclude that a spectral 
representation of F for pion-nucleon scattering as a 
function of W? would have a threshold W? at 


W= (Myn+m,)’, 


which is considered normal. We next investigate the 
diagram for pion-deuteron scattering illustrated in Fig. 
3(a). Then 


L.= L.= La= cos(174°+8°) = —0,.999> —1, 
W?= (2M y)?—0.002M y*, 


which is just slightly different from the normal thresh- 


TABLE I. Values of y and corresponding 6 for ten possible inter- 
actions. The table is read with reference to a particular trilinear 
coupling, for example = A x. The parameter y and angle 6 for the 
process 2 — A+ which are 


cosd = y= (M4?+m,2—M3*)/2Mamy, 


are found in the line opposite = in the box containing 2, A, 7 
together. There is no need to distinguish particles from anti- 
particles. 


oe 
82° 
16° 


0.075 RP 
0.075 ; N BS 57° 
0.989 4 : 26° 


—0.50 
0.58 S l F 
0.994 q b 23” 


0.058 2 
0.058 f B Sg 
0.993 E i 4 hg 


0.052 
64° 
i ad 





< min{ yi2V23— [( 1 — yi2") ( 1 — 237) ]}, yisysa—L( 1 —yi4?) (1 — ysa?) }}}, 


-> max{ yroyia +L (1— yia?) (1— 12") ]!, -yeaysa +L (1 — yes”) (1 — yaa?) 4}. 
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(34a) 


(34b) 





old. For 2-nucleon scattering [Fig. 3(b)], we have 


L= Lo= Lu= cos (86°+ 120°) os —0.899> ae 1, 
W?= (Mn+Msa)*—0.202M wM,. 


If we do not confine our study to the coupling of 
particles that have been observed, but also include 
virtual fields with masses that are limited only by the 
stability conditions, then the spectral representations 
have “abnormal” thresholds in many more cases. Some 
of these have been mentioned in Paper I. Since the 
general derivations of dispersion relations presuppose 
a “normal” threshold but do not limit particles in 
intermediate states to the few kinds that have been 








(a) 




















v N 
Fic. 3. (a) Feynman diagram for pion-deuteron scattering. 
(b) Feynman diagram for 2-nucleon scattering. 


observed, these derivations cannot be applied to some 
cases of interest. 


APPENDIX A 


Consider the expression (4) in Paper I for the vertex 
operator. The substitutions 


—g=MP=me+m?2—2mym-y23, 
M?=m2+m?— 2M aM 13; 


M?=m2+m—2mamvyi2, 


(Al) 


x= maa] (mea+mB+m.y), 
x2= m8/(maat+m ptm), 
x3=mey/(maatmp+m.y), 


(A2) 


enable us to rewrite th ‘ategral as 


1 1 4 
F=f dxf | dx3 
0 0 0 


5(1—x1—x2— 3) 





, (A3) 
(xym om.+ XQMgM-+X3mamMp) Do 


Do= x xr? +-473?+ 2 (xixeyi2+ Xs Vist X2XsV23). (A4) 
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The problem is then to investigate under what condi- 
tions the denominator Dy can vanish in the range of 
integration. 

We compare this problem with the problem in Case 
(ii) in the text of this paper to determine the conditions 
under which the expression D can take nonpositive 
values on the particular face xs,=0, and note that the 
two problems are identical. We are thus to consider 
Dy when x1, x2, x3 satisfy the conditions «;20, x.20, 
x320, and x,;+2+23=1. We may interpret this region, 
Fy, as the face of an equilateral triangle described by 
the barycentric coordinates x), x2, and x3. As in Case (i) 
in the text, we impose the conditions on the yx; which 
state that Do cannot vanish on any edge of this triangle, 
i.e., 


yu>—1, Vi3> —1, yo3> —1. (A5) 
In the case of the vertex operator, two of these con- 
ditions can always be interpreted as stability conditions 
that the physical particles have to satisfy. 

Since Dy is positive on the boundary of the triangle 
F 4, Do can vanish in the interior only if it has a non- 
positive minimum there. This minimum may be deter- 
mined by differentiation, and one must then find the 
condition that this minimum in fact lies inside Fy. We 
may distinguish two cases: 


yiotyi320, (A6a) 


Yutyis<0 (in this latter case yi2<1, yis<1). (A6b) 
To study the first case, we may assume yi2¢ 13. Let 
A= min[1,12 ]. (A7) 


Then we may write 


Do= (%2—%3+A41)?+ (1—d*)x?+ 2[ x03 (1+ y23) 


+2x1%2(yi2—A) +. 41143(yis-+A) ]. (A8) 


Each term in this expression is non-negative, and hence 
in this case Do cannot vanish if y23;>—1. 
In the second case we write 


Do= (41+ * 2912+ 49913)? +L x2(1 — 12")! 
—2x3(1—yrs?)! P+ 2xoas{ yos— Yiey13 
+((1—y12?)(1—y13*) J}. (A9) 
Hence D, is positive if [see Eq. (15) ] 
‘yos> Ji2yis—L(1— ye”) (1— yrs”) ]!=cos(012+613). (A10) 


The condition (A6b) takes the form 6;.+6,;>7. We 
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also note that if y23=cos(@12+613) and 
sin (012+613) 


ae sp ees 


sin8yo+sin8;3— sin (O12 +613) 





>0, 


—_— >), 
$in8;o-+sin6;3— sin (8;2+643) 


x%2= 


sinO12 
>) 
sin6y2+sinO13— sin (8;2+413) 


43> ’ 
then Do=0. Thus the necessary and sufficient condition 
that Do be positive on the face Fy is given by the 
inequality (A10). Comparing the results just obtained 
with the results in the appendix of Paper I, we see that 
they are identical. 

A graphical solution to the problem in Paper I may 
be obtained as follows: In a plane draw three vectors 
M,, mz, m, of lengths ma, m», m. from a common origin 
0, such that |m,—m,|=M; and |m,—m,| = M2. Then 
the threshold yu? of the spectral representation of F as 
a function of —g? is |m,—m, |”, provided that the figure 
can be drawn at all and provided that the origin 0 lies 
inside the triangle determined by the end points of 
Mm,, m,, m,. Otherwise the threshold is (m,+m.)?. 


APPENDIX B 

In this Appendix we consider Case (iii) of the text. 
We let (913,724) be in Ri; so that D cannot vanish on 
any of the faces F;, Fo, F3, F's of the tetrahedron T. We 
seek a region R;,;’ such that D vanishes at some point 
in the interior of T if and only if (y13,yo4) is in Ri’. We 
proceed by finding necessary conditions for the ex- 
istence of a region R;,,’. 

Since D is positive on the boundaries of 7, it can 
vanish inside 7 only if it assumes a nonpositive mini- 
mum inside 7. We shall show that if such is the case 
D can be negative only in the two regions x,>0 and 
x-<0 (k=1, 2,3, 4) in the four-dimensional Euclidean 
x space. In particular D is non-negative on the four 
hyperplanes «,=0. 

To prove these remarks we observe that since D is a 
quadratic function of the a;, it can have only one 
extreme value on any hyperplane. In particular, if 
as our assumptions state—on the hyperplane 2+ 2 
+a3+2,4=1, D has a minimum value within T and is 
positive on the boundaries of 7, then it must be positive 
throughout the rest of this hyperplane. Now suppose 
that we evaluate D at some point x’ such that x:/+2,' 
+23’+2,’=c. Then the hyperplane 2:+42+43+44=¢, 
passing through x’, is parallel to the hyperplane 
Xi t+ x2+43+44=1, on which lies the point x defined 
by xz’=cx,’. Furthermore D(x’)=c?D(x°), and since 
D(x°) can be negative only for x,°>0, so then can D(x’) 
be negative only in one of the regions x,’>0 or x,’ <0, 
depending on the sign of c. 

The quadratic form D may be written in diagonal 
form in many ways, some of which can be obtained 
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from the following by suitable interchange of indices: 


SOMMERFIELD, 


Yo3— Vi2V13 


AND WICHMANN 





D= (x1 +-x2V12+ Xia t+ Xayu4)?+ (1— 412") (sts 


K4 (ysa— Yisyra) (1 — y12") — (yo3— V12¥13) (Yoa— Vi2V14) 
ae hie — ee 


1—y,?? 


where 


Kg=1— 912? — yis?— yo3" + 2912913923. (B2) 


In order that D take a nonpositive value, at least one 
of the coefficients: 1, 1—y12*, K4/(1—yi2"), A/K4, must 
be nonpositive. But we have just shown that for (13,y24) 
in R,;, D takes a nonpositive minimum inside T only if 
D is positive definite for x,=0. This allows us to con- 
clude that necessary conditions for D to vanish inside 
T are |y12|<1, Ky>0, A<O. By considering other 
ways of writing D, we find that the region Rj,’ can be 
no larger than that defined by* 


yer] <1, 
K,>0, 
A<0. 


(B3a) 
(B3b) 
(B3c) 


The inequality (B3a) permits us to introduce the 
real angles 61, 603, 634, O14 defined in Eq. (15). It then 
follows from the structure of the K; that there exists a 
region in the (yi3,y24) plane in which condition (B3b) 
is satisfied if and only if 


912+023+634+614—2 min[12,023,034,014 ]<2. (B4) 

















K)>0 ,A<O 
SSS KO ,A>0 


Fic. 4. The regions defined by Eq. (B3). 


1— 12" 


ey 
x 
1— 42" 





) +(A/K,)x?2, (B1) 


K, 





Because each K; depends on y;3 or on oq but not on 
both, the region defined by (B3b) is a rectangle with 
edges parallel to the coordinate axes. The curve 


A=0 (B5) 
lies inside this rectangle and is tangent to all four edges. 
The situation is depicted in Fig. 4. 

Now, it follows from the argument after Eq. (12) 
that the region R;,’ must have in common with R,; 
those parts of its boundary that separate it from regions 
of smaller y;3; and (or) yoy. For this reason the lines 
marked /;; and /:4 in Fig. 4 must actually be Zi; and 
Lo, respectively, if there is to be a region R;,’, and only 
the section marked I in Fig. 4 can be a part of R;;’. The 
condition that Ly3= Ly3 and lau= Log is 


j2+623+6345+641> 27. 


The inequalities (B5) and (B6) are necessary con- 
ditions for the existence of a region R;;’. It is simple 
to show that the conditions are also sufficient by 
choosing some point in the region I, Fig. 4, and ex- 
hibiting a negative D for some values of the x; in T. 

The threshold j,;° of a spectral representation of F 
as a function of 13? corresponding to the conditions 
that allow D to vanish inside T has a graphical con- 
struction. Draw, in three dimensions, four vectors mj, 
M2, M;, my of lengths m, m2, m3, ms from a common 
origin 0. Adjust their directions so that 


(BO) 


m;—mb,| =M 1, |M.—m;| = M>;, 


m;—m,|=M x, |mj—m,|=My,  po?= | m2—m,|?. 
Then the threshold is j;;°=|m;—ms|’, provided that 
the figure can be drawn at all and provided that the 
origin 0 lies inside the tetrahedron determined by the 
end points of my, me, ms, my. If this is not the case, 
draw figures of the type described at the end of Ap- 
pendix A with the vectors m;, m2, m; and m), m3, my, 
and obtain the threshold given there. 
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To account for the elementary particles a new physical geometry may be needed. A previous suggestion 
that this geometry may be finite is followed up by determining the representations of the orthogonal (Lorentz- 
like) group. Because of the existence of a new type of orthogonality-preserving transformation some of the 
representations are multiple-valued. A change of value is identified with a gauge transformation and electric 
charge is recognized as a certain number determining the many-valuedness of the representation. This charge 
number reverses sign under space inversion. The charged pions and sigma particles are correlated with some 


of the new representations. 


1, INTRODUCTION 


HE most exciting implication of recent discoveries 
and not so recent difficulties in physics is that the 
Euclidean concept of physical geometry breaks down 
for the subatomic world. Obviously this breakdown 
cannot be directly tested for there are no measuring rods 
small enough. This lack indeed leaves it even possible 
that no metric exists in the small. To account for the 
elementary particles and their properties a new world 
geometry should be attempted, one which is like 
ordinary geometry in the large but in the subatomic is 
non-Euclidean, non-Riemannian or even nonmetric. 

For such a geometry the quantum numbers Q 
(electric charge), J (isotopic spin), and U (d’Espagnat- 
Prentki number), or Y (the hyper-charge) characterizing 
the elementary particles should, like spin, arise naturally 
as characteristic of representations of geometric trans- 
formations and should be eigenvalues of operators for 
these transformations. This is just to say that the 
geometry should embrace isotopic spin space. 

The Euclidean requirement in the large is a difficulty, 
but merely to get a different geometry is simple. Instead 
of taking the coordinates of world geometry from the 
real field (which leads to ordinary Euclidean geometry) 
we take them from some other ring.! To satisfy the 
difficult requirement that the geometry be Euclidean in 
the large, a large enough part of the world ring must be 
like part of the real number system. (For the particular 
world ring used in this paper, how to do this is known.) 

It is necessary to start out with a simplified world ring 
for the practical reason that otherwise it will be hard to 
see the physical meaning of the mathematical expres- 
sions. We shall at first even oversimplify the problem so 
that not all our demands will be met, and we naturally 
begin with restrictions which reduce the amount of 
unfamiliarity as much as is consistent with some 
novelty. We shall try a world ring which is a commuta- 
tive field, and in order to be sure of eliminating diver- 
gency difficulties we shall furthermore assume that it is 
of finite order. (Hence there will be no infinite sums and 
no infinities can arise.) So long as the order of the world 
ring is sufficiently large (and it must be enormous to 


1R. H. Bruck, Am. Math. Monthly 62, Part II, 2 (1955). 


provide for the number of points in the world), there can 
be no objection in principle to its being finite. Experi- 
ment has never forced the conclusion that the number 
of points is infinite, only that it is very large and atomic 
physics has always contained the element of discreteness 
which is one aspect of finiteness. It might seem a strange 
assumption that there should be some particular 
number singled out as special in the physical world and 
yet we already know of such, namely the fine structure 
constant. In fact, the existence of the fine structure 
constant is itself the best argument for choosing the 
world ring to be finite. 

All finite fields are known.?~‘ The order of any finite 
field is a power of a prime, that is, a number of the 
form p” where # is a prime and » is an integer. For each 
such number there is a field and only one field of that 
order. Such a number field is also known as a Galois field 
and is denoted by GF(p"). If the geometrical coordi- 
nates of each point are taken from such a field, that is, if 


x, GF(p"), 


the resulting geometry is a finite geometry® with a finite 
number of points and lines. There is a fundamental 
length but not a smallest length for the latter concept 
loses its meaning. It should be clearly understood that 
this is not a cubic lattice theory. 

We shall here consider only the case*~* n= 1 though it 
will later be seen that this geometry is too simple. We 
shall find the representations of the orthogonal group 
associated with the Minkowski metric form and among 
these will be a new type, multivalued. With the assump- 
tion that the various particle field functions transform 
according to these various representations, it will be 
possible to recognize the charge number Q as a new 


2 L. E. Dickson, Linear Groups (B. G. Teubner, Leipzig, 1901). 
3B. L. van der Waerden, Modern Algebra (Frederick Ungar 
Publishing Company, New York, 1943). 

4A. A. Albert, Fundamental Concepts of Higher Algebra (Uni- 
versity of Chicago Press, Chicago, Illinois, 1956). 

5D. J. Struik, Analytic and Projective Geometry (Addison- 
Wesley Press, Cambridge, Massachusetts, 1953). 

6G. Jarnefelt, Veréffentlichungen des Finnischen Geodiatischen 
Institutes, No. 36 (1949). 

7G. Jarnefelt and P. Kustaanheimo, Skandinaviske Mate- 
matikerkongress i Trondheim 11, 166 (1949). 
8 G. Jarnefelt, Ann. Acad. Sci. Fennicae Ser. A.I., No. 96 (1951). 
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quantum number characteristic of the representation, 
though not as an operator for geometric transforma- 
tions. It will then appear that the correct conjugation 
corresponding to space inversion is not just the parity 
operator but includes also reversal of charge. It is 
“combined inversion.” 

It is our plan to discuss U in another paper and to 
derive there the Gell-Mann-Nishijima scheme for 
charged particles. 


2. FINITE WORLD GEOMETRY AND THE 
FINITE WORLD FIELD 


A number of years ago it was already conjectured by 
Jarnefelt®** that physical geometry might be finite with 
the coordinates elements of a finite field of prime order p: 


x,e GF(p). (2.1) 


This finite field consists simply of the integers taken 
modulo the prime p. If p is large enough, the points of 
the geometry are so numerous and so “close together” 
as to be experimentally indistinguishable from a 
continuum. This in itself, however, is not enough to 
guarantee an approximation to Euclidean geometry, for 
the elements of a finite field are not ordered. They can- 
not be classified into positive and negative, nor can 
they be compared in magnitude. In the corresponding 
geometry the points on a line do not lie in order, and 
line segments cannot be said to be longer than or 
shorter than other line segments. Finite geometry does 
not simply become Euclidean to a better and better 
approximation as p is increased. 

The way around this obstacle was seen by Kustaan- 
heimo.’ It is not necessary to require that the whole 
finite geometry be an approximation to Euclidean 
geometry. All that is needed is for a large enough part 
of finite world geometry to have the Euclidean proper- 
ties. In terms of the coordinate field (the number 
field from which the coordinates are taken), this means 
that a large enough subset of the elements should be 
ordered. This may be accomplished by first of all 
remarking that half the nonzero elements are squares 
(quadratic residues) and half are not squares (non- 
residues), and under multiplication the property of 
being a square or a not-square is analogous to the 
property of being positive or negative.’’" However the 
analogy breaks down for addition since it is not neces- 
sarily true that the sum of two squares is a square. 
Nevertheless, if p can be chosen so that the first V 
integers are squares (mod p), N being enormously large, 
and if then the term “positive” is applied to squares and 
the term “negative” to not-squares, then the usual 
arithmetical rules of signs will hold over a very large 
subset of the elements. If furthermore p can be such 


®*P. Kustaanheimo, Soc. Sci. Fennica, Commentationes Phy.- 
Math. 15, 19 (1950). 

”C. C. MacDuffee, An Introduction to Abstract Algebra (John 
Wiley & Sons, Inc., New York, 1940), Sec. 17, p. 38. 

1 See reference 2, Sec. 61, p. 44. 
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that —1 is “negative,” then these elements can be 
“ordered.’’ An element is “greater than” another if their 
difference is “positive.” This is not a true ordering for 
the relation is not transitive throughout the whole field, 
but it is transitive within the large subset and this 
ordering might be called a “local ordering.” 

In this way the first N(N~q,~Inp) numbers be- 
come “‘ordered”’ if the prime is chosen to be of the form 


k 
p=8x I] gi-1, (2.2) 


i=l 


where x is an odd integer and [J q; is the product of the 
first k odd primes. Dirichlet’s theorem” guarantees the 
existence of a prime of this form. The argument, 
making use of quadratic reciprocity” is that this makes 
—1 “negative” and makes 2 and the first k odd primes 
“positive.” 

With the coordinate field so chosen, the geometry 
would appear to be ordinary Euclidean geometry up to 
very large and down to very small distances. Jarnefelt'® 
has estimated roughly that for ordinary geometry to 
hold from 10—" cm to 2X 10° light years p is of an order 
of magnitude given by 


p~ 100, 


(2.3) 


Once the limits of “ordinary” dimensions are exceeded, 
however, the geometry becomes quite different because 
the coordinate field is not completely ordered. 

Exemplifying the novelties which arise in such a 
theory are the solutions (p+1 of them'*) which exist for 
the equation 


a Bt= — (2.4) 


For these solutions, at least one of a, 8 is outside the 
range of “ordinary” arithmetical behavior. 
It will be convenient to introduce “complex” numbers 
=x+iy, (2.5) 
where 


x, ye GF(p), (2.6) 


and 
?=—1, 


(2.7) 


This set of p? “complex” numbers also forms a field, the 
finite field GF(p’). 


For a prime of the form 


p=4n—1, (2.8) 


as is the case with the prime given by Eq. (2.2), it will 


2T. Nagell, Introduction to Number hogs! 4 (John Wiley & 
Sons, Inc., New York, a Chap. IV, Sec. 44 

13 See reference 10, Sec. 1 a. 

ie Pp. Kustaanheimo, Ann. "nea Sci. Fennicae Ser. A.I., No. 129 
(1952). Kustaanheimo shows that the necessary condition is 
p=8x II g:—y*, where x and y are integers such that p is prime. 
However, the essential results of the present stage of the theory are 
not affected by requiring x to be odd and 4* to be unity. 

15 See reference 8 and also reference 14. 

16 See reference 2, Sec. 64, p. 46. 
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readily be seen that 

i?=—i, (2.9) 
Also 


2?=x—1y, (2.10) 


since!” 


xP=%x 
in GF(p), (2.11) 


) aiiaee 


and all other terms in the expansion of (x+y)? contain 
p(=0) as a factor.'§ Thus “complex conjugation” may 
be performed by raising to the power p. 


Waa 


2*=z2?, (2.12) 


It follows that 


gPtl= gkz= y+ (2.13) 


This number is not necessarily ‘‘positive.” For numbers 
a, 8 which form a solution set of Eq. (2.4), we have 


t=at+ip, (2.14) 
t*=¢P=a—if, (2.15) 
cPH= ot =o? + = —1, (2.16) 


3. EXTENDED ORTHOGONAL GROUP AND 
THE SPINOR GROUP 


In finite geometry the analog of the Lorentz group is 
the finite group of linear transformations leaving 
invariant the quadratic form 


(3.1) 


which we shall call the metric form. As in ordinary 
geometry, these linear transformations are of determi- 
nant +1 or —1, the former making up a normal sub- 
group of index two called the proper Lorentz group. 
This subgroup is of order!® 


P (p+ 1)(p?—1). 


Under the transformations of the whole Lorentz 
group the orthogonality of two vectors is preserved, and 
in ordinary geometry these are the only linear trans- 
formations with this property (apart from the dilatations 
of space, which we will not consider in this paper). In 
finite geometry, however, there exist transformations 
preserving orthogonality but reversing the sign of the 
metric form. They are outer automorphisms of the 
Lorentz group.” We shall call these the extraordinary 
orthogonal transformations. They can all be generated 
from the Lorentz group by a single one of them. An 


xe xr— xe X3°, 


(3.2) 


17 Fermat’s theorem. See reference 10, Sec. 11, p. 24; reference 4, 
Sec. 13, theorem 20, p. 46; and reference 3, Vol. 1, Sec. 37, par- 
ticularly p. 118. 

18 See reference 10, Sec. 11, Example 4, p. 26. 

19 See reference 2, Sec. 172, p. 160. When Dickson refers to the 
orthogonal group he means this subgroup of determinant +1. 

2 J. Dieudonné, On the Automorphisms of the Classical Groups 
(Memoirs of the American Mathematical Society, New York, 
1951), No. 2, Chap. X and particularly p. 51. 
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example is 


x1’ =—ax +Bxe, 
x2’ =Bxi+ax2, 


g: Xo = — Xa, (3.3) 
x= +o, 
where 


a’+f?=— 1. 


When these are adjoined to the Lorentz group, the 
resulting set of operations forms a group which we shall 
call the extended orthogonal group. 

As in ordinary geometry, there exists a homomorphic 
group of 2X2 matrices, the spinor group defined as 
follows. 

We first set up the matrix”? 


Xotx, X1—1xXe 
Xu ) 
Xy+1%2. Xy—X3 


= X91 +0141 + 02%2+03%3, 


(3.4) 


(3.5) 


where o}, o2, 73 are the Pauli matrices. The matrix X has 
as its determinant the metric form. 


(3.6) 


| X|| =x? —axP— xP —x;?. 
We now subject the matrix X to the linear trans- 
formation 


X’'=a*Xa, 


(3.7) 
where a is a 2X2 matrix with coefficients from the 
“complex” finite field GF(p?) and where a* is the 
Hermitian conjugate of a. If we set 

x = Xo’ + o 10y'+ Toke! + o3%3', 


we obtain from (3.7) a linear transformation of the 
co-ordinates which is real because?’ 


(3.8) 


(a*)"=4. (3.9) 


If it holds true that 


llall*llal| =llal|et#=1. (3.10) 


then the transformation is a Lorentz transformation 
since 
X= 


(3.11) 


9 9 9 9 
=x — xP — x" — x3". 


Unexpectedly the transformation —/, reversing space 
and time coordinates, is also induced in this way: 


cr 0 
a(-1)=( ), 
0¢ 


iid & cor 7 1. 


(3.12) 


where 
(3.13) 


21H. Weyl, Theory of Groups and Quantum Mechanics (Dover 
Publications, New York, 1950), Chap. IIT, Sec. 8(c). 

2H. Boerner, Darstellungen von Gruppen (Springer-Verlag, 
Berlin, 1955), Chap. IX, Sec. 3. 

%3 This equation is true for GF (p*) but not generally for GF (p") 
where n>2. 
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Such a situation is not possible with ordinary complex 
numbers. 

The set of matrices a satisfying Eq. (3.10) forms a 
group homomorphic to the proper Lorentz group and, 
as shown in Appendix I, this homomorphism is p+1 to 
one. All matrices of the form 


(3.14) 
where w is any finite complex number satisfying 
(3.15) 


wPeti=1, 
map onto the same Lorentz transformation. 


To induce an extraordinary orthogonal transforma- 
tion, we see from Eq. (3.11) that we must have 


lla||?+*#= —1, (3.16) 


The transformation g [Eq. (3) ] arises from 


o-(_, 4) 
a(g)= os ae 


It can be seen from Eq. (3.16) that when these are 
included in the spinor group the homomorphism cannot, 
as in ordinary geometry, be made two to one by 
restricting to the unimodular group 


(3.17) 


la||=1. (3.18) 


As a result we are left with a group of 2X2 matrices 
satisfying 
\a||P4t= +1, (3.19) 


and possessing a p+1 to one homomorphism onto the 
proper extended orthogonal group. We shall call this 
the extended spinor group. 


4. REPRESENTATIONS OF THE 
ORTHOGONAL GROUP 


Since among the representations should be included 
the “vector” representation according to which the 
coordinates transform (the orthogonal group itself), the 
representations we seek must be matrices having 
coefficients in GF(p) or GF(p”),™ that is, they should be 
modular representations. We can get the modular 
representations of the orthogonal group from those of 
the spinor group because of the homomorphism. The 
spinor group is a subgroup of the two dimensional 
general linear homogeneous group GLH(2,p*) over the 
complex finite field GF(p’), and all the irreducible 
modular representations of this group have been given 
by Brauer and Nesbitt.” 

If we denote by Yi, Y2 the components of the spinor y 
which is transformed by the spinor matrices a and by 
a), the matrices of dimension 27+1 by which the 
monomials y,’+"™y.?-", m=0, +1, ---+j transform, 


* Or even in some further extension of the number field if 


necessary. 
26 R. Brauer and C. Nesbitt, Ann. Math. 42, 556 (1941), Sec. 30. 
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then the matrices a° also form a representation for 
each j, where 


-++(p—1)/2. 


(j=0 signifies the identity representation.) 

We denote the complex conjugate of the matrix a by 
the symbol a. As shown by Brauer and Nesbitt, the 
irreducible representations of GLH (2,”) are given by 


la!|\"a2) Ka), (4.2) 


j=9, 3, 1, §, (4.1) 


(direct product) 
where 

n=0, 1, ---p?—2. 
For our subgroup, 


all> = +1, (4.3) 


the range of values of » becomes 


n=0, 1, ---2p+1, (4.4) 


or alternatively 


n=(, #1, +2, al ‘+, p+1, (4.5) 


the other values merely repeating these representations. 
From the homomorphism it is seen that these are 
also representations of the proper extended orthogonal 
group. They are not, however, all the representations. 
Because the homomorphism is not one to one, we may 
take n to be half-integral and still remain within the 
range of multivaluedness of the representations. 
n=0, +3, +1, ---4+(p+4), p+1. (4.6) 


We should note by the way that for the extraordinary 


orthogonal transformation g, 
lal|=s, (4.7) 


where 


peg, (4.8) 


and ¢ is not a square in GF(p*). To take the square root, 
an extension to GF(p*) is necessary. If we define 


ci =ele, 
then it is not true that 


(c)F=F, 


(4.9) 


(4.10) 
but rather 


(¢4*)*¥= —¢4, (4.11) 


For a Lorentz transformation for which 


q||Pti= 1, 


(4.12) 


the factor |\a|!" merely produces a change to another 
value of the same representation. It gives no contribu- 
tion to the spin. By itself it is a one-dimensional spin- 
zero representation. In analogy with the case of ordinary 
geometry, we say that the representation (4.2) corre- 
sponds to a spin j+k. 

To represent the improper transformations a doubling 
of the components is required. Space inversion is 
induced by the nonlinear transformation 


X'=Xe, (4.13) 
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where X means the complex conjugate of X and 


(4.14) 


Ai 


In the four-component form, the representations are 


(’ o (’ 0 
0 ae/ \o ieee 


and space inversion is 


(4.15) 


0 1 
0 0 
0 0 
L ..,.0 


(4.16) 


In this 4-component theory, however, covariants trans- 
forming like scalar, pseudoscalar, or tensor do not exist 
in general, for their existence depends on the condition”! 


(4.17) 


which cannot be applied here. Because of this, the 
Brauer-Wey]”* method of deriving the four-component 
spinor representation cannot be used in this theory, nor 
can the full array of covariant interactions arise as in 
the usual theory. In particular, only V, A arise. 


5. GAUGE TRANSFORMATIONS AND 
THE CHARGE NUMBER 


The multivaluedness of the representation consists in 
the fact that the +1 spinor matrices related by 


a—wa, a=0,1,---p (5.1) 
where 


(5.2) 


w= wrH=1 


all represent the same element of the orthogonal group. 

This means that w°1 is just as much a representation 
of the identity J of the orthogonal group as 1 itself is. 
Hence the transformation on the spinor, 


¥— wy, 


is to be considered as having the same physical effect as 
multiplying by the identity. Since, from Eq. (5.2), w is 
like a phase factor, what we have here corresponds to a 
gauge transformation and gauge invariance. 

Under a gauge transformation (5.1), the general 
representation [ Eq. (4.2) ] undergoes the transformation 


(5.3) 


llal| ng 21) K q2*) ma w@|| q!| ng (2) K Gah) (5.4) 
where 

Q=2(n+j—h). (5.5) 

From the form of this transformation we recognize 

that the representation label Q is to be identified with 

charge number. It is an integer (positive, negative, or 


26 R. Brauer and H. Weyl, Am. J. Math. 57, 425 (1935). 
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zero) in agreement with the experimental fact that all 
charges are multiples of a basic unit. 

The usual unimodular spinor representation corre- 
sponds to the representation 


\|a|!—4a, 


and from the present point of view is a neutral repre- 
sentation artificially charged. 

The 4-component representations of Eq. (4.15) trans- 
form under a gauge transformation not simply by 
multiplication by a phase factor but by a phase factor 
for the first two components and by its inverse for the 
last two components, like a phase factor containing a 
Ys operator. 

The two singly charged representations of ‘“‘simplest” 
form are 

(5.6) 
and 
l|a||4, n=4, j=0, k=O, (5.7) 
the former being of spin } and the latter of spin zero. It 
seems natural to identify this latter with the + meson 
and because of the similarity of the two in isotopic spin 
space we identify the former with the 2+ particle. 


6. COMBINED INVERSION 


We can see from Eqs. (4.15) and (4.16) that under 
space inversion the representation is changed into one 
similar to its complex conjugate. Under a guage 
transformation 
(6.1) 


a— wa, 
the complex conjugate representations transform by 


a w 2G, (6.2) 
since 
(6.3) 


from Eq. (5.2), which is characteristic of a particle of 
the opposite sign of the charge. 

In this theory the mirror image of a charged particle 
has the opposite charge. The space inversion operator is 
the ‘combined inversion” of Landau. We will designate 
it by CP. We will identify two conjugate representations 
related by CP as particle and antiparticle.2”~” Hence 
the representations according to which the m~(=#*) 
and the £+ particles transform are 


ll a||*4= || a)| 47, (6.4) 
and 


"47". (6.5) 


ede =|\a 
respectively. 
7. CONCLUSION 
Taking world geometry to be finite, we have found 
part of the meaning of electric charge. In finite geometry 
27. D. Landau, Nuclear Phys. 3, 127 (1957). 
28 T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 
°9 A. Salam, Nuovo cimento 5, 299 (1957). 


% L. C. Biedenharn and H. E. Rohrschach, Phys. Rev. 107, 1075 
(1957). 





388 a. ee. 


some representations of the orthogonal group are many- 
valued, a change of value being a gauge transformation. 
The charge number determines the degree of multi- 
valuedness. Space inversion produces reversal of sign 
and is therefore ‘combined inversion.” 

The hypercharge number U and the Gell-Mann 
Nishijima scheme are to be discussed in another paper. 

Looking back over the argument, we find that electric 
charge arises from the existence of linear transforma- 
tions reversing the sign of the metric form, and these 
occur because the world coordinate field is not com- 
pletely ordered. It is strongly suggested that any 
theory accounting for electric charge must possess this 
feature. 

Looking forward to the future development, we see 
that there are two main lines of generalization. First of 
all of course, the charge number is to be not just a 
representation label but also a coupling constant to the 
electromagnetic field. These two properties are related 
through the notion of affine connection. To advance on 
this line will require a calculus and a generalization of 
the metric form. 

Secondly, to identify Q as a geometric operator will 
require such an extension of the coordinate algebra as 
will make isotopic space part of the geometry. 
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APPENDIX 


In this Appendix we show that the homomorphism 
relation of the spinor group to the proper Lorentz group 
is p+1 to one. 

First of all, the Lorentz transformation induced by 


X’=a*Xa (A.1) 


must be proper, that is, its determinant must be +1. 
This may be shown by the same line of argument as 
followed by Boerner” for the case of ordinary geometry. 
Secondly, two spinor matrices which differ otherwise 
than by a multiple w” of the identity, where w is a phase 
factor, must lead to different Lorentz transformations. 
For suppose that a; and d2 are two spinor matrices lead- 
ing to the same Lorentz transformation. Then a,;a."=a 
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niust lead to the identity Lorentz transformation, 


a*Xa=X. (A.2) 


Taking X¥=1, we have 
a*a=1 


(A.3) 
(i.e., @ must be unitary). Hence 
(A.4) 


a*=c, 
and from (A.2) 


aXa=X, (A.5) 


so that a must commute with every XY and must there- 
fore be a scalar multiple of the identity 


a=\Al. (A.6) 


But since a@ is unitary, we must have 


\*=1, (A.7) 
that is, 
(A.8) 
where 
wPti= 1, 
Thus 
(A.9) 


There are p+1 a’s differing from each other by such a 
phase factor, all of which lead to the same proper 
Lorentz transformation. If they differ otherwise, they 
must lead to different Lorentz transformations. 

The spinor matrices are of the form 


a 8B 
c= ; 
y 6 
with coefficients in GF(p*), so that each coefficient may 


take on p* different values. They are not independent, 
however, but are related by the condition 


n=0, 1, ---p. 


a=W". 


(A.10) 


abi—By=w", (A.11) 


For a¥0 there are p*(p~?— 1) such matrices, and fora=0 
there are p*(p~’—1), giving a total of 


P(p+1)(p—1), 


none of them differing (for fixed w) merely by a phase 
factor. They must lead to p*(p~?+1)(p~?—1) different 
Lorentz transformations. But this is just the order of 
the proper Lorentz group and hence every proper 
Lorentz transformation must arise. Since there are p+1 
spinor matrices which induce each Lorentz transforma- 
tion, the homomorphism must be p+1 to one. 


(A.12) 























